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Abstract

Using new explicit formulas for the stationary Gromov—Witten/Pandharipande-Thomas (GW /PT) descendent cor-
respondence for nonsingular projective toric threefolds, we show that the correspondence intertwines the Virasoro
constraints in Gromov—Witten theory for stable maps with the Virasoro constraints for stable pairs proposed in
[18]. Since the Virasoro constraints in Gromov—Witten theory are known to hold in the toric case, we establish the
stationary Virasoro constraints for the theory of stable pairs on toric threefolds. As a consequence, new Virasoro
constraints for tautological integrals over Hilbert schemes of points on surfaces are also obtained.
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1. Introduction
1.1. Stable pairs

Let X be a nonsingular projective threefold. A stable pair (F,s) on X is a coherent sheaf F on X and a
section s € H(X, F) satisfying the following stability conditions:

e F is pure of dimension 1,
o the section s : Ox — F has cokernel of dimensional 0.

To a stable pair, we associate the Euler characteristic and the class of the support C of the sheaf F,
x(F)=neZ and [C]=p¢c H)(X,Z).

For fixed n and 3, there is a projective moduli space of stable pairs P,, (X, 8). Unless 8 is an effective curve
class, the moduli space P, (X, ) is empty. An analysis of the deformation theory and the construction
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of the virtual cycle [P, (X, )] Vir g given in [28]. We refer the reader to [21, 29] for an introduction to
the theory of stable pairs.

Tautological descendent classes are defined via universal structures over the moduli space of stable
pairs. Let

7 X XPu(X,B) = Pu(X,B)
be the projection to the second factor, and let

Oxxp,(x.8) — Fn

be the universal stable pair on X X P, (X, 8). Let!
Chk(Fn — OXXP,,(X,,B)) € H*(X X Pn(X,ﬁ))
The following descendent classes are our main objects of study:

chi(y) = m. (chi (Fn — Oxxp,(x.p) - ¥) € H (Py(X, B))

for k > 0 and y € H*(X). The summand —Oxp, (x ) only affects cho,

cho(y) = [ ¥ € HPA(X.B). (1)
X
Since stable pairs are supported on curves, the vanishing

chi(y)=0

always holds.
We will study the following descendent series:

<Chk1(71) - chy,, (7m)> i =" /P Chk,—('}’i)- (1.2)

nez [Pr(X. BV o)

For fixed curve class 8 € Hy(X,Z), the moduli space P, (X, 8) is empty for all sufficiently negative n.
Therefore, the descendent series (1.2) has only finitely many polar terms.

Conjecture 1 ([28]). The stable pairs descendent series
X,PT
(o, (y1) -, (rm))
is the Laurent expansion of a rational function of q for all y; € H*(X) and all k; > 0.

For Calabi—Yau threefolds, Conjecture | reduces immediately to the rationality of the basic series
(1 )ET proven via wall-crossing in [2, 31]. In the presence of descendent insertions, Conjecture | has
been proven for a rich class of varieties [23, 24, 25, 26, 27], including all nonsingular projective toric
threefolds.

For our study of the Gromov-Witten/Pandharipande-Thomas (GW /PT) descendent correspondence
and the Virasoro constraints, modified stable pair descendent insertions will be more suitable for us. Let?

_ 1
chy (@) = chi(a) + ﬁChk—z(a - €2),

We will always take singular cohomology with Q-coefficients.
2We set chy (y) =0 for € < 0.
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where ¢, = ¢2(Tx) is the second Chern class of the tangent bundle, and let
X,PT

m
(e 0 b, ) = e [ e
B nez [Pu(X.B)IVT 4

be the corresponding descendent series.

1.2. Virasoro constraints for stable pairs

Let X be a nonsingular projective threefold with only (p, p)-cohomology.> Let
¢; =c;(Tx) € H (X).

The simplest example is P with
c1 =4H, cicy = 24p,

where H and p are the classes of the hyperplane and the point, respectively.
Let D]),(T be the commutative Q-algebra with generators

{chi(y)|i >0,y e H'(X)}
subject to the natural relations

chi(1-y) = Ach;(y),

ch;(y +7) = ch;(y) +ch;(y)

forA € Qandy,y € H*(X).
In order to define the Virasoro constraints for stable pairs, we require three constructions in the
algebra D}y :

e Define the derivation Ry on foT by fixing the action on the generators:

k

R (chi(y)) = (]_[(i +d-3 +n)) chik(y), v e H*(X,Q)

n=0
for k > —1. In case k = —1, the product is empty and
R_i(ch;(y)) = chi—1(¥).

e Define the element

chachy (y) = ) cha(yF)ch, (vF) € Dy

i
where }; yiL ® le is the Kiinneth decomposition of the product,

v-A e H (X xX),

30ur results will be about nonsingular projective toric varieties, but the formulas here are all well-defined when there is no odd
cohomology and the Hodge classes in the even cohomology are all (p, p). To write the Virasoro constraints for varieties with
non-(p, p) cohomology requires the Hodge grading and signs. A treatment is presented in [17] where the Virasoro constraints
are checked in several non-(p, p) geometries. The theory leads to surprising predictions for vanishings [17].
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with the diagonal A. The notation
(14" (@ + d- = 3)1(b + d® - 3)! chuchy (y)
will be used as shorthand for the sum

D=DAODIOD (@ d(yE) = 3)1(b +d(7F) = 3)! cha (vF)ehs (v),

where d(yiL) and d (yl.R) are the (complex) degrees of the classes. All factorials with negative
arguments vanish.
e Define the operator Ty : Dy, — Dy, by

1 1
Te=-= Z (=14 (a + d~ = 3)1(b + d® = 3)! chuchp(c1) + — Z alb!chachy (cica)
2 24
a+b=k+2 a+b=k
for k > —1. The sum here is over all ordered pairs (a, b) satisfying a + b = k + 2 with a, b > 0 (and
all factorials with negative arguments vanish). Written in terms of renormalized descendents, the

formula simplifies to
1

Te=-5 Z (=D (@ + d~ = 3)1(b + dR - 3)! chuchy(c1) . (1.3)
a+b=k+2

Definition 2. Let ﬁiT : foT - foT for k > —1 be the operator
LT =T + Ry + (k + 1)! R_jchys1 (p).

Since X is a nonsingular projective threefold with only (p, p)-cohomology, Hirzebruch-Riemman—
Roch implies

Cc1C2

=pe H(X
o =P (X)),

where p € H®(X) in the point class. Hence, for our paper, we can write

LPT =Ty + R+ (k+ 1)IR_ lcth(C‘Cz)

24

The operators for more general varieties X defined in [17] specialize to equation (1.4) when all the
cohomology is (p, p).

The operators EiT impose constraints on descendent integrals in the theory of stable pairs which are
analogous to the Virasoro constraints of Gromov—Witten theory. We formulate the stable pairs Virasoro
constraints as follows.

(1.4)

Conjecture 3 ([18]). Let X be a nonsingular projective threefold with only (p, p)-cohomology, and let

B € Hy(X,Z). Forallk > —1 and D € DPT, we have

<££T(D)>2’PT = 0.

Our main result is a statement about stationary descendents for nonsingular projective foric threefolds.
The subalgebra DX *C DX of stationary descendents is generated* by

{chi(y)|i=0.y e H'(X,Q) }.
4Equivalently, foT* is generated by {c~hl— (y) |i >0,y e H%(X,Q) }
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The operators LET are easily seen to preserve ID]),‘T+ . Therefore, the stationary Virasoro constraints are
well-defined. We prove that the stationary Virasoro constraints hold in the toric case.

Theorem 1.1. Let X be a nonsingular projective toric threefold, and let B € Hy(X,Z). For all k > —1

and D € Dl)fT" , we have

<£§T(D)> - 0.

X,PT
B

In the basic case of P3, Theorem 1.1 specializes to the Virasoro constraints for stable pairs announced
earlier in [21] via equation (1.4). A table of data of stable pairs descendent series for P3 is presented in
Section 10. The Virasoro constraints are seen to provide nontrivial relations.

1.3. The Virasoro bracket

For k > —1, we introduce the operators

1
LT = -3 Z (=D (@ + d~ = 3)1(b + dR - 3)! chachy(c1)

a+b=k+2

1
+ — a!b!ChaChb(Clcg)
24
a+b=k
+ Rk,

where the sum, as before, is over ordered pairs (a, b) with a, b > 0.

Our conventions with regard to the factorials in the above definition of LIZT differ slightly from
those of the definition of L'ZT. For LzT, all terms with negative factorial vanish except for the term
(=D)!chi(cy). For example, we have

LT =R_; + (=1)!chy(c1)chy(p).

The new conventions will play a role in the exceptional cases in our analysis. We extend the action of
Rk by

Ri((=1)!chi(cr)) = =(k = 1)! chgyi(c).

We view (—1)!ch;(c;) and

R_i((=Dtehi(c1)) = =(=2)!cho(c1)

as formal symbols.

We define an equivalence relation Y for operators A, 5 : ]foT - foT by

AYB o <A(D)>§J’T = <B(D)>§J’T forall D € Dy, and 8 € Hy(X,Z).

Inside the bracket, chy(p) acts as —1, and ch;(y) acts as 0 for all y € H*(X). Moreover, the formal
symbols (—1)!ch;(cy) and (=2)!chg(cy) are defined to act as 0 inside the bracket.

Using the equivalence relation <£>, we obtain the Virasoro bracket and the following bracket with
chi(p),

[LETLPT) Y (k—m) L2T, . (LT (k= Dichi(p)] & (n+ k) chuer(p).

n+k >
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The operators [ZIZT are expressed in terms of LiT by

£ET W LT + (k + 1)! L Tchys (p).

The occurrences of the negative factorial terms (—1)!ch;(c) cancel on the right side. The expressions
LiT will play a role in the proof of Theorem 1.1.

The Virasoro algebra is the unique central extension of the Witt algebra. The Witt algebra is the
algebra of polynomial vector fields on the circle and basis

d
Im:—f”gm nez.
Z

The relations in the Virasoro algebra Vir are generated by
[Lms Ln] = (m - n)Lm+n + 1_62(m3 - m)6m+n,

Swhere c is the central element. The elements L,, n > —1 generate a subalgebra Vir,_; of Vir. Only the
subalgebra Vir,_; appears to be relevant in our geometric constructions. For further discussion of the
full Virasoro algebra in the context of Gromov—Witten theory, the reader may consult [8].

1.4. Virasoro constraints for surfaces

Let S be a nonsingular projective toric surface. As a consequence of the stationary Virasoro constraints
for

X =SxP! and B =n[P'], (1.5)

we obtain new Virasoro constraints for the integrals of the tautological classes over Hilbert schemes
of points Hilb" (S) of surfaces S in Section 7. The case of all simply connected nonsingular projective
surfaces is proven in [17].

As we explain in Section 7, the descendent algebra D(S) for the surface S is generated by the
tautological classes chi (y), v € H*(S). The classes chy (y) are defined® in terms of the universal ideal
sheaf 7 on S x Hilb" (S). If X and 3 satisfy equation (1.5), the tautological integrals over [P, (X, 8)]""
can be expressed in terms of integrals of the tautological classes over Hilb" (S). The Virasoro operators
L} yield operators L} (see Section 7) on D(S), and we obtain the following result.

Theorem 1.2. Let S be a nonsingular projective toric surface. For all k > —1 and D € D(S), we have
[ (L e DR o () (D) =0
Hilb™ (S)

foralln > 0.

Taking Theorem 1.2 and [17] as a starting point, D. van Bree [32] formulated parallel Virasoro
constraints for the descendent theory of moduli spaces of stable sheaves on surfaces in higher rank (and
has provided many numerical checks).

1.5. Path of the proof

Our proof of Theorem 1.1 relies upon two central results. The first is the Virasoro conjecture in Gromov—
Witten theory which has been proven for nonsingular projective toric varieties [8, 10]. We refer the reader

SHere 6 denotes the -function: & = 0 unless k =0, g = 1.
6See formula (7.2).

https://doi.org/10.1017/fmp.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.4

8 Miguel Moreira et al.

to the extensive literature on the subject [3, 7, 8, 10, 19, 20, 30]. The second is the stationary GW/PT
correspondence of [23, 24, 25] which was cast in terms of vertex operators in [18] and has been proven
for nonsingular projective toric threefolds. We show the stationary GW/PT correspondence intertwines
the Virasoro constraints of the two theories. Along the way, we derive a more explicit form for the
stationary GW/PT correspondence. Our proof of Theorem 1.1 yields the following stronger statement.

Theorem 1.3. Let X be a nonsingular projective threefold with only (p, p)-cohomology for which the
following two properties are satisfied:

(i) The stationary Virasoro constraints for the Gromov-Witten theory of X hold.
(ii) The stationary GW/ PT correspondence holds.

Then, the stationary Virasoro constraints for the stable pairs theory of X hold.

A challenge for the subject is to prove the Virasoro constraints for stable pairs directly using the
geometry of the moduli of sheaves. New ideas will almost certainly be required.

1.6. Gromov-Witten theory

Let X be a nonsingular projective threefold. Gromov—Witten theory is defined via integration over the
moduli space of stable maps.

Let C be a possibly disconnected curve with at worst nodal singularities. The genus of C is defined
by 1 — x(Oc¢). Let M;,m(X , ) denote the moduli space of stable maps with possibly disconnected
domain curves C of genus g with no collapsed connected components of genus greater or equal to 2.
The latter condition” requires each nonrational and nonelliptic connected component of C to represent
a nonzero class in H>(X,Z).

Let

—
CVi i M4 ,P) ™ X,
Mg (X, B) = X

L — My, (X.5)

denote the evaluation maps and the cotangent line bundles associated to the marked points. Let
YiseoosYm € H*(X), and let

Wi = c1(Ly) € HA(M,, (X, B)).

The descendent insertions, denoted by 1y (y) for k > 0, correspond to classes glrf ev;(y) on the moduli
space of stable maps. Let

X,GW

<Tk1(71)"'Tkm(7m)>gﬁ =/[ . Hlﬁ ev; (v,)

denote the descendent Gromov—Witten invariants. The associated generating series is defined by

—Z“_[Tk(%

Since the domain components must map nontrivially, an elementary argument shows the genus g in
the sum (1.6) is bounded from below. Foundational aspects of the theory are treated, for example, in

[1,5, 13].

X,GW
> W82, (1.6)

()70, ) )

7The exclusion here of collapsed connected components of genus greater or equal to 2 matches the conventions of [18].
The definition of M ;,, m (X, B) differs slightly from the definitions of [26, 27], where no collapsed connected components are
permitted. The difference is minor; see Section 3 of [18] for a discussion.
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Using the above definitions, the string equation?® is easily checked:
m X,GW mm ,GW
<To(1) l_[ Tk, (%‘)>B = < Z 1_[ Thimoi; (Vi) > + collapsed contributions. (1.7)
i=1 j=1 i=1

The Gromov—Witten descendent insertions 7y ('y) in equation (1.6) are defined for & > 0. We include
the nonstandard descendent insertions 7_5(7y) and 7_; () by the rule:

(e [ Jro)y ™ =22 [ (TTwon) ™ k<o as)
i=1

i=1

We impose Heisenberg relations (8.1) on the operators 1y (y):

[4(@). 7 (B)] = (—1)’“5’:;*l /X a-p. (1.9)

In particular, the evaluation (1.8) applies only after commuting the negative descendents to the left.
Assume now that X has only (p, p)-cohomology. Let Déw be the commutative Q-algebra with
generators

{n]iz0,ye H'(X)}
subject to the natural relations

Ti(A-y)=A7(y),
Ti(y+%) =7(y) + 1 (¥)

for A € Q and y,y € H*(X). The subalgebra Dg{,’v C Dgw of stationary descendents is generated by

{ri(n)]i =0,y e H(X,Q) }.

We will use Getzler’s renormalization a; of the Gromov—Witten descendents:®°

(luz)” 1 (lMZ)n 1
=20+ 1.10
Z & Z(1+zcl)n Z(l+zcl)n (1.10)
20 _ P ~2u?
S (%) ’
where we use standard notation for the Pochhammer symbol
I'(a+n)
(@) = T(a)
For example, 1°
1
oY) =a(y)+ 5 | ve, (1.11)
24 Jx
17
Ti(y) = §a2(7)—a1(7'01)- (1.12)

8The standard correction term for the string equation occurs here since we allow collapsed connected components of genus 0
in our definition of the Gromov-Witten descendent series.
9We use 1 for the square root of —1. The genus variable u will usually occur together with z.

10The constant term 217 /X ¢, in the formula does not contribute unless y € H 2(X).
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For k > 2 and y € H>?(X), we have the general formula

u u k=1 k
7 (y) = (]E+)1), ar+1(y) = ( ) (Z %)ak()”cl)

i=1

(tu)k=2 =

1 1 5
+(k_1)' ,z+ Z l.—jak_l(y-cl). (1.13)

1<i<j<k-1

1.7. The GW /PT correspondence for essential descendents
The subalgebra
Dp* ¢ Dy
of essential descendents is generated by
{chi(y) (i 23,y e (X, Q) or (i =2,y € H*(X,Q)) }.

While closed formulas for the full GW/PT descendent transformation of [26] are not known in full
generality, the stationary theory is much better understood [18]."" The transformation takes the simplest
form when restricted to essential descendents.

The GW/PT transformation restricted to the essential descendents is a linear map

o . X% X
€* : D" — Dgw
satisfying
€ (1) =1

and is defined on monomials by

G.(Eﬁkl (1) ...chy, (Ym)) = Z ﬂ G«O(l—lghki(?’i))-

P set partition of {1,...,m} S€P ieS

: o X %
The operations €° on D, are

of _ 1 ()™ Ay Ay, (7 < 1)
¢ (Chk1+2(7)) = (kl +1)!ak1+1(7)+ kl! ﬂ; l Aut(,u)
vl
()2 Ay Oy, (Y - C%) N (u)~2 Qpry Oyt Oy (Y - C%) (1.14)
MU AT AwGo oDt A T AwGy
of = ~ , ()" ()2
€ (Ghey 2 (NPuen(r)) = = 0k () = kit (7 )
(w7 > max(max(ky ko) max(uy + 1,y + 1) 22 Sl e, (1.15)
kitko! Aut(p)
2
of 1. T N A ”7” u 7
(0 (Chk|+2(')’)0hkz+2(')’ )chi s (y )) ]E ,])c ,L |, a1 vy y") . 1kl = ki + ko +ks3. (1.16)

See [14, 15] for an earlier view of descendents and descendent transformations.
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The above sums are over partitions u of length 2 or 3. The parts of u are positive integers, and we always
write

= (1, ) and p = (p1, po, u3)

with weakly decreasing parts. In equations 1.14—1.16, we have k; > 0, and all occurrences of ay and
a_; are set to 0. The automorphism factor Aut(u) is defined to equal the product [];.q m;(u)!, where
m; () is the multiplicity of occurrence of 7 in u.

The above formulas for the GW/PT descendent correspondence are proven here from the vertex
operator formulas of [18] by a direct evaluation of the leading terms. In the toric case, we have the
following explicit correspondence statement. 2

Theorem 1.4. Let X be a nonsingular projective toric threefold. Let
m —_—~
1_[ chy, (i) € DaX.
i=1

Let 8 € Hy(X,Z) with dg = //3 c1(X). Then, the GW /PT correspondence defined by formulas (1.14)-
(1.16) holds:

m X,PT m X,GW
o [laonly ™= core (e [on00)))
o2 ([ JehaGm), " = () @(izlchk.(%))ﬁ ,
after the change of variables —q = e'".

As direct consequence of the formulas (1.14)—(1.16), the correspondence taken essential descendents
on the stable pairs side to stationary descendents on the stable pairs side.

Proposition 4. Let D € foT*. Under the GW [PT transformation, we have
. X
€°(D) € DGy

Let S be anonsingular projective toric surface. As a consequence of the stationary Virasoro constraints
for

X =SxP' and B =n[P'],

we obtain new Virasoro constraints for the integrals of the tautological classes over Hilbert schemes
of points Hilb" (S) of surfaces S in Section 7. The case of all simply connected nonsingular projective
surfaces is proven in [17].

1.8. Plan of the paper

The key to our proof of Theorem 1.1 is an intertwining property of €* with respect to Virasoro operators
for stable pairs and the Virasoro operators for stable maps. Via the intertwining property, Theorem 1.1
is a consequence of the stationary GW /PT correspondence of Theorem 1.4 and the Virasoro constraints
for the Gromov—Witten theory of toric threefolds.

The algebra Dl’fT carries a bumping filtration>

DY, ¢ Dby € Dpp c D3y -+ c DX, (1.17)

12A straightforward exercise using our new conventions is to show the abstract correspondence of Theorem 1.4 is a consequence
of [26, Theorem 4]. The novelty of Theorem 1.4 is the closed formula for the transformation.
13The bumping filtration is a filtration of vector spaces.
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where D’;T is spanned by the monomials ™

m —_—~
1—[ chg, (i)
i=1
for which yy, - - - y5, = 0 for all subsets

S={s1,....,ssyc{l,...,m}, [>k.

X %

o1 - the filtration

In general the filtration (1.17) has infinite length. But if we restrict the filtration to D
truncates since

3 Xk _ Xk
Dpr NDpr =Dpp-
The correspondence
o . X% X+
€*: Dy — Dgw
respects the analogous bumping filtration Déw N Dé\’;\, on Dé{;v with respect to the monomials

m

[ [0

i=1
for which g, - - - y5, = 0 for all subsets
S={st,....,ssyc{l,....,m}, [>k.

Our proof of the intertwining is separated into a calculation for each of the four steps of the restriction
of the bumping filtration on ]Dl)fT*.

We discuss the Virasoro constraints for Gromov—Witten theory in Section 2 and for stable pairs in
Section 3. The stationary Virasoro constraints of Theorem 1.1 are proven in Section 3.4 modulo the
intertwining of Theorem 3.1. The proof of the intertwining property is given in four steps:

(0) We start in Section 4 with the special case where D € DgT n D;(T* is the trivial monomial 1. The

result is Proposition 9 of Section 4.3.
(1) For D € D},T N ]foT*, the required results are proven in Section 5.3.
(2) Proposition 12 and Proposition 13 of Section 6 imply the intertwining property for D € D%,T ﬂDl)fT*.
(8) We treat D € D%T N D;(T* = ny(r* in Proposition 14 of Section 6 to complete the proof of
Theorem 3.1.

After a review of the GW/PT descendent correspondence from the perspective of [18] in Section 8,
we complete the proof of Theorem 1.4 in Section 9. A list of descendent series in degree 1 for P? is
given in Section 10.

2. Virasoro constraints for Gromov-Witten theory
2.1. Overview

We will discuss here the Virasoro constraints for stable maps. The constraints are equivalent to a
procedure for removing the descendents of the canonical class. The procedures may be interpreted
as series of the reactions (similar to the reactions discussed in the context of the GW/PT descendent

14Via the empty monomial (m = 0), Dg,r is spanned by the unit 1.
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correspondence in [18, Section 3]). Our goal is to write the Virasoro constraints for Gromov—Witten
theory in a form which is as close as possible to the Virasoro constraints of Conjecture 3 for stable pairs.

2.2. Gromov-Witten constraints: original form

The Virasoro constraints in Gromov—Witten theory were first proposed’ in [3]. We recall here the
original form following [20]. In Section 2.3, a reformulation which is more suitable for the GW/PT
correspondence will be presented.

In the discussion below, we fix a basis of H*(X),

Yos-.osYr, Vi € HPP9(X), 2.1

for which yg = 1, ¥, = c¢; and y, = [p]. We assume'® ¢; # 0. We also fix a dual basis

Yoseeos Vs /X%y} = 6i;.

"The standard method of describing of the Virasoro constraints uses the generating function for the
Gromov—Witten invariants (see [20, section 4]):

FX=3w 2 3 P N (g ) T, () )

g>0 BeH,(X,2) n>0 1?1 ----- an

X,Con
where (, >g’ s
components of all genera are permitted).
The degree 8 = 0 summand Fé( of FX does not require knowledge of curves in X. We further split

the degree 0 summand into summands of genus g < 1 and genus g > 2:

is the standard integral over stable maps with connected domains (and stable contracted

X X
Fy Fg<1+F0g>2

The g < 1 summand takes the form

fipd ik tt k40 i1
X ololo  Tolo'ito / v — 0 1o / o,
Koe Z( ST W ROZE Z 20t ) ) e

i,j,k

where the dots stand for terms divisible by (to)2 The g > 2 summand F, >2 is determined by the string
and dilaton equations from the constant maps contributions of [4, Theorem 4].
Let FX be the summand of FX with 8 # 0. We define

Zéf* = exp(F(f*) . ZX =exp(F).

. X,GW | . . . .
The Gromov—Witten bracket < ) introduced in Section 1.6 corresponds to the partition function

8.B

Zé(g<1 zZX = Z w282 Z B Z Z o IZ: <Tk] ..., (7n)>§§w
822 BEeHy(X,Z)  n>0 a1 ,,,,, an

15The full conjecture also involves ideas of S. Katz.

16For Calabi—Yau threefolds, the Virasoro invariants are a consequence of the string and dilaton equations (and there are no
nontrivial stationary invariants).

"Here 51'}' = 5i—j-
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The full partition function

ZX =exp(F*) = ZJ oy - Zi g5 - 2%

g2
. . X,e
corresponds to the standard disconnected Gromov—Witten bracket (, >g B
X 2g-2 n X,e
V4 =Zu 8 Z qﬁz Z tZ]‘ ...tZ]‘ "‘th <Tk1(71)'~~7kn(7n)>g’ﬁ'
g>0 BeH,(X,2) nZO]‘;] ~~~~~ ‘;{n
1se-sKn

The Virasoro operators L, k € Z>_; are differential operators which satisfy the Witt algebra relations,
[Li,Le] = (k = €)Lgee.
The Virasoro conjecture [3] states that the operators annihilate the partition function
Ly ZX=0. (2.2)

For threefolds X, the operators are defined by

oo k+l
Ly = Z Z ([Pa +m = 15 (CH21% D mrk—i

m=0 i=0
u’ m+l k (ivab

+ 7(_1) [_pa +1- m]i (C ) 8a,mab,k—m—i—1
T(Ckﬂ)abfgfg
Ok

— A A c1C2,
24 Jx

where the Einstein conventions for summing over repeated indices are followed,
ffn = l‘fn = 6a00m1 , 8a,m = a/at;lm

and [)c];.< = ex+1-j(x,x+1,...,x+k)." The tensors in the equation are defined in terms of the dual basis
(©%5 = [ victmn. (= [ vachm. (€= [ yicn,

2.3. Gromov-Witten constraints: correspondence form

We rewrite here the Virasoro constraints of Section 2 in the form most natural for the GW /PT descendent
correspondence. Since all of our results are for toric varieties, we specialize our discussion here to the
case where X is a nonsingular projective threefold with only (p, p)-cohomology.

We start by defining derivations Rf( and quadratic differentials BX on Déw by fixing the action on
the generators:

e The action of the derivation Ri ont;(y)fork > -1,0<j <3andy € H*(X) is

R (1;(y) = [i+d = 1] 1 (7 - €)),

8Here €, (21, - - - » 2k ) is the elementary symmetric polynomial of degree m.
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where [x]]’? =er+1-j(x,x+1,...,x + k) and all terms 1,._»(6) are set to 0. As a special case,
R’ (1i() = 6;7-1(7).

We will use the notation Ry = Zi;zo i .

e The action of the quadratic differential B on 7(y)1o(y’) is
B m(n() = [yt

On all other quadratics terms, BF acts by 0.

The differential operators Lg’w, for k > —1, are then defined by the formula

-2 2
Ok
LOW R, + gkt W O
k r+ > + > k 24 Xclcz,
where Ty = Zj'zo Ti and
. k—j+2 )
T{( = Z (_1)m+1 [2 -—m— dL];c : Tm—lT—m+k—j(C‘{) T (23)
m=—1

where dp is the degree of the left term in the co-product’ (as in Section 1.2). In formula (2.3), the
symbol :: stands for the normal ordering convention: All negative descendents T<o(y) are on the left of
the positive descendents.
A calculation then yields the Virasoro bracket and the following bracket with 7% (p):
LY.L = (=7, LY (k+ D)) = (k+n+2)! tui(p) . (24)
Theorem 2.1 ([8, 10]). Let X be a nonsingular projective toric threefold, and let 8 € Hy(X,Z). For all
k>-land D € Déw, we have

X,e
<L§W(D)> - 0.
B
Theorem 2.1, which is exactly equivalent to constraints (2.2) for toric threefolds, was proven by
Givental in two steps:

(i) Using the virtual localization formula of [9], the Gromov—Witten theory of X is expressed in terms
of graphs sums with descendent integrals over the moduli spaces of curves Mg,n at the vertices.

(ii) The Virasoro constraints, conjectured by Witten [33] for Mg,n and proven in [12], are then used to
establish the Virasoro constraints for X.

A second proof of Theorem 2.1, via the Givental-Teleman classification?° of semisimple CohFTs, was
given in [30]. For varieties with nonsemisimple Gromov—Witten theory, the Virasoro constraints are
known in very few cases.?!

¥Define the element
tath(y) = ) ta (Y T (vF) € DY,
i

where }; yil‘ ® yl.R is the Kiinneth decomposition of the product,
v-Ae H (X XX),
with the diagonal A.
20We refer the reader to [22] for an introduction.
21'The main known examples are based on the Virasoro constraints for curves proven in [19].
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2.4. Gromov-Witten constraints: stationary form

We rewrite the Virasoro constraints in Gromov—Witten theory of Section 2.3 in a form which preserves
the algebra of stationary descendents,

Dy € Daw -
We fix a basis (2.1) of the cohomology of X which satisfies the following further conventions. Let
Yioo o ¥s € H(X)
be a basis with y; = ¢y. Let
Yass - ¥se1 € HY(X)
be a dual basis with respect to the Poincaré pairing. Let
Yo=1€H(X), ¥ =peH(X)

span the rest of the cohomology.?> The Kiinneth decomposition of the diagonal is

2s5+1

A= Z Yi @ Yos+l-i -
i=0

Consider the term Ty. The only place for descendents of 1 to appear in the operator ng is in Tg.
As most of the terms of Tg vanish by definition, we find

1
5T =+ D7D (p) - - 2.5)

We denote the rest of the term by T;{,
Te =T, +TY.

Inside the bracket ¢, );; **, the insertion 7o(1) can be removed by the string equation (1.7). We are
therefore led to define the operator

2 -2 R
LoV = (1) T} + Ry + MTB"“ + () (k+D)!'R 11 (p), T = ZT’ :

2 j>0
where Ry = Z;=0 Ri and R_; is the differentiation defined on the generators by
Roimi(y) = -1 (y) -
Inside the bracket ¢, )g **_ we have?3
O =
LV 2 LV 4 () (1 - 6¢) (k + DILEY 11 (p) (2.6)
where we have modified the Virasoro operators to exclude the descendents of 1:
2 2 -2
~ Ok
pow _pow _ (070 07 g g Ok . 2.
k k 5k 5 kTRt 2 J, 12 (2.7)

22To match with equation (2.1), r = 2s + 1.
23Note EOGW = LOGW.
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Though the operators ng no longer satisfy the Virasoro bracket, the operators ng preserve the
subalgebra D&Y C DX .
Proposition 5. Let X be a nonsingular projective toric threefold, and let 8 € Hy(X,Z). For all k > —1

and D € D)G(\J,“VO, we have

X,
GW ’
<£k (D)>ﬁ - 0.
Proof. The case k = 0 follows because

LV -LgV =Tg =2 (1) 7-1(p)

X,e

and <T8 . > " = 0. For the other case the argument is below.

Using equations (2.6) and (2.7), we have

<.CSW(D)>:" = <LgW(D) + () (k + DILSY (14 (p)D)>Z"
mu 2 ,®
- L (T0) + 0+ DT (1 0D 2.8)

The first bracket on the right side of equation (2.8) vanishes by Theorem 2.1. We can write the second
bracket on the right as

(u)?
2

(100 + 2+ )T (s 0D

X,e
= (0> {(k+ D! ()7t (B)D + () (k + D! 7o (T2 (T r (P)D)

using equation (2.5). The right side of the above equation, after applying the commutator (1.8), is

X,e
) {(k+ ) 7)1t (D + () (k + Dl w2 (@)D (P)D)
which vanishes after applying equation (1.9). O
In our study of the GW/PT descendent correspondence, we are interested in the Gromov—Witten
bracket (, )?’;w of Section 1.6 instead of the standard disconnected bracket (, )f[; Therefore, the
following result is important for our study.

Proposition 6. Let X be a nonsingular projective toric threefold, and let B € Hy(X,Z). For all k > —1

and D € Dé\;,o, we have

GW

X,
<£2W(D)>ﬁ - 0.
Proof. Since LTV preserves DXy, we have

L£V(D) e DX,

Since the Gromov—Witten invariants corresponding to collapsed connected components of genus at least
2 always vanish in the presence of stationary descendents,

X,e
(e ) " = 25

{ri=0y <£SW(D)>Z’
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X,e
Since <£2’W(D)>'B vanishes by Proposition 5 and

X S 262 X(X) 3
ZO,gzZ {t,’;:O} = exp Z(_l)gu 8 —2 - /lg—l
8

g=2
X,GW
is invertible,?* <£gW(D)> also vanishes. O
B

3. Theorem 1.1: Virasoro constraints for stable pairs
3.1. Intertwining property

We have already defined the operators LT and £F" on DY} in Sections 1.2 and 1.3:
LT =Te+Re, Lp =L} + (k+1)! L che(p),
for k > —1. We also have

LT LT Y (kLT (LT, (k= Diche(®)] £ (n+B)lohuk(p). G
Equations (3.1) are parallel to equations (2.4) in Gromov—Witten theory.

The main computation of the paper is the intertwining property which relates the Virasoro operators
for the stable pairs and Gromov—Witten theories via the descendent correspondence. We separate the
argument into two cases: k < 0 and k > 1. Proposition 7 covers the k < 0 case. The k > 1 case treated
in Theorem 3.1 is harder.

Proposition 7 is proven in Section 3.3 except for steps at the end of the proof which will be completed
in the proof of Theorem 3.1 in Sections 4—6. The argument is an intricate calculation based on a strategy
of filtration.

Proposition 7. For k = —-1,0and D € D;‘T*, we have

€ oLIT(D) = () * LV 0 €*(D)

after the restrictions 7_2(p) = 1 and 7_1(p) = 0.

Theorem 3.1. Forall k > 1 and D € D;(T*, we have

€ o LIZT(D) = ()" ng o €*(D)

after the restrictions T_(p) = 1 and t_1(y) = 0 for y € H>?*(X).

The evaluations of the left sides of the equalities in Proposition 7 and Theorem 3.1 require a slight
generalization of the formulas (1.14)—(1.16) which govern the descendent correspondence on foT*.
Additional rules are required for

cho(y),chi(y) fory € H>°(X) and chy(5) for § € H>(X). (3.2)

24See [4, Theorem 4] for the evaluation.
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The required rules take a very simple form since LzT(D) is at most linear?’ in the classes (3.2) over
]DX* .
GW*

€2 (ho(y) = - /X Y. & (&ho(y)M) =0, (33)

€°(chi(y)) =0, €°(chi(y)M) =0,

where M € Dl}fT*. For Q:°((;F12(6)M) with M € foT*, formulas (1.14)—(1.16) apply unchanged. The

above rules are compatible with the GW/PT descendent correspondence and will be established in
Section 9.
The restrictions 7_5(p) = 1 and 7_; (p) = 0 in Proposition 7 are well-defined since both €*® o L[kyT (D)

and ng o €*(D), k = 0,—1 will be seen to lie in the commutative algebra generated by 7_(p), 7—1 ()
and Dé&, The commutation with 7_,(p) and 7_; (p) follows from equation (1.9).

Similarly, the restrictions 7_»(p) = 1 and 7_(y) = 0 for y € H>?(X) in Theorem 3.1 are well-
defined since both €° o LIZT(D) and ng o €*(D), k > 0 will be seen to lie in the commutative algebra

generated by 7_(p), 7-1(y) and ng’\‘,' . The algebra D)G(\:,‘ is generated by the essential descendents

{(y) 1G>0,y e H(X,Q) or (i =0,y € H*(X,Q)) }.

Again, commutation follows from equation (1.9).

3.2. Conventions for (-1)!chy(cq)

In order to complete the definitions of the left sides of Proposition 7 and Theorem 3.1, we must also
include the term (—1)!ch;(c;) in the descendent correspondence €° since such terms occur in LET.

o The first case is
€°((=D!ehi(cr)) = 0.
e The nonvanishing bumping term is given by

()~

(SO((—I)!Ch](C])(;thQ(y)) =— P

(%1 (c1y) + () a2 (c1y - 1)

a,,a
e Y By )|, G4
iz AR

where k; > 2.
e The higher bumping term is

()2 (ki + k2 = 1)
1k !

€°((=1)!chi (c1)ch+2(Y)Chigsa (Y) = Qe ska—2(€17Y),

ki,ko >0, k| + ko > 1. There is also an exceptional higher bumping term

€°((=1)!chi(c1)cha(y)chs (¥")) = Toa(c1yy’).

25L'])T(D) has a single quadratic term in the classes (3.2) given by chy (p)c~hz (c1) which causes no difficulty since chy (p) does
not interact.
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3.3. Proof of Proposition 7

The cases k = —1, 0 are special in two ways:

(i) We must use the exceptional cases of the operator €°, in the analysis for k = —1, 0.
(ii) While the operator LSW for k = —1,0 has quadratic part “;B’”H ng is a first order operator
acting on the stationary sector of descendent algebra for & > 0.

For these reasons, we treat the k = —1, 0 cases separately here.
The restrictions in the statement of Proposition 7 allow us freely use

cho(p) = -1, (3.5)

which is compatible with €°. Similarly, we can use
chi(p) =0. (3.6)

Let us write down the corresponding operators explicitly:

-2
LPT =R, — (=D)lchi(c), LY =R+ MTBO.
PT s 1 TGW o 1
LO =R0—Ch2(€1)——Chlch1(C1), L() =R0+—B —T()(C])—— Cc1Co.
2 2 24 Jx

We have used equation (3.5) for LP]. For L{™, only the dz. = dg = 2 summand is nonzero by equation
(3.6).

Step 1. We check the statement for D = 1.

The left side of the equality of Proposition 7 for k = —1 is

€*(LEI(D)) = ~€*((-D)!chi(c1)) = 0.
The right side of the equality,
w LY (€ (1)) =w LY (1) =0,

matches. For k = 0, the left side for D = 1 is

€ (LET(1)) = —€*(cha(c1)) = —ai(c1) = —70(c1) — %/ cicr.

X

The right side,

~ ~ 1
LSV (" (1)) = T8V () = —nen - 5 [ crca
24 Jx
matches. —
Step 2. We check the statement for D = chy42(y) with & > 0.
‘We must expand both sides of the equality of Proposition 7 in terms of 7. The following formula will
be used:

4

k
(1) € (cha(y)) = e (y) + (

=1 I1<i<j<k
-1

1 1 2

— _ . + _ _ .

l.)Tk 1(y -c1) § l.].)Tk 2(y - ¢7)
i

! 1
20 Auok] (T’“‘””Z‘l” R ( 7)341_2(7 ) Ty-1(p)
1 .

|u|=k— i=1
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o !us! ’
+ — T 1T Tus1 (Y 7). 3.7
Al -1 | M1 H2 M3 1
s A (k= 1)

We split the analysis of the difference for
€ o L*T(D) LG 0 €*(D) (3.8)
in stages according to the T degree of terms. The second term of the difference is simpler since
wLG 0 €°(D) = R (€°(che (7)),

and the latter is a easy modification of equation (3.7). The first term is more involved since there are
two parts: the action of R_; and the interaction with (=1)!ch;(cy).

o We first study the 7 linear terms of (1u)*~'€* o LPT(D):

(Tk—l()’) + (E %)Tk—z()’ cp) + ( Z l.lj)Tk—3(7 : C%))

im1 l<iZj<k-1
(lu)k_2 (lu)k_3
+( o ar-1(y-c1) + 0 a2 (y - cd)
k=1 1
= (Tk—l(?’) +( _.)Tk—2(7 -cr) +( Z T)Tk—3(7 ' C%))
i1 ! 1<iZj<k-14
k=2
1 1 1
+ E(Tk—Z(y ccp) + ( 2 ;)Tk—3(7 ' C%)) + m"'k—3(7 -c}).

We have used here bumping with (—1)!ch; (¢1) from equation (3.4) to obtain the expression in the second
line and an inversion?® of equation (1.13) to justify the second equality. After collecting together the
coefficients in front of the 7’s in the last expression, we obtain R_; (€°(chg(y))), exactly as expected.

e We study next the 7-quadratic term of equation (3.8). Consider first the terms that have a co-product
(y - c1)F ® (y - c1)f as argument. Bumping with (~1)!ch; (c1) does not produce such terms—only the
terms of the second line of equation (3.7) contribute to the terms of equation (3.8). These terms cancel
exactly.

e The 7-quadratic terms of difference (3.8) with argument (y - c%) lL Q(y: c%)iR are slightly more involved.
The second term of the difference has terms

-l -1
2. Am(;:)'&z_ D! (( Z 1)%-2(7 TSIOR DY %)ml-l(pm_z(y c})
|p|=k-2

i=1

My lun!

z[l —11{.1—1()  C )9
| 1 2 1

26See equation (5.4) for the full formula for the inversion.
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where the term on the second line is a result of bumping with (—1)!ch; (c1). After simplifying the last
expression, we obtain the corresponding 7-quadratic term of R_; (€°(chg42(y))) as expected.

e The last step is to analyze the T-cubic terms of the difference (3.8). Since bumping with chj(cy) is
trivial, the terms match exactly.
Similarly, we must analyze the difference

€ oLIT(D) -LSY 0 €*(D). (3.9)

Since both Ry on the stable pairs side and Rg on the Gromov—Witten side scale the descendents by the
complex cohomological degree, the difference (3.9) is equal?’ to

- -2 1
—@°((ch2+chf/z)(q).D)—(R}J+“7Bl —Tg(cl)—ﬁ‘/};clcg)OG'(D). (3.10)

If D = chgsa(y), then B! 0 €*(D) = 0. We have already proved that the difference vanishes for D = 1.
Since

€*(chichy(c1)chisa(y)) =0,
the difference (3.10) is equal to
—€°(chy(c1)chis2(¥)) = RY(E°(chisa (1)) (3.11)

Comparing formulas (1.14) and (1.15), we conclude that the latter difference vanishes.
Indeed, let us expand both terms of equation (3.11). First,

~ — -1 -2 -2
€°(cha(cr)ehsa(y)) = - (lb;()! a(y-c1) - (lb]?! Qi (y - €f) = (:u_)l)! IuI—Zk—Q ;ﬁiﬁ) (v-c)

k-1
_ 1 (tu)7*
= —(wu) k(Tk—1(7'01)+(;;)Tk—z()"c%))— p Tkoa(y - ¢})
(1u)~*+2 Hllﬂz!T ot (y-c2)
- _ | m—1pn—1 P
k=1 &, AutG)
On the other hand,
o/ _ 1 (1)~ Qpy Oy
€ (ehia(v)) = Grpyrent () + mzzk_l T TACARE

k
- (m>—’<(rk(y> - ( 1) ri(y- c1>)
i=1
(1)~ 1!

T —1Tur—1
! Al M1 H2
ksl Autw)

(y-cp)+...,

where we have used dots to stand for the terms that are of complex cohomological degree 3. Since
Ry (1x () = Tr1(y - c1),

all the omitted terms are annihilated by R(l). The remaining terms of the difference (3.11) cancel.

27Note both R% and Rg are 0.

https://doi.org/10.1017/fmp.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.4

Forum of Mathematics, Pi 23

Step 3. We check the statement for D = (:~P1k1+2(71)5f1k2+2(y2) with k; > 0.
We start with the difference (3.8):

€° (Rt (chg+2(¥1)Chi42(2))) = €2 ((=1)!chy (¢1)chg 42 (¥1)chi42(72))
—_~ —~ 72 —~ —~
— (1)R_1(€° (chy, 42 (y1)chi,+2(v2))) — (lM)MTBO(GO(Chsz(%)), C°(chi+2(v2)))).  (3.12)

Vanishing of the last expression follows from Proposition 12 and Proposition 13.
The difference (3.9) as above is equivalent to equation (3.10). Since we have already shown the
vanishing for D = 1 and D = chy,,(y), we need only to check the vanishing of

- € (Gn(en)D) ~ 3€° (ehichi (e1)D) - RY(E°(D)

_2 _ _
—%B‘(¢°(chkl+2m>>,¢°(chk2+2(yz)>>. (3.13)

The vanishing follows from Propositions 12 and 13. _

Step 4. We check the statement for D = chg, 42 (y1)chi,+2(y2)chg,i2(y3) with k; > 0.

The result follows immediately from the triple bumping relation (6.8) which holds in complete
generality. No special cases require extra attention.

3.4. Proof of Theorem 1.1

The vanishings

(LI (D)™ =0 and (LgT(D)" =0 (3.14)

are simple to prove for all D € DY For
LT =R_; +R_icho(p),

the vanishing (3.14) is immediate from the definition of R_; and equation (1.1). For
~ 1
Lo =Rp —chy(cy) - EChIChl(Cl) +R_jchi(p)

the vanishing (3.14) follows from the definition of Ry, the virtual dimension constraints and the divisor
equation:

X,PT X,PT
(eha(eryony, ) --ohu, ) = [ 1 {ehe () e, ()
B B B
We now assume k& > 1. Using the intertwining property of Theorem 3.1, the stationary GW /PT
correspondence of Theorem 1.4 and the Virasoro constraints in Gromov—Witten theory, we can prove
the stationary Virasoro constraints for stable pairs in the toric case.
Let D € foT* , s0 D is a monomial in the operators
{chi(»)iz0,ye H'(X,Q) }.

The first step is to check by hand that the Virasoro constraints

<£§T(D)>2’PT =0 (3.15)
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of Theorem 1.1 are compatible all with insertions of the form
cho(y),chi(y) fory € H*(X) and chy(6) for 6 € H*(X). (3.16)

If any of the operators (3.16) appear in D, the Virasoro constraints (3.15) are true if the Virasoro
constraints are true for the monomial obtained by dividing D by the occurring operators (3.16). We can
therefore reduce to the case where D is a monomial in the operators

{chi(y) (i >3,y e (X, Q) or (i =2,y € H"*(X,Q)) }.

In other words, D € ]Dl}fT*.
The next step is to apply Theorem 1.4:

(=) (LT (D)) T = (—uu) % (€ (L} (D)) Y (3.17)

for all £ > 1. By the construction of the correspondence [26], the descendents of the point class do not
interact with other descendents:

€*(chrs2(p)D) = (tu) 1 (p)E* (D), (3.18)

for every D € ID)]},(T*.
By combining equations (3.17) and (3.18) and the intertwining statement of Theorem 3.1, we see

(@ (LET(D))SY = (€ (LET(D))GY + (k + D)I(E* (LT (chen (P D)W

= () FEIV(E (D))GY + (> (k + DT (1 ()E* (D)HGY

= () LV (€ (D))

=0,
where the last equality is by Proposition 6 which may be applied since

€*(D) e D&%
by Proposition 4. We conclude
Ly (D) =0

as required. O

We could have also used the intertwining property of Proposition 7 to prove the stable pairs vanishings

(3.14) for D € foT* , but some additional care must be taken since the insertions cho(p) and ch;(p)

which occur in the terms
(k +1)!(E" (L] (ches1 () D)) ™

for k = —1 and 0 are not covered by Proposition 7. We leave the details to the reader.

4. Intertwining I: basic case
4.1. Overview

After an explicit study of various terms of the stationary Gromov—Witten Virasoro constraints in Section
4.2, we prove Theorem 3.1 in the basic case D = 1 in Section 4.3.
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4.2. Leading term

We analyze here the stationary Virasoro constraints on the Gromov—Witten side defined in Section 2.4.
The leading term T}c of T, is of the form

1, k! 1
STe=Stlen+5 > (=D Na+dh = )b +d® = D)irgmy (),
u? 2 bt

where a,b > 0 in the sum. By the following result, the term T} simplifies if we use the modified
descendents q;.

Proposition 8. Forall k > -1,

'’ (k=2 _1ydlaR L_ R~y %a-10p-1(c1)
T} = —(iu) a+b§ﬂ( D (@ +ak -3)(b+d 3)!—(61—1)!(19—1)!’

where the sum over all a,b > 0 and we use convention ag =0, a_;/(-1)! = 7_5.

Proof. Using formula (1.13), we expand T} in terms of a; to show that the quadratic and cubic in ¢,
terms cancel. In the computation, we compare the expressions

[~aly = (=D)“al(k ~a)! (Z——

i=

1
[-alt = (-Deal(k-a)t| Y —+ D %—(2 )(

I<i<j<k-a 1<i<j<a i=1

with the coefficients in equation (1.13).
The transformation (1.13) simplifies if we use the following operators and shorthand notations for
the sums

)k—l

k
(lu k 1 k 1
ag , = > = T
a ks X § Iz X1,1 § i]

In the formulas below, all operators ag are set to be 0. We apply transformation to T}( to obtain

|
~

k+1
Z (- Y m+dp —2)1(k —m —dy +2)!
m=—1
X ama—m+k(cl) _( Xf " 1)ama—m+k I(C )
+ (XI”X{“’" X G e 2)ama-m+k 2(c3 )) (4.1)

To write the transformation of Ti, we split the sum for Ti into two subsums, the first with d; = 2 and
the second with dj, = 3:

k

D Dk = m) O = ) (G ()&t () = 47 et okt ()

m=-1

e DUk = m = D10 = ) (@ ()&t (D) = X P animok2(D)).
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Finally, the transformation of Ti to a variables is

k
D+ Dk —m—1)! (X;’};l LB RS G e LTIV ()

m=-1

After summing the terms Ti for j = 1,2, 3, we find that only the first term in equation (4.1) does not
cancel. O

4.3. Intertwining for D = 1

For the most of computations in Section 4, we will require the simplest case of the stationary GW /PT
transformation €° of Section 1.7,

~ 1 ()™ Oy O (7 - €1)
€°(ch = + et s
(M (9)) = Gy )+ 5 |,,|§‘_1 At(a)
- 2 - 2
+ (lb]i)' 2 Z am‘tht((Vscl) + (i’“) 1; Z amau;a/ttz(?)’ <) _ 4.2)
=R e A
Our first result is the simplest case of Theorem 3.1.
Proposition 9. For all k > 1, we have
€ (LET(1)) = () * LIV (1).
Proof. Since the operators Ry annihilate 1, we must prove
. - u 2 ’
€ (Ty) = (u)~* (( 2) Tk) ) 4.3)
From Section 1.2, we have the following formula on the stable pairs side:
1 - ~
Te=-5 ) (1)@ " (a+d" = 3)1(b + d® - 3) ch,chy(c1).
a+b=k+2

On the Gromov—Witten side, we have

ag-10p-1(cr)

T, = —(1u)k2 Z (_1)deR(a+dL - 3)!(b +d~ —3)!(a_ Db —1)!

a+b=k+2

by Proposition 8. Using equation (4.2), the quadratic term in the a-insertions of €° (T} ) exactly matches
the full right side of equation (4.3). We will prove the other terms of €°(Ty) all vanish.
The stable pairs term Ty is the sum of three subsums:

) ((a—2)!b!cﬂa(c1>c~hb<p>+a!(b—2)!ch<p>chb(c1)
a+b=k+2

—@=-Db=1D! > awcha(y)chy(yx)|, (44

st+1<e %x<2s
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where last term uses?®

Cl*YV2s+l-e = Za-*)f*-
*

After applying €° to equation (4.4) we obtain quadratic, cubic and quartic monomials in a. We will
show the cubic and quartic terms vanish.
We start with the analysis of the quartic term of €°(Ty). The first term (4.4) yields the quartic part:

1 - -2 1 (P)ay, (p)a, (p)
_/XC?_ Z ((a_z)!b!.ab 1(p) () Z az, (P)ay, (P)ay, (p

2 o (b-D! (-3 & Aut(n)
ag-1(p)  (u)~? Ay, (P)ay, (P)ay, (p)
+(b—2)!a!-(a_1)!~(b_3)!|gb:5 () )

The last term of equation (4.4) yields the following quartic part (with the sum over the same range of a
and b as above):

()" U (P (P) ()™ au (P)ay; ()
(a-2)! Aut(u’) (b-2)! Aut(u”)

—%/ch (a-DIb-1-

|w'|=a-3 |n”|=b-3

where, in both formulas, we have used convention |u| = >; y;.

These two quartic parts cancel each other. Indeed, let us analyze the factor in front of

1
2(11/[)2 [( C? sy (p)a/lz(p)a/13(p)a/14(p)

in both expressions. For simplicity, let us assume | Aut(2)| = 1. Then, the factor in the first quartic part
is a sum with four terms:

4
D+ (Z(/lj + 1)) : (4.5)
i=1 j#i
The factor in the second formula is a sum with three terms:
- Z(ail + A, +2) (4, + 4, +2), (4.6)
where the sum is over all splittings
{1,2,3,4} = {i1,i2} U {j1, o}

The factors (4.5) and (4.6) are sums of 12 monomials of A; + 1 and are opposites of each other. The case
when | Aut(1)| > 1 is analogous.

Finally, we analyze the cubic terms. Let us first analyze the cubic terms of the form a; (p)a;(p)a;(p).
Since

chisa(c1)cho(p) = (=1)chisa(cr),

the cubic part of the first term of equation (4.4) with b = 0 is:

B a a1, (P)ay, (P)ay; (P)
k ‘/X\ 2(1”)2 |”g;_1 Aut(,u) . (47)

28We use the subscripts @ and % in order to avoid i, j, a, b which are already taken.
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A similar cubic part is produced by the second term of equation (4.4) with a = 0.
The other cubic parts of the first term of equation (4.4) are

3 b aﬂ](p)al—lz(p) i aulapz(c%)
/X'CIa+bZ;<+2 200)? ap-1(p) ,1;—4 —Aut(,u) 710 - 1(p )‘ §_3 A (4.8)

A similar term is yielded by the second term of equation (4.4).
If Aut(u) = 1, then the factor in front of monomial

1
2( )2 ay, (p)aﬂz(p)a/lz(p)
of equation (4.8) is the sum of three terms

A+ D)+ A+ D)+ A3+ 1)

and, hence, cancels with corresponding monomial from equation (4.7).
The cubic part of the last term of equation (4.4) is

“‘”Za.*ab ) Gutelcye)

2iu wimas CAut(p)
1) Z a/lla,uz(cl '70)

21u s Aut(u)
over all a, b > 0 satisfying a + b = k + 2. The sum cancels with the last term of equation (4.8). O
5. Intertwining II: noninteracting insertions
5.1. Overview
The main result of Section 5 is a proof of Theorem 3.1 for

D e Dy NDEX, (5.1

where D is a product of ch k; (vi) satisfying
vi-y; =0 for i #j.

We treat the singleton D = (SF’Ik(p) in Proposition 10. An intricate computation is required for
Proposition 11 which settles the cases D = chy (), where

vy € H(X) fori=2and4.
Finally, in Section 5.3, the general case (5.1) is formally deduced from the singletons.

5.2. Intertwining shift operators

We first relate the operators Ry appearing in the Virasoro constraints on the stable pairs and Gromov—
Witten sides. Recall,

i) = che(@) + 5 ohe a(ar - 2), (52)

so ch (p) = chi(p).
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Proposition 10. For all k > 1 and all i > 2, we have
€* (Re (ch; (p))) = (1) * R (€° (chi (p))).
Proof. The left side of the equation is

R o+ Kk)!
" Reteh(9) = 6° ({3 e o)
where we have used the definition of Ry for stable pairs and equation (1.14) for the correspondence.
The right side of the equation is

_(+K)! apr-1(p) (i +k)
TG -D!+k-1) G-

airk-1(p),

. a;-1(p)
Ry (€% (chi(p))) = R (ﬁ)

_R, (Ti2(p))

(tu)i=2
_ (40! Tiea(p)
-1 (u)i-2
(i+k)
RRTEEYY (t)* aisk-1(p),
where we have used equation (1.14) for the correspondence, equation (1.13) and the definition of R for
Gromov—Witten theory. The two sides match. m}

Proposition 11. For all k > 1, ch;(y) € DXX, y € H*2(X), we have
€ (L} (chi(¥))) = () LTV (€* (chi(7))).

Proof. We start with the easiest case and proceed to the hardest case.

Case y € H°(X). The case y = p follows immediately from the previous results:

€*(L;" (chi(p))) = €*(Tx chi(p) + Ry (chi(p)))
= €*(Tx)€" (chi(p)) + (1) “Re (€*(chi(p))
= () LY (€ (chi(p))).
The second equality follows from Proposition 10 and equation (3.18). The third equality uses equation
(4.3).
Case y € H*(X). We compute the difference

(u)*€* (R (ch: (¥))) — Re(€*(ch;(¥))) . (5.3)

Since y - ¢ = 0, we have chy (y) = chy(y) by (5.2).
We start by expanding the first term of the difference:

k= 1)!
6 Ry e = 6° (L5 e
k=D a () ! 0 0y
Y ((i+k—1)!+(i+k—2)!m+ﬂ;+k_3 7 ren)
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To proceed, we invert the correspondence (1.13):

k
()ka 1 1
(k + 1k)+vl () =7k(y) + Z —| Ty - + Z — |2y - €f). G4
! Pl 1<icj<k '
‘We then obtain
ko G+k =D Tir—2(y) 1 7ix—3(y - 1)
€°(Ry(ch; = . - | ——
(lu) ( k(C ()’))) (i —2)! (m)z—z S J (lu)l—2
w —i+4
+(.(+_2)‘ 1o |M( e . (5.5)
! : H+p=i+k—-3
‘We write the second term of the difference as
. a;_ u -1 a,a
R (€ (ohy () = Ry | D) W2 s Gty ). (5.6)
(-0 G-2)! it 3

After applying the inversion (5.4), we have

Tay) [ 1) (e, (zu)‘“ 1 Tpe
(luz)i_Z + le (iu)i_zl —o)1 Z wyluo! T 12;1 l( -c1) |-

Jj= Hi+pp=i-3

We expand the above expression fully to obtain

(i +k—D)!7ip2(y)
(u)=2(i = 2)!

: k+i—1 . i
(+k- D ! (i+k—1)! 1

2o = Tirk=3(y - C1) + - | Ti- - C

(1) =2(i = 2)! j;lj T3 (v - 1) (u)i=2(i - 2)! JZ_;] Tik+3(y - €1)

)i k-1 1 Ty -1 Tpp k-1
e M (R B B e O]
p+up=i-3

5.7

where we have used formula

' (l+k)' i+k
7 = o—1y§:"

in the expansion of Ry (1;_2(y)).

To complete our computation of the difference (5.3), we observe several cancellations. The first term
of equation (5.5) cancels with first term of equation (5.7). The second term of equation (5.5) almost
cancels with the sum of the second and third terms of equation (5.7); the only term that does not cancel is

(i+k-2)!

—mﬁ+k—3(7‘cl)- (5-8)
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Finally, we rewrite the last term of equation (5.5) as

(1)~ 1Tup-1 Ty—1Tpn—1
-2 Z (,ul+1)'#2'%(7'01)+#1!(ﬂz+1)!%(7'01)-
: y1+y2:i+k -3

Then, we see that the last term of equation (5.6) cancels with the last term of equation (5.5) if u; > k+1
and up > k + 1. Thus, the difference (5.3) equals

w —i+4 1 Tur—1
e D R oA
M +p=i+k-=3, u; <k

T —1Tuy,—
o mlee D e | (59)

p+po=itk=3, pp <k
We now include the Ty and T) terms in the difference. We have

() *€* (L} (ch; (7)) = L™ (€ (chi (7))

2
= ()6* (Ry (o (1)) ~ Re (€7 (e (1) + () €* (T (e (1)) ~ 25T (6* (e (7).

(5.10)

Using equation (4.3), the Ty and T, terms in equation (5.10) simplify to

w' 5 (a_z)mo(cha(cnchi(y))m_z(p)

b2
a+b=k+2 (1)

% > a!(b—z)!raz(p)(s°(—°h”(cl)°h"(7)). (5.11)

=)
a+bok+2 ()«

To complete our proof, we require the bumping formula (1.15):

€°(chg,s2(c1)Chigea(y)) = — (1) " ag 4k, (€17) - (5.12)

1
kilko!

Since y € H*(X), all the other terms of equation (1.15) vanish. We apply the bumping formula (5.11).
In particular, the first term of equation (5.11),

(;Ba(Cl)Chi(’)’)
(1u)b-2

e (@ +i—2)1b!

2 Tasi-3(y - €1)Th—2(P)

(a—2)!b€° ( ) Tpa(p) = —(u) ™4 7P"

cancels with the first term of equation (5.9). Similarly, the second term of equation (5.11) cancels with
the second term of equation (5.9).

Let us observe that the term of last expression with a = 1 by the exceptional bumping (3.4) turns
into the terms of equation (5.9) with u; = k or yp = k. Similarly, the term with b = 0 cancels out with
the term (5.8). _

Also, the assumption ch;(y) € foT* implies that i > 2; thus, no negative factorials appear in the
above computations.
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Case y € H>(X).Ify € H*>(X), the Ty and T}, terms of the formula (5.10) acquires extra summands:

(u)*€* (LT (ch; (7)) - LTV (€* (chi (¥)))
= (u)*€* (R (ch; (7)) — Re(€*(chi (7))

, " o [ Chalenehi () o [ chs (c)ehi(7)
w [m;&z( ~2)1p1€ (W)Tb_z(p)+a!(b—2)!Ta_2(p)0: (%)
- Z (@=Db=11 > e (€ (Chalya) - ohi(1))€° (Ghy (7))

a+b=k+2 O<e,x<2s+1
+° (cha (72)) € (hy (74) - chi (1)) ] : (5.13)

where we have used?® ¢ - Y2s+1-e = 2.« @ex¥Y«- Nevertheless, the strategy used in the previous case
can be pursued also for y € H?(X). The computation, which is carried out below, is of course more

complicated.
We will study the difference

(1)*€* (Ry (ch; (¥))) — Rk (€*(ch;(y))) (5.14)

with y € H?(X). The expansion of the first term is

(106° (R (G (1) = (00" LD @i ()
= () (k(:r_i ;)?! (((ili-:kk I_(Z;' MG fZ):lzﬂ ulSvk-3 :IJTC(ZZ)(Y e
i fZ) 22) Z :ﬁ]t((lzz) e)
+UJE’Z—)__23)! m;k_s %’?:)"3(7 : c?)) . (5.15)

The second term of the difference (5.14) is more involved since we must transform the descendents
a to the standard descendents 7 before applying the shift operator Ry:

i-2
Ry (€°(chi(y))) = $1)™ 2Ry (Ti—z()’) + (Z %)Tm(?’ “c1) +( Z %)Ti—ét(?’ : C%))

7= 1<j<i<i-2
-1 i
—(i=5 (1u) Hilpo! 1
+ (1u) (=5R, ((i Y ( s Au() Ty =1Tup—1 (Y - €1) + Z ; T -2Tpp—1
|p|=i-3 j=1
=1 1
+ Z -~ T[l]—lT[,lz—Z (')’C%)
=
1 Ml ps! 2
+(i -3)! s Aut(u) Ty 1T -1 Tz -1 (¥ - €7) | - (5.16)

29In equation (5.13), the elements y,, v are of complex cohomological degree 2.
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Notice the upper limits in the first harmonic sum is py; the terms with j = p; correspond to the third
term of equation (1.14).

We will study the right-hand side of equation (5.13) using equations (5.15) and (5.16) in three steps
corresponding to the T-degree.

e Consider first the 7-linear terms. The 7-linear terms of equation (5.15) are

k(l+k 2) 1 . i+k—2l ' .
() (i -3)! | (u)ik-2 Tisk-2(Y) + JZ_; 7 Tisk-3(C1 )
1
+ Z = Tiak-a(c] ¥ || (5.17)

1<j<I<i+k=2
The 7-linear terms of equation (5.16) are more complicated:

i+k-2

(i+k-2)! 1
(1u )Hz—, Tivk-2(y) + Z = | 7ir=3(y - c1)
(i-3)! ety
| i2 ith=2 |
+ Z i Tisk-a(y - D) + Z—. Tivk-3(y - c1) + Z = |Tisk-aly - D)
i—2<j<I<i+k—2 = j=ia
1 2
D T |Eateh|. (5.18)
1<j<i<i-2/

The 7;4x-2(7y) terms of equations (5.17) and (5.18) match so cancel in the difference (5.14). The
Ti+k—3(y - ¢1) terms in equations (5.17) and (5.18) almost cancel: The difference is

o ((+k=2)!
(tu)” -

For the T4 x—4(y - c%) terms, we split the prefactor in equation (5.18) as

Tivk-3(y - 1) . (5.19)

S8

~.| —
w

~.| —

i— i—

1+
)

1 Jj=1

J
and the last coefficient of equation (5.18) as

1 1 1 1
2 GT X qtia AT
J 3/ 1<j<i-3 7

I<j<l<i-2 1<j<i<i-

Then, we see the difference of the 7 x—4(y - c%) terms in equations (5.17) and (5.18) is

k-2 i+k—21
( )1*2—(l(+ _2)_|) 2, 5 [l . 620
j=1

On the right-hand side of equation (5.13), the 7-linear terms (5.19) and (5.20) of the difference (5.14)
are canceled with
(u)* chisa(c1)ch; (y)
2 (1u)~2

chrsa(er)chi(y)

k'10!16° ( ()2

)T—z(p) +0!k!T_2(p)C° (
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using 7_5(p) = 1. In fact, after applying equation (1.15), we find

(u)* 5€° (chrsa(c1)ch; (¥))

(1 )

(lu)k+1
= (l 21 (ak+i2(C1y) + (’u)_la(c%y)) N

(lbt)zil

k+i-3
- 2)'((k”_z)!(T"”*(V'“)*<Z %)rk+i_4<y-c%))
i=1

+ (k+1i—3)!"Tgpi-aly - C%)) +
where the dots stand for the T-quadratic terms. The second equality follows from the formula (5.4).

e Consider next the T-quadratic terms. We start with the quadratic terms of complex cohomological
degree 2. The corresponding terms from equation (5.15) are

ek +i=2)! (k+i-2)! (1) 22

Y |ul=itk=3 (u) (i + k = 2)! Aut(p) Ty —1Tpo—

(tu 1(y-c1). (5.21)

The computation of the corresponding terms in equation (5.16) are more involved since the action of
the shift operator Ry depends on the complex cohomological degree of the descendent:

a1 ol ((r + k)
T 2 A (e SRR
u|=i-3
k+1)!
@) . 62)

The linear combination of the first term of equation (5.22) with u; + k — 1 = a and second term with
(1 — 1 = ais equal to the corresponding term of eqiatopm (5.21) with ¢; — 1 = a. Hence, these cancel in
the difference. Similar cancellations happen with rest of the terms. The resulting difference of equations
(5.21) and (5.22) is

(m)fi+4

(i-3)!

Tui—1Tpy-1 Ti-1T-1
MI'MZ'T(Y'CI)"' Z MI'MZ'T( v-c) .
|p|=i+k=3, uy <k |p|=i+k=3, ur <k

(5.23)

We will cancel equation (5.23) with the T-quadratic terms of complex cohomological degree 2 in the
sum

WIS - (—C““(“)Ch"(”) 72(p) +al(b ~ 2) 1T 2(P)G (—Chb(””hi(”)

a+b=k+2 (1u)>=2 (1)@=

= Y @=DUb =LY e (€ (cha(ya) - chi(7)E° (chy (14))

a+b=k+2

+6° (cha (72)) €7 (R (74) - chi (1)) ] :
(5.24)
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More precisely, the first and second terms of the last expression yield
)—i+4
2

(a+i—-4)(b- 1)!Ta+i75(y.CI)TH(p)M(a— Db +i—4)!

i-2)! (i-2)!
and the last two terms yield>°

(1) ™4 (a+i—dH1(b-1)!
) [(“_1) (i-2)!

(tu

Taz(p)TbHs()"Cl)],

Tari=5(Ye = ¥V)Th—2(¥x)

(a—-1)(b+i-4)
(i-2)!

+(b-1)

Ta—2(Ye - V)Tb+¢—5(7*)]-

The cancellation then follows from

Za.*(7.~7)®y*=p®(7'61) and Za-*y.®(7*'7)=(7'01)®p.

ok ok

We have cancelled all T-quadratic terms of complex cohomological degree 2 in equation (5.13).

Let us also observe that the terms of equation (5.24) with a = 1 and with b = 1 cancel out by
exceptional bumping with equation (3.4) with the term of equation (5.23) with yy = k or up = k.

A longer computation is needed to deal with T-quadratic terms of complex cohomological degree 3.
Since all such terms have vy - c% as an argument, we drop the cohomology insertion from the notation.
The corresponding terms from equation (5.15) are:

k(k+l—2) ()12 _— &1
luo! + + 1) !uo! -
(1u) Y ||Z+:k4A“t(“)(i+k_2)! pulpp!+ (o + D)o ]Z:;j
&3l
(a2 + 1)) Z; T Tt - (5.25)
The corresponding terms from equation (5.106) are:
()i ! | G +K)! (’gl)
e Y oTyr—
s | _ | . +k—=2Tpr—1
(=20 S Aut(u) | (= DI ST
k M1
(2 +k)! [RA1 ) [ (a1 +)!
[ Z; T =1Tpp+k=2 + Z‘j (y = 1)1 k2T
J=H2 j=1
(2 +k+1)! R 1| (k!
+k+1)!
+('ul'uf)7'#l+kﬂ'mz)] . (5.26)

The expression (5.26) is simplified by the following strategy. We number the six 7-quadratic terms
by their order of occurrence in equation (5.26). The first term of equation (5.26) combines with the third
term. The second term combines with the fifth term. We also split off the summands with j = u; + k

30The sum over o, x with coefficient e is implicit.
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and j = up + k from the first and second terms, respectively, as well as the summand with j = y; from
the third term. Then, equation (5.26) equals

(1)~ 5 (1 +k = 1D)ly! o+ k= 1)
(i-2)! Aut(p) kTt TR Gy e Tk
k-1 k-1
#1—(Hl+k)'#2' " 1. k2T, 1+,l12—'u1!('u2+k_)! WZ L 1 Tpytk—2
; Hitk—2t = . =1 uo+k—
Aut(p) = Aut(u) =
-1
pil(o + )[R 1
+(o+k+1)—— - _ _
(k2 ) Aut(0) ; 7 Ty 2T pp k-1
-1
(i +k)Yo! [RA 1
+(up+k+1)——= =T k1 T2
Aut(p) JZ_; j M1t H2
(a1 + k) o (1 = D! (2 + k+ 1)
Aut(ﬂ) T/‘1+k72T/12*1 + Aut(ll) T/J]*ZT/J2+k7] 5 (527)

where the sum is over u > ua, |u| =i - 3.

Let us fix an integer a satisfying a > k — 2. We observe that the sum of the first term from the first
line of equation (5.27) with y; = a + 2 — k and the second term in the last line with up = a + 1 — k will
cancel with the first term of equation (5.25) with y; = a + 1. Also, the sum of the second term from the
first line with yp = @ + 2 — k and the first term of the last line with y; = a + 1 — k will cancel with the
first term of equation (5.25) with yup, = a + 1.

Similarly, the sum of the first term for the second line of equation (5.27) with u; = a + 2 — k and the
first term from the third line of equation (5.27) with u; = a +2 cancels with the second term of equation
(5.25) with p; = a + 1. Finally, the sum of the second term from the second line of equation (5.27) with
(1 = a+ 1 and the last term from the last line of equation (5.27) with y; = a + 1 — k cancels with the
last term of equation (5.25) with u; = a + 1.

After all of these cancellations, we are left with

Z(”‘) ! 1+ (up +1) il + (o +1) il (5.28)
M1 = M2 T T -1Tup-1 5 .
Aut(p) (i - 3)! = =0 R

where ), is the sum of two subsums: The first is over u; + pp =i+ k — 4, u; < k, and the second is over
i+ =i+k—4, u <k.

In the difference (5.13), the expression (5.28) is canceled by the corresponding 7-quadratic terms
of complex cohomological degree 3 of equation (5.24). More precisely, the first and second terms of
equation (5.24) yield

(1u) 7+ b(a +i—-4)1(b-1)!
2 (i—2)!

— Db +i-4)!
Ta+f-6(7-6f)fb—2(p)+“(a ()z(_zJ;vl :

Ta2(P)Thri-6(y - €3) |,

after we apply equation (1.15) to these terms and drop 7-cubic terms and the terms of cohomological
degree other than 3. In particular, the factors in first and second terms are produced by the a-linear term
of equation (1.15) proportional to c.
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The last two terms of equation (5.24) yield>!

()™ (a+i—4)!(b-1)!

(@= D=3
(a-1)i(b+i—4)!
(i-2)!

after we apply only the parts of equations (1.14) and (1.15) that are not c;-proportional, then we use
the a to 7 the transition formula (5.4) and drop the 7 cubic terms and the terms of homological degree
other than 3.

Together these two sums combine and cancel the first term of equation (5.28). To cancel the last two
terms of equation (5.28), we follow the same pattern. We first apply c(l)-part of equation (1.15) to the
first and second terms of equation (5.24) and then apply c;-part of the a to 7 transition formula (5.4).
Next, we apply the c?—parts of equations (1.14) and (1.15) and the c}—part of equation (5.4) to the last
two terms of equation (5.24). After dropping the 7-cubic terms and the terms of complex cohomological
degree other than 3, we exactly cancel the remaining terms of equation (5.28).

Tari-6(Ye * ¥)To2(¥x - C1)

+(b-1) Ta—2(Ye = ¥)Tori—6(¥x - 1) |

e Consider finally the 7-cubic terms. The cohomological arguments of these terms are c% -y, S0 as in
the previous computation, we drop the cohomology insertion from the notation.
After expanding the corresponding terms of equation (5.15), we obtain

()" (i +k=2) Hi '#2'#3

2
(i-3)! Aut(y) T Tt (529)

|p|=i+k-5

On the other hand, the corresponding terms from equation (5.16) are more complicated:

()™ pilpatps! ((ur +k+1)!
Tu+k=1Tpr—1Tps—1

[ —3)! A !
(=3 & A T om
(o +k+1)! (uz +k+1)!
T T k1 T Lt T T =1 T 1 Tk
H2! u3!
In equation (5.29), we have i + k — 2 = Zf.:l (¢j + 1). Therefore, the difference between the last two
expressions is the sum of the monomials

(1) ™ gy Y 3!
Z (/‘ll 2) (l 3)‘Aut( )T[l] ATy —1Tpz—1 - (530)
Jomj<k=2

Let us restrict our attention to the case when i is bigger than k; the other cases are analogous. After
applying the reaction from the last line of equation (1.15), we obtain a formula for the expressions in
the second line of equation (5.13):

cha(c1)ch;
(a-2)b!E° CECI)+_2(7)) Tp—2(p) = T-quadratic terms
1273
w)~kip ) 1o !
((l) L > max(max (s + 1+ 1), —2)%7,“_17,,2_1 oo, (531)
|ul=a+i-6

31'The sum over o, x with coefficient e is implicit.
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chp (c1)ch; (y)

Cl'(b - 2) !Ta—Z(p)Go ( (lu)a—Z

) = 7-quadratic terms

()% al

(i-2)!

Hilpo!
Aut(y) T -1Tur-1 | Ta-2 -

Z max(max(u; + 1, up +1),i — 2)
|u|=b+i-6

(5.32)

The terms of equations (5.31) and (5.32) with max(u; + 1, up + 1) < i — 2 contribute the monomials

Hilpp!(a = 1)!

~ip . il (b = 1)!
(i—3)!

(i-3)!

T 1 Tu—1Tp—2, () "'a - Ty =1 Tpy—1Ta—2 - (5.33)

(u)

Note a + b = k + 2 in equation (5.13). Since max(u; + L,y +1) < i—2and |yl =a+i—-2or
|| = b+i—2, weimply that u; + 1, up + 1 > k — 1. Thus, the corresponding terms of equations (5.31)
and (5.32) cancel with the monomials (5.30) such that there is only one j with u; < k — 2.

The terms in equations (5.31) and (5.32) with max(u; + 1, up + 1) > i — 2 yield terms

Sipi (b = 1)! i o plup!(a —1)!
)7 'b(u' +1) - WTMI_ITHZ_ITb_z , () 7la(u' +1)- WTm—lTﬂz—lTa—z’
where p’ = max(u, uz). Both of these terms are of the form
; o \us!
() (uy + D(up + 1) - %T#I_ITMZ_H'MS_] s (5.34)

with uy +1 > i—2and |u| =i+ k —4. Since we assumed that i > k, we have uj + u, < k —4 in equation
(5.34). The discussed terms therefore combine to yield the sum of monomials

: 3!
()™ (e + g2 +2) (s + 1) - %TM,]T#T]T#S,] , (5.35)

where 3 +1>i—2and uj, up < k- 2.

The terms (5.35) combine with the terms from the expansion of the last two lines of equation (5.13).
Indeed, since 7., Y& in the last two lines of equation (5.13) are of complex cohomological degree 2,
the 7-terms result from use of the c}—part of equation (1.14) and of the c?—part of equation (1.15). The
expansion of these terms is a sum of monomials

(a+i—4)\uy'uy!
(i-2)!

—(m)fi(b -D@a-1

Ta+i-5Tu =1Tup—1 » (5.36)

where |u| = b - 3.
The combination of equation (5.36) with a = u3 —i+4, b = puy + uo + 3 and equation (5.35) matches
equation (5.30), since, in equation (5.36), we have

(b-1(a-1)=(u1+u2+2)(u3 —i+3) = (u1 +po+2) (3 + 1) = (u1 + 2 +2) (i = 2).

We have cancelled all 7-cubic terms.
The assumption ch;(y) € foT* implies i > 3. Therefore, in the above computations, we do not see
negative factorials in denominators. O

https://doi.org/10.1017/fmp.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.4

Forum of Mathematics, Pi 39

5.3. Proof of Theorem 3.1 for DL, N IDif]?"

Theorem 3.1, for all D € D). N foT ,

the following simple argument Let

is an immediate consequence of Proposition 11 for singletons by

m
D = [ ch, () € Dy NDEX,
i=1

where y;y; =0 € H*(X) foralli # j.
By definition, for k > 1,

¢ (LiT(D)) =¢* (LiT( ﬁ chy, (71')))

i=1

= G.(Tk ﬁc h; (v:) +ZRk(Chk (7/)) l_[Chk (i)

i=1 Jj=1 i#j
Since y;yj = 0 fori # j,

m

©(Ti [ [ohk () = (=m + 1)E*(Te) ﬂ € (che, (7)) + Z €* (Tichy, () | ] € (chi, (7))

i=1 i=1 i#j

By Proposition 11,
(1) TPV (6 (ehi (7)) = €° (LT (hi ()
= € (T1) € (6hi(7)) + 6" (Tech; (7)) + €* (Re(ohe, () )
We conclude
c* (LPT(D))
= Z(m) LV (€ (ch; (v)) 1:[ € (chy, (7)) = (m = 1)€* (Tx) ]_[ € (chy, (7).
i+

On the other hand,

() LV (€*(D))

-Z(m) CTOY (€ (6hy () [ ] €° (P () = (m = D)~ "((”) )Tk]_]¢°(chk )

J= i#]

The proof is completed by applying equation (4.3). O

6. Intertwining III: interacting insertions
6.1. Overview

We complete here the proof of Theorem 3.1. Since noninteracting insertions have already been treated
in Section 5, we must address the interacting cases. In the desired equation,

€ o LY(D) = )LV 0 €*(D), (6.1)
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the stable pairs descendent insertions of D € D;,(T* can interact with each other via the GW/PT
descendent correspondence on both sides of equation (6.1). In addition, the stable pairs descendents can
also interact with constant term of the Virasoro constraints on the left side. We must control all of these
interactions.

6.2. Interactions among two insertions

‘We start with results which control the interactions of two descendent insertions.

Proposition 12. Let vy’ € H>(X), v € H*(X), and leti > 3, j > 2. Then, for k > —1, we have
()" €° (Re(chi (v")eh; (7)) = Ri(€° (chi (y)ch; (¥))).
Proof. We first compute the left side of the equation. After applying the shifts, we obtain

T @1+ L)),

We apply the correspondence to the both terms:

Ri(ch;(y')ch;(y"")) =

o T " A ” - 1 (.] +k— 1) ror
€° (Re(chi(y")eh; (y"))) = (u) ™! ((i—3)!(j TR _2)!)ai+j+k—4(7 v’
_ ik 4K =3)! .

(-2 __2)!7Y+j+k—5(7

The right side of the equation is

_ _ -1
Ry (€°(ch; (¥ )chj(y"))) = Rk(%aiﬁ—z&()’l?’”))
o [+ 7 —4)!
= (W)ﬂﬁM%Rk (tixj=s(Y'¥""))
o ((+]+k=3)!
= (lu)_l_j+4((;-|_—£;!_—(j_2))!7i+j+k—5 'y,
which matches the left side. O

Proposition 13. Let y',y” € H*>(X), and let i, j > 3. Then, for k > —1, we have

()" €° (Re(chi (y')ch; (7)) = Re (€° (ch; (y")eh; (¥")))
= Z (a =2)!b!€°(chi(y") - ch;(¥") - cha(c1)) €° (chy (p))

a+b=k+2
+al(b—2)! €°(ch;(y’) - ch;(y") - chy(c1)) €°(cha (p))

= D0 @=DUb =D Y e (€ (cha(ya) - ohy(y)E° (ehy (y4)ch; (¥)

a+b=k+2 o %

+6°(0ha(ya)oh; (7)€ (ehy (v) - Shi(y)) - 6.2)
Proof. We follow the same strategy as in the proof of Proposition 11. We first compute

(k+i-2)! (k+j-2)

- - . - . -
Ryc(ch; (y")eh; (y")) = s chivr (y')eh; (") + G- chi (y")eh i (¥").
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After applying the correspondence, we obtain

= - 1 iy jrk—a (YY) Qipjrks(Y'y" - c1)
€° (R (ch; (y")ch; (y""))) = —
(RGP Iy () = = | e
_ Fl+k, jur, 1) o 1 Qi jrk-a(¥'y")
(1)~ — (Y'Y o) | - = . +
ekt Aut(u) e (i—2)1(j - 3)! ”

Qs vt Iy e .’.+k; ,
ivj+k-s (YY" - c1) + ()2 Z fG,j M1, p2)

(1u)2 Aut(,u) aﬂla#2(77 'C]) P (63)

|pu|=i+j+k—6

where f (i, j; p1, #2) = max(max (i — 2, j — 2), max(uy + 1, ua + 1)).
The second term of the difference is easier:

R (Q:O(Eﬁ( /)EF]( N))) _ (lu)_i_‘i+4 R (i+ -_4)y Tis ( ’ //)
k ily JAV4 = (l—Z)'(]—Z)' k J N Ti+j-5\Y Y
+i§4l Tirice(Y' Y - ) | + )2 Z Ma a,, (YY" - c1) (6.4)
= S ey 1 |p|=i+j—6 Aut(u) ety A .

We now analyze the difference. The 7-linear terms of complex cohomological degree 2 in (1u)* times
equations (6.3) and (6.4) are matching sums of the monomials:

)_i_j+4 (i+j+k-4)

) g U~ Tieiees (),

The 7-linear terms of cohomological degree 3 almost match. To be precise, the corresponding terms in
equation (6.3) are sums the monomials:

i+jtk—4

(i+]j—4) ( Z ;) Tisjsk-6(¥'y" - €1).

s=1

J@+7+k—4)!

) =G~

Respectively, the corresponding terms in equation (6.4) are sums of the same monomials plus an extra
term

J((+j+k-4)

() G =2

Ti+j+k—6(7,7” “C1).

This extra term gets canceled by the term from the second line of equation (6.2) with b = 0 because
of equation (3.5).

Therefore, the difference of (1u)* times equations (6.3) and (6.4) consists only of the T-quadratic
terms of complex cohomological degree 3. We omit cohomological classes since all the cohomological

arguments are y’y” - ¢1. The corresponding part of equation (6.3) is

(1) 77+ 1!
-2 -2)! Aut(u)

(=2 f(i+k, jsp)+ (=2 f,j+ki)] Ty -175-1, (6.5)
|u|=i+j+k—6

where we assume that f vanishes whenever one of the argument is negative.
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We must compare equation (6.5) with the expansion of the last four lines of equation (6.2). The first
two of the last four lines of (6.2) expand to

) iI? i+j+a-T)!(a-1)!
(1) Z (i+j+a—6)b( / R )Ti+j+a—87'b—2

(=2 =2 i 2
(i+j+b-T)(a-1)!
2

+({+j+b-06)a Titjrb-8Ta—2.

The last two lines of the last four lines of equation (6.2) expand to

—i—j+2
% a+;+2(a ~1)(b-1) ((a +i= Db+ j =4 Tario5Thsjos

+(a+j-dH(b +i—4)!Ta+j_5Tb+i_5).

These last two expressions are the 7-cubic contribution to equation (6.2) which results from the
bumping of ch;(y")ch ;(y") with the constant term Ty. The corresponding coefficient in front of 7-
cubic monomial is given by the formula (6.7) below.

To complete the proof, we must match the coefficients in front of the terms in sums above. That is,
we need to compare two expressions below for all u satisfying |u| =i+ j + k — 6:

E=2DfG+k, jsp)+(G =2 fGj+kspu)— (i + D) fGE jspur =k, u2)
—(a+ 1) f3, jspr, mo = k), (6.6)

[pr + e (o + 1) + (g + D) [po + ax = [ =i+ 3]50[p2 = J + 3]0
= [p1 = j +3]x0lp2 =i+ 3]0, 6.7

where [a]<p and [a]sp are cut off functions which equal a if a satisfies inequalities a > b and a < b,
respectively (and are zero otherwise). The matching now is a long and routine check. We give some
details.

We can always assume py > up andi > j. Let us further assume k is small and py > i+ k. If o > k,
then the function (6.6) equals

(+j-Hm+D) -+ D —k+1) = (2 — (g +1) =0.

The assumed inequalities force all terms in equation (6.7) to vanish.
Next, we assume all but last inequality are true, that is g, < k. Then the expression (6.6) becomes

@+j—H+1) = (u+D)(ur —k+1) = (g + 1) (2 + 1).

On the other hand, in equation (6.7), only the second expression does not vanish — the second expression
matches equation (6.6). Rest of the case can be treated analogously. O

6.3. Interactions among three insertions

The last interaction to consider is among three descendent insertions. Because of the stationary assump-
tion, there is only one case to control.

Proposition 14. Let y',y",y"" € HZ(X), and let iy, iy,i3 = 3, Then, for k > —1, we have

()" € (Ric(Ghy, (v )ohiy (7)o, (v')) ) = R (€° (ohi, (7)o, (3" )ohiy (7)) = 0.
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For the proof, we will use the explicit correspondence formula (1.16) for the triple interaction

(li] - 6) (1u) >
({1 =22 = 2)!1(i3 = 2)!

c° (Chllch12Cht3)(7) a|i|—7 (7), (68)

where |i| =i + i +i3.

Proof of Proposition 14. We first compute the left side of the equation. To start,

k-2
b ()60 )60 )

(i +k-2)! ~

(i =3)!
(l3 +k— 2)

(i3 = 3)!

After applying the triple bumping and the transition from a descendents to T descendents, we obtain

R (chy, (¥))chy, (¥”)chi, (y")) =
Chll (y )Chlz+k (’y”)Chlz (7’”)

Ch,l (7 )Ch,z (7 )Ch13+k (7”,)

1
(i1 =3)1(i2 = 2)!1(i3 = 2)!

)az|+k 7(y'y

€° (R (ch;, (y")chi, (¥”)chi, (")) = (Ji] + k — 6) (1u) > (
] 1
=) =35 -2)! (1 =2)1(ia = 2)1(i3 = 3)!

- ~|i|-k+6 (il +k—6)!
= (wu) (Il - )( - 2)1(ir — 2)!(i3 — 2)!

1.1 //l)

Tiilek-s (YY) . (6.9)

On the other hand, the right side of the equation equals

(i) ~2(i] - 6) gt
(i1 - 2)1(i2 - 2)!1(i3 - 2)! Ry (aji—7(¥'y"y""))

(lil + k - 6)!
(i1 = 2)1(i2 — 2) (i3 — 2)1 " 1iH+k= s(yy

Ry (€°(chy, (y")chy, (¥")chiy (¥))) =

= ()" H9(jil - 6)

1.1 //l)

which matches (1u)* times equation (6.9). O

6.4. Proof of Theorem 3.1

Letk > 1,andlet D € ]Dl}fT*. To prove the equality
€ o LFT(D) = () * LV 0 €*(D),

after the restrictions 7_»(p) = 1 and 7_1(y) = 0 for y € H>?(X), we will expand both sides. The
noninteracting case was already proven in Section 5.3. Equality in the general case will use Propositions
9,10, 11,12, 13 and 14.

In the formulas below, we will use shorthand notation for the constant term of LiT:

Te= ) T,
J
where L and R denote the left and right sides in equation (1.3).
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For D = ﬂle D; e DX* we have

PT °
C*(LYT(D)) = €*(TxD + Ry (D)) (6.10)
(P
=Y T]ea,pH+) 3 ™) [[ €.
P j SeP P =1 SeP”, S#S;

The first sum is over partitions P’ of {1,...,¢, L, R} and

pS= ] b, ;= [] T

ieSn{l,....t} yeSN{L,R}

The second sum is over partitions P”” of {1,...,¢} and P"" = {Sy,...,Se(p)}.
We must compare equation (6.10) with (1) % times

LV ) =LV O [ | (0% (6.11)
P SeP
f(P”)
=T []emH+) Y e o) [ o).
P SeP’ P 1=l SeP”,S#S;
where both sums run over partitions P’, P”” of {1,...,¢}.

Since we only work with the stationary descendents, we can assume that the parts of partitions in
the formulas have at most three elements. We will match the terms of equation (6.10) and (1) ¥ times
equation (6.11) depending on the size of §;.

e If|S;| = 3, then the terms in equations (6.10) and (6.1 1) with P”” = PLIS, are matched by Proposition 14.
o If |S;| = 2 with S; = {p, g}, then we use Propositions 12 and 13 to match the terms of equation (6.10)
with P” = P U S; and with P’ equal to

ﬁl—l{st,L}I—l{R}a PI—I{St,R}u{L}a Pu{p’R}u{qu}a ﬁU{P7L}|—|{QaR},

with the terms of equation (6.11) with P = PLI S, .
o If |S;| = 1 with S; = {p}, then we use Proposition 10 and Proposition 11 to identify the terms of
equation (6.10) with P” = P U S, and with P’ equal to

Pu{p,L}Yu{R}, Pu{p,Ryu{L}

with the terms of equation (6.11) with P = P LU S,.

e The terms of equation (6.10) with P’ = {L} LI {R} U P are equal to the terms of equation (6.11) with
P’ = P by Proposition 9.
The above four cases match all the terms in equations (6.10) and (6.11).

7. Virasoro constraints for Hilbert schemes of points of surfaces

Let S be a nonsingular projective toric surface, and let

X=SxP.
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As an immediate consequence of Theorem 1.1 applied to the toric variety X, we obtain the following
Virasoro constraints:

r X,PT

Vk > -1, <PT hyy (vi X > -0, 71
Ly E[C Qixp) (7.1)

where y; € H*(X), p € H*>(P') is the point class, and [P'] € H,(X) is the fiber class.
We can specialize the constraints (7.1) further to the case of the minimal possible Euler characteristic,

P, (S xP', n[P']) = Hilb"(S).

The above isomorphism of schemes is defined as follows. A point & € Hilb"(S) corresponds to a
0-dimensional subscheme of S of length n. Then,

£xP c sxP!

is a curve embedded in S x P! with Euler characteristic n and curve class n[P']. The isomorphism sends
£ to the corresponding stable pair

OSX]P" — OfX]P] .

Since the moduli space of stable pairs is nonsingular of expected dimension

/ c1(Sx P =2n,
n[P]

the virtual class is the standard fundamental class here. The result is a new set of Virasoro constraints
for tautological classes on Hilb™ ().

To write the Virasoro constraints for Hilb" (S) explicitly, we first define the corresponding descendent
insertions. Let

0 — 7 — Onir(s)xs = Oz = 0
be the universal sequence associated to the universal subscheme
Z c S x Hilb"(S).
For y € H*(S), let
chi(y) = —m.(ch(Z) - y), (7.2)

where 7 is the projection to Hilb™(S). We follow as closely as possible the descendent notation for

threefolds in Section 1.1.
Let D(S) be the commutative algebra with generators

{chiy)|i=0,yeH (S}

following Section 1.2. We define derivations Ry by their actions on the generators:

k
Ry (chi(y)) = (H(i+d - 2+n)) chik(y), v € H(S).
n=0
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For k > —1, we define differential operators

Li== > (D@D (g4 gk~ 2)1(b +d® - 2)lchchy (1)
a+b=k+2
+— alblch,chy (el +¢2) + Ry,
12
a+b=k

where the sum is over ordered pairs (a, b) with a, b > 0.

Theorem 5. For all k > —1 and D € D(S), we have

/ (L;j + (k + 1)!R_ichyy; (p)) (D)=0
Hilb™ (S)

foralln > 0.

Proof. For clarity, we will use superscripts chf.“Iilb and cth here to indicate whether we are referring
to descendents on the Hilbert scheme of S as defined above or to stable pairs descendents on S x P! as
defined in Section 1.1.

The universal stable pair of P,,(S X P!, n[P']) is F = Op1. Hence,

ch; (F = Ogypixminy (s)) = (p X id) ch; (=1),
where p is the projection p : § x P! — S. By the push-pull formula, for § € H*(S x P'), we have

ch™(8) = . ((p X id)* (chi(<T) - )
= . (ch; (=) - p.9)
= chfl®(p,4).

So, chfT(y x 1) = 0, and chfT(y x p) = chi(y).
Since we have the Virasoro constraints (7.1), we must only check that the composition

0y
D(s) - DX % DX L (s) (7.3)
is precisely
LY + (k + 1)!IR_jchis1 (p).

The first inclusion in equation (7.3) is determined by sending generators chf.'mb(y) to cth(y X p), and
the last map of equation (7.3) sends chf T(5) to ch%rIllb (p+9).
The analysis of the composition is straightforward. For the diagonal terms, we note that

c1(X)=2(1xp)+ci(S) x 1
and
%(X) = td3(X) = tdy(S) Xtdz(Pl) = %(CI(S)z +c2(S)) xp.

We write the Kiinneth decomposition of the diagonal as

A-1=>0F@0of e H'(SxS).
i
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Then, the Kiinneth decomposition of A - ¢; € H*(X x X) is

23 (0F xp) @ (OF xp)+--+

where the remaining terms in the dots are killed by p... The matching of operators then follows from the
definition of £}". o

8. GW/PT descendent correspondence: review
8.1. Vertex operators

Our goal here is to review the results of [18] and to explain how Theorem 1.4 can be derived from [18].
The full derivation is postponed to Section 9.

To state the main result of [18], we require negative descendents {ay } for k € Z.o which are defined
to satisfy the Heisenberg relations with positive descendents

[0 (@), ()] = KSpom /X aUy. ®.1)

The descendents {ay} for k € Z \ {0} generate the H*(X)-algebra Heisy.

For curve class 8 € H,(X), there is a geometrically defined Gromov—Witten evaluation -)s map on
the algebra generated by the nonnegative descendents. We can extend the evaluation map to the whole
algebra Heisx by defining

(e (@) ™ = [/ (= 1641 + Opaitt) ~7] (@)™, k<o
X

We assemble the operators ay in the following generating function:

¢(Z)=Z“_n(@)’"+i a—"(@)%. (8.2)

n u C n u
n>0 1 n<0

The main objects of study in [18] are the vertex operators

> \dydw
HY (x) = Zwaxk” = Resy =0 ()}—Lw : e990)-06(w) :) , (8.3)
k=0

where y, w and x satisfy the constraints
ye¥ =wee ™0 072 = —¢)(Tx). (8.4)
1

Here, Resyy=« denotes 5 — times the integral along a small loop around w = co.

Normally ordered monomials
;0. ..0;, i1 <i)< - <

form a linear basis of Heis. Respectively, we use : - : for the normal ordering operation

:l_[aij::ailaiz...aik, i1 <ip <+ < k.
J

Extended H*(X)-linearly to the whole algebra Heisy.
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Let us notice that the equation (8.4) as well as the vertex operator (8.3) have symmetry
yew, wey 6 -0, x—x.

This symmetry implies that the only even powers of 6 appear in the expansion of equation (8.3) (see
Lemma 15 from [ 18] for more discussions and further properties of the vertex operator).

The operators wa are mutually commutative. To obtain explicit formulas for HSW, we use the
Lambert function to solve equation (8.4) and express y in terms of x, w. The integral in the definition of
ng can be interpreted as an extraction of the coefficient of w=!. The descendent classes

HW () € Heisx

are then obtained using the Sweedler coproduct. We also use the Sweedler coproduct conventions in
m
HY0) =] [HY ). k= (ke k). 85)
i=1

In the Sweedler conventions [1 1], we abbreviate notation for the intersection with the small diagonal
A, C X" with the pull-back of a class y € H*(X):

H*(X™) > [An]-y=27{‘®...7’,§=y(1)®~--®y(n).
k

Thus, the formula (8.5) expands as
m m
[THY ) = [ [H (vay).
i=1 i=1

8.2. Stable pairs

The stable pairs analogues of the operators HSW()/) are products of HY' (y) defined as follows.

The classes HiT(y) are linear combinations of descendents on the moduli spaces of stable pairs. Let

B () = (B ) € @D H (Pa(X. B)),

nez

where the classes HiT € P, ., H (X X P,(X,p)) are defined by

nez

HPT(x) = ZkaHiT

k=0
-5 (g) > skehi (F - 0),
k=0

where

x/2 _ ,—x/2

07 = —c2(Tx), S(x)= "2

In particular, we have

72

HET = chyyy (F) + <2chy (F) + ——2chy_3(F) +. . ..
r = Chiar( )+24C k-1( )+576OC k-3 (F) +
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8.3. Equivariant correspondence

All the definitions and construction introduced in Section 8.1 have canonical lifts to the equivariant
setting with respect to a group action on the variety X. We review here the equivariant GW /PT descendent
correspondence [26].

The most natural setting is the capped vertex formalism of [16, 26] which we review briefly here.
Let the three-dimensional torus

T=C"xC'xC"
act on P! x P! x P! diagonally. The tangent weights of the T-action at the point
p=0x0x0eP! xP'xP!
are s, 52, 53. The T-equivariant cohomology ring of a point is
Hr(e) = C[s1, 52, 53].
We have the following factorization of the restriction of class c¢jc; — ¢3 of X to p:

ciea —c3 = (s1+52)(s1 + 53) (52 + 53),

where Ci = Ci(Tx).

Let U c P! x P! x P! be the T-equivariant threefold obtained by removing the three T-equivariant
lines Ly, Ly, L3 passing through the point co X co X co. Let D; c U be the divisor with i coordinate
oo. For a triple of partitions u, s, us, let

GW,T PT,T

<l—[ Tk, (P) |,u1,,uz,,u3 >UD , < nchki(p) |,u1,,uz,,u3 >U’D (8.6)

denote the generating series of the T-equivariant relative Gromov—Witten and stable pairs invariants of
the pair

D=u;D; cU

with relative conditions y; along the divisor D;.
The stable maps spaces are always taken with no contracted connected components of genus great
than or equal to 2. The series (8.6) are the capped descendent vertices following the conventions of [18].

Theorem 8.1 ([18]). After the change of variables —q = '™ the following correspondence between the
two-leg capped descendent vertices holds:

HE(0) |2, 0) = g bl [T () |2, 0)
HTI k (P Hu2,0) =g H ki (P | i 2, 0)

GW,T PT,T
mod (S1 + S3)(S2 + S3).

The result of Theorem 8.1 has two defects. Since the third partition is empty, the result only covers
the two-leg case. Moreover, the equality of the correspondence is not proven exactly, but only mod
(s1+53)(s2+53). For the one-leg vertex with partitions (up, @, @), Theorem 8.1 can be restricted in two
ways to obtain the equality of the correspondence

mod (s1+ 53)(s1+ 52) (852 + 53).
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8.4. Nonequivariant limit

By following the arguments of [26], a nonequivariant GW /PT descendent correspondence for stationary
insertions is derived in [18]. For our statements, we will follow as closely as possible the notation of
[18, 26].

Let Heis® be the Heisenberg algebra with generators acz\ 0}, coeficients C[c1, c2] and relations

[ak, 0] = kSgemeica.

Let Heis{ c Heis® be the subalgebra generated by the elements aj~o, and define the C[c1, c3]-linear
map

Heis® — Heis{, @ @ 8.7
by a; = ay for k > 0 and
a/k—@ = (—c10k+1 + 6k+2iu)&) , fork <O. (8.8)

When restricted to the subalgebra Heis$, the C[c, c2]-linear map (8.7) is an isomorphism.
For a nonsingular projective threefold X and classes yy, . ..,y; € H*(X), the hat operation make no
difference inside the Gromov—Witten bracket,

GW (. \\X.GW _ /F3GW GW
(HEY ()5 = (Y () (8.9)
because the treatment of the negative descendents on the left side is compatible with the treatment of
the negative descendents by the hat operation.

Let k = (ki,...,k;) be a vector of nonnegative integers. Following [26], we define the following
element of Heis:

. 1 . _
By = oot 2 (~DIPE (P - D[ THEY,
c1e2 set partitions P of {1,..., 1} SeP

where H%W =[les H(IEW and the element HSW € Heis€ is a linear combination of monomials of a;; the
S 1
expression is given by equation (8.3).
For classes yy, ...,y € H*(X) and a vector k = (ky, ..., k;) of nonnegative integers, we define

Hi, (1) ... Hi (1) = Z l_[ ﬁ,;s (¥s),

set partitions P of {1,..., 1} SepP

where ys = [[;es vi-

Theorem 8.2 ([18]). Let X be a nonsingular projective toric threefold, and let y; € HZ*(X,C). After
the change of variables —q = e™, we have

<Hk1 (y1)...Hy, (71)>:W = q_d/2<H11:1T(71) . HEIT(71)>;T,

where d = //3 cy.
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8.5. Examples for X = P>

The prefactor S~ ( ) in front of Y37 x kchy (F — ©) in the formula for HPT(x) has an expansion which
the following initial terms:

7¢c2
€2 2 2 4
1 i
Tt tie0t T

Therefore, the nonequivariant limit of HIZT (y) is

1
Chk+1(7)+ﬁChk 1(y-c2)|.

On the Gromov—Witten side of the correspondence, we have
1
HY (7)®) = (a1 (y) D), (HgGW(V)@ = —<az(7)<I>),

(HOY (7)) = l<a3<y>61>> +

Y 2<C €2+ @),
HY ()®) = 22 (@()®) — (e -)@) - - z Seler @),
HPV®) = —(as (7)) - L<a1az<c1-y)®>— T 2<a (c}-7)®)
sy 2<a1(C 2 )P - 4<c 2+ ®@).

The operators ay are expressed in terms of standard descendents>?

2
24°
/2 =11+cy -1,

a =1 — (8.10)

—u2a3/3 =2 +3c; -1 +c% 70,
—iu3a4/4 =613+ 1lc; - + 6c%‘rl + c? T,

utas/5 = 241y + 501 - 73 +35¢] - 2+ 10c} - T+ 7o

The descendent correspondence of Theorem 8.2 implies relations for stable pairs and Gromov—Witten
invariants of P3. For example, for 3 of degree 1,

~ig (ehs (L)) = (—<73<L>>+ 23<rz<p>>—i<roro<p>>), 8.11)
: <ch6<H>>+§<ch4<p>>) (—<r4<H>>+—<r3<L)>+ o)

—§<T0T1(L)> + m(ToTo(p») .

Here, p is the class of point, L is the class of line and H is the class of hyperplane.>3

32For a; (vy), the term —ﬂ on the right is the constant — 55 /}g cy.

33We can also check the relations (8.11) numerically up to u® with the help of Gathmann’s code on the Gromov—Witten side
and previously known computations for stable pairs [21].
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8.6. Residues

To complete our proof of Theorem 1.4, we will compute the residues (8.3). More precisely, we will
prove the following result.

Proposition 15. For k; € Zso and y; € H**(X) such that C~hk,-+2(7i) e DX* we have

Hi 1 (71) = € (Chy2(71)) .
Hi ot o1 (71 72) = €°(chiys2(71)Chips2 (12)) s
Hi 1kt 1kss1 (71 - 72 - ¥3) = €°(Chy,42(71)Chigsa (¥2)Chigsa (13)),

where the right side is defined by equations 1.14—1.16.

9. Residue computation
9.1. Preliminary computations

Before starting the proof of the Proposition 15, we compute the expansion of the terms of the residue
formula (8.3).

Consider first the constraint equation (8.4). Solutions of the equation are formal power series in the
variable

r=1/0, 672%=—cy(Tx).

We can solve the constraint equation iteratively in powers of r. Indeed, modulo 7!, the constraint equation
implies w = y, and we start the expansion by

w(x,y) =y +0(r).

To find the next term of r in the expansion of w(x, y), we substitute
w(x,y) =y + filx,y)r

into equation (8.4) and expand the result of the substitution in powers of r. The coefficient of r! in the
expansion gives a linear equation which determines fj. After iterating the above procedure three times,
we obtain

y
y+1

2 Y 3 2y-1 4
+ (xr) eTEIE + (xr) 60 17 +0(r"). 9.1

w(x,y)=y—xr

To see the expansion of the residue (8.3) has positive powers of r = ¢, we use a change of variables:
y=v/t. 9.2)

The residue with respect to w on the right side of equation (8.3) is converted to a residue with respect
to y via equation (9.1). Using equation (9.2), we will compute the residue with respect to v.
In the new variables, we have

23040, _
W: ! xrt (xr)“t’(4v — 1)\ dv +0(7).

T2(v+0) 8(v+nt |t

After we normal order the elements of the Heisenberg algebra in the expression for the vertex
operator HOW (x), the negative Heisenberg operators end up next to the vacuum ( | inside the bracket
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(-YOW_ Relation (8.8), which governs interaction with (|, yields the following factor in the expression
under the residue:

2_ 2 _
e - [20220) - (0 03
3 xv trx?y 22 (3xv? + 3txv + 41%u) 3
= eXp (_) ( B 2u(v +1) * 24u(v +1)3 ) +o(ry.

The inverse of y — w in equation (8.3) becomes the factor

r v+t rx 3r2x2(4v + 1)
D=- = + +
w(y) -y v 2(v +1)? 12(v + )%

) +0(r). 9.4)

The elements of the Heisenberg algebra that participate in the residue formula are packed into the
vertex operator

1 0o, -
V=V, Vo, Vi(x,y) =eXp(;Z n(lam)n(y " -w(y) ")) ;
n>0

V_(x,y) =exp (l 2. Sy - W(y)”)) -

n
re & n(iut)

Thus, we need to compute the difference of powers in the expression for the vertex operators. Using
formula for w(y) (9.1), we obtain:

™= (wy)n™  nxt g ((n+1)v+nt)
t"r (v +1) vi(v+1)3

3 2 3n((n+1)(n+2)v? + (20> +3n — 1)tz + n’t?)
nx’rt

Sy 213 +0(rY. 95

+

The above calculations yield the leading terms of all algebraic expressions occurring in formula
(8.3) for the vertex operator HOW (x). As we will see in Section 9.2, the knowledge of these leading
terms almost immediately leads to the simplest case of the descendent correspondence (1.14). For the
other two cases, equations (1.15) and (1.16), we must analyze the interaction of two and three vertex
operators HOW (x). We apply standard vertex operator techniques to complete the proof of Proposition
15 in Section 9.2.

9.2. Proof of Proposition 15

9.2.1. Case Hy,.1(71)
We start with the proof of the formula for the self-reaction. We must analyze the r expansion of the
residue

~ =~ 1
H(x) = HV (x) = Resy e “E-D-V,. 9.6)
More precisely, we must compute the coefficients of
FiY, i <2
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By the argument of [18, Section 3.2], the coefficient of rt/ vanishes. From the computations of the v
expansions (9.1), (9.3), (9.4) and (9.5), the terms in front of /, i > 0 are proportional to ¢. The expression
under the residue sign becomes

2 3.0
xvy\ (v +i x°t xt
exp (—) — +xX+ 2+
u t v+ (v+1)2

Qa
2l+o0@) +10(?), = "
V;)(luv)

After applying the residue operation to the last expression, we obtain the terms of formula (1.14) in the
coefficients of the x-expansion.

9.2.2. Case Hy 11k,+1(y1+72)
We show next that the double interaction term yields formula (1.15). The new computation that is
needed for understanding the interaction term is ﬁkl .k, It is convenient to assemble the expressions into
a generating series H(x1,x2).

To compute ﬁ(xl ,X2), we must move all negative Heisenberg operators in the product of the vertex
operators HOW (x;)HSW (x,) to the left, next to the vacuum (|. We use the standard vertex operator
commutation relation to perform this reshuffling:

V+(x1,YI)V—(x2, )’2) = B(x19y15x29 y2)V—(x2’ )’Z)V+(x1»)’1) s (97)

_ (w2 =y)(y2 —wi)
(y2 =y (wa —wi)’

where w; = w(x;, y;). Using the computations of Section 9.1, we derive the following expansion:

2
B=1 reyiyaxix2 + 0(r3).

1 =y)2+ DG+ 1)

The negative Heisenberg operators interact with the vacuum ( |. We obtain
H(x1,x2) = Resy,zoo (Res - (VI VI DD DA EDE B2,

where V{” = V. (x;,y;), D® = D(x;, y:), E? = E(x;, y,).
From equation (9.6), we see

H(x1)H(x,) = [ Resy - E - DM . Vﬁ”) ( Resy,— E? . D® . v

— ReSy1=oo (Resyzzm (V_(,_I)V_E,Z)D(l) D(Z) E(l) E(Z) )),

where the second equality holds because Vfi) commute. We conclude, after the change of variables, the
generating function H(xy, x,) for Hy, , is given by

~ 1 /~ -~ ~
Hlxx) = o (Ax1,x2) =BG H()) = Res(VV VP DODOEDEB12) (27,
where Res = Res,, - Res,,—« and B2 =B(12) _1, By expanding the scalar factor
D(I)D(2)E(1)E<2)§(12)/(r2t3)
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in the operator inside the residue operation, we obtain

2
tvivaxixy (x1v1 +XZV2) v+t +x12(1) N xlt 2(1)2(1)
(V] —V2)2(V1 +t)(V2+t) u t vy +t
2
+1 X5t
(vz +02@ 4y 22 5O Lo 100, (98)
t vy +t

The residue of the coefficient in front of #~! in equation (9.8) vanishes. The coefficient in front of £° is

(xlvl +X2V2) X1X2

( )2 (v2(1+x12<1))+v1(1+x22(2))).
u Vi — V2

After applying the Res operation, we obtain

2
X1V1+XQVQ) X1X2V2 Z(l)

Res,, —o ReS,, =00 €XP ( (v] — vp)2

u

The coefficient in front of xf 1+2x§2+2 in the last expression matches with the a-linear terms of the right
side of equation (1.15) that are proportional to c(l).

Finally, we compute the coefficient in front of 7! in equation (9.8):

xlsz(l)ZQ) + x%sz(l)Zm +x§v12(2)2(2)

X1X2 (x1v1 +xzvz) [

(vi—v2)?
1 1
+(— + - )(v2(1+x12<1))+v1(1+x22(2)))].

Vi v2

The residue of the terms from the first line of the last expression form the generating function of the
a-quadratic terms of the right-hand side of equation (1.15). The residue of the terms from the second
line of the last expression form the generating function of the cj-proportional a-linear terms of the right
side of equation (1.15).

9.2.3. Case Hy a1yt hpe1 (71 72+ 73)
Finally, we must analyze the triple interaction. The computation here is parallel to computations in
Sections 9.2.1 and 9.2.2. The new ingredient for the triple bumping reaction is the residue formula

H(x1,x0, x3) = Res (Vi‘)Vf)Vf)D(1)D<2>D<3>E<1>E<2>E<3>B<12>B<23)B<‘3>/(r4t5))
for the generating function of the operators ﬁkl .k»,k;- Here and below, Res stands for the triple residue
Resy, =co R€Sy,y—c0 RESy—00 -
The generating function ﬁ(x 1, X2, x3) for the operators ITIkl, k,k; 1S given by

H(x1,x2,x3) — H(xy, x2)H(x3) = H(x1, x3)H(x2) — H(xa, x3)H(x1) + 2H (1) H(x2) H(x3) .
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We expand the above as

%5 Res (VJ(r])Vf)V1<L3)D(I)D(z)D(3)E(1)E(2)E<3)
,

(g(mg(zs)gm) +BUDE@) L BUDFI3) §<23>§<13>)) ‘
Since B!2B@)B(13) js proportional to r®, we can write the last expression as
4%5 Res (Vﬁ“Vf)Vf)D(l)D(z)D(s)E(1>E(2>E(3> (§<12>§(23> +BIDEM 4 §<23>§<13>))
;

up to O (r?).
After expanding the expression inside Res, including the prefactor #, we obtain
2 (VITH +x12<“) (V%” +x22<2>) (V%” +x32<3>)

X1V] +X2V2 + X3V3
X exp .

£(12;23) + £(23;31) + £(31; 12)) +0(1),

where

2 2
vlvjvkxlxjxk

fjsjk) = Vi =v) ;= vi) i + (v + ) (i + 1)

The application of Res to the coefficient in front of #~! in the last expression yields 0. On the other
hand, the coefficient in front of ° equals

X1X2X3 (V2V3(1 +X12(l)) +vivs(l +x22(2)) +viva(l +X3Z(3)))

X1V1 +X2v2 + X3V3
X exp
u

y ( X N X3 N X1 )
(i =v2)2(v2=v3)2  (vi—v3)2(v3—v2)2  (v3—v1)2(vi —v2)? ]’

The result of application of Res is therefore equal to the generating function of the right side of equation
(1.16). ]

10. Degree 1 series for P3
10.1. Stationary descendent series

We provide a complete table of the stationary stable pair descendent series for projective P> in degree
1. Our notation is given by three vectors Vj,, Vi, V4 of nonnegative integers which specify the stationary
descendents with cohomology insertions

p,L,H € H*(P%)

corresponding to the point, line and hyperplane classes respectively. For example, the data
[1,2],[4,9], [6] correspond to the descendent

chz(p)chs(p)chg(L)chyi (L)chg(H).
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In the table below, the full descendent series is given as rational function in q.

1,10, 1], [1]
1], 101, []
01, [0,01. []
O, [11. 1]
1.10,0,1]. ]
L1110
1.10,2].1]
1,11, 1]
1.10,0,0], [1]
(1. 121, [1]
(0. [1. [1,1]
[1.10,0], [1,1]
(1. {11, [1, 1]
(1. [0]. [1, 1, 1]
(0. [1. [2]

(1. 10,0], [2]
(1. {11, [2]

(1. [1. 11, 1,2]
(1. [1.12.2]

-0, [3]
(1 [1.3]
01, [0], [1]
1,11, 4]

[
[
[
[
[
[
[
[
[

[l
[l
[
[

1. [0, [1,2]
0,01, 1. 1]
.10,0,0,0]. ]

[
[
[
(. {1 [1, 1, 1,1]

]
|

q(3¢> =54 +3)
q(q* = 1)/2
q(q+1)?

3q(¢> - 1)/2
2q(q* - 1)

5q(q —1)*/2
q(5¢> — 14g +5)/6
3q(q - 1)*/4
3q(q*> - 1)

5q(g-1)°
4(1+q)

3g(3g> —=2q +3)/4
q(9¢> = 10q +9)/2

4(g-1)(94>~29+9)
2(1+q)

q(q—=1)(27q*+14g+27)
4(1+q)

q(5¢* =29 +5)/4
2q(q* =g +1)

q(g-1) (9g>-2g+9)
4(1+q)

q(9¢* - 14 +9)/2
q(17¢*> = 30q +17)/8

4(g=1) (94°~2q+9)
12(1+q)

q(9¢> —22q +9)/8
3g(¢*> - 1)/2
q(g* —5q+1)/6

q(g-1) (q>-8g+1)
6(1+q)

q(g> —10g +1)/12

q(q—1) (3q*+q+3)
(I+q)

q(g+1)?
2q(q +1)?
q(81g% —102g +81)/2

57

The symmetry in the above series is a consequence of the functional equation; see [21, Section 1.7].
In the stationary case, the stable pairs series are equal to the corresponding descendent series for the
Donaldson-Thomas theory of ideal sheaves; see [ 18, Theorem 22].
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10.2. Descendents of 1

We tabulate here descendent series of P* in degree 1 with descendents of the identity 1 € H*(P?)

together with stationary descendents specified as before by a triple of vectors.

e With chy (1) and the rest stationary:
(1, (1], [1]
(1.0, 1, 1]

(1. {1, [1,2]
(0, [1. [1]
(1, 10,01, [1]

(1. [0]. [1, 1]
(0. [0 []
(11,11, 0]
[1.10,0,01. ]

(1. [0], [2]
e With chs (1) and the rest stationary:

[0, [1. [
(110,01, []

(. [11. 11
(1, {1, [1,1]
(1. [1. [2]
[1. {01, [1]

q(21q*+37 ¢°-88 g>+37 g+21)
6(1+q)*
Tq(g-1)(1+q)/3
q(q-1)(21 g*+79 g*+86 g>+79 g +21)
6(1+q)°
Tq(g-1)(1+q)/4

Tqg(g=1)(1+q)/2

q(63g*+116 g*~134 g>+116 g+63)
12(1+q)?
q(7¢*+2q+7)/6

Tq(g-1)(1+q)/12
q(7¢*+2q+7)/3

q(35 g*+56 g°-318 > +56 g+35)
36(1+g)°
q(q-1)(63 g*+232 > +218 g?+232 g +63)
72(1+g)>
q(7q*+13¢°-18 g>+13 g+7)
3(1+q)?

3g(g-1)(1+¢q) /4

4q(q-1)(1+q)/3
q(17 g*+24 g*~106 q>+24 q+17)
12(1+g)>
q(q-1)(9q*+31 g>+14 g%+31 g+9)
3(1+g)°
q(qg-1)(33q*+112 g3 +38 g*+112 +33)
24(1+q)°
q(3q+1)(q+3)(44*-7 q+4)
6(1+q)>

e With chy(1)chs (1) and the rest stationary:

(1. {0]. [1]

q(q-1)(49 g*+196 g>+534 g*+196 q+49)

(01 [1. 1]
[1.10,01. 1

12(1+g)>

q(49+2q+494%) /36
q(49+2q+494?%) /18

q(q—1)(49 g*+196 g>+654 > +196 g+49)

18(1+g)>

q(441+1754 g+4007 g>-3252 g3+4007 g*+1754 g7 +441 ¢°)

72(1+g)*

q(49+195 g+459 > 454 q°+459 q*+195 ¢7+49 ¢°)

18(1+¢)*
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e With chg (1) and the rest of stationary:

q(17 g*+20 4*~114 g*+20 g+17)

1. [01. [1 e
q(q—-1) (17 q*+48 4> 58 q>+48 q+17)
[]’[]’ [1] 24(1+q)3

e With chy(1)chyg(1)chs(1) and the rest stationary:

q (343 q5+1374 g+249 *+11396 ¢+249 g% +1374 q+343)

[], [0]9 [] ]08(1+q)4
(. 1. [1] q(q-1)(343 q5+2058 ¢>+3705 ¢*+29900 ¢+3705 4> +2058 g+343)
> L 72(1+g)°

e With chs(1)chy (1) and the rest stationary:

q(84+331 g+928 421878 q3+928 g*+331 ¢+84 ¢°)

(0. 0,111 e
2q(q-1)(7+28 g+87 g*+28 ¢°+7 q*)
[1.101. 1] (v

e Without stationary descendents:

59

q(q-1)(2+3g-28 ¢*+3 ¢>+2 q*)
chs(1) 18(1+q)°
5q(13+50 g+179 g*—-580 ¢>+179 q*+50 ¢ +13 ¢°)
Ch5(1)Ch5(1) 72(1+q)4
q(119+462 g+1737 q>-5852 q>+1737 q*+462 g°+119 ¢°)
chy(1)che (1) 26(Leg)?
q(—49-245 g—81 q>—6365 ¢>+6365 ¢*+81 g°+245 q°+49 47
cha(1)chs(1)chs (1) ( e :
q)
2401414405 g+55690 g2 —594229 q3+1834570 g —594229 ¢ +55690 ¢®+14405 g7 +2401 ¢*
o (1)cha (1)chy (1)chy(1)| {00000 ¢ Ea 3000 300 g 4050 22401)

10.3. Examples of the Virasoro relations

10.3.1. 87

Examples of the Virasoro relations for [II;T were given in [21, Section 3]. We consider here the operator

£1;T for X = P3.
The Chern classes of the tangent bundle of P* are

C1 =4H, Cc1Cy = 24p.

The constant term for k = 2 is

_ 1 dldR L R 1
Ty=-3 Z (=D @+ d" = 3)1(b+d" = 3) chachy (c1) + 57 Z alb! chychy (cic2)

a+b=4 a+b=2
= —8chy(H) + 8chy (H)chy (p) — 2chy(L)? — 4chy(p),

where we used the evaluation chy(y) = — fX v and dropped all the terms with ch;. The Virasoro operator

for k = 2 is then

L£5T =T, + Ry + 3IR_chs(p)
= —8ch4(H) + 8chy (H)cha (p) — 2¢ch, (L) — 4chy (p) + Ry + 3!R_ chz(p).
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Since our examples will be for curves of degree 1 in P* and since
chy(H) =H- B,
we can simplify the operator even further:

L5, = —8cha(H) + 10chy (p) — 2chy(L)* + Ry + 6chs (P)R .

10.3.2. Stationary example
Let us check the Virasoro constraints of Theorem 1.1 for kK = 2 and

D = Chg(H)Chz(L).

The constant term part of the relation has three summands:
8q(g-1)(3¢* +q +3)
1+¢g ’
10¢chz (p)ehs (H)cha (L)) = 15g(¢” = 1),
~2(cha(L)’chs (H)cha (L)) = =64(¢” — 1).

—8(ch4(H)chs(H)chy (L)L =

The rest of the relation can be divided into two parts. The first part is R, (D) which has two terms:

—1)3
6(ch3(H)chy (L)) = %,
— 2
6(chs(H)chy (L)) = q(q 1;2?61 q)zqw)

The second part is

6(ch3(p)R_1(D))L = 6{ch3(p)cha(H)cha(L))L + 6{ch3(p)chs(H)ch;(L))L
= 6{ch3(p)cha (L))
= 3q(q2 - 1)

Using the cancellation of poles
—8(chy (H)chs (H)cha (L)) + 6(chs (H)cha (L)L + 6¢chs(H)cha (L)) = =12¢(¢> — 1),

we easily verify the Virasoro relation

PT X.PT
(£5 ehs(Heha(Ly) = 0.
10.3.3. Nonstationary example
Let us check the Virasoro relation L3, for
D =chs(1),
a nonstationary case (not covered by Theorem 1.1, but implied by Conjecture 3).

The constant term part of the relation has three summands:

q(q—1)(33q4+112q3+38q2+112q+33)
3(1+q)°

=8(chs(H)chs(1))L = -

b}
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15
10¢chy (p)ehs () = —- g (¢ =D (1+4)

8
~2(eh(Ljchs() = -3 a (g -1 (1+q).
The rest of the relation can be divided into two parts:

4q (g - 1)(2+3q—28q2+3q3+2q4)
3(1+¢)°

6(chs (pehs(1) = 1 4 (g~ 1) (1+4).

24(ch7 (1)L =

)

After a remarkable cancellation of poles,

—8(ch4(H)chs (1)) +24(ch7 (1)) = —?q(q -D(1+gq),

we verify the Virasoro relation

X,PT
=0.

L

(£57ehs (1))

Acknowledgments. We are grateful to D. Maulik, N. Nekrasov, G. Oberdieck, D. Oprea, A. Pixton, J. Shen, R. Thomas and Q.
Yin for many conversations about descendents and descendent correspondences.

Conflicts of Interest. None.

Funding statement. A. Ob. was partially supported by NSF CAREER grant DMS-1352398 and Simons Foundation. A. Ob. also
would like to thank the Forschungsinstitut fiir Mathematik and the Institute for Theoretical Studies at ETH Ziirich for hospitality
during the visits in November 2018, June 2019 and January 2020. The paper is based upon work supported by the National
Science Foundation under Grant No. 1440140 while the second and third authors were in residence at the Mathematical Sciences
Research Institute in Berkeley during the Spring semester of 2018. A. Ok. was partially supported by the Simons Foundation as
a Simons Investigator. A. Ok. gratefully acknowledges funding by the Russian Academic Excellence Project ‘5-100” and RSF
grant 19-11-00275. R. P. was partially supported by SNF-200020-182181, SwissMAP and the Einstein Stiftung. The project has
received funding from the European Research Council (ERC) under the European Union Horizon 2020 research and innovation
program (grant agreement No. 786580).

Data availability statement. None.

Ethical standards. The research meets all ethical guidelines, including adherence to the legal requirements of the study country.

References

[1] K. Behrend and B. Fantechi, ‘The intrinsic normal cone’, Invent. Math. 128 (1997), 45-88.
[2] T. Bridgeland, ‘Hall algebras and curve-counting invariants’, JAMS 24 (2011), 969-998.
[3] T. Eguchi, K. Hori and C. Xiong, ‘Quantum cohomology and Virasoro algebra’, Phys. Lett. B 402(1-2) (1997), 71-80.
[4] C. Faber and R. Pandharipande, ‘Hodge integrals and Gromov—Witten theory’, Invent. Math. 139 (2000), 173-199.
[5] W. Fulton and R. Pandharipande, ‘Notes on stable maps and quantum cohomology’, Proc. Sympos. Pure Math. 62 (1995),
45-96.
[6] E. Getzler, ‘The equivariant Toda lattice’, Publ. Res. Inst. Math. Sci. 40(2) (2004), 507-536.
[7] E. Getzler and R. Pandharipande, ‘Virasoro constraints and the Chern classes of the Hodge bundle’, Nuclear Phys. B 530
(1998), 701-714.
[8] A. Givental, ‘Gromov—Witten invariants and quantization of quadratic Hamiltonians’, Mosc. Math. J. 1(4) (2001), 551-568.
[9] T. Graber and R. Pandharipande, ‘Localization of virtual classes’, Invent. Math. 135(2) (1999), 487-518.
[10] H.Iritani, ‘Convergence of quantum cohomology by quantum Lefschetz’, Journal fiir die Reine und Angewandte Mathematik
610 (2007), 29-69.
[11] Ch. Kassel, Quantum Groups, Graduate Texts in Mathematics, vol. 155 (Springer-Verlag, New York, 1995).
[12] M. Kontsevich, ‘Intersection theory on the moduli space of curves and the matrix Airy function’, Comm. Math. Phys. 147(1)
(1992), 1—23.

https://doi.org/10.1017/fmp.2022.4 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.4

62 Miguel Moreira et al.

[13] J. Li and G. Tian, ‘Virtual moduli cycles and Gromov—Witten invariants of algebraic varieties’, JAMS 11 (1998), 119-174.

[14] D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande, ‘Gromov—Witten theory and Donaldson-Thomas theory. I’
Compos. Math. 142(5) (2006), 1263-1285.

[15] D. Maulik, N. Nekrasov, A. Okounkov and R. Pandharipande, ‘Gromov—Witten theory and Donaldson-Thomas theory. II’,
Compos. Math. 142(5) (2006), 1286—1304.

[16] D. Maulik, A. Oblomkov, A. Okounkov and R. Pandharipande, ‘GW/DT correspondence for toric varieties’, Invent. Math.
186( 2) (2011), 435-479.

[17] M. Moreira, ‘Virasoro constraints for the stable pairs descendent theory of simply connected 3-folds (with applications to
the Hilbert scheme of points of a surface)’, J. London Math. Soc. (2021), to appear.

[18] A.Oblomkov, A. Okounkov and R. Pandharipande. ‘GW/PT descendent correspondence via vertex operators’, Comm. Math.
Phys 374 (2020), 1321-1359.

[19] A. Okounkov and R. Pandharipande, ‘Virasoro constraints for target curves’, Invent. Math. 163(1) (2006), 47-108.

[20] R.Pandharipande. ‘Three questions in Gromov—Witten theory’, in Proceedings of the ICM, vol. II (Higher Education Press,
Beijing, 2002), 503-512.

[21] R.Pandharipande, ‘Descendents for stable pairs on 3-folds, modern geometry: A celebration of the work of Simon Donald-
son’, Proc. Sympos. Pure Math. 99 (2018), 251-288. arXiv:1703.01747.

[22] R. Pandharipande, ‘Cohomological field theory calculations’, in Proceedings of the ICM (Rio de Janeiro 2018), Plenary
Lectures, vol. I (World Sci. Publications, Hackensack, NJ, 2018), 869—898.

[23] R. Pandharipande and A. Pixton, ‘Descendents on local curves: Rationality’, Comp. Math. 149 (2013), 81-124.

[24] R. Pandharipande and A. Pixton, Descendents on Local Curves: Stationary Theory in Geometry and Arithmetic, EMS Ser.
Congr. Rep., (Eur. Math. Soc., Ziirich, 2012), 283-307.

[25] R. Pandharipande and A. Pixton, ‘Descendent theory for stable pairs on toric 3-folds’, Jour. Math. Soc. Japan 65 (2013),
1337-1372.

[26] R. Pandharipande and A. Pixton, ‘Gromov—Witten/Pairs descendent correspondence for toric 3-folds’, Geom. Topol. 18
(2014), 2747-2821.

[27] R. Pandharipande and A. Pixton, ‘Gromov—Witten/Pairs correspondence for the quintic’, JAMS 30 (2017), 389-449.

[28] R. Pandharipande and R. P. Thomas, ‘Curve counting via stable pairs in the derived category’, Invent Math. 178 (2009),
407-447.

[29] R. Pandharipande and R. P. Thomas, ‘13/2 ways of counting curves’, in Moduli Spaces, LMS Lecture Note Ser. 411
(Cambridge University Press, Cambridge, 2014), 282-333.

[30] C. Teleman, ‘The structure of 2D semi-simple field theories’, Invent. Math. 188(3) (2012), 525-588.

[31] Y. Toda, ‘Curve counting theories via stable objects I: DT/PT correspondence’, JAMS 23 (2010), 1119-1157.

[32] D. van Bree, ‘Virasoro constraints for moduli spaces of sheaves on surfaces’, Preprint, 2021, arXiv:2109.04889.

[33] E. Witten, ‘“Two-dimensional gravity and intersection theory on moduli space’, Surveys Differential Geom., 1 (1990),
243-310.

https://doi.org/10.1017/fmp.2022.4 Published online by Cambridge University Press


https://arxiv.org/abs/1703.01747
https://arxiv.org/abs/2109.04889
https://doi.org/10.1017/fmp.2022.4

	1 Introduction
	1.1 Stable pairs
	1.2 Virasoro constraints for stable pairs
	1.3 The Virasoro bracket
	1.4 Virasoro constraints for surfaces
	1.5 Path of the proof
	1.6 Gromov–Witten theory
	1.7 The GW/PT correspondence for essential descendents
	1.8 Plan of the paper

	2 Virasoro constraints for Gromov–Witten theory
	2.1 Overview
	2.2 Gromov–Witten constraints: original form
	2.3 Gromov–Witten constraints: correspondence form
	2.4 Gromov–Witten constraints: stationary form

	3 Theorem 1.1: Virasoro constraints for stable pairs
	3.1 Intertwining property
	3.2 Conventions for (-1)!ch1(c1)
	3.3 Proof of Proposition 7
	3.4 Proof of Theorem 1.1

	4 Intertwining I: basic case
	4.1 Overview
	4.2 Leading term
	4.3 Intertwining for D=1

	5 Intertwining II: noninteracting insertions
	5.1 Overview
	5.2 Intertwining shift operators
	5.3 Proof of Theorem 3.1 for D1PT DXPT

	6 Intertwining III: interacting insertions
	6.1 Overview
	6.2 Interactions among two insertions
	6.3 Interactions among three insertions
	6.4 Proof of Theorem 3.1

	7 Virasoro constraints for Hilbert schemes of points of surfaces
	8 GW/PT descendent correspondence: review
	8.1 Vertex operators
	8.2 Stable pairs
	8.3 Equivariant correspondence
	8.4 Nonequivariant limit
	8.5 Examples for X=P3
	8.6 Residues

	9 Residue computation
	9.1 Preliminary computations
	9.2 Proof of Proposition 15
	9.2.1 Case "0365Hk1+1(γ1)
	9.2.2 Case "0365Hk1+1,k2+1(γ1·γ2)
	9.2.3 Case "0365Hk1+1,k2+1,k3+1(γ1·γ2·γ3)


	10 Degree 1 series for P3
	10.1 Stationary descendent series
	10.2 Descendents of 1
	10.3 Examples of the Virasoro relations
	10.3.1 L2PT
	10.3.2 Stationary example
	10.3.3 Nonstationary example



