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Global existence of the strong solution
to the 3D incompressible micropolar
equations with fractional partial dissipation

Yujun Liu

Abstract. In this paper, we considered the global strong solution to the 3D incompressible
micropolar equations with fractional partial dissipation. Whether or not the classical solution to
the 3D Navier-Stokes equations can develop finite-time singularity remains an outstanding open
problem, so does the same issue on the 3D incompressible micropolar equations. We establish
the global-in-time existence and uniqueness strong solutions to the 3D incompressible micropolar
equations with fractional partial velocity dissipation and microrotation diffusion with the initial
data (uo, wo) € H'(R?).

1 Introduction and main results

In 1965, Eringen [11] first introduced the micropolar equations in order to model
micropolar fluids. Micropolar fluids are fluids with microstructure. They belong to
a class of fluids with nonsymmetric stress tensor (called polar fluids) and include, as
a special case, the classical fluids modeled by the Navier-Stokes equations (see, e.g.,
[4, 10, 12, 21]). The system of the micropolar equations is a significant generalization of
the Navier-Stokes equations covering many more phenomena such as fluids consist-
ing of particles suspended in a viscous medium (see, e.g., [21, 23, 24]). The micropolar
equations have been extensively studied and applied by many engineers and physicists.
The 3D micropolar equations can be stated as

Jru+u-Vu+Vr=(v+k)Au+25V x W,
(1.1) W+ U VW +4KW = PAW + uVV - W + 2KV X U,
V-u=0.

Here, u = u(x, t) € R? denotes the fluid velocity, w = w(x, t) € R? the field of micro-
rotation representing the angular velocity of the rotation of the fluid particles, 7(x, t)
the scalar pressure, and the positive parameter v denotes the kinematic viscosity, « the
microrotation viscosity, and y, y the angular viscosities.

The micropolar equations are not only important in physics, but also mathe-
matically significant. The well-posedness problem on the micropolar and closely
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Global existence of the strong solution 1517

related equations, such as the magneto-micropolar equations, have been extensively
investigated (see, e.g., [2, 6, 13, 15, 19-21, 29, 30, 33, 34]). For the initial boundary-
value problem, Galdi and Rionero [15] obtained the weak solution. Lukaszewicz [19]
established the global existence of weak solutions with sufficiently regular initial data.
The existence and uniqueness of strong solutions to the micropolar equations either
local for large data or global for small data are considered in [2, 14, 20, 29] and
the references therein. However, whether or not the smooth solutions of micropolar
equations (1.1) can develop finite-time singularities remains open. Generally speaking,
the global regularity problem for the micropolar equations is easier than that for
the corresponding incompressible magnetohydrodynamic equations and harder than
that for the corresponding incompressible Boussinesq equations. The global existence
of weak solutions and strong solutions with initial data small for 3D micropolar
equations were obtained in [15, 21].

In the 2D case, the global well-posedness problem on the 2D micropolar equations
with full dissipation can be obtained similarly as that for the 2D Navier-Stokes
equations (see, e.g., [3, 5, 7, 22, 26]). Recently, a lot of works are focused on the 2D
micropolar equations with partial dissipation (see, e.g., [8, 9, 28]). We will apologize
for not addressing exhaustive reference in this paper.

When w=0 and « =0, the system (1.1) is reduced to the 3D incompressible
Navier-Stokes equations.

du+u-vVu+Vr=vAu, xeR3 >0,
(1.2)

V-u=0.

Whether or not the classical solutions of the 3D incompressible Navier-Stokes
equations (1.2) can develop finite-time singularities remains an outstanding open
problem. The Millennium prize problem is supercritical in the sense that the standard
Laplacian dissipation in (1.2) may not provide sufficient regularization. Some works
(see, e.g., [16, 18]) proved that the following generalized Navier-Stokes equations

1.3)

du+u-vu+Vr=-v(-A)%u, xeR> >0,
V-u=0

5
has a unique global-in-time solution with & > — and any smooth initial data uy which

has finite energy. The following reference [27] is also relevant on the generalized
Navier-Stokes equations. It gives a very simple proof on the global well-posedness

for a > T Here, the fractional Laplacian operator (—A)® is defined via the Fourier

transform

(=B)%£(§) = [§F(8).
However, some scholars devoted to consider whether or not the global existence
5
and regularity can be constructed for any « < e Tao [25] obtained the global reg-
_A)i
ularity for the system which just replace the operator (-A)* by _ G in

V1og(2 - A)
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(1.3). Replacing the operator \/log(2 - A) by log(2 — A), Barbato, Morandin, and
Romito [1] improved those result. All of these results imply that it is extremely difficult

5 5
to reduce « lower than —. For the system (1.3), « = 7 may be thought as the critical

index of the natural energy functional. More precisely, if we assume

1 t
E(w) = Sl + [ [vulfar,
0
and inserting u; (x, t) = A** 'u(Ax, 1*“t) into the above equation to obtain
E(uy) = A**E(u),

5
and the natural energy functional is invariant just when a = —.

Very recently, Yang, Jiu, and Wu [31] studied the global regularity problem on
3D Navier-Stokes equations with partial hyperdissipation. They obtained the global
existence and uniqueness of strong solutions.

In this paper, we consider the 3D incompressible micropolar equations with
hyperdissipation as follows:

(1.4)

oip +u-Vuy = —-oymr— (v+ &)Azgul -(v+ m)A§u1 + 21k 0 Wk,

Oty +u-Viuy = —dmm— (v + H)Al%uz -(v+ H)A§u2 +2KE2k0 Wk,
Ois +u-Vus =—-d3m— (v+ /i)AI% us — (v+ K)AZ% Uz + 2Ke3k0 Wi,
0wy +u-Vwy +4kwy = —yAzgwl - yAEwl + U0 (V- W) + 2ke1j5 0,
0w, + - YWy + 45w, = —yAlng - yA3%w2 + 102 (V- W) + 2Ke5x 0,

01W3 + - VW3 + 4kW3 = —yA7 W3 — YA W3 + 03 (V - W) + 2K€3j40 ik,

V-u=0, u(x,0) =ug(x), w(x,0) = wo(x).

Here, u = (u;, u,, u3) denotes the velocity field and w = (w;, wy, ws) the
microrotation field. &;jx, (i, j, k) € {1,2,3} is Levi-Civita alternating tensor defined
as follows:

1, if (i, j, k) is an even permutation,
(1.5) gijk =1 -1, if (i, j, k) is an odd permutation,
0, otherwise.

Here, A} with & > 0 and k = 1,2, 3 denote the directional fractional operators defined
via the Fourier transform

ASF(E) =& F(), k=1,2,3,

where & = (&, &, &) and A = (—A)% denotes the Zygmund operator.
The main results of this paper are stated as follows.
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Theorem 11 Assume (ug, wo) € H'(R?). Then, system (1.4) has a global strong
solution (a, w) satisfying
(u, w) € L= (0, 00; H"),
i i i i 2 2
Ajuy, Ajuy, AjVuy, AfVuy € L7(0, 005 L7),
3 5 5 5 2 2
A14 Uz, A; Uy, Af Vu,, A; Vu, € L (0,00; L ),
5 5 5 5 2 )
(16) Af Uus, A; us, Al"Vu3, 1\24 Vus € L (0,00; L ),
5 5 5 5 ) 2
Ajwi, Afwr, AjVwr, AfVw e L(0,00; L),
5 5 5 5 N )
A14 W2, A; w2, Af‘ Vwa, A; Vw, €L (0, oo; L ),
5 5 5 5 5 )
Af w3, A24 w3, AIA Vws, A; Vws € L (0, o0, L )
The bound of (u, w) in (1.6) is uniform in time.

Remark 1.1 Due to the symmetric, one can easily check the similar results as
Theorem 1.1 holds for the cases that if (#;, w;) are only lack of the hyperdissipation
in the x, direction, (1, w) are only lack of the hyperdissipation in the x3 direction
and (us3, ws) are only lack of the hyperdissipation in the x; direction or (u;, wy)
are only lack of the hyperdissipation in the x3 direction, (1, w;) are only lack of the
hyperdissipation in the x; direction and (u3, ws) are only lack of the hyperdissipation
in the x, direction.

The rest of this paper is arranged as follows: Some notation and preliminaries
will be given in Section 2. In Section 3, we will prove our main results. The proof
of Theorem 1.1 will be divided into three stages. First, we will show the L*-bound of
(u, w). Second, we will obtain the L*-bound of (Vu, Vw), and then we establish the
global a priori bound for (u, w) in H'. This section is the main parts of the proof of
Theorem 1.1. There are a lot of triple product terms bounded by using divergence-free
condition, Sobolev’s inequalities, Minkowski’s inequality, and so forth. Finally, we will
prove the uniqueness.

2 Notation and preliminaries

For simplicity, some notations will be introduced before we prove our main results,
which are used throughout this paper. We denote

of
£z = 1 £l 57

i

aif)

5 5 5 3 L.
[AF fillaqesy + 1A ficllzqsy = 1(AFS AP filla (35, k) € {1,2,3},

19i fil 2 sy + 195 fl 2 ey = 109 95) fill2 (i, ji k) € {1,2,3},

ffdxdydz = /]R” fdxdydz,
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and

[fis fore o falToqesy = LA + 12203+ + [ fula.

We denote the one-dimensional L*-norm with respect to x; by | f] ;2 (i =1,2,3)
and || f||z2 (i, j € {1,2,3}) denote the two-dimensional L*-norm with respect to x;
X,'Xj

and x;. In addition, we denote
0f s pa e = 1A e s fes -
XX Tk k j 4
The following lemma is Minkowski’s inequality (see, e.g., [17]), which will be useful.

Lemma 2.1 Assume that f = f(x,y) with (x,y) e (R™ xR") is a measurable
function. Let1< q < p < oo. Then,

2.1 A ey Dz comy < WAz oy 2 (geny -

The nextlemma is the Sobolev embedding inequality, which will be used frequently
in this paper (see [32]).

1 1
Lemma 2.2 Assumethat2 < p <ooands>d (2 - p). Then, there exists a constant

C = C(d, p, s) such that, for any d-dimensional functions f € H*(R?),

1-4(3-3 (313

(22) HfHLP(]R") < CHfHLZ(R HA fHLZ(]RdI))
. 1 1

In particular, when p # oo, (2.2) also holds fors = d (2 - p).

The following is the Holder-type inequality, which will be useful as well.

Lemma 2.3 Assume that fi, f, >0 and fi, f, € L. Assume that s, s, € [0,1] and
s1+ 83 = 1. Assume that 1 < p < oo, then

(2.3) 1A e < WAL 11215

3 Global regularity for the strong solution to the 3D
incompressible micropolar fluid flows

In this section, we will prove Theorem 1.1. Theorem 1.1 is proved through three stages.
The first step is to establish the L*-estimate of (u,w). Second, we will obtain the
H'-bound for (u, w). Finally, we will achieve the uniqueness of (u, w).

Step 1. Global L*-bound.

Proposition 3.1 Suppose that (ug, wo) € H'(R?). Then, system (1.4) has a global
solution (u, w) satisfying
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[u, wii3 + 4wl + uldivw|3 + (v + )
T 5 s 5 s 5 s 2
[ UIAd ADu (A ADus, (8], Al dt
T 5 s 5 s 5 s 2
(3.1) vy [ 1L ADwL (AT, ADws, (A, A]ws 3de < C,

for any T > 0, where C > 0 is a constant, depending on |ug, wo 3.

Proof Multiplying equations (1.4);, (1.4);, (1.4)3, (1.4)4, (1.4)5, and (1.4)¢ by
u1, Uy, Uz, Wi, Wy, and ws, respectively, and taking the L2-inner product, integrating
by parts, using the divergence-free condition V - u = 0 and adding them together, yield

that
L Wi + w2 + e divee 2
2dt
$ Al $ A% oA 2
+(v+R)[(Ay, AD)u, (AfS A )uy, (A, AF)usl;
+ (A, Af)w, (Af, Af)wa, (A], AZZ)W3H% :4,%/ V xw-udxdydz.
(3.2)

The right-hand side of (3.2) can be estimated as
4K f V xw-udxdydz = 4k f(sljkajwkul + &2k 0jWithy + €3k0Wi3 )dxdydz
=L +1,+1I;.
To begin with the term I;, applying Lemmas 2.2 and 2.3, we obtain
I, =4k f(GZW3 - 03wy )uy dxdydz
< Clua[2([02ws ]2 + |93w2) |2
1005 4 105 4
< Cluf2(ws |5 A3 w35 + [wa 3 [Asw2]3)
5 5
(3.3) <e|Adwa, Ajws|5+ Celwml3.
Similarly,
I, =4k f(83w1 - oyw3)up dxdydz
1 5 4 1 5 4
< Clual2(fwall3 [ Az w3 + [wsll3 [ A7 wsl5)
5 5
(3.4) <efAwi, Afws 3+ Cellua],
and
s 5
(35) I =4x f(alw2 ~ aywi)us dxdydz < e Adwy, Afwil2 + Cellus2.

Inserting the above inequalities (3.3)-(3.5) into (3.2), choosing ¢ small enough, and
integrating from 0 to T > 0 yield the desired estimate (3.1).
Step 2. Global H'-bound.
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The goal of this section is to establish the global L*-estimate of (Vu, Vw). The
process of this section is more complex. [ ]

Proposition 3.2 Suppose that (g, wo) € H'(R?). Then, system (1.4) has a global
solution (w, w) satisfying

[Vu, Vw3 + 45| Vw|3 + | Vdivw]3

T 5 s 5 s 5 s
# () [ 1AL AD T, (A AD T, (A, AT 3dt
0
T 5 s 5 s 5 s 5
(3.6) +ny [(AS, ADVwy, (AF, AD VW, (AF, Ad)Vws|2dt<C,
forany T >0, where C > 0 is a constant, depending on |uo, wo H%{l(RS)-

Proof In order to obtain the global H'-bound, we apply the operator V to system
(1.4), and taking the inner product by the resulting equations with Vu and Vw,
respectively, integrating by parts, we obtain

17w, vwli + s vwli + ] vdivw
+ (v R)I(AS, ADVun, (A, A Vo, (8], AS)Vus 3
Fyl(A, AD VWL (AF, AD)Twa, (A, A Vw3
=—/V(u-Vu)~Vudxdydz—/V(u-Vw)~dexdydz
+4f§fvv><u.dexdydz

(3.7) =h+]2+]5.

Due to the divergence-free condition V - u = 0, integrating by parts, we can rewrite J;
and J, as follows:

Ji=- f V(u Vu) . Vudxdydz = - f a,-ukakuja,»uj dxdydz
and
]2:—/v(u-vW)-vwdxdydz:—faiukaijain dxdydz.

To start with the term J;, similar to [32], we consider the first nine terms in J; denoted
by Ji;. The remaining terms in J; can be handled similar to Jy;.

Ju=- [((aﬂll)3 + 01110142021y + 01110113031
+ (azul)zalul + (82u1)282u2 + 82u182u383u1
+ (831/[1)281”1 + 831418314282141 + (83141)2831/[3) dxdydz

9
(3.8) = > Jum.
m=1
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For the term Jyj;, integrating by parts and applying Lemmas 2.2 and 2.3, using the
divergence-free condition V - u = 0, one has

Jin = - f((81u1)3 dxdydz = 2[ u10nu01uy dxdydz
§C||311M1HL31L2 HalulnLgleLz lurlz2 e

XpXx3 X3 7x3 X1%2 X3
5 5 3 5 2
< IAf o2 Af e 1o 3 [ As w3
5 6 5 4 5 5
<e|Af oy |3+ Cellu |5 | AT |5 [ Af 1 |2 Af Aguar |2
5 5 s ) 50, s s 10
<e(|Af oy + |A] Az |2) + Ce(fJun |z + | AF wa]5)" (|5 [ A Oveaaly) )

3 3 3 2 2 32 2
(39)  <de|AfOyuz, Af0sus, Ajowu|s + Ce(fun]z + [Afw]3)2 w3

Similarly,

Juz = —[81u181u282u1 dxdydz :/ulalzulaluz dxdydz +/u1812u281u1 dxdydz
= Jua1 + Juzz.

Using Lemmas 2.1 and 2.3, we can bound the term Jy15; as follows:

Unal € Cllou s 12 01wzl 12 1o lonlles 12,

5 5 1 5 1 1 1
< ClA; ovn 2| Afua|3 [ Af Asuz ] w3 10101, D213

El 5 El
<e(| A 03 + [Af 0s12]3) + Ce (|3 + | Af w2])3)? [ Va3
and

|Juz22| < C 0121z s

X

P U PR Z IR 1T PR

5 5 1.5 1 3 52
< C|A] Oqua 2| Af w3 A Asun |3 |5 || Az a5
5 6 4 5 5
< e[ AjOrus |3+ Colun | [ Az F w5 AT i 2| A Az 5

H s 3 2 2 102)2 2
< 4ef Ay Qaua, A Osus, Agdun [y + Ce(fen]lz + [ Az u]3)> 2,
Combining the above two estimates, we obtain
s s s s s s 5
2| < 4| (A7, Af)Vur, (Afs A3)Vua, (A, AF)Vusl;
2 112\ 2 2 1. 12)2 2
(3.10) + Ce([[allz + [ A [5)2 o]z + Ce(llan]lz + [Af w2]2)" [ V3.
Next, we will bound the term Ji;3, and integrating by parts, we find that

]113 = —f81u181u383u1 dXdde :fu1813u181u3 dxdydz+/u1813u381u1 dXdde

= Jua1 + Jusz.
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Similar to Jij21, one has
Jun| < Clowsules 1z l0wus]es rrz [uales | 12,

E E 1 E 1 1 1
< CA3 vz A us]3 [ Af Asus| 3 w13 11(91, 95)l2

3 3 2 2 322 2
<e|Afovur, Afosus|s + Cellui]y + | Af us]2)" | Vil
Applying the similar method to Ji122, we have

32| < Cllozus s 12, lowuz|zs 12 L e 12, L

5 3 1 5 1 3 5 2
< ClAf Isus |2 Af w3 [ Af Asu]l3 [ [543 w3

H 3 3 2 2 112)2 2
< def| A Qauz, AfOsus, Agduun [y + Ce(fen]lz + [ Az u]3) a3,

Therefore,
us| < 6 (A3, Af)Vur, (Af, A3)Vua, (Af, AF)Vus3

3 9 5
(3.11) + Ce(lmallz + A5 m]3)2 |z + Ce(lanlz + [ Af us]3)* | vl

Integrating by parts and invoking the divergence-free condition V - u = 0, one has

Jua + Jus = - [(82u1)2(alu1 + 02uy) dxdydz
= f(82u1)283u3 dxdydz: —2/ u3823u182u1 dxdydz

< C|| 0231 L 02141 L4 L2 L (s L2, Ly

5 5 1 5 1 1 1
< ClA; o2 Ag w5 [ AS Aswna])5 [us |3 | Avuis] 5

3 2 2 3. 11232 2
(3.12) <2e[|A; 93w + Ce([lus |z + Az wn]3)" sl

To bound the term Jy56, integrating by parts, one yields that
Jiis = f U103U30,uy dxdydz + f U103U10,u3 dxdydz
= Jue1 *+ Juez-
Applying the similar method to Ji131, one can easily find that

[Jus1l < Cll023us]Ls 12| azulungL;;Lgl \|M1|\L§2x3L;;

*27X1%3

5 5 1 5 1 1 1
< CA; osus|2 | A w3 | Ay Asua 3 a3 | A |3

%a %a 2 2 3. 12\2 2
<e|A; 9sus, A dsun|; + Ce[ltn]z + [Agua[3)7[ Ve 2

Moreover,
[Tusz| < Cl|923u | 112 l92us] L4 LL2 (2 12, Lz

3 3 2 2 1.12\2 2
<e|A;0sur, Ay dsus|y + Ce(lua]z + [ ASus|3)" | Va3
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Furthermore,
3 El El 3 E 3 2
Uns| < 2¢[[(A3, A3) Vi, (Al A3)Vua, (Af, A7) Vs
H s
(313) + Cel(funlz + 183 w5 + |47 us]3) | Ve |-

Due to the divergence-free condition V - u = 0, we will rewrite the last three terms
as follows:

- f(asulasuzazul — (0511)*0,uz) dxdydz = Ju7 + Jus.

Integrating by parts, the term J;;7 can be bounded as

]117:/u1823u183u2 dxdydz+/u1823uza3u1 dxdydz
SCH323M1HLg3L§1 Ha3”2||L33L;;L§2Hu1HLZ L

x2 X1X3 X2
+ CHaz3u2HL§3L§1x2 H33M1HL§3L;;L§1 HMIHLfo}L;T
s s 1 s 1 1 1
< CIAF 02| 2]|Ag w25 [ AF Avua |} |3 [ Az 5
s s o1 s 1 1 1
+ C| A3 0aua 2| AF w1 [ AF Agua 3 |3 | Avean |3
3 3 2 2 o2 3.12\2 2
(3.14) <2e|Af Vua, A3 Vuly + Ce(flua]z + [AFwlz + [ A7 u2]3)” [ Veu -

Similarly,

Jus = —Zf Uy0231103u; dxdydz

< CH323M1HL§3L§1X2 Ha3u1HL§3L;;Lf(l H’AZHL;ngﬂ3

< CAf ot oA w5 A5 Azt | Avea |
(315) < 26 A Va3 + Colualld + A w37V
Inserting the bounds (3.9)-(3.15) into equation (3.8), we obtain
Jul < 24e] (A, AT, (AF, AT, (A, A]) Va3
+ Cellull} + 1(Af, A 3)? [l
(16 +Collw (Af, ADuy (A, ADus, (A, ADyus )| vul3,
Next, we will bound the second nine terms of J; denoted by J;,. We write it explicitly,
Jiz=- f(alul(aluz)z + (81u2)282u2 + 01U3031201 Uy
+ 05U 01Uz 0a 1ty + (02143) + O2U303120,Us

+ a3u181u283u2 + 831/[2821/{2831/!2 + 831/13(83142)2) dXdde

9
(3.17) => T
I=1
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Most terms in (3.17) can be bounded similarly as Jj;, we just estimate one of the most
difficult terms, such as Jy,5, integrating by parts, yields

]125 = - f(82u2)3 dXdde = 2] u282u2822u2 dxdydz

< C|0auz|ra 12 |02tz 1 roor2

Xy T x1x3 xp x3 7 x

5 5 105 1 3 s 2
< ClA; 0aua 2| Ay ua 5 | A; Asua ] ua5 [Af ual;

Juliz s,

Fy $ 3 2 2 322 2
(3.18) <de|Aj o, Ajdzus, Agdauay + Ce(fualz + A u2]3) 2 w22
Furthermore, one can easily check that
5 5 5 5 5 5 2
2| < 24e[[(AS, A3)Vur, (Af, A3)Vuz, (Af, A)Vusl;
5 3 9
+ Ce([ul3 + [(Af, A uz]3)? [ul3
5 5 5 5 5 s N3 3
(3.19) +Ce(fu, (Ag, A)urs (A, AS)uz, (A, A )us3)”[ V3.
Similarly,
5 5 5 5 5 5 2
[is| < 24¢[[ (A5, A3)Vur, (Af, A3)Vuz, (Af, A;)Vusl;
5 5 9
+ Ce(ul3 + [(Af, A7 )us]3)? |ul3
5 5 5 5 5 5
(3.20) +Ce(flu (A3, AD)wr, (AL A)ua, (AF AF)us]3)| Vul3.

Next, we will bound the term J,. Similar to J;, we consider the first nine terms in J,
denoted by ], firstly.

Jo1 =~ f(alul(alwl)z + 01U 01W102W + 01U303W101W;

+ 82u181w182w1 + (82w1)282u2 + 82u383w182w1

+ 031101 W 03W] + 03Uz0,W103Wy + D313 (93wp)%) dxdydz
(3.21) = 29_:1]21,,.
To start with term J,;;, we rewrite it as follows:
Tott = — f (w1 )? dxdydz = - f 141 (divw — Dy, — Bsws)dyw; dxdydz

- /(aluldivwalwl - 81M182W281W1 - 81M183W381W1) dxdydz

= o + Janz + Jous-

(3.22)

Applying Lemmas 2.2 and 2.3, we can bound the term 5111 as follows:

Joun = — f o1udivwoywy dxdydz

< Clldivwl2][ 01w |Ls reor2 [91walez 1s 1

x17x
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1 1 1 1 1 1 1 1
< Cldivw]2[ A ovu|; [ Ay Aroru |3 | Az orwi 3 [ A3 Asdrwi3
5 5 5 5 5 K

< e| Aoy, Ajoyus, AJOsus, (A, AD)oywi|5 + Ce|divw| 20111, 9wl

(3.23)

Integrating by parts, by Lemmas 2.1 and 2.2, J511 can be bounded as

Tous = f 1y wadrwr dxdydz = - f widuind,w, dxdydz
- f W1012W201u; dxdydz
< Clonu HLgngm I 32W2HL31L;§L§2 HW1HL;;L§1X3
+ CHaquHLgngzx3 HaluluLglL;;ng HW1HL;;L3M3
< CIAF B2 |AF 3awa |3 AF Asdawal 3 w5 | A3 wi
+ AT Bawa o A |3 1AF Asduaa |5 w3 [ A5 wil 3
< ZsHAfazuz, A§a3u3) (Ali, AE)BszHi
(3.24) + Ce(lwi5 + HAz%WI 13)3 011, 32w 3.

Similarly, one can easily check that J,1;5 satisfies

]2113 = f 81M183W381W1 dxdydz = - [ W1811M183W3 dxdydz
- / W1813W3811/l1 dxdydz
<Clonwm|zs 2 19swsles 122z [IWillzesrz

+Cllo3wszs 12 [0rnlrs 1or2 [Wilzssez
5 s 5 s
< 28”1\14 821/12, Afl a3u3, (Af, Aél )83w3 H%
3 5
(3.25) + Ce([wil3 + [Af wi[3) 2 |01, d3ws 3.
Inserting the estimates (3.23)-(3.25) into (3.22), we obtain
5 5 s 5 s 5 s
[Jou| € 6| AS Vur, Afoyuz, Afdsus, (Ay, Af)Vwy, (Af, AJ)Vws,
5 5
< (A, Af)Vws3
2 2 T A3 2432 2
(3.26) + Ce([[divw |z + [wlz + [ (A3, AS)wi]3)?[Vu, Vw]s.

Next, we will bound J51,. Integrating by parts, using Lemmas 2.1 and 2.2, we have
Jo2 = - f 01U201W10,w dxdydz

:fuzalzwlalwl dxdydz+fu2811w132w1 dxdydz

(3.27) = Jo121 + J2122.
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Employing Lemmas 2.1 and 2.2 yields

Jo11 = f U01w101wy dxdydz

< Clowi s 12 HaIWIHngL;;Lg

*27X1%3

1Huz HL2 L°L2

LIS
s 1 1o 1 305 2
< ClA; orwi 2 A3 w3 [ A3 Asovwa | flua |3 [ Af a3

5 3 5 5
(3.28) <4e|(Af, A3)owi]z + Ce([lullz + [Af u2]2)* 1w 3.

For the term J512,, we rewrite it as follows:
Jo122 = [ U0 W10,wWy dxdydz = f 1,0, (divw — 0,w, — 03wW3 )0, w; dxdydz

= f(uzaldivwazwl - M2812W282W1 - M2813W382W1) dxdydz

(329) = Janz21 + Ja1222 + Ja1223.
Now, we will estimate J»1221, and one can easily find that

Ja1221 = fuzaldiVWazW1 dxdydz
< Cllodivwlz]|0awn| 12 1es luzlizerz 1,
1 1 1 1 1 1 1 1
< Cllowdivw2 | A5 oawi 3 | A5 Azorwi 5 [ Az ua |3 [ A5 Avuz 3

. 5 5 3 E 5
(330)  <d4efadivw, (Af, Af)dawi]3 + Ce(ful3 + [(Af, AF)uz]3)7 92w 3

Similar to J5121, one can estimate J,1255 as follows:
Jo1222 = f U01,W20,wy dxdydz
< CHaIZWZHL;ngzx3 |92w ||L§1L;;L;§3 H“z”Lfchqu3

5 1 1 1 1 1 1
< ClIA] 02wa |2 A3 02wi |3 [| A Azdawi|5 [uz 3 (91, 03)ual}

H oA 2 2 oA 243 2
<Ae|Af0awa, (Ag, A3)0awi s + Ce(fufz + [(AS, A)wi]3)2[ (01, 03)uz3
(3.31)

Similarly,
Jo1223 = / Uy013W30,wy dxdydz

< CH313W3HL§1L§2X3 |02w1 ||L§1L;;

L lual 2 12
3 § af 2 2 AT W [2)? 2
<de||Af d3ws, (A, Af)dawiy + Ce([lufly + [(AF, Af)will3)7[ (91, 93)ual;

*2 7 X1%3

(3.32)
Combining the inequalities (3.28) and (3.30)-(3.32) with (3.27), one has

5 5 5 5
12| < 16¢ Vdivw, (AF, Af)Vwi, (Af, AF)Vws]3

5 3 3 5 5
(3.33) + Ce(Julz + [(Af, A uallz + (A7, Af)wi]3)* [V, Vwls.

https://doi.org/10.4153/50008414X22000414 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000414
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For the term J;;3, using the similar method to /52, one can easily check that
5 5 5 5 2
[Ja13| < 16¢| Vdivw, (A;, A3)Vwi, (Af, A;)Vws|;
5 s 5 s
(334) + Ce(lull+ 1(AF ADus 3+ (A, AD)wa[3)F [T, vwl3.

Next, we will estimate the term J)4. Integrating by parts, one has

Jo1a = — f 02U 101W10,w dxdydz
= f w1822u181w1 dxdydz + f Wlalzwlazul dxdydz
(3.35) = Jo141 + J2142.

First, we can bound the second term J,14; as

Jo142 = fW1312W1azu1 dxdydz
< C|‘812W1‘|L22L51x3 HazulﬂngL;;Lgl ”WIHLer}(m
5 5 1 E 1 1 1
< ClAz w2 | AJ w3 [ Az Aseaa3 w3 [ Arwn]3

(336) < el Afdsm, Aforwil} + Co(Iwl + A [3)*|orwi3
Now, we return to estimate the term J;14;. Similar to J512,, we rewrite it as
Jo1a1 = f W1022u 01wy dxdydz = f w1021 (divw — 0, wy — 03w3) dxdydz
= /(wlazzuldivw — W1022U10,W; — W102,1103W3) dxdydz
(3.37) = Jaau + Jo1a12 + Jo1413.

Applying Lemmas 2.1-2.3, we have

Joran = f w10t divw dxdydz
< CllonulLs 12 [divwlperz  [willzrz 12
5 1 1 1 1 1 1
< C| A 92w 2| divw |3 [| Ardivw |5 [ A w3 [ A5 Aswi 3
5 5 s 5
< elondivw, Az 0yu |5 + Ce([[divw]3 + [ (A5, Af)wi]3)? 02w

. 5 5 5
(3.38) + Ce(ldivw]3 + (A, A)wil2)* [wil2.

Similarly,

Jo1412 = fW1822u182W2 dxdydz

< Cl|0g2ur |11 12 [02w2 |12

*27TX1%3

$ 3 2 2 oA )W 2)3 2
(3.39) < el Aj 0o, Afoawaz + Ce(f[wlz + [(AF, AT)wi]3)3 2w

sty Willz 8, 15
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and
Jo1413 = fW1azzu133W3 dxdydz
< Clonu s 1z [0swsliz 1= willzz 1s 15
5 5 5 5 5
(3.40) < e A7 0aun, AfAsws3 + Co[wl3 + (A, Af)wi]3)7 [05ws]3-

Furthermore, inserting the inequalities (3.38)-(3.40) into (3.37), we obtain

[J214] < 16¢| Vdivw, (A%, Af)azul, (A%, AE)VWl, Aﬁazwz, A1%83W3H§
+ Co((IW + 1A ) m13)> + (I(AL, Ad w3+ [divw]3)}
s (1wl + 1AL ADWID ) [vu, vwl3
(3.41) + Colldivwl3 + 1(AS, AS)wil3) w3,

Integrating by parts, the term J»;5 can be estimated as

]215 = - f(azwl)zazuz dxdydz =2 f u2822w182w1 dxdydz
< CH322W1HL32L§1X3 02w HLﬁzL;TLﬁs H”zHL;;Lﬁm

5 3 1 E 1 1 1
< ClAz dawil2 [ A3 wall3 [AF Aawi |3 [ua 3 [ Asuz3

3 2 2 o122 2
(3.42) <2e| Ay dawi]3 + Ce(fulz + [A;wi]2)*[95u2 5.

Similarly,

Jot6 = — f 02u303W10,w; dxdydz

=fW1823M382W1 dxdydz+fw1823w182u3 dxdydz

< CH823M3 HL4

X

N2 HaZWIHLfCZL;TL}cB Iwilpee 2

XX, X3 7X1X

+ CH323W1HL4 12 ||32M3HL4 L L2 ||W1HL°°L2

*27X1%3 X27TX1 X3 x37X1%2

3 3 2 2 3o 12y2 2
(3.43) <2e| Ay Vus, Ay Vwi|; + Ce([wly + A wi]2)*[[9swi]3.

Employing the similar method to J»14, we can bound the term J5;7 as

]217 == f 83u181w183w1 dxdydz
=fw1833u181w1 dxdydz+[w1813w183u1 dxdydz

(3.44) = Jan + Jaz-
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Furthermore, we will estimate the second term J5,7, first as follows:
Ja172 = f W1013W1031) dXd)/dZ
< Clozwy HLg L2 93 HL;@ L3I [wy HL;oLi .
3 152 3 2 1 1 2%3

(3.45) < e Af 2ty Afoywal3+ Co(IwlE + [ Afw 3)Jorva .
Now, we return to estimate the term J;;7;. Similar to J,12,, we rewrite it as
Joi71 = f w1033u10,W; dxdydz = [ w1033u;1 (divw — 9w, — d3w3) dxdydz
= / (W1033u1divw — w1 03310, W, — W 03314103W3 ) dxdydz
(3.46) = Jarru + Jaziz + Juns.

Applying Lemmas 2.1-2.3, we have

Jarm = /Wlassuldivw dxdydz
< Cllossurs 1z, Idivwlrers  [willzesrz 1s,
5 5 5 5
< ellordivw, Addsu [+ Ce(||divw]3 + (A7, A)wi[3)? 02w 3
5 5 5
(3.47) + Ce([ldivw]3 + (A7, A)wi]3)? [wi3.

Similarly,

Jar712 = /W1833u182W2 dxdydz
< Clossufrs 12, [0awallez , 1 Willez 1s 1

X2%3 77 X1

i i 2 2 FOAD )W 2)3 2
(348)  <elAfdpmn, Afdwald+ C(Iwld+ (AT, ADwi2)3 92w 2
and

Jarmis = fW1333M133W3 dxdydz

< Cl|0s3ur | s 12 [93w3] 2

x37X1%2

$ 5 2 2 oA )W 2)3 2
(3.49) < el Ay s, Afoswsly + Ce([wls + [ (A7, AT)wi]2)3 [ 9sws]3.

Lot Wil e ns

Furthermore, inserting the inequalities (3.47)-(3.49) and (3.45) into (3.44), we obtain
|]217| < 16€HVdIVW, (AZ> Ag)Vuh (AZ, A;)le, A1282W2, /\1Z 83w3 H%
+ Ce((Iw]3 + AT [2)* + (1A, Af)wil + [divw]3)>
3 E 5
+([wlz+ (A7, ADW2) ) [ Ve, Vw3

. 5 5 5
(3.50) + Ce([[divwll + [ (A5, AD)wi])? w3
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Integrating by parts, one can dominate /55 as
Jo1g = — f 03U20,W103w; dxdydz

:fw1833u282w1 dxdydz+[w1823w183u2 dxdydz

< C||833u2|\L4 L2 ||82W1HL4 L>12 ”WIHLZ L4

x3 7 x1% xp 7x1 X3 x] Txpx3
+ C|[023wW1 ||L;§2L§lx3 |03uz HL}GL;;L,ZCZ [wy HLﬁlLim
H i 2 2 2 3 2\2 2
(3.51) < 2e|A;Vua, Ay Vwily + Ce([[wly + [Ag w3 + [Asua]3) [ Vw3

Finally, we will estimate the term J»9, and applying the divergence-free condition V -
u = 0 and integrating by parts, we obtain

Jar9 = = f 03u3(03w1)* dxdydz
:[81u1(83w1)2 dxdydz+[82u2(83w1)2 dxdydz

-2 f wd1w1d5w, dxdydz -2 f 1395w 93w, dxdydz

< CHaBWlHU L2 Ha3W1 HLZ LeoLt HM1HL°°L2

X3 X% X1 7 xp 7 x3 x1 Txpx3

+ C[023w1 s 12 H33W1HL§1L°°L4 (1 HL;;LZ

é 2X3 xlxz 2 XZ x3 2 2 x2x32
(3.52) <de| Ay vwi|z + Ce((lu 3 + [ A3 wa]|3)7[[012a]3.
Combining the estimates (3.26), (3.33), (3.34), (3.41)-(3.43), and (3.50)-(3.52), we
obtain

5 s s s s s
21| < 80e([(A], Af)Vu, (Af, AF)Vua, (Af, A])Vusl3
5 s 5 s 5 s
+ (A, AD) VW, (Af, Af)Vwa, (Af, AF)Vws, Vdivw]3)
5 s 5 s 5 s
+ Ce((Ju, wy (AF, A, (Af, A )ua, (A, A )usl3
s s 5 s 5 s
(A7 ADwL (A, ADwa, (A, AF)ws|3)?
2 P 22 2 P 2\ % 2
+ (|divw]y + (A7, AS)wil3)2 + ([wlz + (A3, A3)wi]3)3)[Va, Vw3
. 5 5 5
+ Ce([divw]3 + [ (AF, AD)wi]3)? [w]3.

(3.53)

The remaining terms in J, can be handled similar to J,;. We omit it here. Next, we will
estimate the term J3:

]3=4/£/ Vv><u~dexdydz=4/<;fV(82u3—83u2)Vw1dxdydz
+4/1f V(a3u1—81u3)szdxdydz+4/¢f V(313 - 3ru) Vs dxdydz

= Ja1 + J32 + J3s.

(3.54)
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To start with J3;, we write it explicitly:

J31 = 4k / V(02u3 — 03uy) Vwi dxdydz
1 5 4 1 3 4
< [Vus|3 145 Vus |3 [Vwilz + [Vua |3 [ A3 Via |3 [ Vw2
5 5
<e|Af Vus, Af Vi[5 + Ce| vu, vwls.
Similarly, one can easily check that

5 5
J32 = 4k / V(031 — 0yu3)Vwa dxdydz < | Al Vuy, A!Vus|;+ Ce|Vu, Vw3

Furthermore,
5 5
J33 = 4K f V(01tty — 0yu1 ) VW3 dxdydz < e| A} Vuy, A V|3 + Ce| Vu, Vwlj.
Inserting the estimates of J31, /52, and J33 into (3.31), we obtain

s s 5 s s s
(355) [l <el(As, AD)Vur, (Af, A)Vuz, (Af, AF) V|3 + Ce| Vu, vwl3.
Combining the estimates (3.16), (3.19), (3.20), (3.53), and (3.55), choosing ¢ small

enough, we have

d .
1V UW[E + 4 Tw + | vdivw3
5 5 5 5 5 5
+ (v+R)(Af, AD)Vun (Af, Ad)Vua, (Af, Af)Vus)3
5 5 5 5 £ 5
+yl(Af, AD)Vwy, (Af, Af)Vwa, (A, AF)Vws |3
5 5 5 5 5 5
< Ce(([u, w, divw, (A§, AD)un, (A, AD)uz, (A, Ad)us|3
5 5 5 5 5 5 282 A 2 5 5 2 5
+ AL, ADywi, (AF, ADwa, (A, AD)ws|2)? + ([divw]3 + [ (AS, Ad)wi]3)3
5 5 5 5 5 5
+ (Wl + 1(Af, ADwi (Af, Awa, (A, AD)ws]3)3)Vu, Vw3
5 5 5 5 5 5
+ ((lul3 + 1AS A, (AF A u, (A, A )us]3)?
5 5 5 5 5 5 5
+ ([divw]3 + [ (Af, AD)wi, (Af, Af)wa, (Af, Af)ws]3) )], w3
(3.56)

Applying Gronwall’s inequality, integrating from 0 to T, we complete the proof of
Proposition 3.2.

Step 3. Uniqueness

This section we will prove the uniqueness. ]

Proposition 3.3 Assume that the initial (wg,wy) satisfies the conditions stated in
Theorem 1.1. Suppose that (0, w) and (u®, w®) are two solutions to the system
(1.4), then (u, w) = (u®, w?).
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Proof Denoting by 7() and 7(?) the associated pressures, then the differences
i=u® —u®, 7=70_ 72 g w® @,
satisfy

(3.57)

aﬂ:h + u(l) . Vﬂ] +10- Vul(z) = —alﬁ'— (V + Ii)/\zE 1:t1 - (V + K)A; 121 + 2K£1jkaj\7vk,

drii +u® . Vit + - vul? =

0¢il3 + u(l) -Viz+u- Vugz) = —037 — (V + /i)/\lE U3 — (V + KZ)AZ2 i3 + 2K'/83jkajwk,

AT u(l) VW +a- VWI(Z) +4KkWy = 7yA25v‘vl - yA;Wl + [lal(v . W) + 2/€£1jkajﬁk,
O

oWz +uw’ - VW +1- ngz)

w3 +u - s + i VWD 4 drivs = —pARWs — pAZWs + 03 (V - W) + 2ke3 50k,

3 3
7827’[ - (V + KJ)AIZ 122 — (V + I"\Z)A?’z 1:!2 + 2[{,82jkajwk,

+ 4KWy = —)/AIEVVZ - yAgWZ + ‘l/laz(v W) + Zlﬁiszjkajflk,

v-u=0,
a(x,0) =0, w(x,0) =0.

Multiplying equations (3.57)1, (3.57)2, (3.57)3, (3.57)4, (3.57)s, and (3.57)¢ with iy, 15,

i3, W1, W, and Wi, respectively, integrating by parts, summing the results together,
yields

L W3 42 i
s m)(A A, (AF, A, (A, A
Sy I(ASL ADWL (AL ADW, (A, A])Ws 3
:—fﬁ~Vu(2)ﬁdxdydz—fﬁ~Vw(2)v"vdxdydz+4ﬁfwa-ﬁdxdydz
=K+ K; + K;.

(3.58)

To start with Kj, we write it explicitly:

K1 = - f a- Vu(z)ﬁdxdydz = - [(fllalufz)ﬁl + ﬁlalugz)ﬁz + ﬁlalugz)fg
+ I:lzazul(z) 1:[1 + I:lzazugz)ﬁz + ﬁzazugz)ﬁg,
+ ﬁ333ufz) 121 + 12383u§2)122 + ﬁ333u1(2) 123) dxdydz

9
(359) =) Ki.
i=1
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Applying the divergence-free condition V - @t = 0, by Lemmas 2.1-2.3, we can bound
K, as follows:

Ky =- f alalufz)al dxdydz
2 ~
< Clow® iz, Il 1

AT D)3 AT A S AT A ~ 3
< Clou® |3 |Af o |3 A |2 |AZ Asiu|?
(3.60)  <el(Af, A3+ Co(|owuP 3+ [Afarus?, AFosu|3)% 3.

Using the similar method to Kj;, the term Kj, can be estimated as

Ky, = - f alaluf)az dxdydz
< Clawu® |2l o2 peops ita]l iz, 1oers
= 1y “l2litliez Lgy, 142012 LeLd,

e Clau® At o 1Al Aa L tat o 1 1Ad A b
<C| 14, 2]l 3”1”2H 3 2”1”2” 3”2H2H 3 1”2H2

A A2 @315 712
(3.61) < 25”(1\2 s A3 )i, (Al s A3 )itz |5 + Cs||31uz Hz I, @25
Similarly,

K13 = - f ﬁlalugz)lh dxdde
< Claw® |2t iz peore i3] 02 roers

x17x3 7%y x3°7x1 7 xy

T oAdVA T oAVA 2 @31~ =2
(3.62) <2ef(AF, A3, (A Ay)asls + Cellowuy™ |3 [, @35
Furthermore,

K14 = - f ﬁ282u1(2)121 dxdydz

< Clou® | iz 1= 11

x1 7%y Vx

iz pes,

x27 X1

5 5 5 5. 1, @31~ =~ 12
(3.63) <26[ (A7, Ag)i, (A5 A3)da3 + Cell 0oy ™ |3 i, a3
For the term Kjs, applying the similar method to Kj;, we find that

Kis = — f azazugz)az dxdydz
< C\|82u§2) lrerz 272 14

xp Txpx3 Xp “xpx3

5 5 5 5 ER
(3.64)  <el(Af, AD)i[3+ Co(|0u” 3+ |AF 01, A aul|3)% iz 3.
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Similar to K, we can easily bound the terms Kje, Ki7, and Kig as
Kig = — [ ﬂzazugz)% dxdydz
< Clogu? |alda oz, r s s iz 11t

x377x x3 7%y

(3.65) <26 (AT, A)iig, (AT, AD)is|? + Col|02ul®| 2 i, iis]?
: <2 (Af, A3)in, (Af, A; )|y + Cel 02u37 |13 |2, 55,

K17 = - f ﬁ383u1(2)111 dxdydz
< Closu a2 1 s, 155] 22, 11,
FE NN T SYHPRPRE
(3.66) <2e|(Ay, Af )i, (A A3)is|y + Cel 037 |3 i, 1133
and
N (2) -
Kis = 303U, il dxdydz
< Cl0su? |alta iz, pmns ializ, pmis
LI HCIY AL D317, a2
(3.67) <2e (A A3 )i, (Afs Ay)is|y + Cel0suy” |3 12, ds 3
Finally, we will estimate the term Kjo. Using the similar method to Kj;, we obtain
K19 = - [ 12383”:5)2)113 dxdydz
2 -
< Closul? iz, Il 1
5 5 5 E 50~
(3.68)  <el(Af, AD)isl3 + Co(|sul? 5+ A7 0™, A 9rul? 5)¢ s 3.
Inserting the above bounds (3.37)-(3.45) into equation (3.36) yields
5 5 5 5 5 5.1 @3
Ky <18e[(Ay, Af )i, (A, A3)ita, (A, Ay)is]; + Ce(|[Vur? |3
+ (1o, dau”, 3sulV |3

(3.69) + (AL, AD P, (AF, ADauSY, (AF, A3)asulP |2)E a2,

Next, we will estimate K;, and we write it in terms of components:
©) Y
K2 = - f ﬁiaiwj W] dxdydz = Zsz.
k=1

To start with Kj;, we rewrite it as follows:

Ky =- f iowPw, dxdydz = - f iy (divw® - 9,w - 3w )Wy dxdydz

= Kou + Ko + Koz

https://doi.org/10.4153/50008414X22000414 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000414

Global existence of the strong solution 1537

Using Lemmas 2.1-2.3, we can estimate K as

K211 = - f IjlldIVW(z)Wl dXd)/dZ
) . )
< Cldivw' Ve Nin]zrz  [Willigz
w2 e 1A AT 703 o 3 A v (13
< C||divw |3 | Ardivw =13 |5 | A |5 W5 [ Az W5
5 5
<e| A i, AFW[3+ Co(([divw® |3 + [Vdivw®[3)3 + 1) iy, 3.

Similarly,

K212 = / ﬁlazwgz)v"vl dXd)/dZ
<Cloaws? luzre, linlizis, I¥ iz,
5 5 5 5 - -
<el|Adin, A3+ Co(([0ws? 3+ A7 92w I2)F +1) iy, Wil
and
_ ~ (2) ~
Koz = | #03w; Wy dxdydz
<Clasw luzrz, linlizrs, I lizes
5 5 5
<e|Adin, Ajwn 3+ Co((0wS? (3 + |AF 03w [2)F + 1) ian, Wi,
Combining the estimates of K»;;-K3;3, we obtain
s s 2 2) 12 2) 1124 2
K| < 3e|Ad i, A3+ Co((|divw® |2 + | vdivw®)|2)3
2 3 2 H
+ (0w (3 + A WP |2)
5 5 . .
(3.70) + (05w 3 + |AF 05w 2)3 + 1) iy, Wi 2.

Similar to Ki,, K3, can be bounded as

Kzz = - f ﬂlalwgz)W2 dXdde

< Clowws? ol ez 12 W2 per2

X X1V x3 x1 7x;

1 1 1 1 ZL% 1 1 1
< Clarws |2 Adiin |3 AF Agdn | | AT W22 | AZ AW |2
(3.7) <2¢|(AF, A, (AF, AN + Cellaw? |} i, w2l
Furthermore,
Kas = - f morw s dxdydz
< Clows Lallin sz, ns, 1311 1,

3.72 <el(Ad, ADa, (AT, AYs |2+ C.layw® |2 dy, s
(3.72) <el|(AF, Af)in, (A, AJ)Ws |y + Cellorwy™ |3 [|dr, Wsll3.
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The other terms in K, can be bounded as K,;-K;3. We omit it here. Furthermore, one
can easily check that

K| < 18e(1 (AL, AD)in, (Af, AD)ia, (AF, A)iis, (AF, AJ)W[3
FI(AT, AN (A, Ao, (A, ADWR)
+ C((IVWP 3 + |divw® 3 + | vivw® |3
FI(AL, AV, (AF, ANV, (AF, AD)T )
(3.73) +[ow®(E 1) 3.

Finally, we will bound the term Kj. Applying the similar methods to (3.3)-(3.5), one
can easily check that

5 5 5 5 5 5
(3.74) |Ks| < de||(AZ, A2V, (A}, Ad)Wa, (A, Ad)Ws|3+ Cel, w3
Inserting the estimates of (3.69), (3.73), and (3.74) into (3.58), and choosing ¢ small
enough, we have
d, . . 3 o
Ellu, W3 + 45| W[ + ul diviv]3
+(v+r) (NS, Af)i, (AF, A )i, (A, A3)ias|3+y[(Af, ASW]3
< Ce(Ivu® 3 + (Joru, 9,ul?, 9;ulP 3
5 5 5 5 5 5 5
HI(AF ADdu, (Af, AN, (A], A)Isul?[5)¢
+ (|vw® |3 + [divw |3 + | vdivw |3
5 s 5 s 505 5
+ 1A, ADVIL (A, AV, (AfS AF)VWS[3)

(375)  +[|vw? |3 +1)] @, w[3.

Applying Gronwall’s inequality and the previous estimates, we obtain (@, W) = 0.
Then, we complete the proof of Proposition 3.3. Furthermore, combining Propositions
3.1-3.3, we complete the proof of Theorem L.1. [ ]
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