
A N O T E ON A S E Q U E N C E O F C O N T R A C T I O N M A P P I N G S 

S. P . S ingh* and W. R u s s e l l 

L e t E b e a m e t r i c s p a c e . A m a p p i n g T of the s p a c e E in to 
i t se l f i s sa id to be a c o n t r a c t i o n if t h e r e e x i s t s a n u m b e r k , w i th 
0 < k < 1 s u c h tha t 

d ( T x , Ty) < k d ( x , y) 

for any two p o i n t s x , y e E . E v e r y c o n t r a c t i o n m a p p i n g is c o n t i n u o u s . 

The w e l l - k n o w n B a n a c h c o n t r a c t i o n p r i n c i p l e i s the fo l l owing : 
if T is a c o n t r a c t i o n m a p p i n g of a c o m p l e t e m e t r i c s p a c e E into i t se l f , 
t h e n T h a s a un ique fixed p o i n t , i . e . Tx = x h a s a un ique s o l u t i o n . 

C o n t r a c t i o n m a p p i n g s on m e t r i c s p a c e h a v e b e e n of i n t e r e s t for m a n y 
y e a r s . In the p r e s e n t no te we s tudy a t h e o r e m on a s e q u e n c e of c o n t r a c t i o n 
m a p p i n g s and fixed p o i n t s . 

The fo l lowing r e s u l t i s p r o v e d in [1 , p a g e 6 ] . 

T H E O R E M 1 . L e t E be a c o m p l e t e m e t r i c s p a c e , and le t T and 
T (n = 1 ,2 , . . . ) be c o n t r a c t i o n m a p p i n g s of E in to i t se l f w i th t he s a m e 

L i p s c h i t z c o n s t a n t k < 1 , and wi th fixed p o i n t s u and u r e s p e c t i v e l y . 

n 
S u p p o s e t ha t l i m T x = T x for e v e r y x e E . T h en l i m u = u . 

n n 
n-> oo n-*- oo 

Def in i t i on . L e t ( E , d) be a m e t r i c s p a c e and e > 0 . A f in i t e 
s e q u e n c e x , x , . . . , x of p o i n t s of E is c a l l ed an £ - c h a i n jo in ing 
x and x if 

n 

d(x . , x.) < e , (i = 1, 2, . . . , n) . 
l - l l 

The m e t r i c s p a c e ( E , d ) i s sa id to be e - c h a i n a b l e if, fo r e a c h p a i r 
( x , y) of i t s p o i n t s , t h e r e e x i s t s an e - c h a i n j o in i n g x and y . 

The w e l l - k n o w n r e s u l t due to E d e l s t e i n [2, p a g e 76] i s the fo l l owing . 

T H E O R E M 2 . L e t T be a m a p p i n g of a c o m p l e t e e - c h a i n a b l e m e t r i c 
s p a c e ( E , d ) in to i tself , and s u p p o s e tha t t h e r e is a r e a l n u m b e r k w i t h 
0 < k < 1 s u c h t ha t 

* T h i s r e s e a r c h w a s p a r t i a l l y s u p p o r t e d by N R C G r a n t A - 3 0 9 7 . 
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d ( x , y ) < e -> d ( T x , T y ) < k d ( x , y ) . 

T h e n T h a s a u n i q u e f ixed p o i n t u in E , and u = l i m T x w h e r e 
,n 

l 

x i s an a r b i t r a r y e l e m e n t of E . 

In t he a b o v e t h e o r e m E d e l s t e i n h a s t a k e n a n e - c h a i n a b l e m e t r i c 
s p a c e and h a s c o n s i d e r e d c o n t r a c t i o n m a p p i n g s . 

We now c o n s t r u c t and p r o v e a t h e o r e m by c o n s i d e r i n g a s e q u e n c e of 
s u c h m a p p i n g s . 

T H E O R E M 3 . L e t ( E , d ) b e a c o m p l e t e e - c h a i n a b l e m e t r i c s p a c e , 
st T (n = 1 , 2, . . . ) be m a p p i n g s of E in to its< 

t h e r e i s a r e a l n u m b e r k w i t h 0 < k < 1 s u c h t h a t 

and l e t T (n = 1 , 2, . . . ) be m a p p i n g s of E in to i t se l f , and s u p p o s e t h a t 

d ( x , y ) < e > d (T x , T y) < k d ( x , y ) for a l l n . 
n n ~~ 

If u (n = 1 , 2 , . . . ) a r e t he f ixed p o i n t s fo r T and l i m T x = T x 
— n . 1 n n 

n->oo 
r e s p e c t i v e l y for e v e r y x e E , t h e n T h a s a u n i q u e f ixed p o i n t u and 
l i m u = u . 

n 
n-*oo 

P r o o f . ( E , d ) b e i n g e - c h a i n a b l e we de f ine for x , y e E , 

d ( x , y ) = inf S d (x . A , x .) 
e . . l - l l 

-1=1 

w h e r e the i n f i m u m i s t a k e n o v e r a l l e - c h a i n s x n ) x , . . . . , x jo in ing 
0 1 ' p 

x_ = x and x = y . T h e n d i s a d i s t a n c e func t ion on E s a t i s f y i n g 
0 p e J & 

(i) d ( x , y ) < d e ( x , y ) 

(ii) d(x , y) = d (x , y) for d (x , y) < e . 

F r o m (ii) it f o l l ows tha t a s e q u e n c e {x } , x e E i s a C a u c h y 

s e q u e n c e wi th r e s p e c t to d if and on ly if i t i s a C a u c h y s e q u e n c e w i th 

r e s p e c t to d and i s c o n v e r g e n t wi th r e s p e c t to d if and only if i t c o n v e r g e s 

w i th r e s p e c t to d . H e n c e , ( E , d) b e i n g c o m p l e t e , ( E , d ) i s a l s o a 
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c o m p l e t e m e t r i c s p a c e . M o r e o v e r T (n = 1 , 2 , . . . ) are c o n t r a c t i o n 
n 

m a p p i n g s w i t h r e s p e c t to d . G i v e n ( x , y ) e E , and any e - c h a i n 

x_ , x . , . . . , x w i th x . = x , x = y , we h a v e d (x . . , x .) < e (i = 1 ,2 p) , 
0 1 p 0 p l - l l 

so t h a t d ( T x . t , T x. ) < kd (x . t , x . ) < e (i = 1 , 2 , . . . , p) . H e n c e 
n i - l n i — l - l i 

T x , . . . , T x i s an e - c h a i n j o i n i n g T x and T y and 
n 0 n p n n 

P P 
d (T x , T y) < 2 d ( T x . J , T x.) < k X d (x . , , x . ) . 
e n n — . . n i - 1 n î — . t î - l î 

i=l 1=1 

x r t , x , , . . . , x b e i n g an a r b i t r a r y e - cha in , we h a v e 
0 1 P 

d (T x , T y) < kd ( x , y ) . 
e n n — e 

Now s i n c e T (n = 1 , 2 , . . . ) a r e c o n t r a c t i o n m a p p i n g s w i t h 

r e s p e c t to d and ( E , d ) is a c o m p l e t e m e t r i c s p a c e , t h e n 
e e 

T x = l i m T x i s a c o n t r a c t i o n m a p p i n g wi th r e s p e c t to d . M o r e o v e r 
^ n e 

n-><*> 
T h a s a un ique fixed po in t u and l i m u = u by T h e o r e m 1 . 

n-»»oo 

T h i s un ique fixed p o i n t i s g i v e n by 

l i m d (T x , u) = 0 for x Q e E a r b i t r a r y . 
n->oo 

B u t (i) a t the b e g i n n i n g of th i s p roof i m p l i e s 

l i m d ( T m x , u) = 0 . 
n->oo 

The a u t h o r s w i s h to e x p r e s s t h e i r t h a n k s to the r e f e r e e for h i s 
s u g g e s t i o n s r e g a r d i n g the i m p r o v e m e n t of the p a p e r . 
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