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Some triangle theorems by complex numbers
JOHN R. SILVESTER

1. Introduction
The following theorems appear in [1, pp. 62-63]:

Theorem 1
If similar triangles A;ByCy, AoB1Co, ApByC are erected externally on the
sides of AA\ByCy, then the circumcircles of these three triangles have a
common point, F' . (See Figure 1.)
B,

FIGURE 1

Theorem 2

In the situation of Theorem 1, the circumcentres of the three triangles
form a triangle similar to the three triangles. (See Figure 2.)

If the three triangles are equilateral, then F is the first isogonic centre of
AAyB)Cy. If the angles of AAyB,Cy are all less than 120°, then F is inside
AAWBCy and is then also the Fermat point of AAyByCy, the point such that
|FA)| + |FBy| + |FCo| is least possible. Also, the fact that the
(circum)centres of the three triangles then form another equilateral triangle
is Napoleon's theorem. For all of this, see [2, chapter 11]; see also [3,
chapter XII, §§ 352-356].
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FIGURE 2

We shall prove Theorems 1 and 2, and more, in Section 2. For example,
in the equilateral case it is known that ApA;, BoB; and C(C, all pass through
F, but we shall show that this is in fact true in the general case. We shall
also cover the case when the three similar triangles are erected internally on
the sides of the original triangle. This can all be done by angle-chasing, but
then the proofs are diagram dependent, so instead we shall mostly use
algebra (complex numbers), when one proof covers all cases.

In Section 3, we shall prove a result about the areas of the various
triangles, generalising another theorem from [1, p. 64].

In Section 4, we shall erect three more similar triangles A,B,C1, A1B,C1,
AB|C, on the sides of AA;B|C}, then three more similar triangles A3;B,C»,
AyB;C», AyB,C5 on the sides of AA,B,C», and so on. We shall find that the
circumcircles of the similar triangles all share the same point F, and that
they fall into three coaxial systems, with one circle in common.

In the final section we shall look at the equilateral case, and in particular
at some properties of Napoleon triangles.

For synthetic proofs of much of the material in sections 2 and 3, see [4].
For an alternative generalisation of the Napoleon configuration, involving
similar triangles arranged differently around a given triangle, see [5]. For the
Kiepert configuration, involving similar isosceles triangles arranged around
a given triangle, see [2, Theorem 11.4].
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2. Similar triangles

We work in the complex plane, and adopt the convention that complex
numbers a, b, ... correspond to points labelled A, B, ... .

Now if in AABC the labels go around the triangle in anticlockwise
order, we say the triangle is positively oriented; so then ABCA, for example,
is also positively oriented, but ABAC, for example, is negatively oriented.
Then AABC is similar to AA’B'C” if the angles at A and A" are equal,
likewise the angles at B and B’, and at C and C’. They are directly similar if
also both are oriented the same way, and oppositely similar otherwise.

So if, in AABC we have ZBAC = a (the sign of a depending on the
orientation), then

c-a |AC|,,

R od P
b-a |AB
from which it follows that AABC and AA’B’'C’ are directly similar if, and
only if,
c—-a ¢ -d

b-a v -d
or equivalently
a-b d-V b-c b -

- ’ or = )
c—-b -V a-c d-¢
by the case side-angle-side. The reader might like to show that these
conditions are equivalent to

Then triangles ABC and A’B’C” are oppositely similar if, and only if,

— ’ ’
—da c —da

c
b-a b -d
with equivalent conditions as above.

Now, in the situation of Theorem 1, let us choose axes and scaling so
that co = Oand by = 1. Then we can express everything in terms of @, and
ay. For, since triangles A;ByC and AyB;C are directly similar, we have

. 1 b a
, thatis, — =—, oo b=="2 (1)
ay—~Cy dp—Co a,  do ap

by—cy bi—co

and, since triangles A;ByCy and AyB,C are directly similar, we have

Co—bo Cl_bO . C1—1 a; —Aap
= , that is, = rc, =

, O .
Cll—bo ao—bo al—l ao—l Cll—l

(2)
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We now prove the following, which incorporates Theorem 1:
Theorem 3

If directly similar triangles A;ByCy, AoB1C(y and AyByC; are erected on
the sides of AAyByCy, then the three lines AgA;, ByB; and CoC; meet at a
point F, which also lies on the three circumcircles ©A;B,Cy, ©AyB;Cy and
®ApByC,. Further, |A(]A1| : |B()BI| : |C()C1| = |B()C0|71 : |C0A1|71 : |AlB()|71.

An alternative way of saying the last part is that

|[AA || [BoCol = [BoBi|[CoAi| = [CoCil|A1BY|.
Note that, because the triangles are directly similar, they must either all be
erected externally, or all be erected internally on the sides of AAyB,Cy. Note
too that in the case where the similar triangles are equilateral, we have that F
is the first or the second isogonic centre/Fermat point of AAyB,Cy, and also
we have the well-known result that, in this case, |[AjA;| = |BoBi| = |CoCil.

Proof of Theorem 3
Let ZByCoA; = a. Then
ACol o @ —co  a -0
e’ = = = a.
|B()C0| bo — Cp 1-0
But also, using (1),

o — 4y ap — 4y
= = aj.
b1 - bo ao/a1 -1

FIGURE 3

B,

Ci

Co

A
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So |A(Co : BoCol = [Aoa] : BB, or [BoCol™ : [Coi[™ = Ao : BoBy;
and similarly |CoAy| ™" : |A1Bo|" = |BoBi| : |CoCi|. Also, if AgA; and BB, meet
at F, then the line BB, rotated about F' through the angle «, becomes the
line ApA;. So Ay, By, Cy and F are concyclic, by the converse of the theorem
about angles in the same segment if C and F' are on the same side of A;By,
as in Figure 3, for example, or by the converse of the theorem about the
internal and opposite external angles of a cyclic quadrilateral if C and F are
on opposite sides of A;By, as in Figure 4, for example. (An alternative,
purely algebraic, proof of this result is suggested at the end of Section 3.)
Said another way, if ApA; meets ©A;ByCy again at F, then F also lies on
ByB;; and similarly it also lies on C(yC,. Putting this another way, if AyA,,
BoBy and CyC| meet at F, then F lies on ©A;ByCy; and similarly it also lies
on GAyB;Cy and on GAyBC|.

Next we compute the circumcentres U, V, and W), of triangles A;B,C),
AOBIC() and A()Bocl. Now |M0 - Col = |Ll0 - b()l = |M0 - ay|, that iS,
lug| = |uo = 1| = |uo — a|. Squaring,

uty = (uo = 1)(uo = 1) = (o — ar)(uo — @),

or

0=1-uy — uy = aya; — upa, — Upd,.

By

FIGURE 4
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Treating these as simultaneous equations in u, and u,, we eliminate the latter

to find
a(l - a)
uy = ——t 3)
a — a
Now we use the fact that triangles U (ByCy, VoB1Cy and WByC are directly
similar. So
_ _ 1-a
=% _Yo=% CO, or Uy = E, that is, Vo = —ao( al). (@)
by—cy bi-co b a,—a
And
Ho = Co _ Wo T cl, or uy = u, thatis, wy = ¢; + Uy — Cup.
bo—Co bo—C1 1—C1
Using (2) and (3), we obtain
a, — aoa_
Wy = ———21 )
a, — dp

We now prove something a little more specific than Theorem 2:

Theorem 4
AAByCy and AUV W, are oppositely similar. (Again, see Figure 2.)
Proof: Firstly,

a - ¢ _ —
= daj.

by~ <
Secondly, using (3), (4) and (5), and multiplying numerator and
denominator through by a; — a;, we have

Uy — Wo ai(l - a)) = (a1 — apar) —
= — —_— = dj.
Vo — Wo ao(l - Cl]) - (a1 - aoal)

3. Areas
Proposition: The area of AZ,Z,Z5 is given by

Z1 Ih 1

Zn 221

B~

Z3 Z31
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Proof: If z; = x; + iy, where xi, yy € R, for k = 1, 2, 3, then a
standard result is that the area o{ of AZ,Z,Z5 is given by

xtoyo 1

A = E Xy M 1

x3 oy 1
See, for example, [6, pp. 205-206]. Note that < is positive or negative
according as AZZ,Z; is positively or negatively oriented; also, ¢ = O if],
and only if, Z;, Z, and Z; are collinear.

Then, by column operations,

X+ lyl V1 1 RS + lyl —2iy1 1 RS + lyl X1 — lyl 1
A= E Xy + lyz » 1= i Xy + lyz —Ziyz 1= i Xy + lyz Xy — ly2 1 s
X3+ ly3 V3 1 X3+ ly3 —2iy3 1 X3+ ly3 X3 — ly3 1

as required.

Let us use this to compute the area of AAyByCy, This is

Cloaol i
il | a LI - 1
albobo 1] =411 1 1|7 1(00—00)=—556(ao)’
0 @ 1 001

that is, —4 x the imaginary part of @, This has the magnitude
(} x base x height), as expected, and the minus sign is explained by the fact
that, if $(ay) > 0O, that is, if Ay is above the real axis, then AA\ByCy is
negatively oriented.

Next we compute the area of AU V,W,. Using (3), (4) and (5), this is

ai(l —a)) a;(1 - ay) 1
— a - a, a — a
w Uy 1 1 1 1 1

i — ila(l —a) a(l - a) ]

o W = - — —

4 0 0 4 a, — dap a, — ap
wo wo 1 ay — aa;  a; — ap
ay - a a; — a

a, — 010_1 ala_l - Cl_l 1

i a; ag 1
= m ag — apd; apa; — dy
a; a; - _

a, — apa; apa; — a; 1
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. apay — a1a; aya; — doa; 0
1 — —
= m dyg — ap a; — dy 0
11— ¢ — — —
a; — apay dody — dp 1
. (ap — ar)a; a(ar — ap) 0
1 I —
= m dyg — a, — Qo 0
0 0 1
(@ - a) (@~ ap)i| @ @ 0
B 4(a, - @) 1 10
0 0 1

(a0 = a))(ap — ay)i
= — . (6)
4(01 - al)

Now suppose the points A;", B;” and C; are the reflections of A;, B; and
C, in the respective sides ByCy, CoAg and ApBy of AAyByCy. Then triangles
A'ByCy, AgB,'Cy and AgByC,” are directly similar (being oppositely similar
to triangles A1B,Cy, etc.) and are erected internally or externally on the sides
of AAWByC, according as triangles A;ByCy, etc. are erected externally or
internally, respectively. Further, the circumcentres U, V and W of the new
triangles are the reflections of Uy, V, and W, in the respective sides of
AAyByC,. Formula for these new circumcentres are therefore obtained from

formule for the old ones by just replacing a; by a;, throughout. So, by (6),

(a = a)(ao — a)i " (@ — a)(ao - a)i
4(01 —a_l) 4(61_1 bl al)

area (U \V,Wo) + area(UVW) =

] — 1
= i(ao - ao) = —555(410) = area(A,ByCy).

But each triangle in the list UyVoW,, A BoCoy, A;’BoCo, UVW has the
opposite orientation to the adjacent ones; hence AUVW has the opposite
orientation to AU (V,W,. (See Figure 5.) So what we have proved, above, is:

Theorem 5
llarea (U VoWo)| — |area (UVW)|| = |area (A,ByC)) .

This generalises [1, Theorem 3.38 (p. 64)], which just deals with the case of
Napoleon triangles.
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FIGURE 5

We finish this section by using determinants to compute f, the complex
number representing F. Now F is collinear with Ay and A;, and also with By
and By, so, by (1),

fr frf1
aoa_01=0=111
alaTl %?Z:?l

af af a af af 1
a a 1[=0=]a a 1
ap a1 a; a1
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Subtracting the one determinant from the other,

(al_a_l)f 0 1-a

Ay 670 1 =0,

a ag 1
whence
(ava; — apay)(a; — 1)
f= = ——. (7)
(ao - (11)(01 - 01)
The reader might like to use this to show that [f — ug| = |ug|, thus giving an
alternative proof that F lies on ®A;ByC.

4. Repetition of the construction
In this section we are going to use a well-known result about equal

fractions:
A
Ifw=)ﬂ—)2= .. =ﬁ,thena)=2k Kk
o »n Yn 2k MYk
for any 2,1, /12, ey An with Zk/lkyk # 0.

(I speculated about whether this really is well-known in the introduction of [7].)
In fact, what we need is the following corollary of the above result:

Ifo # 0, Axe = 0if, and only if, Y Ay = O.
k k

Proofs are immediate, on noting that x; = wy;, for all k, so that
ik = 0 XA

So now suppose we repeat our previous construction: start with
AAWByCy and erect directly similar triangles A;ByCy, AoBiCo, AoBoCi,
AZBICI,AIBZCI,AIBICZ, cee g Ak+lBka, AkBk+1Ck, AkBka+1, R

Lemma

For all k, Ay, By and Cy are the midpoints of A, 1Ay 12, Br 4 1By +2 and
Ci+1Cy 42, respectively. (See Figure 6, where we have drawn the case
k= 0)

Proof:
Since triangles Ak + lBka, AkBk + le, AkBka +1 and Ak + gBk + 1Ck +1 are
directly similar, we have

Are1 — b _ ar — bri _ ap — by _ A2 — b
c — by Ck — brsa Che1 — by Che1 = brsn
Now (C‘k - bk) - (Ck - bk+1) - (Ck+1 - bk) + (Ck+1 - bk+1) = 0, so we must also

have

(ak+1 - bk) - (ak - bk+l) - (ak - bk) + (ak+2 - bk+1) =0,
ora;, = %(a“ L+ apy 2), as required; and similarly for the other cases.
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FIGURE 6

This last result provides a solution to the following construction
problem: given AABC and points Ay, B; and C, find points Ay, By and C, so
that triangles A;ByCy, AyB1Cy and AyByC; are directly similar to AABC. The
solution is to construct A,, B, and C, so that triangles A,B,C;, A;B,C; and
AB,C, are directly similar to AABC, and then Ay, By and C, are the mid-
points of A;A,, B1B, and C|C,, respectively.

Theorem 6

The points Ay all lie on one line, the points By lie on another, and the
points Cy lie on a third. These three lines meet in the point F', which also lies
on the circumcircles ®A; . 1BCy, ©AB+1Cr and ©AB,Cy ., for all k.
(Again, see Figure 6.)

Proof: By the lemma, Ay, A, ;| and Ay ., are collinear, for all k, whence the
points A, all lie on one line; and we know ApA; passes through F. Similarly
for the By and the C. Then apply Theorem 3 to the triangle A;B;C) with its
similar triangles Ak + 1Bka, AkBk + ICk and AkBka +1 to see that @Ak + lBka»
OABy. 4+ 1Cy and ©ABCy . 1 all pass through F.

Now let Uy, V; and W, be the circumcentres of triangles Ay , BiCy,
ABy. +1Cy and ABCy. 4 1, respectively.
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Theorem 7

For all k, AU,V W, is the medial triangle of AUy, Vi, Wi,1. (See
Figure 7, where we have drawn the case k = 0.)

=

N\

S
1

Nyzas

B,

FIGURE 7

Proof:
Since triangles U BiCy, Vi + 1By +2Cr +1 and Wy, 1By 4 1Cy , » are directly
similar,we have

u, — by ! = biso _ Wiks1 — by 11

e — by Cks1 = brin Ck+2_bk+1.
Now
Z(Ck - bk) - (Ck+l - bk+2) - (Ck+2 - bk+1)
= (ch —Cks1— Ck+2) - (2bk = b1 — bk+2) =0-0=0,
so we must also have 2(uk - bk) - (vkﬂ - bk+2) - (wk” - bkﬂ) =0, that is,
(zuk ~Vi+1 — Wk+l) - (2bk —bpe1 - bk+2) = (2Hk ~Vi+1 Wk+l) =0

Sou, = %(vk o1+ Wy 1), as required; and similarly for v and for wy.

Now a triangle and its medial triangle share the same medians and the

same centroid. So, by Theorem 7, the triangles U,V,W, have the same
medians and the same centroid, for all k. (The reader might like to apply the
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technique of Theorem 7 to the directly similar triangles U B.Cy,
Ui+1Bi+1Cr+1 and Uy 2By +2Cr 1o to give a direct proof that U, is the
midpoint of Uy , Uy 15.)

Let the medians through all the U, all the V. and all the W be /, m and
n, respectively, and let the centroid, where /, m and n meet, be G. So
g = %(uk + v, + wy), all k. Let L, M and N be the reflections of F in £, m
and n, respectively. Then we get:
Theorem 8

For all k, ®A; ; 1BiC). belongs to the coaxial system of circles through F
and L: ©A;B;. , 1Cy belongs to the coaxial system of circles through F and M,
and ©ABCy + belongs to the system of coaxial circles through F and N.
Further, there is a circle X, centre G, through F, L, M and N, which belongs
to all three systems of coaxial circles. (See Figure 8, where we have just
drawn the circles fork = O and 1.)

FIGURE 8

Proof: A, , 1B;Cy has its centre U, on /, which is the perpendicular bisector
of FL, so since the circle passes through F, it must pass through L as well.
Similarly the circles with centres on m and passing through F are circles
which must pass through M, and the circles with centres on n and passing
through F are circles which must pass through N. Likewise, since G lies on
[, m and n, the circle centre G through F must also pass through L, M and N.
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Next, the six lines through F yield three harmonic pencils:
Theorem 9

F{ByCy; AlL} = F{CoAy; BM} = F{ABy; CoN} = —1.

Proof:

It is only necessary to prove F{ByCo;AoL} = —1; the other cases are
similar. Let AjA; meet ByCy (the real axis) in P, and let {BOCO; PQ} = —1.
We show first that UG LFQ. For g = 1(ug + vy + W), so by (3), (4) and (5),

2u —vo — wy _ 2511(1 —671)—00(1 _El)_(al —aozl)

uy—g = el
e 3 3(“1_01)
3(01 _a_l) '
Then, remembering that p = p,
p pl -
— apa; — dga
a ay 1| =0, whence p = St
ayp — dp — a; + a;
ay a_1 1
Then —£— = ——1 , so that
1 - 1 -
p apa; — Ao
q = =

2p — 1 2a0a, — 2apa; — ap + ap + a; — a,
Thus, using (7),

(aoar — aoar)(a; — 1) apa) — ayd;

S @)@ —a)  2aga; — Zaoar —do+ g a1 —ar
_ (a0a, = apay)(2a, = 1)(apa; — aay = ag + ap + a, — ar)
(670—671)(511 —671)(200571—267001 —ay+ap+ a —671) ’
So
f-q _ 3(000_1—6!_001)(000_1—6!_001—Clo+a_o+al—a_1)
up - g (ao — a)(ao — ar)(2apa; - 2apa; — ap + ap + a1 — aj)’

The product of the first two brackets in the denominator, being of the form
7z = |zz, is real, and the other three brackets, each being of the form
z —Z = 2i9(z), are pure imaginary, so the whole expression is pure
imaginary, whence U GLFQ, as claimed.

Now U GLFQ, so it follows that L, F and Q are collinear. Then
F{B,Cy; AL} = F{B,Co; PQ} = {B,Cy; PO} = 1.
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We finish this section with a brief look at a limiting or degenerate case
of the above, when we allow F — 0. So here the lines AyA;, BoB, and CoC,
are parallel, and the circles A , 1BCy, @ABy 4+ 1Cy and 0ABCy 41, which
all pass through F and (respectively) L, M or N, become lines through
(respectively) L, M or N. Further, ¥ becomes a line through L, M and N. See
Figure 9. Another way of stating Theorem 9 is that {B,C; AL} = -1 on

©A1ByCy, and when F — oo this just becomes {BOCO; AlL} = —1, this time
on a line rather than on a circle.
C,
A
B,
Co Bo
B,
G,
FIGURE 9

5. Napoleon triangles

We now restrict to the case where the similar triangles A;ByCo, AyBCo,
AoBoC; are equilateral. In this case Napoleon's theorem says that the
(circum)centre triangle UV W, is also equilateral. If the similar triangles
are erected outwardly (respectively, inwardly) on the sides of AAyB,C), then
AUV W, is the outer (respectively, inner) Napoleon triangle of AAyByC).
As before, let U, V, W be the reflections of U, V, Wy in ByCy, CoAy, AgBo,
respectively. Then if one of the triangles UVW, U,V W, is the outer
Napoleon triangle, the other is the inner: we shall say that they are opposite
Napoleon triangles of AAyB,Cy.

So, taking ¢y = 0 and b, = 1 as before, let us also take @y = a and
a; = &, a primitive sixth root of 1. So ¢ = %(1 + i\/§), 2 —-¢ec+1=0,
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¢¢ = land (¢ — &% = —3. Then by (1) and (2),

b1=§=a(1—£),and c1=%=a£—£2=a8—8+1- (3
Also, by (3),
-8 1 1 — 1
%z5%32=§g@_g=5&+nﬁou=%=§a—a. ©)
And by (7),
7= (a8 —ag)(e = 1) _ (a& = ag)(e = 2) (10)

(@a-2(e -7 3(@ - &)
Next, triangles ByCoU o, CoAgV, and AyByW,, are similar, so

Uy — Co Vo — do wo — by

by — co Co — dop ag — by

Here, the denominators sum to zero, hence so do the numerators, that is,
uy + vo + wo = ap + by + co. Dividing by 3, we see that the centroid G
of AU VW, is equal to the centroid of AAyByCy, that is, g = L(a + 1).
Similarly, the centroid of AUVW is also G.

Theorem 10
U, V and W lie on the circle X of Theorem 8.

Proof: It is only necessary to prove that U lies on X. Since X is the circle
centre G through F, we need to show that |g¢ — u| = |g — f]. We have, on
the one hand, by (10),

3@a-8@g-f=@-8@+1) - (ag - ae)(e - 2)

=(aa+a—a§+£2)—a(e—é)—a(e+1)

aa — ag — ag + 82
(a-¢fa-e.
And on the other hand, by (9),

3a-eg-n)=@-ol@+)-(+1)=(a-ela-e),
whence

3a-e(g-u) =3@-2aE-0.

The result follows on comparing the moduli of either side.

The last result says that the first (respectively, second) isogonic centre
of AAyBy)Cy lies on the circumcircle of its inner (respectively, outer)
Napoleon triangle, which is perhaps not quite the way round one might have
expected.
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We now show that, for all k, AUVW is one of the Napoleon triangles
of AA;BCy. Explicitly:

Theorem 11

For all k, AUVW and AU,V,W, are opposite Napoleon triangles of
AABC.

Proof: The result is true by definition when k = 0. For k = 1, we need to
show that U is the reflection of U, in B;C;. This follows if we show that
AUBC is directly congruent to AU ;CBy; since the latter is directly similar

to AU (CyBy, it will be sufficient to show that = 0, or, using
cT — bl bo = Co

—b1 Uy — C

(8) and (9),
Q-8 -al-9¢ e+l
ac —e+1-a(l-—¢ 3 °
that is,
2 — ¢ — 3a + 3ac
=&+ 1.
2 — e+ 1 —a
But

(e+1)QRac—e+1-a)=2ac" — e +e—ac+2ae—e+1—a
=2a(e—-1)—-(e—1)+e+ac—¢ec+1—a

=2—¢-3a+3ae,

as required. Likewise, V and W are the reflections of V| and W, in C;A; and
A;By, respectively, which completes the case £ = 1. Finally, the progression
from AU,VW, to AU,V 1Wi 1 is exactly the same as the progression
from AU V,Wy to AUV Wi, and we have finished.

Note that it is by no means certain that AUVW is the outer, or the inner,
Napoleon triangle of AA;B;C) for all k. Indeed, it is perfectly possible for it
to be the outer one for some k and the inner one for £k + 1. See Figure 10,
where we have erected triangles A;B,C, AyB1Cy and AyByC, inwardly on the
sides of AAyByCy, but in order to have triangles Ay, (BiCr, AiBi+1Cy and
ABiCy 1 directly similar for all k, it is necessary to erect the triangles
ABiCy, AB,C; and A|B,C, outwardly on the sides of A;B;C,. The next
result will enable us to gain some control over this situation.

Theorem 12

area (AB,C) — area (A 1By 1Cx_1) = (1 = 2¢) |4, [

L
4
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B,

/NP

By
FIGURE 10

Ay

C

Proof: It is enough to prove the result when £k = 1. Now

* (area (4,B,C,) — area (AgBCy)

£ z 1 a a 1
= ag ae 11-]1111
ac + ¢ at+¢ 1 001

=Zzsz+(a+52)+(ac_l§2+a)—(c_l+£2)—a52—(ac‘zez+c‘z)—(a—a)

(aa—a+1)§2—(aa—a+1)52+a—a

—(aa -a+1)e—-(aa-a+1)(e-1)+a-a

(1 —28)aa + (¢ + Da+ (e —2)a+ 1 - 2¢
= (1 - 2¢)(aa — a — €a + &)
( )

1 - 2¢ (a—s)(a—é)

(1 - 2¢)| A, [,

and the result follows.

Note that Theorem 12, indirectly provides another proof that
[AA)| = [BoBi| = |CoCil.
Now & = 4(1 +iV3); let us take & = 4(1 + iV3). Then

ab_1 — %0 _ ¢, so ZByCoA, = +60°, whence AAB)Co is negatively
o — Co
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oriented. Further,i(l - 28) = +\/3, s0
V3 2
area (AB,C;) — area (A, 1Bi+1Crs1) = T|AkAk—1| .

As we saw earlier, A;_, 1is the mid-point of AA;_;, so
|AkAk—1 | = 2|Ak— lAk—Z |, whence
area (AB,Cy) — area (A, 1B, _1C,_ 1) = 42344,
and, summing the geometric progression,
45— 1)V3
arca (AkBka) — arca (A()B()Co) = % | A1A0 |2 .
Thus

area (AOBOCO) < area(AlBlCl) < ...< area (AkBka) < ...,

and area (AB,C) — o as k — oo, from which one of three things
happens:
(i) area (AkBka) > 0 forall k; or
(ii) for some k” > 0, area (A;B,Cy) is negative or positive according as

k < K ork > k', respectively; or
(iii) same as (ii), except that this time area (4,/B,’Cy’) = 0.
In case (i), AU,V W is the outer and AUVW is the inner Napoleon triangle
of AABCy, for all k. Case (ii) is the same as case (i) for k > k’, but the
other way around for & < k’. Case (iii) is the same as case (ii), except that
hereAyB;-Cy is a straight line, not a triangle. See Figure 11, where AA\B,Cy
is negatively oriented, A;B|C, is a straight line, and AA,B,C, is positively

Cs

FIGURE 11
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oriented; and the equilateral triangles Ay , B.Cy, ABy 4+ 1Cy and A;B,Cy. , | are
all negatively oriented.

As a final remark, if we fix By and Cy, then area (AlBlcl) - area(AOBOCO)
can be regarded as a function of Ay, and as such, by Theorem 12, its level
curves are concentric circles, centre A;. Its minimum value is zero, achieved
at Ay = Ay, when also By = B; and C, = Cj, so that triangles AyB,C, and
AB,C are the same triangle.

References

1. H. S. M. Coxeter and S. L. Greitzer, Geometry revisited, The
Mathematical Association of America (1967).

2. Gerry Leversha, The geometry of the triangle, The United Kingdom
Mathematics Trust (2013).

3. Roger A. Johnson, Advanced euclidean geometry, Dover (2007).

4. Fukuzo Suzuki, Generalisations of the Napoleon theorems, and
triangles circumscribing a given triangle, Math. Gaz. 92 (March 2008),
pp. 115-124.

5. Zvonko Cerin, On Napoleon triangles and propellor theorems, Math.
Gaz. 87 (March 2003), pp. 42-50.

6. H.S. M. Coxeter, Introduction to geometry, Wiley (1961).

7. John R. Silvester, Extensions of a theorem of Van Aubel, Math. Gaz.
90 (March 2006), pp. 2-12.

10.1017/mag.2023.98 © The Authors, 2023 JOHN R. SILVESTER
Published by Cambridge University Press Department of Mathematics,
on behalf of The Mathematical Association King's College,

Strand, London WC2R 2LS
e-mail: john.silvester@cantab.net

https://doi.org/10.1017/mag.2023.98 Published online by Cambridge University Press


https://doi.org/10.1017/mag.2023.98

