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Abstract

Let ¢ : D — D and v : D — C be analytic maps. These induce a weighted composition operator ¥ Cg
acting between weighted Bloch type spaces. Under some assumptions on the weights we give a necessary
as well as a sufficient condition when such an operator is continuous.
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1. Introduction

Let D denote the open unit disk D of the complex plane and let ¢ : D — D and
¥ : D — C be analytic maps. These induce a linear weighted composition operator
YCy(f) =¥ (f o). Furthermore, let v and w be strictly positive continuous and
bounded functions (weights) on D. We denote by B, the weighted Bloch type space
of functions f € H(D) satisfying || f| g, :=sup,cp v(2)| f'(z)| < co. Provided that
we identify functions that differ by a constant, ||.||p, becomes a norm and B, a
Banach space.

We are interested in weighted composition operators acting between weighted
Bloch type spaces. Composition operators and weighted composition operators acting
between various spaces of analytic functions have been investigated by several authors;
see, for example, [2—4, 7, 8, 10, 11]. The aim of this paper is to give a necessary and
a sufficient condition for a weighted composition operator acting between weighted
Bloch type spaces to be continuous. These conditions are given in terms of the weights
as well as the analytic functions ¢ and .

2. Notation and auxiliary results

For notation on composition operators we refer the reader to the monographs
[5,12]. To treat the described problem we need some information on weighted
Bergman spaces of infinite order, defined as
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H* = {f € H(D); || fllv = sup v(2)| f(2)] < OO}-

zeD
Let BY"* denote the closed unit ball of the space H °. In the setting of weighted
spaces of analytic functions such as the weighted Bergman spaces of infinite order or
— as in the present case — weighted Bloch type spaces the so-called associated weights

turn out to be very useful. For a weight v we can define the associated weight as
follows:

1 1

YO = Sl @ 7€ B il

where §; denotes the point evaluation of z. By [1] we know that the associated weight
¥ has the following properties:
(i) v'is continuous;
i) v=v>0;
(iii) for every z € D we can find f;, € BV such that | f;(z)| = 1/0(2).
It will be helpful to recall an auxiliary result.

THEOREM 1 (Harutyunyan—Lusky [6, Theorem 2.1]). Let v be a radial weight such
that v is continuously differentiable with respect to |z|, limj;—1 v(z) =0 and such
that HS® is isomorphic to ls. If

| ( v/(r)>
lim sup |— < 00,
r—1 v(r)

then D : H® — HX°, f — f' is bounded.

For conditions when H_* is isomorphic to [*° we refer the reader to [6, 9]. By [6] we
know that the weights v(z) = (1 — |z)%, & > 0, and v(z) = e~ /(1~1D 7 € D, have
the desired properties.

3. Main result

PROPOSITION 2. Let w be an arbitrary weight and v be a radial weight such that v
is continuously differentiable with respect to |z|, lim;|—1 v(z) = 0 and such that H}®
is isomorphic to loo. Moreover, we assume that

. < v’(r)>
lim sup (— <00
r—1 v(r)
If the weighted composition operator Yy Cy : By, — By, is continuous, then:

(@) sup,ep [¥/'@I(w(2)/0(@(2)!?) < oo;
(b)  sup.ep [ (¢ (2)(w(2)/v(¢(2))) < oo
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PROOF. Let us assume that ¥/ Cy : B, — B,, is continuous. First, we show (a). Fix
a € D. Now we choose f, 1,2 € BY"*® with fa12(¢(a)) = 1/%(¢(a))'/? and set
8a(2) = 2fa12(2) = V(¢ (@) fu,1/2(2)*. Then

80(2) =211 1 n(2) = 20 (@) fur2(2) £ 1 o)

Obviously gq(¢(a)) = 1/3(¢(a))'/* and g, (¢ (a)) = 0.
Then

w(a)
[¥'(a )|~(¢( DIz = =¥ Cy8allB, = 1Y Colllgalls,-

By Theorem | we know that under the given assumptions D : H® — HX°, f — f'is
bounded. Taking into account that there exists M > 0 such that sup,.p, v(z)!/? < M,

we obtain
I gallz, = sup v(2)Ig, ()|
zeD
= sup v()|2f; 1 5(2) = 20 @) fu1/2(2) f; 12 (D]
zeD
< 2sup v(z)l/zlfa 1/2(2)| sup v(2)'/?
zeD zeD
+20( (@) sup v(2)] fa,12() [ 1 2 (2)]
ze€D
<20 £ 1 pllpeM +2M | fa1 22 £ 3 ol 12
< 2MII DIl fa,120lp12 +2M | fa 121,121 D)l < 4M || D],
Thus
w(a)
¥/ (a )|~(¢( 5 S 4MIDIIY Cyl < oo,

which establishes (a).
Next, we show that (b) holds. Fix ae€ D. Then choose f, € B"> such

that f;(#(a)) =1/0(¢(a)). Set g4(2) := fu(2) — fu(#(a)) . Then g, (z) = f;(2).
Obviously g,(¢(a)) =0 and g/, (z) = 1/V(¢(a)) as well as

lgalls, =l fally < 1.
We obtain

¢’ (@)

w(a)|y (a )|~(¢( N =

w(@)|(¥Cyga) (@)
= ¥ CsllligallB, = ¥ Cyll < o0.

Thus the claim follows. |
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PROPOSITION 3. Let w be an arbitrary weight and v be a radial weight such that
1/V is a primitive of 1/v with respect to |z|. If:

(@) sup,cp w@IY' (@DI(1/V((2) < oo;

() sup,ep w(@IY'(2)] < 0o;

(©)  supep ¥ (@DI(w(@)|P (2)|/v(9(2))) < o0;

then yCgy : B, — By, is continuous.

PROOF. We fix f € B, such that || f|lg, <1. Obviously |f'(z)| <|flg,/v(z) <
1/v(z). Integration yields

|z]

1 1
@) = FO) 5/ Izllf’(zt)ldtS/
) R

_[ 1 ]‘_ L1 _VOoO-Vvdd _ K
LVl ]y vz Vo) VOV T V(@R

Finally, we get

w@I(YCy) @ = w@IW () f (@) + ¥ ()9 () f (P ()]
= w@IY @I f @) — f(¢0)]

¢
0
F U@ @I GO + v S
= WO @y + CoE 1+ w2

since || f|lp, <1 and by the above conditions we conclude that there is a constant
L > O such that | Cy f g, < L. Thus, Cy maps B, continuously into By,. O

Finally, we consider some examples in order to apply the conditions obtained.

EXAMPLE 4. (i)  Select w(z) = e V1= y(z) = e=2/0-1D =% (z) (see [1]) as
well as ¢(z) =(z+1)/2 and ¥ (z) =1—2z, z€ D. Then ¥/'(z) =—1. For
z=r € R we get

) =20 0D g iy 1,

v(9(r)

Thus, by Proposition 2 the weighted composition operator ¥ Cy : By — By, is
not continuous.

(i) Now choose w(z) =e /U120 y(z) = (1 — |z])2e~ /11D =F(z) as well
as ¢(z)=(z+1)/2 and Y(z)=1—2z, zeD. Then 1/V(z)=e!/0-D,
¢'(z) =1/2 and ¥'(z) = —1. We have to check conditions (a)-(c) of the
previous proposition:
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()
sup W)Y (2)| ———— = sup e~ /A1 L/ A=-IGHD/2) _ o0
zeD V(¢( ) ep
(b) -
sup w(z) ¥ (z)| = sup e /171D < o0,
zeD zeD
()

V(219" (2)] _ 1 e~3/(1=Izh 1/(1—|(z+1)/2])
SO 6@y T B U=+ D2 =

Thus, the weighted composition ¥ Cy : B, — By, operator is continuous.

References

K. D. Bierstedt, J. Bonet and J. Taskinen, ‘Associated weights and spaces of holomorphic
functions’, Studia Math. 127 (1998), 137-168.

J. Bonet, P. Domariski, M. Lindstrom and J. Taskinen, ‘Composition operators between weighted
Banach spaces of analytic functions’, J. Austral. Math. Soc. Ser. A 64 (1998), 101-118.

J. Bonet, M. Lindstrom and E. Wolf, ‘Differences of composition operators between weighted
Banach spaces of holomorphic functions’, J. Austral. Math. Soc. 84(1) (2008), 9-20.

M. D. Contreras and A. G. Hernandez-Diaz, ‘Weighted composition operators in weighted Banach
spaces’, J. Austral. Math. Soc. Ser. A 69(1) (2000), 41-60.

C. Cowen and B. MacCluer, Composition Operators on Spaces of Analytic Functions (CRC Press,
Boca Raton, FL, 1995).

A. Harutyunyan and W. Lusky, ‘On the boundedness of the differentiation operator between
weighted spaces of holomorphic functions’, Studia Math. 184(3) (2008), 233-247.

T. Hosokawa, K. Izuchi and S. Ohno, ‘Topological structure of the space of weighted composition
operators on H°’, Integral Equations Operator Theory 53(4) (2005), 509-526.

M. Lindstrom and E. Wolf, ‘Essential norm of the difference of weighted composition operators’,
Monatsh. Math. 153(2) (2008), 133-143.

W. Lusky, ‘On the isomorphism classes of weighted spaces of harmonic and holomorphic
functions’, Studia Math. 175(1) (2006), 19-45.

B. MacCluer, S. Ohno and R. Zhao, ‘Topological structure of the space of composition operators
on H®’, Integral Equations Operator Theory 40(4) (2001), 481-494.

S. Ohno, K. Stroethoff and R. Zhao, ‘Weighted composition operators between Bloch type spaces’,
Rocky Mountain J. Math. 33(1) (2003), 191-215.

J. H. Shapiro, Composition Operators and Classical Function Theory (Springer, Berlin, 1993).

ELKE WOLF, Mathematical Institute, University of Paderborn, D-33095 Paderborn,
Germany
e-mail: lichte@math.uni-paderborn.de

https://doi.org/10.1017/5S0004972708000531 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972708000531

