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Abstract

We prove several finite product-sum identities involving the ¢g-binomial coefficient, one of which is used
to prove an amazing identity of Gauss. We then use this identity to evaluate certain quadratic Gauss sums
and, together with known properties of quadratic Gauss sums, we prove the quadratic reciprocity law for
the Jacobi symbol. We end our article with a new proof of Jenkins’ lemma, a lemma analogous to Gauss’
lemma. This article aims to show that Gauss’ amazing identity and the properties of quadratic Gauss sums
are sufficient to establish the quadratic reciprocity law for the Jacobi symbol.
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1. Introduction

We begin with a short discussion on finite sum-product identities involving the
g-binomial coefficient. We prove four such identities in Section 2, two of which are
due to Gauss and are evaluations of special values of the Rogers—Szegd polynomials.
The other two identities, (2.4) and (2.5), are possibly new.

In Section 3, we prove an amazing identity of Gauss (3.3) using (2.4).

In Section 4, we evaluate certain quadratic Gauss sums using identity (3.3). This
proof is not new and we are essentially filling in the details of the proof given by
Jenkins [6].

Next, in Section 5, we reproduce a proof of another identity on quadratic Gauss
sums (5.1) which can be found in several classical textbooks. We chose to reproduce
this proof and the proof of (3.3) to make this article as self-contained as possible.
These two results then lead to a new proof of the quadratic reciprocity law for the
Jacobi symbol.

Jenkins [6] gave a different proof of the quadratic reciprocity law for the Jacobi
symbol using a formula for the Jacobi symbol. We will refer to Jenkins’ formula, which
is an analogue of Gauss’ lemma, as Jenkins’ lemma. In Section 6, we give a new proof
of Jenkins’ lemma using identities (3.3) and (5.1).

© The Author(s), 2022. Published by Cambridge University Press on behalf of Australian Mathematical
Publishing Association Inc.

86

()]

Check fi
https://doi.org/10.1017/50004972722001216 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.1017/S0004972722001216
https://orcid.org/0000-0002-9215-0895
https://orcid.org/0000-0002-3696-2768
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0004972722001216&domain=pdf
https://doi.org/10.1017/S0004972722001216

2] Gauss’ identity and Jenkins’ lemma 87

2. The g-binomial coefficient
Let g be a complex variable. Let (a; ¢)g = 1 and
(a;q), = 1_[(1 —ag"™", nelZ*.
k=1

The g-binomial coefficient is given by

n M if n, k are integers, 0 < k < n,
[ k] (4 DG Pn—k
q 0 otherwise.

The Rogers—Szegd polynomial is defined by

)= ) 7]+

We note that as g — 1, h,(x,q) — (1 + x)". However, h,(x, q) does not seem to have
representations in terms of products except for a few special cases such as the two

evaluations
2n
=19 = )] <1 = @, @)
=07
and
h(g. )= [] @ = (~¢: . 2.2)
Jj=0

which were both discovered by Gauss.

Identities (2.1) and (2.2) were proved by Gauss [3, Sections 6-9] using recurrence
relations. It turns out that these identities can also be established using Euler’s identity
[4, Theorem 349],

2.3
2@1 e q>w (@3)

where
lgl <1 and (@;q) = l_[(l — aqk_l).
k=1

Using (2.3), we find that

(o8]

R RCIRTARTE R 1
( pa (q;q)k)(gz(;(q'q)e)_(—x;q)w P (% 2)00 Z 2),1'
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Comparing the coefficients of x>,

D1 @
(@9 (G Doy (G Do’

which is equivalent to (2.1).
Similarly, by (2.3),

NRCRTAY 1 1
(k_o (qz;qz)k)(z(q qz)z) X P (6400 (6 Qo

Comparing the coefficients of x”,

n

Z q’ I oo
G975 (@

which is equivalent to (2.2).
There is a ‘companion’ of (2.3) [4, Theorem 348] given by

G-1/2 ]

Z qj(q ;i ﬁ(l #xd

Since

qj(j—l)/2xj

> qj(j—l)/2(_x)j © ) o i ) )
(Z (q;q)j )(Z (q;q)j )— D(l qu 1)(1 +qu 1)

j=0 j=0
= ~ o gD (—x2))
= [T =22 = ’
L] 2,

we find, by comparing the coefficients of x>, that
2n ”m
2[5 e = @ (2.4)
=
Similarly, since
(Z g’V (gx)’ )(i qj(j_l)xj) - ﬁ(l T xg* (1 + xg )
(@ a7 N (@47 _

G=D/2 ]

= J
:B(l+qu 1)—Zq(q 0
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we find, by comparing the coefficients of x", that

n n n— . n— -

§ [] q( 2j+D(n-2)/2 _ (=q: . (2.5
" Jl1g

J=0

3. Cyclotomic units and an identity of Gauss

It is known that if (¢,m) = 1, then e?™/™ is a primitive mth root of unity. We will
use {;, to denote any primitive mth root of unity. It is often mentioned that as ¢ — 1,

i, (3

k q k|’

the usual binomial coefficient. It is, however, more interesting to note that if we let
g = {u+1, then

[n] _ ﬁ -4 ﬁ -4l 3.1)
= = T kD2 '
k Lt j=1 1- f’H—l j=1 1- dz+1 §n+l+

This observation is due to Gauss [3, Section 12]. Using (3.1), Gauss deduced the
following result from (2.1).

THEOREM 3.1. Let n be a positive integer and (t,2n + 1) = 1. Then,

Z 27iti? | (2n+1) _ H( %111(+} §2r52k 1)) (3.2)
j=0
T (20K - D
= (2l) DSIH(W). (33)

Instead of deducing (3.3) from (2.1) as Gauss did, we will now derive (3.3) from
2.4).

PROOF. Let g = {5,4+1. From (2.4) and (3.1),

2n (n—j)?

n 2n+1 Dk— l
=) Zgj(jﬂ)/z I_I(l— $one1) (3.4)

J=0 52n+1

Now if {p,4+1 1s a primitive (2n + 1)th root of unity, then 522,1 .1 1s also a primitive
(2n + 1)th root of unity. Therefore, we find from (3.4), after multiplying both sides
by (—1)", that

2 2n—j)?

Z 2n+1 1_[( 2(2k—-1) _
J(j+1) 2n+1

J=0 52n+1
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This implies that

—1-3—=2n—1 2n + —4nj—j _ ( 2k—1 - (2k 1))
n+l 2n+l - 2n+1 2n+

Using the identity 1 +3+---+(2n—1) = n* and the fact that {;fjl = z_nzfjl , we
deduce that

(n - 2k-1 (2k-1)

2n+l 1_[( 2n+1 é/2n )
Observing that

2n
(n—j)2 g/z
2n+ 1 2n+1
J=0

since the set of least nonnegative residues of n—j modulo 2n for 0 <j < 2n is
{0,1,2,...,2n}, we deduce (3.2). Letting {241 = ez’fi’/(Z”*l? with (1,2n+ 1) = 1 and
rewriting the right-hand side of (3.2) using sinx = (e — e™*)/2i completes the proof

of (3.3). O
In a similar manner, from (2.2) and (3.1), we derive an analogue of (3.3), namely,
n—1 n—1 k
D=1y = gDl [ cos (3.5)
i=0 k=1 n

4. The quadratic Gauss sum

DEFINITION 4.1. Let s and ¢ be positive integers. Define
-1

g(s,t) = Z st It
J=0

The function g(s, f) is sometimes referred to as the quadratic Gauss sum (see [,
page 177, Problem 16], [2, page 12]). It turns out that one can evaluate g(1,m) for any
odd positive integer m.

THEOREM 4.2. Let m be an odd positive integer. Then,

S 2mif? Im {W ifm=1 (mod 4),
(4 =

g(l,m) = “4.1)

Jj=0

inm ifm =3 (mod 4).

2
= =D

Proofs of (4.1) can be found in many books. See [1, Ch. 9, Section 10] or [2, Lemma
1.2.1]. We will give a proof of Theorem 4.2 using (3.3). This proof is sketched in
Jenkins’ article [6].

We need the following lemma.
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LEMMA 4.3. Let m be an odd positive integer. Then,

m—1

sinmx mel . ( 27rj)
sin{x — — .
sinx ahad 1_[ m

J=1

Lemma 4.3 is a consequence of the identity

—1—<x—1)]_[(x &,

Jj=1
where we observed that {g’{,, |[1<j<(m-1)}= {{,2,{ | 1 <j<(m-—1)}since m is an
odd positive integer and £2 is also a primitive mth root of unity.
PROOF OF THEOREM 4.2. Letting x — 0 in Lemma 4.3, we deduce that

et T e (27
(—1y" 2i) 1:1s 0(Z)=m

~.

This implies that

m—1 .
‘(21) - sm( )‘ m. 4.2)
j=1
Next, write
m-1 . m=D)2 . _
2 21(2j - 1 272
an(2) =TT sin (220 o (22)
; ' m "
J=1 Jj=1
(m=1)/2 . _
27(2j — 1 2l — 2
= (=1)m-Dr2 1—[ sin( n(2j ))Sin( n(m ]))
j=1 mn m
(m=1)/2 .
- .o (27(2j = 1)
— (—])m-D/2 2( )
(-1 ]_[ sin? (L—=),
j=1
where we have used siny = —sin(2 — y) in the second equality. By (4.2),

(m-1)/2

‘(21')(’"-1) [ smz(—z’r(zi - U)‘:m,

j=1
which implies that
(m=1)/2 .
27(2j — 1
(2i)m=D72 1—[ Sin(M) = u,\m,
m
j=1
where 1, is some power of i. By comparing both sides and using the fact that

sin2n(2j — 1)/m) <0 ifj>m/4+1/2,
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we deduce immediately that if m = 8k + 1, then

Uy = (=1 = 1.
Similarly, if m = 8k + 3,8k + 5 and 8k + 7, then u,, = i, 1 and i, respectively. There-
fore,

(m-1)/2

m

j=1
Substituting (4.3) into (3.3) with 1 =1 and m =2n+ 1 completes the proof of
Theorem 4.2. O

Trigonometric identities related to (4.3) can also be found in [9, Section 51].
COROLLARY 4.4. Let a and b be two positive odd integers. Then,
g(1,ab) _ (_1)(a—1)(b—1)/4_ (4.4)
g(1, a)g(1,b)

PROOF. From (4.1), we deduce that

8(l.ab) _ ab-1y2p-@-n2r-@-np2y

g(1,a)g(1,b)
Since
a-1 b-1 ab-1

5 + 7 = > (mod 2),

it follows that

(a;1)2+(b;1)2+(a—l)z(b—l)_(abz—l

and this completes the proof of (4.4). ]

)2 =0 (mod 4),

Note that in (4.1), we evaluate the Gauss sum for odd positive integers. We end
this section by giving an analogue of (4.1) for even positive integers, but with the
corresponding Gauss sum ‘weighted’ by (=1)/. Letting x — —1 in the identity

2n 2n
e ﬂ (=2,
j#non
gives
n-1 .
21 | cos % =/n. (4.5)
1

~

Using (4.5) and (3.5), we deduce the following analogue of (4.1).
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THEOREM 4.5. If n is any positive integer, then

n—1

Z (1)) I — pmmitn=1)/4 Vi,

Jj=0

5. The Jacobi symbol and the quadratic Gauss sum

DEFINITION 5.1. Let p be an odd prime. The Legendre symbol (%)L is defined by

0 if (a, p) # 1,
a
(— =31 if x> = a (mod p) is solvable,

P/L .
—1 otherwise.

DEFINITION 5.2. The Jacobi symbol (%), is defined for an odd positive integer b by

1 ith=1,

b), H(E)L 1fb=1:[pj’.

We will write () to represent (3),. Our aim is to prove the following theorem.

THEOREM 5.3. Let m be any positive odd integer and a be an integer such that
(a,m) = 1. Then,
g(am) = (£ )oct,m). 5.1)
m

Theorem 5.3 and its proof can be found in [2, Theorem 1.5.2]. The proof uses (4.1)
and an automorphism o, of the cyclotomic field Q(¢x) which sends ¢ to '. The
proof we present here follows closely the proof given in Hua’s book [5, Section 7.5]
and Lang’s book [8, Ch. 4, Section 3]. We will prove two lemmas before proving
Theorem 5.3.

Let a and b be two relatively prime positive integers. The Chinese remainder
theorem implies that if an arithmetic function f(j) satisfies f(j + ab) = f(j), then

ab-1 a=1 b-1
2, fh= ) ) flak-+bh.
j=0 h=0 k=0

Now, since for any positive integer c, the function 2’ 1ab i g function of j with period

ab, we find that

ab—1 az1 b-1
g(c,ab) = Z eznicjz/ (ab) _ Z Z €2ﬂic(ak+bh)2/(db)
P =0 k=0
a-1 b-1
_ Z 2richl?[a Z 2k [b — o(ch, a)g(ca, b).
h=0 k=0

This yields the first lemma.
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LEMMA 5.4. Let a,b and c be positive integers with (a,b) = 1. Then,
g(ca, b)g(cb, a) = g(c, ab).

Our next task is to establish the second lemma, which is a special case of
Theorem 5.3.

LEMMA 5.5. Let a be any integer, @ be any positive integer and p be an odd prime
with (a, p) = 1. Then,

gla, p") = (I%)g(l,p"). (5.2)

PROOF. For a = 1, we observe that if (j, p) = 1, then

2 p

1(1 + (j )) _ 1 ifx* = (mod p) is solvable,
~ 10 otherwise.

Note that we may then write

p-1 (p-1)/2
glap)= Y 9P =142 Z &2’ Ip
j=0 J=1
p-1
=1+2 %(1 + (ﬁ))eh"“/”
=1 p
p-1 ' p-1 ¢ '
=1 Y eatlr g Y (S ozt (53)
(=1 (=1 p
Now, since
p-1
1+ ) el = 0 (5.4)
=1
and

p-1

p-l 2 P

5) 2rial/p (a 5)2'5/,: (a) (af)z'e/p

— e a — e Jia — _ — e ia , (55)
NE 25 1205

=1 =1 =1
we conclude from (5.3), (5.4) and (5.5) that

g(a, p) = (%)g(l,m

and (5.2) is true for @ = 1. We will next show that (5.2) is true for @ = 2. We will first
show that

gla, p™) = pg(a, p*).
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This follows from the fact that the set of integers {0, 1,..., p* — 1} can be written as
{s+tp® 1 0<s<p® —1,0<t<p-1}. Therefore,

-1 p-1
g(a9 pa/) = Z eszl(s+tp‘7‘l)2/pn

s=0 =0
par—l_l p— 1
— Z 2rias® | p® e47riast/p
s=0 t=0
pw 1 1
s 2 _
=p Z e2mas /p* — pg(a, pa 2).
s=0
pls

If we follow the above argument with a = 2, we conclude that g(a, p*) = p, which
means that g(a, p®) is independent of @ and we may write

gla,p*) = (%)g(l, P,

which is (5.2) for a = 2.
Suppose (5.2) is true for all 1 < k < . Then,

ga, p") = pgla, p"2) = p(pf_2 Ject, p) = (ﬁ)g(l,p") o

We are now ready to prove Theorem 5.3.

PROOF OF THEOREM 5.3. Letm = p{" p* - - p{*. We prove the theorem by induction
on k. Write m = m’p;*. Then, by Lemma 5.4,

gla,m) = gla,m’p*) = glam’, p;*)g(ap}*,m")

= (e G C)ect.nn)

O A LA

= (&)o', ppgpt.m'y = (£ )oct,m. :

We are now ready to prove the main part of the quadratic reciprocity law for the
Jacobi symbol.

THEOREM 5.6. Let a and b be two positive odd integers with (a,b) = 1. Then,

(g)(’ﬁ) _ (—1ye DD/
a
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PROOF. Note that by Theorem 5.3, Lemma 5.4 and Corollary 4.4,

(L_Z)(b) — g(a, b)g(b,a) _ g(1,ab) _ (_1)(51—1)(};_1)/4' g
bNa)~ g byg(la) ~ g1bg(la)
REMARK 5.7. Theorem 5.6 and all the identities for the quadratic Gauss sum leading

up to (5.1) are known results that appear at different places in [5, 8]. We have seen here
that these topics are connected via Gauss’ amazing identity (3.3).

a

6. Jenkins’ lemma

The proof of Theorem 5.6 given in the previous section is inspired by Jenkins
[6]. Jenkins’ proof involves (3.3), (4.1) but not (5.1). Instead, Jenkins uses a lemma
analogous to a generalisation of Gauss’ lemma. We now state Jenkins’ lemma.

DEFINITION 6.1. For positive integers N and a, let ry(a) denote the least nonnegative
residue of @ modulo M.

LEMMA 6.2. Let m be an odd positive integer and a be any integer with (a,m)=1.
Let S={2j—-1]1<j<(m—-1)/2}. Let T ={rp(a2j—-1)|1<j<(m—-1)/2} and
v(a, m) be the number of integers in T but not in S. Then,

(&)= e

We observe that v(a, m) counts the number of even integers in 7. We now give a
proof of Lemma 6.2 as a corollary of (3.3) and (5.1).

PROOF. From (3.3), we deduce that
(m-1)/2
gla,m) = (2i)"~D/2 ]_[ sin(2ra(2j — 1)/m)
j=1
(m-1)/2
= (=@ D2 [T sin@(2) - 1)/m) 6.1)
Jj=1

= (=1)"“"g(1,m),

where we use that the fact that a ‘minus’ sign is introduced when r,,,(a(2j — 1)) is even,
which explains the appearance of (—1)"“™ on the right-hand side of (6.1). The proof
is completed by using (5.1). ]

The proof of Lemma 6.2 in the case when m = p is an odd prime is easier and
similar to the proof of Gauss’ lemma, which states thatif S’ = {j | 1 <j < (p — 1)/2},
T" ={r,(agj) |1 £j < (p—1)/2} and ¥'(a, p) is the number of integers in 7" that are
not in §’, then

(E) = (_1)1"(0,17)'
pP/L
For completion, we will state this special case and give a direct proof.
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LEMMA 6.3. Let p be an odd prime and a be any integer with (a, p) = 1. Let
S={2j-111<j<(p-D/2}, T={rpaZj-1))[1<j<(p-1)/2}

and v(a, p) be the number of integers in T but not in S. Then,

(E) - (_I)V(a,p)‘
P/L
PROOF. Letv = v(a, p),
E={t|teTiseven} ={ej,es,...,e,}
and
O={t|teTnS}={o01,0,,... ,0(,,_1)/2_V}.

Let O’ = {p—e|e € E}. We claim that O U O’ = S. First note that all integers in O
are distinct. For if as = as’ (mod p) with s,s” € S, then s = s’. Similarly, all integers in
E are distinct. Next, suppose 0 = p —e € O N O’ for some o € O and e € E. Suppose
o = as and e = as’ for some s,s” € S. Then, as = p —as’ (mod p), which implies that
s + 5" = 0 (mod p). This implies that s + s’ = 0 since s, s’ are odd positive integers less
than p — 2. However, these are both impossible because s + 5" > 0. Thus, OU O’ = §
and therefore,

13 (p=2) = d” V2= “P(1 -3+ (p - 2) (mod p),
which implies that
a?D2 = (Z1y@P) (mod p)
and the proof is completed using Euler’s criterion [1, Theorem 9.2]. |

REMARK 6.4. The generalisation of Lemma 6.3 is an analogue of the Gauss—Schering
lemma [10], which is a generalisation of Gauss’ lemma with the prime p replaced by
any odd positive integer m and the Legendre symbol replaced by the Jacobi symbol.
Kuroki and Katayama [7] showed that if we replace S and S’ by any set S* such that
S c{jl1<j<(m—- 1)} with |S*| = (m — 1)/2 and define T* = {r,(as) | s € S*}, then

m b
where v*(a, m) is the number of integers in 7% but not in S*.

REMARK 6.5. We observe that (5.1) follows from Jenkins’ lemma and (6.1), namely,

a
g(a,m) = (17 “g(l,m) = (o1, m).
In other words, if we know Jenkins’ lemma (see [6] for a proof), then we have a new
proof of (5.1).
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