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The class of a nilpotent

wreath product

David Shield

Let G be a group with a normal subgroup H whose index is a
power of a prime p , and which is nilpotent with exponent a
power of p . Gilbert Baumstag (Proc. Cambridge Philos. Soc. 55
(1959), 224-231) has shown that such a group is nilpotent; the
main result of this paper is an upper bound on its nilpotency
class in terms of parameters of H and G/H . It is shown that
this bound is attained whenever ¢ 1is a wreath product and H

its base group.

A descending central series, here called the cpp-series, is
involved in these calculations more closely than is the lower
central series, and the class of the wreath product in terms of

this series is also found.

Two tools used to obtain the main result, namely a useful basis
for a finite p-group and a result about the augmentation ideal
of the integer group ring of a finite p-group, may have some
independent interest. The main result is applied to the
construction of some two-generator groups of large nilpotency

class with exponents 8, 9 , and 25 .
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Introduction
0.1 BACKGROUND

Baumslag showed in §3 of [1] that a wreath product A4 wr B of two
groups is nilpotent if and only if for some prime p the "bottom group" 4
is nilpotent with exponent a power of p and the "top group” B is a
finite p-group. The proof of the "if" part, in Lemma 3.8 of [1], applies
to group extensions in general, not only to wreath products. Although an
upper bound on the class of such extensions is implicit in the proof of

Lemma 3.8, it is not stated, and is extremely high.

Liebeck [9] found the exact nilpotency class of a nilpotent wreath
product A wr B in the special case where A4 and B are both abelian,
and observed that his result provides a lower bound to the class in the
general case. Since then, exact results in other special cases and
improved upper and lower bounds in general have been given by Scruton [741],
Meldrum (10, 113, and Morley [13] and [74]. Buckley [3] has pointed out
that earlier work by Jennings [7] gives the exact class when 4 is cyclic of

order p and B 1is an arbitrary finite p-group.
0.2 STATEMENT OF THE MAIN RESULT

The main results of this paper are an upper bound, in Theorem 4.6, on
the class of those group extensions shown to be nilpotent by Baumsiag, and
the proof in Corollary 5.5 that every nilpotent wreath product has a class
which attains this bound. A statement of the nilpotency class involves,

for the relevant prime p , the cpp-series

G = nl(G) 21,6 2 ... 2m(6) 2 ...

of a group, which is defined in 1.1 of the present paper. In a finite
p-group B , this series is identical with the K-series of Jennings [7].
The cpp-series of a group reaches the trivial subgroup in finitely many
steps if and only if the group is nilpotent and has exponent a power of

P - Such a group is said to be cpp-nilpotent, and the integer used to
label the last non-trivial term of its cpp-series is called its cpp-class.
Baumslag's Lemma 3.8 may thus be restated: every extension of a cpp-

nilpotent group by a finite cpp-nilpotent group is cpp-nilpotent.

Suppose B is a finite p-group with cpp-class d , and for

1=v=sd,
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l“v(B)I = Pn(v) .

Let a=1+ (p-1) Y {n(w) : 1L =v=4d} and b = (p-1)d .

If A has nilpotency class r and cpp-class ¢ , and if for

1 <w=7r the maximum order of a commutator of weight w in A4 is

=
s(w) . . .
p , then the nilpotency class of A wr B 1is precisely

max{awb (s(w)-1) : 1 =w s »r},

and the cpp-class of A wr B is

This result confirms the conjecture of Sandling [15] that for
arbitrary positive integer e and (non-trivial) finite p-group J , the

nilpotency class of ( e-1 wr J 1is strictly less than that of ( e wr J .
p p
Thus the "equivalent statements" of Theorem 1.3 in [75] all become

theorems.
0.3 OUTLINE

In Section 1 some weight functions and associated descending central
series of a group are defined. A standard basis for a finite p-group is
constructed in Section 2, and in terms of this some results about products
of elements in the augmentation ideal of the integer group ring are
obtained in Section 3. In Section 4, these are applied to obtain the
upper bounds on nilpotency class and cpp-class already described. In
Section 5, non-trivial elements of maximal commutator weight and cpp-weight
are constructed in a wreath product. In Section 6, it is shown that
certain nilpotent wreath products have two-generator subgroups with the
same nilpotency class as the whole group; hence two-generator groups of
exponent 8, 9 , and 25 are constructed with nilpotency classes 39, 18 ,

and 11244 respectively.
0.4 NOTATION

As a general rule, lower case (Greek letters are used for elements of
groups and group rings, and lower case Roman letters for integers and

+
integer-valued functions. The symbols Z, N , and N  respectively denote
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the sets of integers, non-negative integers, and positive integers. For [
in 77 , the underlined symbol [ denotes the set

12 =1{i ¢N:0< < <1} . Upper case Greek letters are used for index
sets; 1in particular, unless otherwise gpecified, I, A , and O are
finite index sets, ordered so that a product such as | | {6d : d €A} is

well-defined.
Each element, o , of a group is a commutator with one entry, o :
(@] = o .

If o and B are commutators in a group, then

[a, B8] = a8 Y08

is a commutator; the family of its entries is the disjoint union of the
families of entries of o and B . Left-normed notation is used; that

is,
[a)5 @, Ugs ves o] =[.. [B;l, o], 03], cees an] ;
and a sequence of repeated entries is shown as follows:
[, nB] = [0, B, ..., B] .
n entries
1. Weight subgroups

The definitions of this section are self-contained, but are equivalent
to corresponding definitions in a more abstract setting in [17]. Some

results from that reference are quoted here for later use.

1.1 DEFINITIONS

Let G be an arbitrary group, and a, b , and e integers satisfying
azb=0, a=1, and e € {1, p} where p 1is a fixed prime. These

symbols will be used repeatedly with the same meaning.

A weight relation pla, b, e) 1is defined to be the least subset of

G x N satisfying the conditions:
(i) for a1l o € ¢, (o, a) € pla, b, e) ;

(ii) (a, u) € pla, b, e) and (B, v) € pla, b, e) only if
(la, Bl, utv) € pla, b, e) 3
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(iii) (a) (a, u) € pla, b, 1) only ifr (&€, u) € pla, b, 1)
and
(b) (a, u) € pla, b, p) only it (oP, pu) € pla, b, p) ;
(iv) (o, u) € pla, b, e) and (B, v) € pla, b, e) only if
(aB, min{u, v}) € pla, b, e) ; and

(v) (a, u) € pla, b, ) only if (a—l, u) € pla, b, e)

+
A function w° from G to Z u {»} is then defined by the

a,b
statement that for all ¢ in G ,

max{u : (¢, u) € pla, b, e)} if this maximum exists,

“’(ez,b(“’) =

o if no such maximum exists.
The value wz b(w) is called the (a, b, e)-weight of ¢ .
>

a b,e(

For arbitrary v in yal , the weight subgroup Yv’ @) is defined

by

a,b,e - . .e .
Y, () {cp €6 : “’a,b(“’) > v} .
This set is readily checked to be a fully invariant subgroup.

1,0,1
Two special cases merit particular attention. Let Y.(G) =v.’> *(G)
p i i

and 7.(G) = yi’o’p(c) . Then Y,(G) is the ith term of the lower
central series of G , and ﬂi(G) is the 4th term of the cpp-series
mentioned in the introduction. From the definition,
. . c ..
&Jm,%wn_ﬂﬁf@

and

(ni(G))p E‘lTip(G) ,

and it is not hard to show, by induction, that

¢=m(6) 2 1,(G) 2 ... gni(G) o ...
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is the most rapidly-descending series with the properties.
If for some positive integer d ,

wd(G) >u,. (@) = {1} ,

a+l

then G is said to be cpp-nilpotent with epp-class d . It is easy to
see that a group is cpp-nilpotent if and only if it is nilpotent and has
exponent a power of p . In this case, each (a, b, ¢)-series reaches the
trivial subgroup in a finite number of steps, and the index of the last

non-trivial subgroup is called the {a, b, e)-class of the group.

Each of the next two results follows from the corresponding result in
[17] by application of Lemma 3.4 of [17].

1.2 LEMMA ([77], Theorem 6.6)

Every element ¢ of G may be expressed in the form
h
¢=TT{'<QP(9) :géf}

where each Kg 18 a commutator in G with

and h(g) <s a non-negative integer such that for all a and b

described earlier,

IA

W) (0) = ailg) + bh(g)

azo(g)ph(g) .

1A

o 4 (0)

1.3 COROLLARY ([17], Corollary 6.7)

The wetight subgroup ya’b’e(G) 18 generated modulo Yz

,b,e
A +1 (6) by

h
elements of the form kP where « is a commtator of weight u in G

and, for e =1 ,

au + bh = 1,
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or, for e =p,
h_ .
aup” =1 .

2. A basis for a finite p-group

This section leads up to the proof that every finite p-group has a

basis with certain desirable properties (Theorem 2.4).
2.1 DEFINITIONS AND NOTATION

Throughout Section 2, let p be an arbitrary prime and P a group of
p-pover order with cpp-class ((1, 0, p)-class) d . For 1 =p=d,
define n(v) by the relation

n(v) )

Im,(P)| = p

v

Further, let

a=1+(p-1) Yy {nlv) : 1 sv=4d}
and
b = (p-1)d .
A basis for P is a set {(1;, ()} : £ € M} where M is a finite

ordered index set and for < in M , T € P and h(Z) € yAl , such that

every element of P may be written uniquely in the form
{T%(L) 17 € M}
1

with 0 = e(Z) < ph(t) for 4 in M . This will be called the standard

form of the element relative to the basis.
It was shown by Sylow [18] (Théoréme III, p. 588) that every group of
order p' , for n in Z* , has a basis with |M| =n and h(Z) =1 for
i in M.
Let T = {(Ti, h(i)) : 1 € M} Dbe a basis for P . For each ¢ in
M, let
q(3) = ph(i)

3
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g#(i) = pH(E-1

and

u(Z) be the integer such that T, € Yu(i)(P)\Y (P)

u(Z)+1
Corresponding to a basis T of P and a term ﬂv(P) of the cpp-series of

P , let m{v, T) be the cardinality of the set of ordered pairs

{(i,4) 12 €M, j€nli), and u(i)p? = v}

(Note that for each pair (i, j) in this set, sz € nv(P) .) From
the independence of the basis elements, m(v, T) < n(v) . From this it
follows that:

a=1+(p-1) ¥ {n(v) : 1 =v =d}
21+ (p-1) Y {m(v, T) : 1 =v =d}
=1+ (p-1) ¥ {v(mv, 7)-m(v+1, 7)) : 1 = v = d}
=1+ 3 {(p-Duli)? i €M, j e n)]
=1+ 5 {u(@)(q(2)-1) : 7 €M} .
A basis is said to be m-respecting if the relation

T_I'{rz(i) AR M} € m (P)

implies that for all < in M, Té(t) € m {P) . Such a basis can clearly

be constructed by combining coset representatives of bases for the factors

in the cpp-series.
A stronger property is defined as follows:
A basis T for P 1is m-form-respecting if the relation
-r-r {Ti(i) : 1 € M} € ﬂv(P) implies that for each ¢ in M there exists

an integer (i) such that ps(z)|e(i) and u(i)pS(z) zp .

Clearly a basis T for P is n-form-respecting if and only if for

1=<v=d, mlv, T) =n(v) ; whence
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a=1+Y {uz)(q(i)-1) : < € M}

Also, this definition requires that each basis element Ti have
(1, 0, 1)-weight equal to its (1, O, p)-weight.

In general, a permutation of*a basis for a finite p-group is not”

necessarily a basis. For example, the dihedral group of order 8§ ,

(a,b:a =b2= (@) =1

i 1 = = = 2 = = = .
has a basis with T, = ab , T, =a, T3 a’b , and hl h2 h3 1,

2
yet setting T, Ea, T, = ab , and T;=a b does not give a basis. On

the other hand, though this will not be proved here, every permutation of a
m-respecting basis is again a f-respecting basis. In Section 5 the

following property will be used.
A basis is ordered if
i, d €M, 1 <j, only if u(Z)g(Z) = u(dlq(d) .
2.2 THE REFINED cpp-SERIES

In order to prove the existence of an ordered, m-form-respecting
basis for an arbitrary finite p-group, it appears necessary to prove the
existence of a basis with an even stronger property. A refinement of the
cpp-series is defined by setting, in an arbitrary group G ,

- . : = 1
Aw,v(G) = {w € G : either wi’o(w) > v or wg’o(w) = p and wl,o(¢) > w} .

This gives:

m,(G) = Al,v(G) =) )‘2,0(0) 2...2 Av’v(c) ) >‘1)+l,v(G) =T

¢ .

If v = ups where p!u , then at most s distinct new subgroups can be

introduced between Wv(G) and Wv+l(G) , since Corollary 1.3 makes it

clear that for 0 = ¢ = s , the subgroup A (G) is generated modulo

up” v
A 41 (G) by the ps_tth powers of commutators with (1, 0, 1)-weight
up~ v
upt . A1l subgroups Aw U(G) with 1 £ w <= u are equal to nv(G) , and
t]
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for 1 =t <=s , all subgroups A . with upt_l <w s upt are equal to
t]

At (@) .
up v

A basis T for P will be called a standard basis if it has the
properties:

(a) it is ordered in the sense defined at the end of 2.1;

(b) each element T is a commutator of weight wu(f) in P ;

and

(¢) the relation | | {Ti(L) : 4 € M} € Xw v(P) implies that
b

for each ¢ in M there exists an integer s(Z) such that

s(2) _

)ps(i) v

pS(t)Ie(i) and either wu(< >v or u(ip

and u(i) = w .

Property (c¢) (which could be called being "A-form-respecting')
implies the property of being 7-form-respecting. Properties (a) and (b)
require negligible extra effort in the existence proof, and are convenient

to have.

A generalisation of Theorem 3.2 of Hall [4] is required; a proof is

given in Lemma 3.4 of [17].
2.3 LEMMA
Let {wi : 1 €T} be a set of elements of a group G , and h a

positive integer. Then

[T_f fo; : 1 ¢ r}]ph=ﬁ{¢§h A r}T—r{agh(d) . d EA} ,

where each dd is a commutator with at least max{2, pn-h(d)} entries

from the set {wi : 1 €T} . u]

The main theorem of this section follows.
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2.4 THEOREM
Every finite p-group has a standard basis.

Proof. In the finite p-group, P , let
_ nlw,v)
IAM,U(P)I =p .

The proof proceeds by induction in the reverse direction along the refined

cpp-series of P to show that each term Aw U(P) of that series has a
3

basis Tb,v = {[Tz(w,v,i), hWw, v, i)] : 1 € Mw,v} such that
(a) for all < in Mw,v s T is a commutator of weight wu(Z)
in P ;
(b) for all < in Mw’v , there exists a non-negative integer
r(w, v, £) such that #(w, v, Z) = pr(w,v,i) ;

(¢) for all < in M , either
W,V

(1) v = u(d)t(w, v, 2) < pv , or
(i1) w()t(w, v, ©) = pv and wul(i) <w , or
(iii) ¢tw, v, 2) =1 3

(d) if 1 precedes J in M , then
)

hw,v,7)

W.1) < () ew, v, F)p ;

W), v, 0P
and

(e) for all (y, x) such that Xy’x(P) g_kw,v(P) ,
m(y, =z, Zb,v) =n(y, x) .

Here m(y, x, Zb v) is defined to be the cardinality of the set of ordered
k]

pairs:
{(i, J) i € My o> J € hlw, v, ), and either wu(i)t(w, v, i)pJ >z
or u(i)t(w, v, i)pY =z and u(i) = y} .

Conditions (b) and (c) show that for all < in M1 1
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t(l, 1, Z) =1 ; so that by condition (a), each basis element of 74
’

may be written as a commutator of weight wu(Z) in P , as required.

Condition (d) shows that Ml 1 is ordered in the way required of M .
>

Finally, condition (e) for the basis Tl 1 is equivalent to the condition
td

that T1 1 is )-form-respecting. Thus if Tl 1 is constructed with the
3 b ]

properties claimed for it, then the choice M = Ml 1
3

for each ©¢ in M , and hence T = Tl 10 establishes the truth of the
b

n(i) = n(1, 1, 1)

theorem.

The inductive hypothesis is vacuously true for ) (P) =F .

1,d+1
Let A v(P) be an arbitrary non-trivial term of the refined cpp-
k]

series of P , and suppose the hypothesis established for all terms

Aw’ v,(P) of the series such that either v»' >9p or v»' =p and
k]
w' >w .

Consider first of all the case w =wv + 1 , and recall that
Av+l,v(P) = nv+l(P) = ll,v+l(P) . By assumption, Al,v+l(P) has a basis
Tl,v+l with appropriate properties. Let Mv+l,v = Ml,v+l , and for ¢ in
Moy, let t(v+l, v, 2) = ¢t(1, v+1, 2) and Alv+l, v, ) = k{1, v+, ©).

>
Then Tv+l,v is identical with Tl,v+l , and so is a basis for
Av+l,v(P) . Clearly Tv+l,v inherits properties (a), (b), (d), and (e)
from Tl ¥l that it also inherits property (c) will now be shown. All

k4
oo . R X cas ‘s +i
indices < in Ml,v+l satisfying condition (c) (iii) for Tl,v+l satisfy
the corresponding condition for Tv+l - No index < can satisfy
3

condition (e) (ii) for T , since u(Z) =1 for all £ in M

L+l 1,041 °
So if #(1, v+l, 2) # 1 , then v + 1 < u(£)¢(1, v+l, 7) < p(v+l) . Also
by condition (b), p|[t(1, v+l, i) , whence

v + 1< u(f)e(l, v+l, 2) = plv+l) - p =pv .

It w(i)t(l, v+l, ©) < pv , then £ satisfies condition {c) (i) for

T4l ’v(P) . Otherwise,
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u(Z2)e(1, v+l, 2) = pv
and
u(t) = pu/e(l, v+¥l, i) = pv/p<v +1 ,

so that condition (e¢) (ii) for T (P) 1is satisfied.
v+l ,v

A step of the type considered involves only a change in notation.

. < 1y < .
Consider now the case 1 <= w =< v , where a basis Ib+l,v for Aw+l,v(P)

is known to exist and to have appropriate properties. As the second
subscript on each symbol T, M, ¢, r, © , and m remains equal to v
throughout the following construction, it will be omitted for the sake of

reducing the notational complexity. The construction of Tw now takes
place in two stages.
In the first stage, let
T =1{ic¢ My @ () =w, u(d)tlw, 7) = pv}
and note that for ¢ in T , #{w, 7)) 2p since w=wv . For ¢ in T ,

let r(w, 2) = r(w+l, ) -1 and h(w, Z) = h{w+l, 2) + 1 , and for 4 in
Mw_l\l" , let r(w, 7) = r(w+l, 2) and #k(w, 2) = A(w+l, Z) . For all <

in Mw+l , let t(w, 7) = pp(w’i) . Now define
t(w,7) , .
A = ? A
T {[Ti , hlw, t)] : 4 € Mw+l} .
Let A; U(P) be the set of elements of P which may be written in
2
the form l | Tt(w,i)e(i) : 1 €M vwhere for 4 in M
i : w+l| w+l
0 =e(Z) < ph(w’i) Then A* (P) contains A (P) and is a subgroup
- W,V w+l ,v

of P 3 in fact a normal subgroup, since A; v(P) is contained in
>

A, (P) and

Aw’v(P)/Aw+l’v(P) is central in P/Aw+l,v(P) .

* 1l t
Ir Aw’v(P) were equal to Xw v

E}

(P) , then Mw would be chosen equal

to Mw+l , and the construction of Tw = Iz would be complete. Otherwise,
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the elementary abelian subgroup Aw D(P)/A; v(P) is generated by cosets
3 2

each having as a representative the ppth power of a commutator of weight
w in P , where wpr =p (Lemma 1.3). In the second stage of the
construction, a subset {Tz(t) 17 € Mw\Mw+l} of these representatives is

selected in such a way that the corresponding cosets constitute a basis for

v(P)/X£ v(P) . Here Mw is an ordered set such that all elements of
3

M \M precede all elements of M For 4 in M \M let

W w+l w+l ° W w+l
uli) = w [the weight of the commutator Ti in P ), let

tlw, ) =pr(w,7,) =p" , and let h(w, i) =

1
T = {[rz("”i) ] i€ Mw}

The next stage of the proof is to show that T£ is a basis for

. Then the construction of

is complete.

* v(P) . For this, it is sufficient to show that the elements
t(w,2) | . . )
T, : 7 €T are independent modulo A (P) , that is, to show
7 w+l v
that if
tlw,2)e(i) _ .
%* s .
(*) | {ri : 4 €Ty € Awﬂ,v(P)

with 0 <=e(Z) <p for each ¢ in T , then e(4{) =0 for each £ in

I'. Lemma 2.3 shows that

(TT {Tt_(w,i)e(i) e F}]p “TT {Teﬂw»i)e(i) ci€ r} TT {w, :deal,

7 i
where for d in A, Y, € pr,pv(P) E'Aw+l,pv(P) . The same lemma gives:
(A w+l, v(P)) = w+l pu(P) :

Hence from the relation (*) it follows that
ptlw,i)e(Z) . - t(w+l,2)e(Z) | .
] {Ti : 1 €T T T : 1 €Ty € Aw+l,pv(P) .

Now property (e) of T, Shovs that for all 7 in T, ple(Z) ; so if
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0=e(i) <p , then e(Z) = 0 , as required.

The fact that Tw is a basis for Aw v(P) is now an immediate
L)

consequence of the fact that

t(w,2)e(Z) | . A< . .
{T_T {Ti : 1 € Mw\Mw+1} :0=<e(f) <p for 1 € Mw\Mw+l}

is a complete set of coset representatives for As v(P) in Aw u(P) .
b t]

The final stage of the proof is a verification that the basis Tw has

the properties (a) to (e) listed at the start of this proof. It is clear
from the construction that (a), (b), and (d) are satisfied. For j in T
or in Mw\Mw+l , it is clear that u(j)t(w, j) = v , so that condition

(e) (i) is satisfied. Those J in Mw+l which satisfy condition {(c) (i)

or (e) (iii) for 1&+ clearly satisfy the same condition for Ib , and

1
those which satisfy condition (e¢) (ii) for Tb+l either satisfy the same

condition for Tw or are contained in T .

It is clear from the way in which the basis elements were constructed

that
m(w, v, Tw,v) = n(w, v)
and if Ay’x(P) S-Aw+l,v(P) , then
m(y s Tb,v) =m(y = Tw+l,v)
= nly, =) ,
so that condition (e) is also satisfied. a

3. Some results in the integer group ring of a finite p-group

A standard basis for a finite p-group, constructed in Section 2,
gives rise to standard sets of generators for the integer group ring of the
group, and for its augmentation ideal. Most of the following lemmas
discuss products of these generators, particularly products with repeated

factors.

https://doi.org/10.1017/5000497270002548X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002548X

68 David Shield

3.1 PRELIMINARIES

Again let P be a group whose order is a power of a prime, p , and
let T = {(Ti, h(i)] : 7 € M} be a standard basis for P . Let S be the

ordered set of "permissible powers" of basis elements

r
s={r§ i1 €M and rEh(i)}
with lexicographical order on the pairs (Z, r) . For 1l =<wv =4, let Sv

r
be the sub-ordered-set of S containing those n(v) elements Tg such

that u(i)pr > p . EFach element of S may be paired with the integer 1

to give a basis which is a "refinement" of T , say

T = {(6,, 1) : j €n}

J

where 7 = n(l) so that p" is the order of P . Now every element of P

may be written uniquely in the form
| {95(3) 1 g € g} where for j in n , 0 =<e(j) <p .

The basis T' is mw-respecting, but not gq-form-respecting.

In the integer group ring ZP , the augmentation ideal I is
generated additively by the set {¢-1 : ¢ € P} . It is well-known that if

{6i : 1€ A} is an arbitrary finite ordered set of elements in a ring,

then

(%) I{Gi:iEA}-1=Z{ I{Gi-lziér}:I‘gA},
the sum on the right-hand side being over all sub-ordered-sets [' of A .

Hence I 1is generated additively by the pn - 1 non-trivial elements in

the set
o e(z) _ . , . .
(*#) | (6;-1) i €np: 0=<e(i) <p for © in np ;
in fact, these constitute a basis for I . If the element 1 is adjoined

to this set, still with O omitted, then it constitutes a basis for Zp .

Thus I is generated as a ring by the set
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S* = {(6-1) : B €S} .

A (possibly empty) product of elemehts of S* without restriction on théir
order will be called a monomial in I ; but it should be noted that the

empty product is, by convention, the element 1 which is not in I .

The weight of a monomial
r(1) r(2) r(m)
= | P p p
X = {Ti(l) 'l] [%(2) ‘l] [Ti(m) '1)
is defined to be
wix) = 2:{u(i(l))pr(z) :1=<1<m}

The profile of the same monomial ¥ 1is defined to be a function f
from the set {v € Z : 1 <v =d} to N such that for 1 <v <d there
(1)

are precisely f(v) factors [Tg(z) -1) in X such that

u(i(l))pr( =v . Notethat ) {f(v) : 1=v=d} =m and

Y wflv) = 1

1A

v =dl =wly)

A profile fl is heavier than profile f2 if there exists an integer
v such that 1 <v =d and if v <v' =4, then fi(v') = fé(u') and
>
fl(v) fz(v)

The first result to be proved is quite trivial. It is given here for

easy reference in the proof of later lemmas.
3.2 LEMMA
Let X, and Xo be monomiale in I and Y an arbitrary element of

IP . Then
X = T {x, + g €T}

where for each g in T , Xg 18 a monomial with weight at least

w[xl) + w(xz) and profile at least as heavy as the (pointwise) sum of the

profiles of X1 and Xo -
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Proof. The element 1 may be expressed as a linear combination of 1

and elements of the form wi -~ 1 where wi € G . Each wi may then be

expressed in standard form relative to the basis T , and by the relation

(*) in 3.1, each (wi-l) is expressed as a sum of monomials in I . When
the resulting expression for ¢ is substituted into XleQ , the
distributive laws immediately give the required result. Qo

3.3 LEMMA

Let 6 be an arbitrary element of nv(P) . Then

9—1=Z{xg:9€1"},
where each Xg is a monomial with profile fé such that
fg(u)=o for 1 =u=v,

and

Proof. If © =1 then [ is empty. If 6 # 1 , then in the
standard expression for 0 in terms of the bases T' , each factor 6§(J)

is such that the monomial (ej—l) has weight at least v . The required

result follows immediately from the identity (*) in 3.1 above and the

definition of the integer g in 2.1. ]
3.4 LEMMA

Let 6 and t be elements of s, and S, respectively. Then

(t-1)(6-1) = (8-1)(T-1) + Z:{xg g €r},

where each Xg is a monomial, with profile fb » and there exists an

integer xg such that

3]
39
=

+ v

https://doi.org/10.1017/5000497270002548X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002548X

The class of a wreath product 71

Consequently, the weight of Xg 18 at least that of (t-1)(6-1) , and its
profile is heavier.

Proof. WNote that [t, 8] € ﬂu+U(G) . The well-known identity

(t-1)(8-1) = (6-1)(7-1) + ot([T, 0]-1) ,
together with Lemmas 3.2 and 3.3, gives the required result. O
3.5 COROLLARY
Let = ] 0. .
et X {( (i
| — . y
m,and x'=7] {[ej(i§)-l] : 7 €m} . Then

)-1) : 1 €m} be a mnomial, § a permutation of

x=x"+Tlx, 9 €1},
where each Xg is a monomial such that w(xg) = w(x) and the profile of
Xg 18 heavier than the profile of X .
Proof. The permutation § is equal to a product of transpositions of

adjacent integers in m . For each such transposition, Lemma 3.4 and then

the distributive law is applied. 0o

Note that if the permutation has the purpose of gathering together

factors equal to (6-1) where 6 € Sv , then each transposition involves a
factor (6-1) , and the profile of each Xg differs from that of x on an
integer greater than v .

The next step is to consider powers of a monomial factor 6 - 1 in

the two succeeding lemmas. The first is not restricted to monomials.
3.6 LEMMA

For arbitrary © in [P , there exists Y 1in IP such that

(9-1)P = (6P-1) + p(e-1)y .

Proof. When p = 2 , the result holds with Yy =-1 . When p is

odd, the first and last terms in a binomial theorem expansion of the left-

hand side give ep ~ 1 , and the coefficients of the intermediate terms are

https://doi.org/10.1017/5000497270002548X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002548X

72 David Shield

all divisible by p and have zero sum. Thus p and (6-1) are both

factors of the sum of the intermediate terms, as required. 0
3.7 LEMMA

Let X be a monomial with 1 = p factors equal to 0 - 1 , where
6 ¢ Sv . Then

x=Ylx, :g €Tt +pYTix;:deal,
where each Xg is a monomial with a profile heavier than that of X ,
differing from it on an <integer greater than v , and w(x) = w(xg) H
and each Xg is a monomial with at least as many factors equal to ¢ - 1

as has X for each ¢ in S\{0}, and with at least 1 - p + 1 factors
equal to (9-1) , so that

w(x) - (p-1)v = w(xy)
Proof. By Lemma 3.5 and the comment following it, the factors of ¥

may be rearranged so that those equal to 6 - 1 are together, modulo a

sum of monomials satisfying the conditions required of monomials Xg .
lLemma 3.6 is applied to a factor (9-1)P , and the distributive law to the
resulting expression. Since oP € npv(P) , Lemma 3.3 shows that the
monomial with 6P — 1 as a factor satisfies the conditions required of

monomials ¥ _ . The remaining expression is a product of p with an

element P in P and a monomial which satisfies the conditions required

of Xd . The proof of Lemma 3.2 shows that this whole product may be
expressed in the required form. O

For the statement of the next lemma, recall that a and b are the

parameters for P defined in 2.1.
3.8 LEMMA
If x is a momomial with w(Y) = a, then X =p 2:{xd : d € A}

where each X4 18 a monomial with

w(x) - b = w(xd)

https://doi.org/10.1017/5000497270002548X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002548X

The class of a wreath product 73

Proof. Since
wx) 2a=1+(p-1) Y {ul2)p” : i €M, r € n(2)} ,

there must be at least one pair (7, r) such that ¥ has more than p - 1

r

factors equal to [Tg - ] . Let (Z, ») ©be such a pair, chosen so that

u(i)p” is maximal.

Proceed by induction on the profile, f , of x . If

f(d) > (p-1)n(d) , then u(i)pp =d . When Lemma 3.7 is applied, since the

profile of each resulting Xg cannot differ on an integer greater than

d , the set T must be empty; and the result follows immediately when it
is noted that % = (p-1)d .

If f(d) = (p-1)n(d) , suppose the result already established for all
monomials with profiles heavier than f . Lemma 3.7, together with this

inductive hypothesis, gives the required result, since (p-l)v <5 . O

4. An upper bound on the nilpotency class and
cpp-class of some group extensions

The relevance of the integer group ring results of Section 3 to the
problem at hand is shown in Sub-section 4.1 and Lemma 4.2. The restriction
there to splitting extensions is avoided in the main result, Lemma 4.5, by
an appeal to an embedding theorem quoted here as Lemma 4.4. Theorem L.6

restates the main result in more useful terms.
4.1 PRELIMINARIES

Let G be a group which splits over a normal subgroup H whose index
is a power of a prime p , and let J be a complement for # in (G .
Elements of J act naturally on H ; in particular if p € H and T €J
then

-1+
o, Tl =p "

However, if H 1is not abelian, these actions with the natural definitions
of addition and multiplication do not generate a ring; addition is not

commutative, and the distributive laws fail.
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Let a and 2 be the values taken on the finite p-group J by the

a.b, e(

parameters described in 2.1. Since aq > b = 0 , weight subgroups y H)

as described in 1.1 are defined. For arbitrary positive integer 1 ,

define
y(1) = Y? b Lm) a Y?’b’p(ﬂ)
Note that
y(a) =
[ﬂznﬁls[“bl ] [abfw> ]
< ¥i2tm o V32 oP)
= y(l+a) ,
and

()P e o 3PP

< y(14b) ,

since b < g and it may be assumed that g =< 7 .

The factor vy(1)/y(l+a) is central in H/y(l+a) , and the integer
group ring ZJ acts naturally on this factor. Thus if p € y(I) and

@ € ZJ , the coset p?y(I+a) of vy(Il+a) in H is well-defined, though in

general the element p‘p is not.

In the next lemma, an expression [C, a] where ( is a coset and o
an element of a group, is to be interpreted simply as a set
{lo, al : ¢ €}

4.2 LEMMA

With the notation described in 4.1, let 1 be an arbitrary positive

integer. If, for 1 =% =1, a, = wini is an arbitrary element of G

with wi €dJ and n; € H, then

X,
logs ovesag] € [, -ons v, ]—[{pgg 1 g € I‘Z}Y(Z+a) ,
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where I‘Z 18 a finite ordered index set, each Xg 18 monomial in the
augmentation ideal I of IJ , with 0O < w(xg] <a -1, and there exists

an integer m(g) such that Py € Y(m(g)) and mig) + w(xg) >l +a-1.

Proof. The lemma is clearly true when I =1 , since ny € y(a) .

Suppose I > 1 , and the result for 7 -~ 1 established. Then

X
[al, e Oy 1 aZ] € [[\pl, wl_l] TT {pgg i g € FZ_l}Y(Z+a-l), u’z”l:I

which, by repeated application of commutator identities (for example, [4],

p. 253, Hilfssatz 1.2) is contained in
[Wys wovs Wy gl ys o ¥y U M0y s cves Wy 15 ¥y 0]

T_l-{E'_);g’ w;l 1 g € FZ—l} TT {pd i d € AZ}Y(ZM) .

Note that pg € y(1+1) for each g in and that every element of

Tz1
v(l+g-1) is automatically in a coset of <vy(Z+a) with the required form,
with the empty monomial acting on it. In the last product gbove, the

second factor [wl’ ey wZJ is one specifically required. The first

factor is trivial if -1 > ¢ ; otherwise [ =< ¢+l < g and the factor is

(2[5 e09, 1)

the inverse of nZ , which is shown by Lemma 3.3 to be,
medulo vy(Z+a-1) , a product of terms of the form n% where n, € v(a)

and 1-1 < w(y) = a-1 , which satisfies the required conditions. The third

factor is treated similarly. Each factor in the product indexed by AZ is

X
a commutator with at least one entry from the set {pgg i g € Fk l} and at
least one equal to nZ , and thus is contained in Y(Z+a-1) . Finally, for

g in , Lemma 3.3 and the distributive law show that Xg(-l+wz) is a

FZ—l

sum of monomials in I , each of weight at least w(xg) + 1 . Modulo terms

X

g
which are of the required form provided that the weight of the monomial ¥

X

already discussed, [é g’ wé] is expressed as a product of terms pg

is less than a .
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If pg is a term in this product such that w(x) = a , then by Lemma

3.8,

x=pXix;:deo},

where each Xq is a monomial such that

w(x;) zw(x) -b2a-b.

Since pg € v(1-14b) , this again gives an expression of the required form
provided w(xd] <a. If, for some d in ©O , w(xd) > a , then
application of Lemma 3.8 is repeated as often as necessary. The process

must terminate after at most »r applications of the lemma where r 1is the

least integer such that rb = a , since then
ppr
€ y(Z+a-1)
g Y

The truth of the lemma follows by induction. O
4.3 COROLLARY

With the notation of 4.1, suppose that ¢ 1ie the nilpotency clase of
G/H , and that 1 > e . Then every commutator in G with weight at least

1 is contained in vy(1) .

Proof. Every commutator in G with weight at least 1 is a product
of left-normed commutators in § with weight at least I . By Lemma 4.2,
each of these may be expressed as the product of a commutator in J (which

is trivial for 7 > ¢ ) with elements of vy(I1) . 0
One further preliminary is needed before the main result.
4.4 LEMMA (Frobenius, Kaloujnine and Krasner).

Let M be an arbitrary group with a normal subgroup N . Then
N Wr M/N has a subgroup isomorphic with M . ]

Here N Wr M/N is the unrestricted standard wreath product of the two
groups, as defined by Huppert [6], Kapitel I, 15.6 (p. 97) and by Neumann
[14] at the beginning of Section 2.2 (p. 45). The result stated above is
Theorem 22.21 (pp. 46-U4T) in the latter reference; a simple proof and
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further references are given there.

An upper bound for the nilpotency class and cpp-class of an extension

of a cpp-nilpotent group by a finite p-group may now be stated.
4.5 LEMMA

If G 1is a group with a normal subgroup H such that for some p ,
the index of H is a power of p and H is cpp-nilpotent, then G <is
nilpotent (and hence cpp-nilpotent). If a and b are the values for
G/H of the invariants defined in 2.1, then the nilpotency class of G <s
bounded above by the (a, b, l)-class of H , and the cpp-class of G 1is
bounded above by the (a, b, p)-class of H .

Proof. Let K be the base group of the wreath product W = H wr G/H.
Then K 1is a direct power of H , and for e in {1, p} , has the same
(a, b, e)-class as H ; and W/K =~ G/H . Further, since W splits over
K , Lemma 4.3 shows that if ¢ is the nilpotency class of G/H and

7 >c¢ , then

1,0,1 a,b,l(

YZ(W) =Y W) ex(1) =y, X) ,

and the prth power of a commutator of weight 7 in X is contained in

r
(Y(Z))p S_Ya’i’p(K) , whence, by Corollary 1.3 with v = Zpr s

ip
= 1s0,P a,b,p
(W) =, W) < v, (x)
Thus the nilpotency class and cpp-class of W are bounded above by the
(a, b, 1)-class and (a, b, p)-class respectively of KX , and hence of H .

By Lemma 4.4, G 1is isomorphic with a subgroup of W , so the same upper

bounds apply to the nilpotency class and cpp-class of G . 8]

Lemma 1.2 may be used to re-state this result in terms that avoid

reference to (a, b, e)~classes:
4.6 THEOREM

Let G be a group with a normal subgroup H whose index is a power

of p , such that H is nilpotent of class r and for 1 =w = r , every
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commutator of weight w in H has order dividing ps(w) . Let a and

b be the values for the finite p-group G/H of the invariants defined in
2.1. Then G 1is nilpotent, with class bounded above by

max{aw+b(s(w)-1) : 1 = w < »r} ,
and is cpp-nilpotent, with cpp-class bounded above by
)

max{awps(w :1=wsvr}=at,

where t <s the cpp-class of H . (|

The simplicity of the expression comparing cpp-classes of H and G ,
as well as the fact that the cpp-series of the "top group" was involved in
all the calculations, make it appear that the cpp-series is a more useful

tool than the lower central series in the present context.

5. The classes of a wreath product

In Lemma 5.4, lower bounds on the nilpotency class and cpp-class of a
wreath product are obtained. Since they are equal to the corresponding
upper bounds given by Theorem 4.6, they show that the result is best
possible, and give (Corollary 5.5) the exact nilpotency class and cpp-class

of a wreath product.

5.1 COEFFICIENTS

Let A Dbe a positive integer, g = ph (where of course p is the

same prime already being considered), and q* = ph_l . Let (¢ %be the

cyclic group of order ¢ generated by T , and ZC the integer group ring
of C .

Define R(g, x, k) to be the coefficient of Tk in the standard

expression for (-1+t)® in 2C ; that is,

k

(-1+7)% = Y {rR(g, x, K)T° : k € g} .

This coefficient is, apart from sign, the same as the integer kx A
24

defined by Liebeck in [9], 4.1 and 4.2; note that the choice of sign is

not consistently maintained between 4.1 and 4.2. Liebeck's Theorem 4.3 is

still valid, and is quoted now in the notation of the present paper.
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5.2 LEMMA (Liebeck, [9], Theorem 4.3).
Let s be a positive integer.
(a) If x= q + (8-1)(g-g*) , then

p° | Rlg, =, k) for all k in q .

(b) If =z =gq +s(g-q*) -1, then

pS+l | R(qg, =, k) forall k in gq . 0O

5.3 LEMMA

Let W = Hwr J be the wreath product of two groups, and let
p € H(1) , the first coordinate subgroup in the base group K of W .

Then for arbitrary Y in LJ , the element oX in K is well-defined.

Proof. Since p is contained in one coordinate subgroup of X , its
conjugates by distinct elements of J are in distinct coordinate

subgroups, and commute. O
This contrasts with the general situation where, if

p € y%’b’l(K) n YZ’b’p(K) , then the expression pX can be given a well-

a’b’l(K) n Ya’b’p(K) in X or W,

defined meaning only as a coset of Y+ m+a

not as an element of the group.
5.4 THEOREM

Let J be a group with order a power of a prime p , on which the
invariants defined in 2.1 take values a and b . Let H be a cpp-
nilpotent group, with (a, b, 1)}-class 1 and (a, b, p)-class m . Then
in the wreath product H Wr J there exist

(a) a non-trivial commutator of weight 1 , and

r
(b) a non-trivial element of the form AP where A is a

commutator of weight m' , and m'pr =m .

Proof. The construction used here is an adaptation of that used by

Scruton [16], Theorem 3.5.

(a) By hypothesis, there exists in H a non-trivial element of the
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form K‘ps , Where K = [al, ey cxw] is a left-normed commutator of weight
w in H , and where

aw + bs =1 .
Use the same symbols Kk and ai » 1 =1 =w , to denote the corresponding

elements in the first coordinate subgroup H(l) of the base group K of
W=HWVWr dJd.

Let T = {(Ti’ h(Z)) : © € M} be an ordered, m-form-respecting basis

for J , and adopt the associated notation from Section 2. Let 2z be the
last element of the ordered set M , and M* the sub-ordered-set of M
with this element removed. Let w and w* be the elements of the integer

group ring ZJ given by

w=T7 {[Ti—l)q(i)_l AN 4 M}

and
w* = -|—|— {(‘ri—l)q(i)-l 11 € M*} .

%
Note that if p € H(1) , then 0 and o are elements of X whose
components in the first coordinate subgroup are either p or p_:L .

The commutator in W ,

[o> (@(W)-1)7ys --0s (qlz)-2) 1] = [0y, x] say,

has weight precisely a , and is equal to Hence

w

(!l .
W

[al, X, ("2] - E!l, a?;]

has component l:xf, a2J ,where t € {+1, -1}, in the first coordinate

subgroup of X , and trivial component in each other subgroup. This

process is repeated to show that the commutator

t
t —
[al, Xs> Qps «-vs Xo ...,Otu] has [ Exl, ae:l s sees OLZJ =8
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as its component in the first coordinate subgroup, and trivial component in
each other coordinate subgroup. If YX* represents the sequence of

commutator entries
(q(l)-l)Tl, (q(2)-l]'r2, cees (q(z-l)-l]rz_l ,
then
w*
* =
[al’ Xs Oy ...,otw,x] g~ .
Let » = q(z) + s(q(2)-¢*(2)) - 1 , and recall that the ordering of M has

been chosen so that u{z)g*(z) =d and so Tq(z) =1 . Now

z
A= [al, Xs Ggs wees O, X*, r‘rz]
w* (t_-1)"
=B 2
Wiz (R(q(2) 2, K) T ik € gla))
=B

s
Now the (a, b, l)-weight of P in H is maximal, so for some ¢' in

s '8
{-1, 1} , gf = Ktp . Lemma 5.2 shows that for all %k in g(z) ,

+1
2° | R(q(z), r, k)} and p° | R(q(2), r, k) ;
and the coefficient of 1 in the element
% k
wt Y R(q(z), r, k]Tz : k € g(z)
+
is iR(q(z), r, 0) % so the component of A in H(1) is K_R(q(z),r,o)
which is non-trivial. Thus the element A 1is itself non-trivial, but A

is a commutator of weight
aw + su(z)(q(z)-q*(3)}) = aw + bs = 1
in W .

(b) Similarly, from the hypothesis, there exists in H a non-trivial
s
element of the form kP where « = [al, ees aw] is a left-normed

commutator of weight w in H and crwps =m . As in the proof of part
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(a), the commutator
A= [al’ Xs (12, Xs oees awa XJ

of weight aw in W has as its component in the first coordinate subgroup

t t
t
[ ]’ e’

s
Hence )\p , which has cpp-weight ampS =m in W , has

s
t tp s
t - t'p
I: Exl, a;’ s eens az;] = [al, Uy vens (xm] s

which is non-trivial, as its component in the first coordinate subgroup of

of Kk ,

K , and so is itself non-trivial, as required. O
5.5 COROLLARY

Let J be a group whose order is a power of a prime p , with
invariants as desceribed in 2.1 taking values a and b ; and let H be a
nilpotent p-group of class r»r , such that for 1 =w =< r the maximum

order of a commitator of weight w <is ps(w) . Then Hwr J 1is

nilpotent, with class precisely max{aw+b(s(w)-1) : L <w <r} . The

s{w)

cpp-class of Hvwr J is precisely max{awp :1<w<snr}, which is a

times the cpp-class of H . o

6. An application

The results of this paper make a small contribution to understanding
the restricted Burnside problem by showing (Corollary 6.3) the existence of
two-generator groups of exponents 8, 9 , and 25 with nilpotency classes
39, 18 , and 11244 respectively. If there exists a largest finite two-
generator group with one of these exponents, its nilpotency class is
bounded below by that of the corresponding group described here. There is
no reason to suppose that these bounds are "good" - in fact there is
considerable reason to suspect the contrary - but they appear to be the

best available at present.

The first sub-section simply applies Corollary 5.5 to some examples.
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Lemma 6.2 shows the existence of appropriate two-generator subgroups of

these wreath products.

Notation for varieties and product varieties is taken from Hanna

Neumann's book [74]. 1In particular, gn and én denote the varieties of

all groups and all abelian groups of exponent dividing n ; and when p

is a prime, 5? denotes the Kostrikin variety of all locally finite groups
of exponent p .
6.1 EXAMPLES OF NILPOTENT WREATH PRODUCTS

(a) Let B(2, 4) be the free group on two generators with exponent

L . This group has order 212 ; relevant details about it are easily
deduced from the presentation for B(3, 4) given by Bayes, Kautsky, and

Wamsley [Z2]. If it has generators o and B , then a standard basis is

given by:
T, =0 h(1) =2 ,
T, = 8 n(2) =2,
Ty = 8, al n(3) =1,

T, = [B, @, a, al (k) =1,
1. = [B, a, a, B] m(s) =1,
T =[8,0,8,8] K6 =1,
B, a, o] 1) =2,

~
i}

(8, o, Bl h(8) =2 .

From this it can be seen that

n(1) =12, n(2) =10, n(3) =1,
n(k) =5 , n{5) =2 , n(6) =2;
whence
a = 1 + (12+410+T+5+2+2) = 39
and

b=6.

Consider two wreath products,
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Wy = (¢, x C,) wr B(2, 4) and W, = B(2, ) wr B(2, }) .

The nilpotency class of the former is equal to the (39, 6, 1)-class of
€, x C, , vhich is 39 ; that of the latter is equal to the (39, 6, 1)-

class of B(2, 4) , which is 195 since B(2, 4) has a non-trivial

commutator of weight 5 .

(b) Let B(2, 3) be the free group on two generators with exponent

3

3 . This group has order 3~ , and a standard basis given by

=[B,al, A, =h_=h,=1.

T. =a, T, =8, 1 5 3

2 T3

Clearly, m(1) =3, m(2)

It
—

Q
1]
=
+

(p-1)(3+1) = 9,
and

b

(p-1)2 = 4

The nilpotency class of B{(2, 3) wr B(2, 3) is equal to the
(9, 4, 1)-class of B(2, 3) , which is 18 .

(The free group Fé(£323) in the product variety B has a normal

B
=3=3
subgroup of exponent 3 and nilpotency class 3 , and the quotient to this
normal subgroup is isomorphic with B(2, 3) . Theorem L4.6 gives an upper

bound of 27 for the nilpotency class of F2££3£3) .)

(c) Let X(2, 5) be the largest finite group of exponent 5 on two
generators (shown to exist by Kostrikin, [8]). From the presentation for

this group given by Havas, Wall, and Wamsley [5], it can be calculated that

n(l) =34, n(2)=32, =n(3) =231,

n(h) =29, n(5)=26, n(6) =24,
n(7) =20, n(8) =16, n(9) =12,
n(10) =6 , n(11) =3 , n(12) =1
Hence
a=1+14x23 =937,
and

b=L4x12 =48 .

The nilpotency class of KX(2, 5) wr K(2, 5) is equal to the
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(937, 48, 1)-class of K(2, 5) , namely 12 x 937 = 1124k .
6.2 LEMMA
Let p be a prime, m a positive integer, and J a finite two- -
generator group of exponent pm with a standard basis
T = {(Ti, (i)} : © € M} such that, where p and o generate J ,
T, =P, T,=0,
and for each 1 in M, ) is a commutator with u(i) entries from the

set {p, o} . Let H be a nilpotent two-generator group of exponent p .
Then the standard wreath product W = H wr J has a two-generator subgroup

whose nilpotency class is the same as that of W .

Proof. Let H Ybe generated by o and B8 , and have nilpotency class
r . Let a and b be the parameters for J defined in 2.1. The
nilpotency class and cpp-class of K are both equal to aqr ; and from the
proof of Theorem 5.4, with the sequence of commutator entries X defined

as it was there, it can be seen that there exists a non-trivial commutator

o= [ @), D), o, ), ]
[Bs X5 @ X5 «+es xJ

of weight aqr in W . The goal of this proof is the construction of a
non-trivial commutator of the same weight ar in a two-generator subgroup

of W .

Let X be the subgroup of W generated by the elements pa and
of . Let u be the element of X obtained by substituting for each entry
of v equal to either o or p the entry po and for each entry of v

equal to either B or ¢ the entry of . For example, if T3 = [o, o] ,

then

= o8, @M )ee, MP1)os, M3 1)ios, el ..., e, L]

Since Vv has maximal c-weight and cpp-weight in W ,
w=T1 {Ug 1 g €T},

where |T| = 2% and each Mg is a commutator with the same bracketing
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arrangement as v and U , and precisely ar entries: either a or p
in each position where Vv has either o or p , and either B or ¢ in

each position where Vv has either B or o . One such commutator ug is

equal to v , and so is non-trivialy; it will be shown that all the others

are trivial.
If a commutator ug has among the entries in its first segment of

weight a (corresponding to the first [B, x] in v ) two entries from
the set {a, B} , then this segment is contained in vy(2a) in the notation
defined in 4.1. Hence, by a similar procedure to that in the proof of

Lemma 4.2 and Corollary k4.3,

ug € y(ar+l) = {1} .

A similar argument shows that if, for some integer w such that

l=<w<=r , the initial segment by ug with weight aw contains w + 1

entries from {a, 8} , then ug =1

On the other hand, if ug has an initial segment of weight greater

than ¢ with no entry from the set {a, B} , it is clearly again equal to

the identity.

Hence the initial segment of weight ¢ in each non-trivial commutator

pg must contain one and only one entry from the set {a, B} . Let n be
the entry in the left-normed bracketting of ug (corresponding to a Ti

entry of v ) which has, as an entry of its own, o or B . If n 1is not

the first entry in ug , then

u = [O', 61, ceey 91_1, Ns 91+l, ...]

-1
[, [0, 805 «-vs 8, 1358, 2217

If 7 =2 , this is

= [n, o, (g(1)-2)p, (¢(2)-1)0, ...]"l R

g
h(2)

which has ¢q(2) =p entries equal to o and, for < in M\{1, 2} ,

has q(i) - 1 entries equal to Ti in its initial segment of weight a .

Lemma 5.3 shows that this commutator may be interpreted directly in terms
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of the corresponding element of ZJ , and by repeated application of Lemma

3.7 this is seen to have a factor of p ; hence ug is trivial. If

1 >2 , then Lemma 3.3 must first be applied to the element
EJ, 61, cees GZ - 1 of ZJ , and then Lemma 3.7 is used to give the

same result as before.
Hence, if ug is non-trivial, then its first entry must be B , and

this must be followed by the sequence ¥ of entries. However, by Lemmas

5.3 and 3.8, ug cannot have a sequence of consecutive entries all
belonging to J with total weight a . Thus the first entry in each of
the r segments of weight a must be from the set {a, B} , and every
other entry must be from {p, o} ; that is, ug =v . O
6.3 COROLLARY
L 2 Lett B A B K_K two-
There exist in the product varieties £3=3, AB, » and KKs
generator groups of nilpotency classes 18, 39 , and 1124k respectively.
Proof. This is immediate from the examples in 6.1 and Lemma 6.2. a

The significance of this Corollary has been discussed in the

introduction to Section 6.
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