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Abstract

We investigate island systems with continuous height functions and strongly laminar systems which are
laminar systems containing sets with disjoint boundaries. In the discrete case, we show that for a maximal
rectangular system of islands H on an m by n rectangular grid we have [min(m, n)/41 < |H| < [m/21[n/2].
In the continuous case we show that under some conditions maximal strongly laminar systems H have
cardinality Ny or 2% and present examples with [H] = N.
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1. Introduction

The general notion of systems of islands was recently defined by Pach er al. [13].
Givenaset Q CR", S C P(Q), and a height function 2 : Q — R, aset H € Sis called an
h-island in S if there is an open (in the relative topology) set G C Q such that for cl H,
the closure of H, we have cl H C G and for every x € G \ H we have h(x) < infy h. A
collection H of sets in S is called a system of islands in S if H is the set of all h-islands
in S for some height function 4.

The original concept of systems of rectangular islands in a discrete sense was
introduced by Cz&dli [2] with motivations in coding theory (see Foldes and Singhi [4]).
CzE&dli’s main result is the formula f(m,n) =|(mn+ m+n— 1)/2] for the maximal
size of systems of islands on an m by n rectangular grid. His techniques involved weak
independence, a lattice theory concept that first appeared in Czédli et al. [3]. Barith
et al. [1] found two elementary proofs, one using rooted binary trees, and another using
simple mathematical induction. Furthermore, they proved results similar to Czédli’s
on cylindrical (height m, circumference n), as well as on toroidal (m by n) grids, and
also in the case of n-dimensional hypercubes. They showed that the maximum sizes
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of rectangular systems of islands in these cases are c(m, n) = [(m + 1)n/2], t(m, n) =
mn/2], and b(n) = 1 + 2"~!, respectively. A triangular analogue of rectangular island
systems appeared in Horvéth ef al. [6], and also in [10]; and brick island systems in
higher dimension were examined in Pluhér [14]. Both [6, 14] apply techniques similar
to those introduced in Czédli [2]. In [6] the maximum size of triangular systems
of islands is shown to be (n* +3n)/5 < f(n) < (3n> + 9n +2)/14, and in [14] it is
proved that the maximum size of systems of d-dimensional bricks on a d-dimensional
my X my X - - - X my table satisfies

(mlmz---md+ Z mjlmjz--~mjd7|)/(2d_l)—1
1<j1<ja<<ji-1=d
< flmy,my, ..., my)
<(my+ D(ma+ 1)+ (mg+ 1)/ - 1.

Island systems with square islands were investigated in Horvith et al. [5] and in [9].

The general concept of systems of islands by Pach et al. [13] includes all these
discrete island systems as well. For example, Czédli’s rectangular islands can be
obtained by letting © be the m by n rectangle with vertices at (0, 0), (m, 0), (m, n),
and (0, n) in the plane and by letting S be the set of rectangles with sides parallel to
the coordinate axes and vertices of integer coordinates. The connection to real islands
in a geographical sense can be made in an obvious manner, by letting S be the set of
closed and connected subsets of an open connected set 2 in the plane.

Pach et al. [13] consider laminar systems as well. A collection H of sets is
called laminar if for every pair of sets Hy, H, € H, either H; C H, or H, C H; or
H, N Hy, =0. A system of islands that are connected sets is always laminar (see [13]).
For discrete islands, being a system of islands is in essence equivalent to laminarity.
In general, this is not true as shown by Pach et al. [13]. They show, however, that
for bounded connected sets in R”, a countable maximal laminar system H is also a
(maximal) system of islands if and only if the distance of any two disjoint sets in H
is positive. Pach er al. [13] also give a general condition under which the size of a
maximal laminar system is either countable or continuum, and exhibit an example
consisting of countably many circles in the plane that form a maximal system of
islands, answering a question in [11].

Additional recent investigations of island systems include [7] by Horvith, Seelja,
and Tepavcevié, where a link between islands and fuzzy relations is explored; and [12]
by Mader and Makay, who examine island systems with height functions that may
assume only a fixed set of finitely many values.

Continuity for a system of islands or laminar systems is relevant in two different
ways. First, one may consider the continuity of S, that is, when the sets in S are
allowed to change in some continuous manner. This was the focus of [11] and the paper
by Pach et al. [13]. Secondly, we may consider the continuity of the height function,
and this is the focus of the present paper. When the height function is continuous,
then it follows, in addition to laminarity, that the boundaries of the islands are disjoint.

https://doi.org/10.1017/51446788713000037 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000037

[3] Systems of islands 387

In this paper we investigate systems of islands with continuous height functions and
laminar systems with disjoint boundaries when the system S is discrete and when it is
continuous. Our main concern is the size of maximal systems, and we prove results
analogous to those given in [2, 8, 11, 13].

Standard notations will be used throughout the paper: for a set S, int S denotes the
interior, d S denotes the boundary, and cl S denotes the closure of S.

2. Systems of islands and laminar systems

The following Lemma shows that systems of islands satisfy a property stronger than
laminarity (see Pach et al. [13, Proposition 5]).

Lemma 2.1. Let Q be a set in R, S CP(Q) be a collection of subsets of Q, and
h:Q — R be a height function. If H, and H, are h-islands in S such that Hy N H, =0
then we have cl Hy N cl Hy, = 0.

Proor. Let us assume p € cl H; Ncl H, and let cl H; € G; C Q be open sets such that
for all x € G; \ H; we have h(x) <infy, h (i = 1, 2). It follows that p belongs to both G
and G,, and that there exist points p; € H; N G, and p; € H, N G;. Since H; and H;
are disjoint, we obtain p; € G, \ H, and p, € G| \ Hy. Then h(p;) <infy, h < h(p;)
and h(p,) < infy, h < h(p;), which is a contradiction. O

Next we show that if the height function / is continuous, the boundaries of 4-islands
are pairwise disjoint.

ProrosiTion 2.2. Let Q be a set in R”", and S be a collection of connected sets in Q. If
h:Q — R is a continuous height function, then every two distinct h-islands in S have
disjoint boundaries.

Proor. Let H; and H, be two distinct A-islands in S. The boundaries satisfy d H; C
cl H; (i = 1, 2). Therefore, the statement follows from Lemma 2.1 when H; and H; are
disjoint. Let Hy C H,, g€ H, \ Hy, and assume ped H Nd H,. Letcl H; CG; CQ
be open sets such that for all x € G; \ H; we have h(x) < infy, h (i =1, 2). We can write
H, =(H, \ cl H)) U (H, NGy), and since H, is connected, we have H, \ cl H; =0 or
H,NnGi=0or(H,\clH)N(H,NGy) #0.

Assume H; \ cl Hy = 0. We have g € cl H; implying g € G,. Thus infy, h < h(g) <
infy, h. Let G be any open set containing p. Then there exist points u € H; N G and
ve(@Q\ Hy)N(GN Gy) since p lies in the boundary of both H; and H,. It follows
that h(u) > infy, h > infy, h > h(v). Therefore, h is not continuous at p, which is a
contradiction.

The case H, N G = () is impossible since p lies in the boundary of H, and G is an
open set containing p.

Assume there exists a point r in (H, \cl H)) N (H, N G1) = (Hy \ cl H)) N G;. We
have infy, h < h(r) <infy, h and the same argument as in the first case shows that &
would not be continuous at p, which again is a contradiction. O

https://doi.org/10.1017/51446788713000037 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000037

388 Zs. Lengvarszky [4]

Laminar systems 9+ with the property that every two distinct sets in  have disjoint
boundaries will be called strongly laminar. Thus, a continuous height function A
implies that the system of A-islands is strongly laminar. The reverse however is not
true.

Exampre 2.3. If Q=[0, 1], S is the set of closed intervals in [0, 1], and H is any
strongly laminar system that contains the intervals Hy = [%, 1], and H, =10, n/(2n +
D] n=1,2,...) then H is not a set of h-islands in S for any continuous height
function 4 on Q.

Note that 0 is not a boundary point of any of the H,,, and thus, {H, |n=0,1,2,...}
is indeed strongly laminar. If % is a height function so that all H,, are h-islands, then
there are open sets G, such that i(x) <infy, & for any x € G, \ H,. Let xo € Go \ Hy,
and pick y, € (G, \ H,) N[0, ) for n=1,2,.... Then y, — 3, and for sufficiently
large n, we have xy € H,. It follows that h(y,) < h(xg) < h(%) for n > ny, that is, & is not
continuous at % |

The example for a collection of sets which is laminar and not an island system given
in Pach et al. [13] is in fact strongly laminar. Thus, strongly laminar systems may fail
to be systems of islands for any height functions, not just continuous ones.

On the other hand, for sets on a grid, island systems with continuous height
functions and strongly laminar systems are the same. If H is a strongly laminar
collection of rectangles on a grid, we could define 4 by first considering hy(x) = [{H €
H | x € H}| and then setting i(x) = ho(x) for all x except when x is a point with distance
0<d(x, H) < % for an island H. For these points we set h(x) = ho(x) + 1 — 2d(x, H).
Then £ is continuous and the collection of rectangular A-islands on the grid is H.

The following is another basic property of islands with a continuous height function.

ProposiTION 2.4. Let Q be a set in R, and S be a collection of sets in Q. Assume
h:Q — R is a continuous height function and H is an h-island in S. If p € 0 H then
h(p) = infy h, and thus, h is constant on 0 H.

Proor. Let H € S be an h-island and p € d H. There are sequences (g,) and (r,)
in H and Q \ H, respectively, so that lim,_,. g, = lim,_,. r, = p. By the continuity
of h we have lim,_,, h(g,) = lim,_, h(r,) = h(p). Since ¢, € H for all n, we have
h(g,) = infy h for all n, implying h(p) = lim, .« h(g,) = infy h. Let HC G C Q2 be
an open set with the property that i(x) <infy h for all xe G\ H. For sufficiently
large n, the points r, lie in G \ H, and hence, h(r,) < infy h for these n, implying
h(p) = lim,,_,o, h(r,) < infy h. O

3. Maximal rectangular systems on a rectangular grid

In this section we examine the size of maximal rectangular island systems with
continuous height functions, or equivalently, strongly laminar rectangular systems,
on a rectangular grid. These results can be viewed as analogous to those given in
Czé&dli [2] and in [8]. For simplicity, we use an open rectangle for the sea while the
islands will be closed rectangles.
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Tueorem 3.1. Let Q CR? be the open rectangle (—=1,m + 1) x (=1, n+ 1), where m
and n are positive integers, and let S be the set of closed rectangles in Q having sides
parallel to the coordinate axes and vertices with integer coordinates. Assume H is
a maximal rectangular system of islands in S with a continuous height function (or
equivalently, a maximal strongly laminar system in S). Then

= sms[ 3]

and both the lower and upper bounds are sharp.

Proor. Let H be a maximal strongly laminar system in S. We establish the lower
bound first, proceeding by induction on mn.

The cases when either m <4 or n<4 are trivial: if, for example, m <4, let
H=[0,m]x[0,n] form=1,2,and H=[1,m — 1] X [0, n] for m = 3, 4, and observe
that H, = {H} is a maximal strongly laminar system of rectangles in S.

Assume m > 5 and n > 5. Suppose the rectangle Hy = [0, m] X [0, n] belongs to H.
Then Hy = H \ {Hp} is a maximal strongly laminar system in So = {H € H | S C o},
where ©y = (0, m) X (0, n). Using the inductive hypothesis, we can write

i -2,n-2
|7{|:|7{0|+1z[mm(m 4’” )}+1
_ [mln(m, n) _ 1} 1> {mln(m, n)}'
4 2 4
Now suppose Hy ¢ H, and let Hy, ..., H; be the set of maximal rectangles in H.

For each 1 <i <k we let H; ={H € H | H C H;}. For each i, we replace H; by H/ as
follows. Let H; be p X g. If min(p, g) <2 then we let H; = H;. If min(p, ¢) > 2, and
say min(p, g) = p, we define H! based on p mod 4: let H;(ji, j») denote the rectangle
that consists of the columns of H; with indices j; through j,. If p=0 mod 4, then

H; ={H(1, 1), H(4,5), H(8,9), ..., Hi(p — 4, p = 3), Hi(p, p)};
if p=1 mod 4, then
H; ={Hi(1, 1), H(4,5), Hi(8,9), ..., H(p -5, p—4), H(p — 1, p)};
if p=2 mod 4, then
H; ={H(1,2), Hi(5,6),...,H(p—1, p)};
andif p=3 mod 4, then
H; ={H;(1, 1), Hi(4,5), Hi8,9), ..., Hi(p = 3, p = 2), Hi(p, p)}.

Then, using the inductive hypothesis, |H;|>1+[(p—2)/41=[p/4]=|H]| when
p=lor2 mod 4, and |[H|>1+[(p-2)/41=[p/41+1=|H!| when p=0or3
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mod 4. With H' =\, H! it follows that |H’| = UL, H!| <|H|. Note that the
collection of cells (1 x I rectangles in S) that have a nonempty intersection with at
least one island is the same for H; and H!. Therefore, H’ is a maximal strongly
laminar system in S consisting of rectangles with at least one side having length at
most 2. It is now sufficient to prove |H’| > [min(m, n)/47.

Let us assume, without loss of generality, that min(m, n) = m. For K € H’,let K* be
the union of cells in S that have nonempty intersection with K. Then, by maximality
of H’, we obtain | J H’ = [0, m] X [0, n]. Hence, we can write

mn=[0,m] x[0,n] < > [K*|< ) dn=4niH],

KeH' KeH’

where |H|, for a rectangle H, denotes the area of H. It then follows that min(m, n)/4 <
|H’|, which is equivalent to [min(m, n)/4] < |H’|.

To see that the lower bound is sharp we define a maximal strongly laminar system
H that consists of ‘strips’. Again, assume min(m, n) = m, and define H; = [4(i —
D+1,4G-1)+3]x[0,n] for i=1,...,[(m+1)/4]. If m=0or3 mod 4 then
H={H;|i=1,...,[(m+1)/4]} is maximal and |[(m + 1)/4| =[m/4]. f m=1or2
mod 4 then H={H;|i=1,...,[(m+ 1)/4]} U {[m— 1, m] x [0, n]} is maximal and
Lm+ 1)/4] + 1 =[m/4].

Let us now turn to the upper bound. First we show that the upper bound
can be achieved using 1 X 1 rectangles: define K = {[2u, 2u + 1] X [2v,2v+ 1] |u =
0,...,[m/2]1-1;v=0,...,[n/2] - 1}. Then K is (maximal) strongly laminar in S
and contains [m/21[n/2] rectangles. This will imply that the upper bound is sharp.

We assume now that HH is a strongly laminar system in S (without assuming
maximality). Again, we proceed by induction on mn. The case mn =1 is trivial, so
we let mn > 1. Assume Hy = [0, m] X [0,n] € H. If m <2 or n <2 then H = {Hy} and
|H| =1<[m/2][n/2] is trivial. If m > 2 and n > 2, we apply the inductive hypothesis
to Hy = H \ {Hy} and Q4 = (0, m) X (0, n) to obtain

[HI =1+ Hol <1+ [(m—2)/2T[(n—2)/2]
=1+ (m/2] = 1)([n/2] - 1)
=[m/21[n/2] = [m/2] = [n/2] + 2 < [m/2][n/2].

Assume Hy ¢ H. Let Hy, . .., H, be the set of maximal rectanglesin H. If 1 <i<k
and H; is p X q then we replace H; = {H € H | H C H;} by H!, where H/ consists of
[p/217q/2] one by one rectangles in H; and forms a (strongly) laminar system in {H €
S| H C H;}. By the inductive hypothesis, we have |H;| < [p/21[¢q/21 = H!|. Thus, if
H' = Ule H!, then |H’| > |H| and we will be done if we show |H’| < [m/2][n/2].

Without loss of generality, let m =max(m,n)>2. If m=2 then |H'|<1=
[m/21[n/2]. Assume m>2 and let H€ H’ be in the next to last column of
Hy =[0,m] x[0,n]. Note that H can be shifted along its row to the last column
without violating laminarity. Hence, we can assume there are no rectangles in
columnm — 1. Write H = HD U HP where HVY = {H e H | H C [0, m — 2] X [0, n]}

https://doi.org/10.1017/51446788713000037 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000037

[7] Systems of islands 391

and HP ={HeH|HC[m—-1,m] x[0,n]} and note that H and HP are
rectangular laminar systems on smaller rectangles, so we can apply the inductive

hypothesis:
[H'| = |HD| + HP|
< [(m—2)/21n/21+[1/21[n/2]
= ([m/2]1 = DIn/21 + [n/2] = [m/2][n/2].
This finishes the proof. O

It is easy to see that every integer between the lower and upper bounds will occur
as the size of a maximal strongly laminar rectangular system. Using the configuration
given in the proof for the upper bound as the initial step, we can ‘consolidate’ the 1 x 1
squares into strips, thereby decreasing the size of H by 1 at a time. Let us think of
the base rectangle as having (essentially) m columns and n rows, and assume without
loss of generality that min(m, n) = m. Replace the first k£ squares in column 1 by a
1 X (2k — 1) rectangle (1 X 2k when n = 2k), then we repeat this process in columns
3,5,...,m(—1). In the second phase the 1 X n rectangles are consolidated into 2 X n
rectangles and/or shifted horizontally, again reducing the size of the maximal laminar
system by one at a time, until the configuration for the lower bound is reached.

4. Continuous systems

In this section we consider continuous collections S, and examine systems of
islands in S with a continuous height function and strongly laminar systems in S. We
do not define continuity of S formally; instead, we will use conditions that are relevant
and/or become interesting when the sets in S are allowed to change in a continuous
fashion. Typical examples include S being all subintervals of a given interval in R or
all rectangles in the plane or all convex sets in R”.

The main concern regarding island systems and laminar systems in previous
investigations has been the size of (maximal) systems, and so is the case in this paper
as well as in this section. First we present a continuous height function with no islands.

ExampLE 4.1. Let Q = R, and let S be the set of bounded closed intervals in R. Let the
height function / be the Weierstrass function, a function that is continuous everywhere
and differentiable nowhere, that is

h() = W(x) = )" d* cos(b ),
k=0
where 0 <a < 1,ab>1+3n/2,and b > 1 is an odd integer. Then the set of h-islands
in S is empty.
We use the proof of the fact that W(x) is nowhere differentiable given in Thim [15],

where for any fixed x( € R, two sequences (y,) and (z,,) are produced with the following
properties.
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(1) Yn < X0 <Zpn for all n.

(i) (W) = W(x0))/(yn = Xx0) and (W(z,) = W(x0))/(z, — Xo) have different signs
for all n.

(111) hmn—mo |(W(yn) - W(XO))/(yn — )CO)| = hmn—)oo I(W(Zn) — W(-XO))/(Zn _ x0)| = 0.

It follows that there are infinite subsequences (y,,) and (z,,) such that either (1)
W) > W(xp) and W(z, ) > W(xp) for all k; or (2) W(y,,) < W(xp) and W(z,,) <
W(xp) for all k. Let H =[xy, x] be any closed interval in S and let G be an arbitrary
open set containing H. Assume case (1) and let k be such that y, € G. Then
W) > W(xg) = infy W, so H cannot be an h-island in S. Assume case (2) and let
k be such that z,, € H. Then by the continuity of W there exists an / such that y,, € G
and W(y,,) > W(z,,) > infy W, again showing that H is not an A-island in S. O

A trivial example with no islands is given by letting & be any monotone function;
however, the Weierstrass function W is more versatile: it retains the ‘no W-island’
property for collections S that contain unbounded intervals and also when W is
restricted to any interval © on the real line. In addition, W can be used to obtain a
height function 4 for any given n € N so that |{H | H is an A-island in S}| = n.

ExampLE 4.2. Let =R, and let S be the set of bounded closed intervals in R. Set
H;=[4i,4i+2] fori=0,1,.... For a given n € N U {0}, define the height function
h to be h(x) = W(0) when x € | J,,, H; and h(x) = W(x) otherwise. Then the A-islands
are precisely the H; (i < n).

This is immediate from the proof of the nondifferentiability of W(x) given in
Thim [15], and from the fact that W(x) attains its maximum if and only if x is an
even integer.

One of the main results in Pach et al. [13, Theorem 6] states that under some
mild assumptions, the cardinality of any maximal laminar system is countable or
continuum. The following theorem is a similar result for strong laminarity.

TueoreEM 4.3. Let S be a system of subsets in R" with finite Lebesgue measure
satisfying the following conditions:

(1) int(A) £ 0 forevery Ae S;

(2) ifA,BeSand A{ B, then A(A\ B) > 0;

(3) ifCcSisachain, then YCeSorA(NC)=0.

Then the cardinality of any maximal strongly laminar system in S is countable or
continuum.

Proor. Our proof is similar to that of [13, Theorem 6]. Assume 7/ is a maximal
strongly laminar system in S. First we prove that the cardinality of every maximal
chain C C ‘H is countable or continuum. Define R = A(C) = {A(C) | C € C}. Item (2)
implies that C and R have the same cardinality, so it is enough to show that R is
countable or has cardinality continuum.

We prove that if x is both a left and right limit point of R, then x € R.
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Assume x ¢ R. Let C* = {C € C| A(C) > x}, and define Cy = () C*. We show Cy € ‘H
which in fact will imply x € R. Since C only contains sets with positive Lebesgue
measure, and x is a left limit point of R, we have A(Cy) > 0; hence, Cy € S by (3).
Since C U {Cy} is a chain of sets in S, we need to show H U {Cy} is strongly laminar.
Suppose H N Cy # 0 for some H € H. Then H N C # O for every C € C*. If for all such
C we have H C C, then it follows that H C Cy. If for some C € C* we have C C H, then
we also have Cy C H. Therefore, H U {Cy} is laminar.

To show strong laminarity of H U {Cy}, let us assume for a contradiction, that
pedCyndH for some Cy# HeH. We need to consider three cases. Assume
first H N Cy=0. Then there must exist a C € C* such that H ¢ C. Since C C H is
not possible, we must have H N C = @. For any open set p € U there exist g€ HN U
and re CoNU. Since g ¢ C and r € C it follows that p € 0 C, contradicting strong
laminarity of H. Assume Cy € H. We can not have H C C for all C € C*, so for some
C e(C* we have Cp € C C H. Again, let p € U be any open set. There exist g, r € U
such that g € Cp and r ¢ H. It follows that g € C and r ¢ C, implying p € 8 C, which
contradicts strong laminarity of HH.

Now we assume H € Cy, and define C, = {C € C| AC < x}. Since x is a left limit
point of R and A(H) > 0, there is a C € C, such that A(Cy \ C) < A(H). It follows that
C N H is nonempty, implying C € H or H C C. The latter would imply H ¢ C’ for
some C’ e Cand p € 0 HN d Cy would yield p € 0 C’, contradicting strong laminarity
of S. Assume C C H. If for any C’ € C, we had H C (’, then the previous argument
could be applied, so we can assume C’ € H for all C’ € C,. It follows that H € C and
A(H) = x, contradicting our assumption.

For any x € cl R \ R we have either (i) x =0, or (ii) x is a right but not a left limit
point of R, or (iii) x is a left but not a right limit point of R. Define a mapping
¢:clR\ R— Q as follows: in case (i) let #(0) =0, in case (ii) let ¢(x) =y < x so
that (x —3(x —y), x) "R =0, and in case (iii) let ¢(x) =y > x so that (x, x + 3(y —
X)) NR=0. Then ¢ is one-to-one, so cl R\ R is countable. Using the well-known
fact that any closed set in R” is countable or has cardinality continuum, we obtain
R =clR\ (cl R\ R) is countable or has cardinality continuum.

For r e R" define C(r) ={H € H | r € H}. Laminarity of H implies that C(r) is a
chain. Let C’'(r) be a maximal chain in H containing C(r). Then, since by (1), every set
in S contains a point with rational coordinates, we have H = {J,eqr C(r) = U,eqr C'(7).
If each C’(r) in the union is countable, then 9 is countable; if there is a C’(r) in the
union with cardinality continuum, then # has cardinality continuum. O

Since conditions (1)—(3) are the same as those in Pach e al. [13, Theorem 6], the
examples (Corollary 7, Proposition 8) for laminarity given in [13] can be used for
strong laminarity as well. Hence, we have the following corollary.

COROLLARY 4.4.

(1)  The cardinality of a maximal strongly laminar system of bounded closed convex
sets in R™ with nonempty interior is countable or continuum.
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(2) The cardinality of a maximal strongly laminar system of closed disks in R" is
countable or continuum.

For continuous S, one can find examples H of (strongly) laminar systems with
|H| = 2% easily; however, examples of maximal (strongly) laminar systems H with
|H| =Ny are more elusive. Finding such an example was the primary motivation
in [11]. Pach et al. [13] produced a clever example of a countable maximal laminar
system of closed disks in R?, which in fact is also a maximal strongly laminar system.
Here we present an alternative method that can be applied to disks and other families
of sets as well to find countable maximal laminar and strongly laminar systems.

Given a set § C Q2 and a system of sets S € P(£2), we call a sequence (K,),>, of
sets an S -sequence (in S), if (i) K, € S for all n € N; (ii) K,, € § for all n € N; and (iii)
cl K, Cint K,;; for all n € N. Define «(S) = sup{A(U,, K») | (K,) is an S -sequence}.
If H is a strongly laminar system in S, we call a sequence (K,);”, of sets in S an H-
sequence (in S), if for any H € H either (K,,) is an H-sequence or (K,,) is an (Q \ H)-
sequence. Note that if (K),) is an H-sequence, then H U {K, | n € N} is a strongly
laminar system in S. We also define «(H) = sup{A(U,, K,) | (K,,) is an H-sequence}.

ProposiTION 4.5. Let Q be a subset of R™ and S C P(Q) such that:

(1) intS #0forany S €S8; and
(2) for any open set S C Q there exists an S -sequence in S.

Let (H,);?., be a sequence of strongly laminar systems in S that satisfy the following
conditions:

(@ Huy=H,U {Kl.(") |ie N},  where (Kl.(")) is an H,-sequence such that

AUy K" = k(H,); and

() lim, e k(H,) = 0.

Then H =,y H, is a strongly laminar system in S, and if for any S € S \ ‘H the set
H U (S} is a strongly laminar system in S, then either (@) there exists an H € Hy such
that H C S ; or there is an n € N such that either (8) KE") csSc Kl(:)l for some i €N, or
(K™ CS forallieN.

Proor. Strong laminarity of H follows from strong laminarity of H, (n€N). Let
H U {S} be strongly laminar, where S € S\ H, and assume H ¢ S for all H € H,.
Items (1), (2), (a) and (b) imply that there exists an n € N such that H Z S for all
HeH,_,and H C S for some H € H,,. It follows that K 5") C S and if there is a largest

i with Ki(”) C S then we must have Ki(") cSc Kl.(f)], otherwise Kl.(") CcS forallieN. O
Let S be the set of closed disks in R?. Conditions (1) and (2) of Proposition 4.5
are clearly satisfied. We may define Hj to be the set of disks H; with center at the

origin and radius 1 + 1/2 + - - - + 1/, and the H,, so that item (a) of the proposition is
satisfied. To see the latter we prove the following claim.

Claim. Let S be a set in R? with finite Lebesgue measure. Then there exists an open
disk D C § such that A(D) = k(S).
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We have «(S) < A(S) <oco. Hence, for each n €N there exists an S-sequence
(K™, in S with AU, K") > k(S) = 1/n. Pick K;" so that A(K") > k(S) = 1/n.

Then, lim,,_, /l(K(”)) =«k(S), and if ¢, denotes the center of K(") then the sequence
(¢n), must be bounded. Let (cn )k be a convergent subsequence and let ¢ = limy_, Cp, -
Then it follows that the open disk D with center at ¢ and Lebesgue measure «(S) is
contained in S. This proves the claim.

The boundaries of the circles in , partition R? into sets such that only finitely
many of them have Lebesgue measure greater than or equal to € for any € > 0. Thus,
(Ki(”))l- in item (a) of Proposition 4.5 can be chosen by considering the largest open
disk D in any of the finitely many parts in H,, with Lebesgue measure greater than or
equal to x(H,). If D has center ¢ and radius r = x(H,,) then we define the K;") to be
the closed disks with centers at ¢ and radii r; that converge to 7 in a strictly increasing
fashion.

If we pick K" so that A(K\") = (1/2)k(H,) for every n € N, then item (b) will be
satisfied as well. Indeed, it should be clear that with a, = k(H,) = A3, Kf")), the
sequence (a,) is decreasing. Also, since H is laminar, for m > n, either a,, < (1/2)a,
or (U, Kl.(m)) N (U2, Kl.(”)) = 0. Hence, if a, — 0 (n — o) is not true, then for some
Ao > 0 and for some 1y € N we must have 1y < a,, < a,, < 24, therefore (|J;2, Kf”’)) N
Uz, Kl.(”)) =0, for all m > n> ng. If i is large enough (that is 7/(4i*) < Ap), the ring
H;.1 \ H; will not contain the K;") for n > ny and for j € N. Thus, there is an index i

such that K;") C H;, for all n > ng and for all j € N, which would imply A(H;,) = oo

Let H’ be a maximal strongly laminar system in S containing H =, , H,.
(The existence of H’ is guaranteed by Zorn’s lemma.) It is easy to see that for
any S € H’ \ ‘H, only case (y) of the proposition is possible. Furthermore, since
k(S) = A(S), there can be at most one such S for any fixed n. Therefore, H’ \ H
is countable, and since H is countable, we obtain that 4’ is countable. As it turns
out, this construction leads to a system that is also maximal laminar (in addition to
being maximal strongly laminar).

The above argument can be repeated for various other collections of sets including

= {all closed rectangles (with sides parallel to the coordinate axes)}.

References

[1] J. Baréth, P. Hajnal and E. K. Horvath, ‘Elementary proof techniques for the maximum number of
islands’, European J. Combin. 32 (2011), 276-281.

[2] G. Czédli, ‘The number of rectangular islands by means of distributive lattices’, European J.
Combin. 30 (2009), 208-215.

[3] G. Czédli, A. P. Huhn and E. T. Schmidt, ‘Weakly independent subsets in lattices’, Algebra
Universalis 20 (1985), 194-196.

[4] S.Foldes and N. M. Singhi, ‘On instantaneous codes’, J. Comb. Inf. Syst. Sci. 31 (2006), 317-326.
E. K. Horvéath, G. Horvéth, Z. Németh and Cs. Szabd, ‘The number of square islands on a
rectangular sea’, Acta Sci. Math. (Szeged) 76 (2010), 35-48.

[6] E. K. Horvith, Z. Németh and G. Pluhdr, ‘The number of triangular islands on a triangular grid’,
Period. Math. Hungar. 58 (2009), 25-34.

https://doi.org/10.1017/51446788713000037 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000037

396

(71
(8]
[9]

[10]
(11]

[12]
[13]
[14]

[15]

Zs. Lengvarszky [12]

E. K. Horvéth, B. Sedelja and A. Tepavéevi¢, ‘Cut approach to islands in rectangular fuzzy
relations’, Fuzzy Sets and Systems 161 (2010), 3114-3126.

Zs. Lengvarszky, ‘The minimum cardinality of maximal systems of rectangular islands’, European
J. Combin. 30 (2009), 216-219.

Zs. Lengvarszky, ‘The size of maximal systems of square islands’, European J. Combin. 30 (2009),
889-892.

Zs. Lengvarszky, ‘Notes on triangular islands’, Acta Sci. Math. (Szeged) 75 (2009), 369-376.

Zs. Lengvarszky and P. P. Pach, ‘A note on systems of rectangular islands: the continuous case’,
Acta Sci. Math. (Szeged) 77 (2011), 27-34.

A. Méder and G. Makay, “The maximum number of rectangular islands’, The Teaching of Math.
14 (2011), 31-44.

P. P. Pach, G. Pluhér, A. Pongracz and Cs. Szabd, ‘“The possible number of islands on the sea’,
J. Math. Anal. Appl. 375 (2011), 8-13.

G. Pluhar, ‘The number of brick islands by means of distributive lattices’, Acta Sci. Math. (Szeged)
75 (2009), 3-11.

J. Thim, ‘Continuous nowhere differentiable functions’, Master’s Thesis, Luled University of
Technology, 2003.

ZSOLT LENGVARSZKY, Department of Mathematics,
Louisiana State University Shreveport, 1 University Place,
Shreveport, LA 71115, USA

e-mail: zlengvar@lsus.edu

https://doi.org/10.1017/51446788713000037 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000037

