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over Shimura curves
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Abstract

In this work, we set up a theory of p-adic modular forms over Shimura curves over totally
real fields which allows us to consider also non-integral weights. In particular, we define
an analogue of the sheaves of kth invariant differentials over the Shimura curves we are
interested in, for any p-adic character. In this way, we are able to introduce the notion
of overconvergent modular form of any p-adic weight. Moreover, our sheaves can be put
in p-adic families over a suitable rigid analytic space, that parametrizes the weights.
Finally, we define Hecke operators, including the U operator, that acts compactly on
the space of overconvergent modular forms. We also construct the eigencurve.

Introduction

Let p be a prime and let N > 4 be a fixed positive integer, with (p, N) = 1. Let R be a separated
and complete Zp-algebra. The first precise definition of the concept of p-adic modular form, of
level N , weight k ∈ Z, with coefficients in R, was given by Serre in [Ser73]. He identified a modular
form with its q-expansion, and he defined a p-adic modular form as a power series f ∈R[[q]] such
that there exists a sequence of classical modular forms {fn} that converges p-adically to f . It
turns out that such an f does not always have an integral weight, in the sense that {kn}, the
sequence of weights of {fn}, is not eventually constant. To solve this problem, Serre identified an
integer k with the map Z∗p→ Z∗p that sends t to tk. He then showed that the map χ(t) = lim−→n

tkn is
well defined and, moreover, χ : Z∗p→ Z∗p is a continuous character. This suggests that the weight
of a p-adic modular form should be a continuous character Z∗p→ Z∗p. Serre also introduced the
notion of an analytic p-adic family of modular forms, parametrized by the weight, and showed
that the mere existence of the family of the p-adic Eisenstein series implies the analyticity of
the p-adic zeta function. To work with families, it is therefore convenient to introduce the weight
space W. It is a rigid analytic space over Qp such that its K-points, for any finite extension
K/Qp, are the continuous characters Z∗p→K∗.

Let Y1(N) be the modular curve of level N over Qp (level structure of type Γ1(N)). Let
X1(N) be the compactification of Y1(N); we have a universal semiabelian scheme π : A→X1(N).
Let ω = ωX1(N) be the sheaf e∗Ω1

A/X1(N), where e : X1(N)→A is the zero section. Classically,
a modular form of level N and weight k is defined as a global section of ω⊗k. In [Kat73],
Katz gave a geometric interpretation of the notion of a p-adic modular form of integral weight
(at least in the case p > 3; see [Kat73, § 2.1] for what can be done in the case p= 2, 3). For
any rational number 06 w < 1, let X1(N)(w)an be the affinoid subdomain of the analytification
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p-adic modular forms of non-integral weight over Shimura curves

of X1(N) defined in [Col97a], relative to the Eisenstein series Ep−1. We think of X1(N)(w)an as
the subset of X1(N)an where Ep−1 has valuation smaller than or equal to w. The complement of
X1(N)(0)an is a finite union of discs, called the supersingular discs. Katz introduced the notion
of a p-adic modular form of level N , weight k, and growth condition w: it is a global section of
ω⊗k on X1(N)(w)an. A modular form of growth condition 0 is called a convergent modular form,
and one of growth condition w > 0 is called an overconvergent modular form. Katz defined also
the usual Hecke operators acting on the space of p-adic modular forms, including the U operator,
the analogue of the classical Up operator of Atkin. Finally, Katz showed that his definition of a
p-adic modular form generalizes Serre’s. In particular, if f is a p-adic modular form in the sense
of Serre, of integral weight k, then f can be identified with a convergent p-adic modular form,
and conversely.

Let K be a finite extension of Qp. In [Ser62], Serre developed Riesz theory for completely
continuous endomorphisms of orthonormizable Banach modules over K. An example of such a
Banach module is provided by the space of p-adic modular forms over K, of growth condition w
and weight any χ : Z∗p→K∗. It is a key fact that, if we consider only modular forms with growth
condition w > 0, the U operator is completely continuous, so we have a good Riesz theory for it.
In [Col97b], Coleman developed Riesz theory for a completely continuous operator on a family of
orthonormizable Banach modules, generalizing Serre’s work. In our work we will need a further
generalization of Riesz theory. In [Buz07], Buzzard remarked that the results of Coleman remain
true also for Banach modules that are direct summand of an orthonormizable Banach module;
we will need this in § 7.

In [Col97b], Coleman was able to prove the following theorem, which generalizes [Hid86] and
holds for any p.

Theorem. Let f be an overconvergent modular form that is an eigenform for the full Hecke
algebra and let ap be the U-eigenvalue. If ap 6= 0, then f lies in a p-adic family of eigenforms over
the weight space. If f has integral weight k > 2 and v(ap)< k − 1, then f is classical.

The first step needed to obtain Coleman’s theorem is to define the notion of an overconvergent
modular form of any weight. A natural approach is to generalize the sheaves ω⊗k, obtaining the
sheaves ω⊗χ on X1(w), for any w sufficiently small and any p-adic weight χ. However, Coleman’s
approach is completely different. He made a heavy use of the Eisenstein series; in this way he
was able to define, and study, the notion of overconvergent modular form of weight χ through
its q-expansion. In particular, Coleman did not define the sheaf ω⊗χ.

In [AIS11], Andreatta et al. proposed a geometric approach to this problem, as follows. Let
χ : Z∗p→K∗ be a continuous character, where K is a finite extension of Qp satisfying certain
conditions. Then there is a rational number w > 0 and a locally free sheaf Ωχ

w on X1(N)(w)an

such that its global sections correspond naturally to p-adic modular forms of weight χ and
growth condition w, with coefficients in K, as defined by Coleman. Furthermore we have Hecke
operators, and these sheaves can be put in p-adic families over the weight space. The same
problem is addressed also in [Pil09], where slightly different techniques are used, mainly from
Hida theory.

It is natural to try to develop a similar theory for automorphic forms associated to algebraic
groups different from GL2/Q. In this work we study the case of modular forms over certain
quaternionic Shimura curves defined starting from a totally real field F . These modular forms
are related, via the Jacquet–Langlands correspondence, to Hilbert modular forms for F ; see the
introduction of [Kas04]. The notion of a p-adic modular form in this context was introduced
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by Kassaei. The definition is similar to Katz’; in particular, Kassaei considered only integral
weight. The goal of this work is to give a geometric definition of quaternionic modular forms of
any weight and to prove that these modular forms can be put in families.

Our base ring is OP , the completion of OF at a prime above p. All our objects will be
endowed with a natural action of OP . Let FP := Frac(OP). The space of FP -locally analytic
character O∗P → C∗p is a rigid analytic variety W, called the weight space (see [ST01]). We fix K,
a finite extension of FP satisfying certain technical conditions. Besides the definition of the space
of overconvergent modular forms of any weight, our main result is the following (Theorem 7.13).

Theorem. There is a rigid space C ⊆W × A1,rig
K , called the eigencurve, whose L-points, where

L is a finite extension of K, correspond naturally to systems of eigenvalues of overconvergent
modular forms defined over L. Let πi be the projection to the ith factor. If x ∈ C(L), let Mx

be the set of overconvergent modular forms corresponding to x. Then the elements of Mx have
weight π1(x) ∈W(L) and the U-operator acts onMx with eigenvalue π2(x)−1. We have that π1

is, locally on W and on C, finite and surjective.

In § 1, we define the basic objects of our study; this is due to Carayol in [Car86]. Let p 6= 2
denote a fixed rational prime. Let F be a totally real field, with [F : Q]> 1, and let B be a
quaternion algebra over F that splits at exactly one infinite place of F and at P, a prime of
F above p. Attached to these data, there is an inverse system of PEL Shimura curves {MK},
parametrized by compact open subgroups of G(Af ), where G is a reductive algebraic group over
Q, defined using B. With some assumptions on K, we give a precise description of the moduli
problem that is solved by MK over FP , the completion of F at P, and over OP :=OFP . The
residue field of OP is denoted by κ, and we write q for |κ|.

Section 2 is essentially due to Kassaei. We recall the definition of the analogue of the Hasse
invariant in our situation. In this way, we are able to define the space of p-adic modular forms
of level K(H) (an analogue of level N), weight k ∈ Z, and growth condition 06 w < 1. In § 3, we
recall the theory of the canonical subgroup, as developed in [Kas04], and we consider modular
forms of higher levels. We can decompose the pn-torsion of the objects of our moduli problems,
which are abelian schemes, to define a p-divisible group of dimension 1. In [Kas04], this p-divisible
group is used to define the canonical subgroup. In order to obtain the results we want, we need
a generalization of the theory of p-divisible group: the theory of $-divisible group, where $
is a uniformizer of OP . We recall what we need about $-divisible groups and we study the
$-divisible group attached to our abelian scheme. Using the canonical subgroup, we are able to
show that there is a modular form of level K(H$) (an analogue of level Np), called E1, that is a
canonical (q − 1)th root of Eq−1. This is a new result and it will be essential for our theory. We
also obtain some very explicit results about the canonical subgroup, generalizing some results
of [Col05].

Section 4 contains the most important technical results of the paper. First of all we show
that the trivial analogues of the results of [AIS11] are false in our situation. To be more precise,
let A be an object of our moduli problem, of level K(H$). As in [AIS11], we have a canonical
subgroup of A[p] and a canonical point γ′ of its Cartier dual. One of the most important technical
results of [AIS11] is that the image of γ′ under the map d log is congruent, modulo p1−w/(p−1),
to E1. In our situation, by Proposition 4.1, we have d log(γ′) = 0 if OP is sufficiently ramified.
This shows that we need a different approach. The deep reason for this problem is that all the
objects we are interested in are endowed with an action of OP , and we really need to take this
action into account. For example, Cartier duality does not suffice, since Gm does not have a
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natural action of OP . What we need is the theory of group schemes with strict OP-action as
developed by Faltings in [Fal02]. Thanks to this theory, we are able to study the $-divisible
groups attached to our abelian schemes, and we obtain the correct analogue of the conclusions
of [AIS11]. In the case OP = Zp, we obtain the results of [AIS11, §§ 2 and 5].

Section 5 is similar to [AIS11]. We prove that the homology of the so called Hodge–Tate
sequence is killed by a certain power of $. This links the Tate module of our abelian schemes
to the invariant differentials in a very precise way. Since an elliptic curve admits a canonical
principal polarization, all the objects studied in [AIS11] are self-dual. This is not the case in
our situation; in particular we need Proposition 5.1. This lack of self-duality makes some of the
arguments of § 4 more delicate than those in [AIS11].

Section 6 is the heart of the paper. We prove that we can generalize the definition of the
sheaves ω⊗k to any locally analytic character χ : O∗P →K∗. For any fixed χ, there is a rational
w > 0 and a locally free sheaf Ωχ

w on M(H)(w)rig (this curve is the analogue of X1(N)(w)an),
such that Ωχ

w = ω⊗k if χ(t) = tk. In this way we are able to define the space of quaternionic
modular forms of weight χ. In order to define the sheaves Ωχ

w, we need to consider the curves
M(H$n)(w)rig (analogous to those of level Npn), where n depends on χ. We start by defining
a sheaf Ω̃χ

w on M(H$n)(w)rig. We then show that we have an analogue of the usual diamond
operators acting on the pushforward of Ω̃χ

w to M(H)(w)rig. Taking invariants with respect to these
operators, we obtain the sheaf Ωχ

w. We then consider analytic families. We have an admissible
covering {Wr} of W, made by affinoids. To show that our definition of the sheaves Ωχ

w makes
sense, we prove that the Ωχ

w live in families. More precisely, we prove that there are locally free
sheaves Ωw,r on Wr ×M(H)(w)rig, such that Ωχ

w is the pullback of Ωw,r at the point defined by
χ. Furthermore, the Ωw,r satisfy various compatibility conditions. This shows that our sheaves
really ‘interpolate’ the sheaves ω⊗k, for various k.

In § 7 we introduce the Hecke operators U and TL. These are analogous to the classical U
and Tl operators. We show that the space of modular forms of weight χ with coefficients in K
is a Banach K-module, and that the U operator is completely continuous when restricted to
overconvergent modular forms. We also construct families of the Hecke operators. We prove that
a modular form that is an eigenvector for the U operator (with finite slope) lives in a p-adic
analytic family of eigenforms. This gives the analogue of the above theorem of Coleman. The
main technical results are the following theorems.

Theorem. Let χ : O∗P →K∗ be a locally analytic character and assume that w is small enough.

Then we have an invertible sheaf Ωχ
w on M(H)(w)rigK and a completely continuous operator U

on the global sections of Ωχ
w. If χ(t) = tk, then there is a U-equivariant isomorphism between

H0(Ωχ
w,M(H)(w)rigK ) and the space of modular forms of growth condition w as defined in [Kas04].

Theorem. Let r > 0 be an integer. For any small enough w, we have an invertible sheaf Ωw,r

on Wr ×M(H)(w)rigK such that its pullback to M(H)(w)rigK at any χ ∈Wr(K) is Ωχ
w. We have

Hecke operators on Ωw,r. Furthermore, U-eigenforms of finite slope can be deformed.

As in the classical case, we plan to give a cohomological interpretation of our modular forms.
This should allow us to use the powerful language of modular symbols, as for example in [Bel12].
We finally hope that our approach to define p-adic families of overconvergent modular forms can
also be used for algebraic groups different from G.
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1. Shimura curves and modular forms

In this section we present the basic objects of our work and fix the notations. We will closely
follow the presentation given in [Kas04]. See [Car86] for details.

Let p 6= 2 be a prime number, fixed from now on. We fix F , a totally real field of degree
N > 1 over Q. We denote by τ1, . . . , τN the various embeddings of F in R and by P1, . . . , Pm
the prime ideals ofOF above p. The completion of F at Pi will be denoted by FPi . We set P := P1,
τ := τ1, and d := [FP : Qp]. We write OP for OFP . Its ramification degree will be denoted by e
and its residue degree with f . We fix $, a uniformizer of OP , and we write κ for the residue
field OP/$OP . We write v(·) for the valuation of FP , normalized by v($) = 1, and we choose
| · |, an absolute value on FP compatible with v. We will write [·] : κ∗→O∗P for the Teichmüller
character, and we set [0] = 0. We fix FP , an algebraic closure of FP , and we denote by Cp its
completion. We will use subscripts to denote base change over some base object, which will be
clear from the context.

Let B be a quaternion algebra over F . We assume that B is split at τ and at P and that
it is ramified at τ2, . . . , τN . Let λ < 0 be a rational number such that Q(

√
λ) splits at p, and

let E := F (
√
λ). We embed E in the field of complex numbers via τ : E→ C, where, if x, y ∈ F ,

τ(x+
√
λy) = τ(x) +

√
λτ(y). We choose µ ∈Qp such that µ2 = λ. We have

E ⊗Q Qp
∼−−→ (FP1 × · · · × FPm)× (FP1 × · · · × FPm). (1)

Composing twice the natural map E→ E ⊗Q Qp with the projection on the first factor, we get
a map E→ FP . We use this morphism to define a structure of E-algebra on FP .

Let z 7→ z̄ be the non-trivial element of Gal(E/F ). On D :=B ⊗F E, we define an involution
·̄ that sends b⊗F z to b′ ⊗F z̄, where ·′ : B→B is the canonical involution of B. The underlying
Q-vector space of D will be denoted by V . We let D act on the left on V , by multiplication. We
choose δ ∈D such that δ̄ = δ, and we define an involution ·∗ : D→D by l∗ = δ−1 l̄δ. We now take
α ∈ E such that ᾱ=−α, and we define the symplectic bilinear form

Θ: V × V →Q
(v, w) 7→Θ(v, w) = TrE/Q(α TrD/E(vδw∗)).

Let OB be a maximal order of B. We fix an isomorphism OB ⊗OF OP ∼= M2(OP). The
maximal order of D corresponding to OB will be denoted by OD, or by VZ if we want to see it
as a lattice in V . The isomorphism in (1) implies that we have the following isomorphisms.

OD ⊗Z Zp ∼= OD1
1
× · · · × OD1

m
× OD2

1
× · · · OD2

m⋂ ⋂ ⋂ ⋂ ⋂
D ⊗Q Qp

∼= D1
1 × · · · × D1

m × D2
1 × · · · D2

m

(2)

We choose OD, α, and δ in such a way that the following conditions are satisfied:

– OD is stable under l 7→ l∗;

– ODkj is a maximal order in Dk
j and OD2

1
is identified with M2(OP);

– Θ takes integer values on VZ and it induces a perfect pairing on VZp := VZ ⊗Z Zp.

Let C be a pseudoabelian category. If X is an object of C with an action of OD ⊗Z Zp, the
isomorphism in (2) induces a decomposition in C

X =X1
1 ⊕ · · · ⊕X1

m ⊕X2
1 ⊕ · · ·X2

m,
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where each Xk
j has an action of ODkj . Using the idempotents (1 0

0 0) and (0 0
0 1) of OD2

1

∼= M2(OP),

we obtain a further decomposition X2
1 =X2,1

1 ⊕X2,2
1 . Note that X2,1

1 and X2,2
1 are isomorphic.

This notation will be used throughout the paper.
Let G be the reductive algebraic group over Q such that, for any Q-algebra R,

G(R) = {D-linear symplectic similitudes of (V ⊗Q R,Θ⊗Q R)}.

We write Af for the ring of finite adele of Q. We have

G(Af )∼= Q∗p ×GL2(FP)× (B ⊗F FP2)∗ × · · · × (B ⊗F FPm)∗ ×G(Af,p),

where Af,p is the restricted product of the Ql (l prime), with l 6= p. We will simply write Γ for
(B ⊗F FP2)∗ × · · · × (B ⊗F FPm)∗ ×G(Af,p). For the rest of the paper, we assume that K is a
compact open subgroup of G(Af ) of the form

K = Z∗p ×KP ×H,

where KP and H are compact open subgroups of GL2(FP) and of Γ.
We write S for the Weil restriction ResC/ R(Gm,C). There is a morphism h : S→GR such that

X, the G(R)-conjugacy class of h, can be identified with H, the Poincaré half plane. For K as
above, we have the Riemann surface

MK(C) :=G(Q)\(G(Af )×X)/K.

It can be proved that MK(C) admits a canonical smooth and proper model over E, denoted
by MK . Its base change to FP , denoted again by MK , is the Shimura curve we are interested in.

From now on, we assume that K is small enough to keep the lattice VẐ := VZ ⊗Z Ẑ⊆
V ⊗Q Af invariant. With this assumption, MK is a fine moduli space. It represents the functor
(FP -algebras)op→ set that sends R, an FP -algebra, to the set of isomorphism classes of
quadruples (A, i, θ, ᾱ), where the following hold.

(i) The first component, A, is an abelian scheme over R of relative dimension 4N , with an
action of OD via i : OD→ EndR(A) that satisfies the following.

(a) The projective R-module Lie(A)2,11 has rank 1 and OP acts on it via the natural
morphism OP →R.

(b) For j > 2, we have Lie(A)2j = 0.

(ii) The third component, θ, is a polarization, of degree prime to p, such that the corresponding
Rosati involution sends i(l) to i(l∗).

(iii) The last component, ᾱ, is a K-level structure, i.e. a class modulo K of a symplectic
OD-linear isomorphism α : T̂(A) ∼−−→ VẐ (locally in the étale topology).

Here T̂(A) is the product of the Tate modules Tl(A) (l prime), where each Tl(A) = lim←−n A[ln] is
considered as an étale sheaf. Its symplectic form comes from the Weil pairing composed with θ.
Note that Lie(A)kj makes sense. We have that θ induces an isomorphism A[pn]1j

∼−−→ (A[pn]2j )
D

(Cartier dual) and that A[pn]2j is étale for j > 2. We write A[$n]2,k1 for the $n-torsion of A[pn]2,11 ,
and we set A[$n]21 :=A[$n]2,11 ⊕A[$n]2,21 .

In the case KP has some specific form, we can interpret the existence of a K-level structure
in a more explicit way. We write T̂p(A) for

∏
l 6=p Tl(A) and Ẑp for

∏
l 6=p Zl. We denote

Tp(A)22 ⊕ · · · ⊕ Tp(A)2m by TPp (A) and (VZp)
2
2 ⊕ · · · ⊕ (VZp)

2
m by WPp . Let Ŵ p be VZ ⊗Z Ẑp.
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We define

K(H) := GL2(OP),

K(H, $n) :=
{(
a b
c d

)
∈GL2(OP) s.t. c≡ 0 mod $n

}
,

and

K(H$n) :=
{(
a b
c d

)
∈GL2(OP) s.t. a≡ 1 mod $n and c≡ 0 mod $n

}
.

In the case KP =K(H), a choice of a level structure is equivalent to a choice of ᾱP , where:

(i) ᾱP is a class, modulo H, of αP = αPp ⊕ αp, where αPp : TPp (A) ∼−−→WPp is linear and
αp : T̂p(A) ∼−−→ Ŵ p is symplectic.

If KP =K(H, $n), a choice of a level structure is equivalent to a choice of (C, ᾱP), where:

(i) C is a finite and flat subgroup scheme of rank qn of A[$n]2,11 , stable under OP ;

(ii) ᾱP is as above.

In the case KP =K(H$n), a choice of a level structure is equivalent to a choice of (Q, ᾱP),
where:

(i) Q is a point of exact OP -order $n in A[$n]2,11 ;

(ii) ᾱP is as above.

In these cases, the curves MK will be denoted by M(H), M(H, $n), and M(H$n). They admit
canonical proper models over OP , denoted by M(H), M(H, $n), and M(H$n). In [Car86] it
is proved that M(H) is smooth over OP , while the other two curves have semistable reduction.

The curvesM(H),M(H, $n), andM(H$n) solve the same moduli problems as the curves
M(H), M(H, $n), and M(H$n) do, but now for OP -algebras. The level structure has the same
description as above, but now Q is a point of exact OP -order $n in the sense of Drinfel’d. We
have several morphisms between these curves, given by the natural transformations of functors.

The universal objects of the moduli problems of the curves M(H), M(H, $n), and M(H$n)
will be denoted by A(H), A(H, $n), and A(H$n). They admit the canonical integral models
A(H), A(H, $n), and A(H$n). The morphism A(H)→M(H) will be denoted by π, and its
zero section by e. We use the same symbols for the other curves.

Let us consider the sheaf π∗Ω1
A(H)/M(H). It has an action of OD ⊗Z Zp, so we can define

ω := ωK(H) := (π∗Ω1
A(H)/M(H))

2,1
1 .

The definitions of ωK(H,$n) and ωK(H$n) are analogous, and we usually drop the subscript. By
condition (i(a)) of the moduli problem, we have that ω is a locally free sheaf of rank 1. If R is
an OP -algebra, the pullback of ω to Spec(R) will be denoted by ωR or ωA/R, where A is the
pullback of the universal object to Spec(R).

Definition 1.1. Let R be an OP -algebra and k an integer. The space of modular forms with
respect to D, level K(H) and weight k, with coefficients in R, is defined as

SD(R, K(H), k) := H0(M(H)R, ω⊗kR ).

The definitions of SD(R, K(H, $n), k) and SD(R, K(H$n), k) are similar.
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2. The Hasse invariant and $-adic modular forms

Notation. We will use the following notation. Objects defined over OP will be denoted by italic
letters, such as A. The completion along the subscheme defined by $ = 0 will be denoted by the
corresponding fraktur letter, such as A.

Let X be any OP -scheme (or a formal scheme). Recall that a $-divisible group H →X is
a Barsotti–Tate group H over X, together with an embedding OP ↪→ End(H) such that the
induced action of OP on Lie(H) is the one given by H →X → Spec(OP). If X is connected,
there is a unique integer ht(H), called the height of H, such that rk(H[$n]) = qn ht(H) for all n.
Let X be a $-adic formal scheme over Spf(OP), and let G→ X be a smooth formal group. We
say that G is a formal OP-module if we have an action of OP on G such that the action of OP
on Lie(G) is given by G→ X→ Spf(OP).

Given (A, i, θ, ᾱ), an object of the moduli problem, with A defined over R, we write A[$∞]2,11

for lim−→n
A[$n]2,11 ; this is the $-divisible group associated to A. The height of A[$∞]2,11 is 2. Let

A be the $-adic completion of A and let Â be the completion of A along its zero section. Then
Â2,1

1 is a formal OP -module of dimension 1. If Â2,1
1 is a $-divisible group, its height h is either 1

or 2 and satisfies qh = rk(Â2,1
1 [$]). We say that (A, i, θ, ᾱ), or simply A, is ordinary if Â2,1

1 has
height 1. If Â2,1

1 has height 2, we say that (A, i, θ, ᾱ) is supersingular.

With the above notations, suppose that Â2,1
1 is coordinatizable. It is proved in [Kas04,

Proposition 4.3] that we can find a coordinate xR on Â2,1
1 such that the action of $ has the form

[$](xR) =$xR + aRx
q
R +

∞∑
j=2

cjx
j(q−1)+1
R ,

where a, cj are in R and cj ∈$R unless j ≡ 1 mod q. If we assume that $ = 0 in R, the various
aR glue together to define H, a modular form of level K(H) and weight q − 1, defined over κ,
which is called the Hasse invariant. If W = Spec(R) is an open affine of M(H)κ and we denote
by ω the differential dual to the coordinate xR defined above, we have H|W = aRω

⊗q−1.

We assume q > 3 (but see Remark 2.2), so by [Kas04, Proposition 7.2] the Hasse invariant
can be lifted to a modular form of level K(H) and weight q − 1, defined over OP . We choose such
a lifting, called Eq−1: in [Kas04, Corollary 13.2], it is shown that all the theory does not depend
on this choice. Over Spec(R), we can write Eq−1| Spec(R) = Eω⊗q−1, with E ∈R. By [Kas04,
Proposition 6.2] we have aR ≡ E mod $.

Proposition 2.1 [Kas04, Proposition 6.1]. Let R be a κ-algebra and let (A, i, θ, ᾱ) be an
object of the moduli problem, with A defined over R and let z be a geometric point of Spec(R).
Then the pullback of H to M(H)R vanishes at z if and only if the pullback of A to z is
supersingular.

We now move on to $-adic modular form. Let V be a finite extension of OP and let w a
rational number such that there is an element of V , denoted by $w, of valuation w. We define

M(H)(w)V := SpecM(H)V (Sym(ω⊗q−1
V )/(Eq−1 −$w)).

Remark 2.2. If q = 2, 3, we can still define M(H)(w), that is the $-adic completion ofM(H)(w),
using the notion of ‘measure of singularity’ introduced in [Kas09, § 2]. Over Spf(R), we can take
for E any element of R such that Eω⊗q−1 is a generator of ω⊗q−1. It follows that all ‘local’ results
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of the paper, i.e. those that do not involve the existence of Eq−1, remain true also if q = 2, 3. We
leave the details to the interested reader.

Definition 2.3. Let V and w as above. The space of $-adic modular forms with respect to D,
level K(H), weight k and growth condition w, with coefficients in V , is defined as

SD(V, w, K(H), k) := H0(M(H)(w)V , ω⊗k).

Let K be the fraction field of V . The rigidification of the map M(H)(w)V →M(H)V is the
immersion M(H)rigV (w) ↪→M(H)rigV , where M(H)rigV (w) is the affinoid subdomain of M(H)rigV
defined by Coleman in [Col97a], relative to Eq−1. We call M(H)V (0)rig the ordinary locus. It is
an affinoid subdomain of M(H)rigV : its complement is a finite union of the supersingular discs.

By rigid GAGA, elements of SD(V, K(H), k)K correspond to sections of ω⊗k over M(H)rigV ,
while elements of SD(V, w, K(H), k)K correspond to sections over M(H)V (w)rig. Elements
of SD(V, 0, K(H), k)K are called convergent modular forms with coefficients in K, while the
elements of SD(V, w, K(H), k)K , for w > 0, are called overconvergent modular forms.

3. The canonical subgroup and modular forms of level K(H$)

Notation. Let V , K, and w be as above. From now on, we will work over V , so we will consider the
base change to V , or to K, of the various objects defined so far. For simplicity we will omit
the subscripts V and K .

From now on we assume that 06 w < q/(q + 1). By [Kas04, Theorem 10.1], the q-torsion of
any A as above admits a canonical subgroup, which we call C. We have that C2,1

1 is killed by $.
Since C2,1

1 has order q, we can use it to define a morphism M(H)(w)→M(H, $). Its rigidification
is a section, which is defined over M(H)(w)rig, of the morphism M(H, $)rig→M(H)rig. We
define M(H$)(w)rig as the inverse image of M(H)(w)rig with respect to the map M(H$)rig→
M(H, $)rig. It is an affinoid subdomain of M(H$)rig with a finite and étale map to M(H)(w)rig.

We assume that V contains an element, denoted by (−$)1/(q−1), whose (q − 1)th power
is −$. Let U = Spf(R) be an open affine of M(H)(w). We write Urig = Spm(RK) for its rigid
analytic fiber. Since the morphism M(H$)(w)rig→M(H)(w)rig is finite and étale, the inverse
image of Urig is an affinoid, Vrig = Spm(SK), with RK → SK finite and étale. Let S be the
normalization of R in SK , and let V be Spf(S). Note that S is $-adically complete. The various
V glue to define a formal scheme M(H$)(w), with a morphism to M(H)(w). We have the
following lemma.

Lemma 3.1. The rigid analytic fiber of M(H$)(w) is M(H$)(w)rig. Furthermore, the
rigidification of M(H$)(w)→M(H)(w) is the map M(H$)(w)rig→M(H)(w)rig defined above.

By definition, M(H$)(w) is the normalization of M(H)(w) in M(H$)(w)rig, that is a finite
extension of its generic fiber.

Proposition 3.2. Let S be a normal and $-adically complete V -algebra. There is a natural
bijection between M(H$)(w)(S) and the set of isomorphism classes of quintuples (A, i, θ, ᾱ, Y ),
where:

– (A, i, θ, ᾱ) is an object of the moduli problem, with A defined over S, of M(H$) and the

canonical S-point of A[$]2,11 generates, as OP -module, the canonical subgroup of A[$];

– Y is a section of ω⊗1−q
A/S that satisfies Y Eq−1 =$w.
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Proof. This proposition is proved in exactly the same way as [AIS11, Lemma 3.1]. 2

Definition 3.3. We define the space of $-adic modular forms with respect to D, level K(H$),
weight k and growth condition w, with coefficients in V , as

SD(V, w, K(H$), k) := H0(M(H$)(w), ω⊗k).

Note that we have SD(V, w, K(H$), k)K = H0(M(H$)(w)rig, ω⊗k). We have a natural map
SD(V, w, K(H), k)→ SD(V, w, K(H$), k). The image of Eq−1 will be denoted by the same
symbol. We fix an open affine Spf(R) of M(H)(w), with associated abelian scheme A. Let x
be a coordinate on Â2,1

1 as in § 2. We write Eq−1| Spf(R) = Eω⊗q−1. Let Spf(S) be the base

change of Spf(R) to M(H$)(w). We need to recall briefly how C2,1
1 is constructed; see [Kas04,

Lemma 10.2] for details. There is b ∈R such that E = a+ b$ and we can write (a+$b)y =$w,
with y ∈R. We set r1 :=−$/$w ∈ V and t0 := r1y/(1 + r1by) ∈R. We have that C2,1

1 , as a
scheme, is Spec(R[[x]]/(xq − tcanx)), where tcan = t0(1− t∞). Here t∞ is an element of r2R,
where r2 ∈ V has positive valuation. Since tcan is topologically nilpotent, we have an isomorphism
C2,1

1
∼= Spec(R[x]/(xq − tcanx)). It follows that there is r ∈R such that x 7→ rx gives

C2,1
1
∼= Spec

(
R[x]

/(
xq +

$

E
x

))
.

Proposition 3.4. There is E1 ∈ SD(V, w, K(H$), 1) such that Eq−1
1 = Eq−1.

Proof. By Proposition 3.2, the equation xq−1 +$/E = 0 has a canonical solution α ∈ S. Consider
the element E1/(q−1) := (−$)1/(q−1)/α ∈ SK : it is a canonical (q − 1)th root of E in SK that lies
in S by normality. For the various R, these roots glue to define the required modular form. 2

3.1 Raynaud theory

We will continue to work locally for all this section, using the notations introduced above. In
this section we find it convenient to denote the Teichmüller character [·] by χ1(·) (see below).

Let M be the set of multiplicative characters χ : κ∗→O∗P , extended to the whole κ by
χ(0) = 0. Following Raynaud in [Ray74], we say that χ ∈M is a fundamental character if
the map κ→OP →OP/$OP = κ is a field homomorphism. If χ satisfies this condition, all
fundamental characters are of the form z 7→ χ(z)p

i
. We denote this latter character by χpi , where

i ∈ Z /f Z (in [Ray74], χpi is denoted by χi). Furthermore we can assume that χpi+1 = χp
pi

and
that χ1 is the Teichmüller character. Any χ ∈M can be decomposed as χ=

∏
i∈Z /f Z χ

ni
pi

, with
06 ni 6 p− 1. If χ 6= 1, this decomposition is unique. In this way we get a bijection between
M\{1} and {1, . . . , q − 1} given by χ=

∏
i χ

ni
pi
7→
∑

i nip
i. We write χi for the inverse image of

i (this notation is different from that used in [Ray74]).

We have shown above that C2,1
1 is, as a scheme, Spec(R[x]/(xq + ($/E)x)). Let w and

wi := wχi be the universal constants introduced by Raynaud. By [Ray74, Corollary 1.5.1], there
is (γi, δi)i∈Z /f Z ∈RZ /fZ such that γiδi = w and

C2,1
1
∼= Spec(R[xi]i∈Z /f Z/(x

p
i − δixi+1)).

Since the action of OP on C2,1
1 is strict, we have δi ∈R∗ for all i 6≡ f − 1. We can thus write xi =

δ−1
i−1 · · · δ

−pi−1

0 xp
i

0 for all i 6≡ 0. It follows that we can assume x= x0 and −$/E = δp
f−1

0 · · · δf−1.
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Furthermore, the action of z ∈ κ on R[x]/(xq + ($/E)x) is given by x 7→ χ1(z)x and the module
of invariant differentials of C2,1

1 is isomorphic to R/($/E)Rd(x) (see [Far07, § 1.1.2]).
Let hi be the smallest integer, with 0< hi 6 f , such that pf−hi divides i. By [Ray74,

Proposition 1.3.1], there is a unit u ∈ O∗P such that w = pu=$eu. A calculation using
[Ray74, Corollary 1.5.1] gives the following.

Proposition 3.5. The comultiplication in C2,1
1 is given by

c(x) = x⊗ 1 + 1⊗ x−$e−1uE

q−1∑
i=1

whi−1

wiwq−i
xi ⊗ xq−i.

Remark 3.6. Do not confuse our wi with those of Raynaud, which are all equal and are denoted
by w here. Since χpi is a fundamental character for each i, we have wpi = 1 for i= 0, . . . , f − 1.
Suppose that $ = p and f = 1. Let us write w′i for the universal constants used in [Col05]. We
have wi = (−1)i+1w′i/(p− 1)i−1 and w = w′p/(p− 1)p−1, so our description of the comultiplication
is exactly the same as that given in [Col05] for the canonical subgroup of an elliptic curve.

We assume for the rest of the section that V contains ζp, a fixed primitive pth root of
unity. Since the base change of C2,1

1 to SK is a constant group scheme, with associated abstract
group κ, the Hopf algebra of (C2,1

1 )SK is isomorphic to the algebra of SK-valued functions on
κ. Let εz, for z ∈ κ, denote the characteristic function of {z}. We have a natural isomorphism
SK [x]/(xq + ($/E)x)→

⊕
z∈κ SKεz sending x to

∑
z∈κ χ1(z)αεz. Here α is the root of −$/E

given in the proof of Proposition 3.4. The Hopf algebra of (C2,1
1 )DSK is isomorphic to SK [κ], the

group algebra of κ with coefficients in SK . The canonical base of SK [κ] will be denoted by
{z}z∈κ. Using ζp, we can identify Fp with µp(V ). In particular, the trace map Trκ/Fp can be
seen as a morphism Ψ: κ→ µp(V ). We obtain a morphism of group schemes (C2,1

1 )SK → µp. This
morphism corresponds to the SK-point of (C2,1

1 )DSK given by z 7→Ψ(z), and comes from

η : SK [y]/(yp − 1)→
⊕
z∈κ

SKεz ∼= SK [x]
/(

xq +
$

E
x

)
y 7→

∑
z∈κ

Ψ(z)εz.

Let eχi , with 0< i < q − 1, be
∑

z∈κ χ
−1
i (z)z and let eχq−1 be

∑
z∈κ z− q0. We have

∑
z∈κ

Ψ(z)εz = ε0 +
1

q − 1

q−1∑
i=1

eχi

(∑
z∈κ∗

Ψ(z)εz

)
εχi = 1 +

1
q − 1

q−1∑
i=1

g(χi)α−ixi,

where g(χi) is the Gauss sum associated to χ−1
i and Ψ.

If 06 i6 q − 1 is an integer, written in base p as i=
∑f−1

k=0 ikp
k, we define s(i) to be

i0 + · · ·+ if−1. If i 6= 0, by [Ray74, p. 251], we have

wi = wχi = wχ1, . . . , χ1︸ ︷︷ ︸
i0 times

,...,χpf−1 , . . . , χpf−1︸ ︷︷ ︸
if−1 times

=
g(χ1)i0 · · · g(χpf−1)if−1

(q − 1)s(i)−1g(χi)
.

Since g(χpk) = g(χ1) for every k, we obtain

g(χi) =
1

(q − 1)s(i)−1

g(χ1)s(i)

wi
. (3)
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For k = 0, . . . , f − 1, let βk := g(χ1)α−p
k
. Writing i=

∑f−1
k=0 ikp

k, we have

η(y) = 1 +
q−1∑
i=1

1
(q − 1)s(i)

xi

wi

f−1∏
k=0

βikk .

Proposition 3.7. The morphism η : R[y]/(yp − 1)→R[x]/(xq + ($/E)x) induces a canonical
S-point of (C2,1

1 )D. Its base change to SK , denoted by γ′, is a κ-generator of (C2,1
1 )D(SK).

Proof. It is enough to show that each βk is in S. By (3), the valuation of g(χ1) is e/(p− 1), so
in SK we can write βk = v$e/(p−1)−pk/(q−1)($1/(q−1)α−1)p

k
, where v is a unit of V . The claim

follows. 2

Remark 3.8. Using the relations between our wi and the universal constants used by Coleman,
given in Remark 3.6, we see that, in the case f = 1 and $ = p, our morphism is exactly the one
defined in [AIS11, Proposition 5.2].

Proposition 3.9. Let h : C2,1
1 → Â[$]2,11 be the natural map. In Ω1

C2,11 /R
, we have the equality

h∗(ω) =
d(x)

1−$e−1uE(wf−1/wq−1)xq−1
.

Furthermore, if we write ωC2,11 /R
∼=R/($/E)Rd(x), we have h∗(ω) = d(x).

Proof. It is convenient to write the comultiplication c(x) of C2,1
1 as F (X, Y ), where X = x⊗ 1

and Y = 1⊗ x. Let f(X)d(X) be an invariant differential. We have

f(X)d(X) + f(Y )d(Y ) = f(F (X, Y ))
(
∂

∂X
F (X, Y ) +

∂

∂Y
F (X, Y )

)
,

so, comparing the coefficients of d(Y ) in the two sides of the equation and setting Y = 0, we find
that f(0)≡ f(X)(1−QXq−1) mod $/E, where Q :=$e−1uE(wf−1/wq−1). By [Ray74, p. 251],
w = g(χ1)p−1/(q − 1)p−1, so we obtain that (1− (q − 1)QXq−1)(1−QXq−1) = 1, and so any
invariant differential on C2,1

1 has the form

rd(x)
1−Qxq−1

,

for some r ∈R/($/E)R. Since ω is a differential dual to x, we have ω = f(x)d(x), with
f ≡ 1 mod x and the first part of the proposition follows. The last statement is a consequence of
the fact that the counit of C2,1

1
∼= Spec(R[x]/(xq + ($/E)x)) is the map x 7→ 0. 2

Remark 3.10. If $ = p and f = 1, we have ω = d(x)/(1 + E/(p− 1)), but pd(x) = 0, so h∗(ω) =
d(x)/(1− E).

4. The map d log

Let {Spf(Ri)i∈I} be a covering of M(H)(w) by small affine formal schemes (in the sense
of [Bri08]). Our local situation will be the following: we choose one of the Ri, called simply R. Its
pullback to M(H$)(w) will be denoted by Spf(S). We assume that ωA/R = (π∗Ω1

A/R)2,11 is a free
R-module, generated by ω, and we write Eq−1| Spf(R) = Eω⊗q−1. Let η = Spec(K) be a generic
geometric point of Spec(R), we write G for π1(Spec(RK), ηK). We denote by R the direct limit
of all R-algebras T ⊆K which are normal and such that TK is finite and étale over RK . Let R̂
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be the $-adic completion of R. We are going to use the map d log; for the definition and basic
properties look at [AIS11, § 2], or see below.

Proposition 4.1. If e is big enough, then γ′ is in the kernel of the map

d log : (C2,1
1 )D(SK)→ ω

(C2,11 )S/S
⊗S S/pS.

Proof. We have d log(γ′) = dη(y)/η(y). By the explicit definition of γ′, it is enough to prove that
$ divides βk for each k = 0, . . . , f − 1 (see § 3.1 for the definition of βk and η). In the proof of
Proposition 3.7 we have shown that $e/(p−1)−pk/(q−1) divides βk. If e is big enough, this implies
that $ divides βk as required. 2

Remark 4.2. The above proposition shows that, in general, the analogue of [AIS11,
Proposition 5.2] is not true in our situation. Since we work with $-divisible groups rather than
with p-divisible groups, to obtain results similar to those of [AIS11], we need a theory that takes
into account the action of OP . For example, in Proposition 4.1, we use that C2,1

1 is killed by
p, but we even know that $C2,1

1 = 0. Note that there is no action of OP on Gm,S , so Cartier
duality does not suffice. We need the theory of group schemes with strict OP-action as developed
in [Fal02].

On the power series ring R[[x]] there is a unique action of OP such that the multiplication
by $ has the form [$](x) = xq +$x and the action on the Lie algebra is the one induced by
OP →R. This is the so called Lubin–Tate $-divisible group, denoted by LT . The action of OP
on R[[x]]/(xq +$x) factors through κ, and z ∈ κ sends x to [z]x. Let G be a finite and flat
group scheme over R with an action of OP (we will always assume the condition on the action
on the Lie algebra), and let us suppose that G is killed by $n for some integer n. The functor
(R-algebras)op→ grp that sends T to homOP (GT , LT T ) is representable by a finite and flat
group scheme over R, with an action of OP , denoted by G∨; see [Fal02, §§ 3 and 5].

Let G be a $-divisible group and let H be a sub OP -module of T$(G∨) := lim←−n G
∨[$n](RK)

(this is the Tate module of G∨). By duality between G and G∨, we obtain H⊥, the orthogonal
of H, that is a sub OP -module of T$(G).

If D ⊆G[$n](RK) is a sub OP -module, we write Dcl for the schematic closure of D in G[$n].
Let R be a discrete valuation ring, whose valuation extends that of OP , so Dcl and (D⊥)cl are
group schemes. By [Far07, Proposition 1], we have (Dcl)∨ ∼=G[$n]∨/(D⊥)cl.

Let W be a normal Noetherian R-algebra, without $-torsion. Let G be a group scheme with
an action of OP , and let ωG/R be the module of invariant differential of G. If G is killed by $n,
we define a map

d logG := d logG,W : G∨(WK)→ ωG/R ⊗RW/$nW

in the following way: given x, a WK-valued point of G∨, it extends to a W -valued point of
G∨, called again x. It gives a group scheme homomorphism (that respects the action of OP)
fx : G→LT . We define

d logG,W (x) := f∗xd(T ).

The map d log satisfies various functoriality properties; see [AIS11, Lemma 2.1].

We can take G=A[$n]2,11 , and obtain the map

d logn,W : (A[$n]2,11 )∨(WK)→ ωA[$n]2,11
⊗RW/$nW.
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Taking the direct limit over all W as above, we get the map

d logn,A : (A[$n]2,11 )∨(RK)→ ωA/R ⊗R R/$nR.

Finally, taking the projective limit, we obtain the map

d logA : T$((A[$∞]2,11 )∨)→ ωA/R ⊗R R̂.

Suppose that R is a discrete valuation ring, whose valuation extends that of OP . From d logA,
we obtain the maps d log

n,Â and the map

d logÂ : T$((Â2,1
1 )∨)→ ωA/R ⊗R R̂.

Remark 4.3. Let us assume that A is supersingular. We have that the Newton polygon of [$](x)
is the convex hull of the points

(0,+∞), (1, 1), (q, v(a)) and (q2, 0).

In particular, we see that the roots of [$](x) corresponding to points of C2,1
1 are those with

biggest valuation, as in [Far07].

Proposition 4.4. Let us suppose that w 6 1/q. Taking the quotient over the kernel, the map
d log1,A factors through a map, denoted again by

d log1,A : (C2,1
1 )∨(RK)→ ωA/R ⊗R R/$R.

Furthermore, the cokernel of the base change to R/$R, over κ, of this map is killed by $v,
where v := w/(q − 1). In particular we have ker(d log1,A) = (C2,1

1 (RK))⊥.

Proof. As in the proof of [AIS11, Proposition 5.1], we can assume that R is a discrete valuation
ring, whose valuation extends that of V . We can prove the proposition with A2,1

1 replaced by
Â2,1

1 . Indeed, if A is supersingular we have Â[$]2,11 =A[$]2,11 , while in the ordinary case we can
use [Far07, Lemma 1].

First of all we prove the proposition in the case Â2,1
1 has height 2. Let y ∈ Â2,1

1 [$]∨(RK)
and let D ⊆ Â2,1

1 [$]∨(RK) be the OP -module generated by y. We have ω(Dcl)∨
∼=R/γR, with

v(γ) = 1−
∑

v(z), where the sum is over D⊥\{0} (see [Far07]). Since the map

R/γR∼= ω(Dcl)∨/R ⊗R R/$R ↪→ ωA/R ⊗R R/$R∼=R/$R

is the multiplication by $/γ, it is injective. In particular, we have a commutative diagram

Â2,1
1 [$]∨(RK) // ωA/R ⊗R R/$R

Dcl(RK)
?�

OO

// ω(Dcl)∨/R ⊗R R/$R
?�

OO

so we can study the map d log(Dcl)∨,R. We now have that d log(Dcl)∨,R(y)≡ β mod γ, with v(β) =
(1− v(γ))/(q − 1), so d log(Dcl)∨,R(y) = 0 if and only if v(γ)6 (1− v(γ))/(q − 1), i.e. if and

only if v(γ)6 1/q. If y ∈ C2,1
1 (RK)⊥\{0}, we have D⊥ = C2,1

1 (RK) and v(γ) = v(E)6 w 6 1/q. It
follows that C2,1

1 (RK)⊥ is contained in the kernel of d log1,A. The first part of proposition follows

since Â2,1
1 [$]∨/(C2,1

1 (RK)
⊥

)cl ∼= (C2,1
1 )∨. If y 6∈ (C2,1

1 )(RK)⊥, the valuation of the points of D⊥
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is v(E)/q(q − 1). Looking at the map ω(Dcl)∨/R ⊗R R/$R ↪→ ωA/R ⊗R R/$R, we see that if y 6∈
(C2,1

1 )(RK)⊥ then d log1,A(y)≡ β mod $, with v(β) = (q/(q − 1))(1− v(γ)) = v(E)/(q − 1)6 v
as required. If Â2,1

1 has height 1, a similar, but even simpler, argument, gives the result. 2

Remark 4.5. In [AIS11], the assumption w < 1/p is made from the very beginning to define the
canonical subgroup. We need w 6 1/q only to relate the map d log with the canonical subgroup.

From now on, we will assume that w 6 1/q. We consider the morphism

(C2,1
1 )S = Spec

(
S[x]

/(
xq +

$

E
x

))
→LT S = Spec(S[[x]])

E1/(q−1)x←[ x.

It gives a canonical non-trivial point γ ∈ (C2,1
1 )∨(SK) that is a κ-generator of (C2,1

1 )∨(SK).

Proposition 4.6. We have d log1,S(γ)≡ E1| Spf(S) mod $1−w.

Proof. Consider the following commutative diagram.

(A[$]2,11 )∨(SK) //

��

ωA/R ⊗R S/$1−wS

��

(C2,1
1 )∨(SK) //

55

ωC2,11 /R
⊗R S/$1−wS

Being h : C2,1
1 →A[$]2,11 a closed immersion, the right vertical map is surjective. Both its

domain and codomain are free S/$1−wS-module of rank 1. It follows that the right vertical
map is an isomorphism, so we can prove that d logC2,11 ,S

(γ)≡ h∗(E1| Spf(S)) mod $1−w. We have

d logC2,11 ,S
(γ) = E1/(q−1)d(x), and we finish the proof by Proposition 3.9. 2

5. The Hodge–Tate sequence

We continue to work locally as in the previous section, using the same notations. We now need
some results about Â2,1

1 [$]∨. Let ωA∨/R be ωÂ2,1
1 [$]∨/R, and choose E′ ∈R, a generator of this

R-module.

Proposition 5.1. Let us suppose that R is a discrete valuation ring, whose valuation extends
that ofOP . Then the valuation of E′ is the same as the valuation of E. Furthermore (C2,1

1 (RK)⊥)cl

is the canonical subgroup of A2,1
1 [$]∨.

Proof. We can assume that Â2,1
1 has height 2. We claim that the map d log1,A∨ : A[$]2,11 (RK)→

ωA∨/R ⊗R R/$R has C2,1
1 (RK) has kernel. Indeed, let y ∈ C2,1

1 (RK); since the diagram

A2,1
1 [$](RK) // ωA∨/R ⊗R R/$R

C2,1
1 (RK)

?�

OO

// ω
(C2,11 )∨/R ⊗R R/$R

?�

OO

is commutative, to prove that d log1,A∨(y) = 0 it is sufficient to show that d log
(C2,11 )∨,R(y) = 0.

However, by [Fal02, § 3], we have (C2,1
1 )∨ ∼= Spec(R[x]/(xq − Ex)), so ω

(C2,11 )∨/R
∼=R/ER. With
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this isomorphism, we have d log
(C2,11 )∨,R(y) = γ, with v(γ) = (1− v(E))/(q − 1)> v(E) since

v(E)6 1/q. The claim follows since, by the analogue for $-divisible groups of [Fal87, Lemma 2],
and Proposition 4.4, the kernel of d log1,A∨ is orthogonal to C2,1

1 (RK)⊥ and hence has κ-dimension
at most 1. Using the analogue of the explicit calculations made in the proof of Proposition 4.4, we
see that the fact that d log1,A∨ has a non-trivial kernel implies that v(E′)6 1/q. The statement
about (C2,1

1 (RK)⊥)cl follows. It remains to bound the valuation of E′, or, equivalently, to bound
the valuation of the points of C2,1

1 (RK)⊥, that is (1− v(E′))/(q − 1). Let us consider the isogeny
Â2,1

1 [$]∨� Â2,1
1 [$]∨/(C2,1

1 (RK)⊥)cl. By [Far07, Remark 2], it is given, after a suitable choice of
coordinates, by the map

R[[x]]→R[[x]]

x 7→
∏

λ∈C2,11 (RK)⊥

(x− λ).

Since the valuation of the points of Â2,1
1 [$]∨ that are not in C2,1

1 (RK)⊥ is v(E′)/q(q − 1), which
is smaller than (1− v(E′))/(q − 1), we have that the valuation of the image of these points under
the isogeny is v(E′)/(q − 1). But Â2,1

1 [$]∨/(C2,1
1 (RK)⊥)cl ∼= (C2,1

1 )∨, whose points have valuation
v(E)/(q − 1), so v(E) = v(E′). 2

Remark 5.2. The above proposition implies that all our results about Â2,1
1 [$] have an analogue

for Â2,1
1 [$]∨, for the same constant w.

We have the map

d logA : T$((A[$∞]2,11 )∨)⊗OP R̂→ ωA/R ⊗R R̂,

and also its analogue for (A[$∞]2,11 )∨,

d logA∨ : T$(A[$∞]2,11 )⊗OP R̂→ ωA∨/R ⊗R R̂.

Let ·∗ mean ‘dual module’; then we have an isomorphism of G-modules

T$((A[$∞]2,11 )∨)∼= T$(A[$∞]2,11 )∗(1),

where (·)(1) means that the action of G is twisted by the Lubin–Tate character. We define
aA := d log∗A∨(1).

Definition 5.3. The Hodge–Tate sequence of A is the following sequence of R̂-modules with
semilinear action of G:

0→ ω∗A∨/R ⊗R R̂(1) aA−−−→ T$((A[$∞]2,11 )∨)⊗OP R̂
d logA−−−−−→ ωA/R ⊗R R̂→ 0.

Proposition 5.4. The Hodge–Tate sequence of A is a complex.

Proof. It is enough to show that H0(R̂(−1), G) = 0. This follows by [Bri08, Proposition 3.1.8]
and [Fal02, § 9]. 2

Lemma 5.5 [Bri08, Proposition 2.0.3]. We have that $ is not a 0-divisor in R̂ and that the

natural map R→ R̂ is injective.

Proposition 5.6. The cokernel of the map d logA is killed by $v, and Im(d logA) is a free

R̂-module of rank 1. Furthermore, ker(d logA) is a projective R̂-module of rank 1.

47

https://doi.org/10.1112/S0010437X12000449 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X12000449


R. Brasca

Proof. Using Proposition 4.4, this is proved as the first step of the proof of [AIS11,
Proposition 2.5]. 2

Lemma 5.7. The map aA is injective.

Proof. By Remark 5.2 and Proposition 5.6, we know that the cokernel of d logA∨ is killed by $v,
so the same must be true for the kernel of aA, but by Lemma 5.5 this implies that ker(aA) = 0. 2

Let D2,1
1 be C2,1

1 (RK)⊥. From now on we will omit (RK) in the notation: it should be clear
from the context whether we are talking about the group scheme or about the group of points.
We also write Rz for R/$zR (and similarly for other objects).

Lemma 5.8. We have a commutative diagram, with exact bottom row.

ω∗A∨/R ⊗R R1(1) //

��

T$((A[$∞]2,11 )∨)⊗κ R1
// ωA/R ⊗R R1

0 // D2,1
1 ⊗κ R1

// (A[$]2,11 )∨ ⊗κ R1
// (C2,1

1 )∨ ⊗κ R1

OO

// 0

Furthermore we have an isomorphism ker(d logA)∼= Im(d logA∨)∗(1).

Proof. Using Remark 5.2, this lemma is proved as the second step of the proof of [AIS11,
Proposition 2.4]. 2

Theorem 5.9. The homology of the Hodge–Tate sequence is killed by $v, and we have a
commutative diagram of G-modules, with exact rows and vertical isomorphisms.

0 // ker(d logA)1−v //

o
��

T$((A[$∞]2,11 )∨)⊗OP R1−v // Im(d logA)1−v //

o
��

0

0 // D2,1
1 ⊗κ R1−v // (A[$]2,11 )∨ ⊗κ R1−v // (C2,1

1 )∨ ⊗κ R1−v // 0

Furthermore, ker(d logA) is a free R̂-module of rank 1.

Proof. Again this is proved using the same argument as the third step of the proof of [AIS11,
Proposition 2.4], using Remark 5.2. 2

Proposition 5.10. The Hodge–Tate sequence is exact if and only if A is ordinary.

Proof. This follows from the calculations made in the proof of Proposition 4.4. 2

Let H be Gal(RK/SK). In the following, δ will be an element of R1 that satisfies d log1,A(γ) =

δω and δ̃ ∈ R̂ will be a lifting of δ. We can assume δ ∈ S/$S and δ̃ ∈ S.

Proposition 5.11. Let F(S)⊆ ωA/R ⊗R S be the submodule generated by δ̃ω ⊗ 1.

(i) We have that F(S) is a free S-module of rank 1, with basis δ̃ω and F(S)⊗S R̂∼=
Im(d logA).

(ii) The S-module Im(d logA)H is equal to F(S).
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(iii) There is an isomorphism F(S)1−v ∼= (C2,1
1 )∨ ⊗κ S1−v, and its base change to R̂ gives, via

F(S)⊗S R̂∼= Im(d logA), the isomorphism of Theorem 5.9.

(iv) There is an isomorphism F(S)∗(1)⊗S R̂∼= ker(d logA).

Furthermore, all the above isomorphisms are H-equivariant.

Proof. This is proved in the same way as [AIS11, Proposition 2.6]. 2

Lemma 5.12. Let Spf(R′) be a small affine of M(H)(w) and suppose that R′ is an R-algebra.
We write A′ for the base change of A to R′. Let Spf(S′) be the inverse image of Spf(R′) under
the map M(H$)(w)→M(H)(w). Then we have a natural isomorphism F(S)⊗S S′ ∼= F(S′),
compatible with ωA/R ⊗R R′ ∼= ωA′/R′ .

Proof. By functoriality of d log, we have a natural morphism Im(d logA)⊗
R̂
R̂′→ Im(d logA′)

that is compatible with the isomorphism ωA/R ⊗R R′ ∼= ωA′/R′ . Taking Galois invariants we
obtain, by Proposition 5.11, a morphism F(S)⊗S S′→F(S′), that is an isomorphism modulo
$1−v by Theorem 5.9. The lemma follows. 2

6. The sheaves Ωχ
w and Ωr,w

We start with the assumption that e6 p− 1: we explain in § 6.7 how to remove this hypothesis.

6.1 Generalities about locally analytic characters

Let A be a K-affinoid algebra. We will consider only FP -locally analytic characters

χ : O∗P = µq−1 × (1 +$OP)→A∗.

Definition 6.1. Let r > 1 be an integer. We say that a character χ : O∗P →K∗ is r-accessible if
it is of the form t 7→ [t]i〈t〉s := [t]i exp(s log(〈t〉)) for all t with v(〈t〉 − 1)> r, where:

– i ∈ Z /(q − 1) Z;

– [·] is the Teichmüller character, and [t] means [·] applied to the reduction of t modulo $;

– 〈t〉 := t/[t] and s ∈K is such that v(s)> (e/(p− 1))− r.

If χ is 1-accessible, we will simply say that χ is accessible. In this case we write χ= (s, i). Given
an integer k, we view it as the accessible character t 7→ tk. Note that any locally analytic character
is r-accessible for some r.

Let W be the weight space for locally analytic characters: it is an FP -rigid analytic space
whose A-points, for any FP -affinoid algebra A, are W(A) = Homloc−an(O∗P , A∗). There is a
natural bijection between the set of connected components of W and Z /(q − 1) Z. Let B
be the component corresponding to the identity. We then have W =

∐
Z /(q−1) Z B. By [ST01,

Theorem 3.6], we know that B is a twisted form, over Cp, of B(1), the open disk of radius 1.
Note that B is isomorphic to B(1) if and only if FP = Qp (see [ST01, Lemma 3.9]). In general B
is a closed subvariety of Bd(1), the d-dimensional open polydisk of radius 1, where d= [FP : Qp].

Let t1 be |$|e/(p−1), and, given an integer r > 2, we define tr < 1 as the largest number such
the following condition holds: if x ∈ Cp satisfies |x− 1|< tr, then |log(x)|< t1|$|1−r. We have
tr→ 1 as r→∞. Let Bd(tr) be the open d-dimensional polydisk of radius tr. For r > 1, we fix Dr,
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a closed ball such that Bd(tr−1)⊂Dr ⊂ Bd(tr). Viewing B as a subvariety of Bd(1), we define Br
via Br := B ∩ Dr (see [ST01, § 2]). We write Wr for

∐
Z /(q−1) Z Br.

Lemma 6.2. Any χ ∈Wr(K) is an r-admissible character.

Proof. We may assume χ ∈ Br(K)⊆ Bd(tr)(K). In this case we can take

s := log(χ(1 +$r))/log(1 +$r). 2

Remark 6.3. We have thatWr is an affinoid subdomain ofW and that {Wr}r>0 is an admissible
covering ofW. In particular, any character χ ∈W(K) lies in someWr(K). Furthermore we know
that any χ ∈Wr(K) is r-admissible.

6.2 The case of accessible characters
Definition 6.4. We write F for the unique locally freeOM(H$)(w)-module of rank 1 that satisfies
F(Spf(S)) = F(S), for Spf(S) an open affine of M(H$)(w) as above. Here F(S) is the free
S-module of rank 1 defined in § 5.

By Theorem 5.9, we have an isomorphism of sheaves

F/$1−vF ∼= (C2,1
1 )∨ ⊗κ OM(H$)(w)/$

1−vOM(H$)(w).

Definition 6.5. Using the above isomorphism, we define F ′v as the inverse image of the constant
sheaf of sets (C2,1

1 )∨\{0} under the natural map F →F/$1−vF .

Lemma 6.6. Let Spf(S)→M(H$)(w) be an open affine, with associated abelian scheme
A→ Spec(S), and assume that ωA/S is free, generated by ω. Then we have that F(Spf(S))
is free, and ωstd := E1| Spf(S) gives a basis.

Proof. We can write E1| Spf(S) = E1/(q−1)ω, for some E ∈ S. We can assume that Spf(S) is the
inverse image of Spf(R)→M(H)(w). Using the notations introduced before Proposition 5.11,
we have that F(S) is generated by δ̃ω. By Proposition 4.6, we have δ̃ ≡ E1/(q−1) mod $1−w. The
lemma follows by completeness of S and Nakayama’s lemma. 2

Corollary 6.7. We have that F is a free OM(H$)(w)-module of rank 1, with ωstd as basis.

Definition 6.8. Let Sv be the sheaf of abelian groups, on M(H$)(w), defined by

Sv :=O∗P(1 +$1−vOM(H$)(w)).

Proposition 6.9. We have that F ′v is a Zariski Sv-torsor and it is generated by ωstd.

Proof. This follows from Proposition 5.11 and Lemma 6.6. 2

We write ϑ for the natural morphism ϑ : M(H$)(w)→M(H)(w). Its rigidification is Galois
with κ∗ as Galois group. The action of κ∗ on ϑrig extends to an action on ϑ. Throughout this
section, we fix an accessible character χ= (s, i). We will assume that

w < (q − 1)
(

v(s) + 1− e

p− 1

)
.

Let x be a local section of Sv over V = Spf(S). We can write x= ub, where u is a section of O∗P
and b is a section of 1 +$1−vOV. We set xχ := χ(u)bs, which is another section of Sv. Note that,
if t ∈ 1 +$OP , we have χ(t) = ts, so xχ is well defined. We will write O(χ)

M(H$)(w) for OM(H$)(w)

with the action of Sv by multiplication, twisted by χ.
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We have a natural action of Sv on F ′v. In particular we can consider the sheaf

Ω̃χ
w := HomSv(F ′v,O

(χ−1)
M(H$)(w)),

where HomSv(·, ·) means homomorphisms of sheaves with an action of Sv. By Proposition 6.9,
we have that Ω̃χ

w is an invertible sheaf of OM(H$)(w)-modules. Note that, to specify f , a global
section of Ω̃χ

w, it is enough to give f(ωstd). Since κ∗ acts on (C2,1
1 )∨\{0}, we have an action of κ∗

on F ′v and also an action of κ∗ on ϑ∗O(χ−1)
M(H$)(w).

Since ϑ is finite, we have that ϑ∗Ω̃
χ
w is a coherent sheaf of OM(H)(w)-modules. The action of κ∗

on F ′v and on ϑ∗O(χ−1)
M(H$)(w) gives an action of κ∗ on ϑ∗Ω̃

χ
w. In particular, we have an action of κ∗

on the global section of Ω̃χ
w. We will write this action by f 7→ f|〈a〉, for a ∈ κ∗. These operators

are the analogue of the usual diamond operators.

Definition 6.10. We define the sheaf Ωχ
w = Ω(s,i)

w on M(H)(w) as Ωχ
w := (ϑ∗Ω̃

χ
w)κ

∗
.

Let V = Spf(S)→M(H$)(w) be an open affine. We will write Xχ,v for the unique element
of Ω̃χ

w(V) that satisfies Xχ,v(bωstd) = b−s, for all b ∈ 1 +$1−vS. For various V, the Xχ,v glue
together, so we obtain a global section of Ω̃χ

w, denoted again by Xχ,v.

Lemma 6.11. We have that Ω̃χ
w is a free OM(H$)(w)-module of rank 1, with Xχ,v as basis.

Proof. This follows from Lemma 6.6 and Proposition 6.9. 2

Remark 6.12. Let χ′ = (s, j) be another accessible character (note that we have the same s for
χ and χ′). We have a canonical isomorphism, βχ,χ′ : Ω̃χ

w
∼−−→ Ω̃χ′

w , that sends Xχ,v to Xχ′,v. This
isomorphism does not respect the action of κ∗, but we have that βχ,χ′ induces an isomorphism
Ω̃χ
w
∼= Ω̃χ′

w [j − i]. Here, by Ω̃χ′
w [j − i] we mean Ω̃χ′

w with the action of κ∗ twisted by [·]j−i.

Definition 6.13. We define the space of $-adic modular forms with respect to D, level K(H$),
weight χ and growth condition w, with coefficients in K, as

SD(K, w, K(H$), χ) := H0(M(H$)(w), Ω̃χ
w)K .

If χ is an integer, by Lemma 6.21 below, we have SD(K, w, K(H$), χ) = SD(V, w, K(H$), χ)K .

Proposition 6.14. There is a canonical κ∗-equivariant isomorphism of OM(H)(w)-modules

ϑ∗Ω̃χ
w =

⊕
j∈Z /(q−1) Z

Ω(s,j)
w ,

such that Ω(s,j)
w is the submodule of ϑ∗Ω̃

χ
w on which κ∗ acts via multiplication by [·]j−i.

Proof. This is the analogue of [AIS11, Lemma 3.3]. By Remark 6.12, Ω(s,j)
w is equal to the set of

invariant elements of ϑ∗Ω̃
χ
w[i− j], so it is the submodule of ϑ∗Ω̃

χ
w where κ∗ acts via [·]j−i. The

order of κ∗ is q − 1, which is invertible in all our rings, so ϑ∗Ω̃
χ
w can be decomposed, locally on

M(H)(w), as the direct sum of eigenspace of κ∗. The proposition follows. 2

Remark 6.15. From now on, we will use the above proposition to tacitly identify Ω(s,j)
w with the

submodule of ϑ∗Ω̃
χ
w on which κ∗ acts via [·]j−i.

Corollary 6.16. The rigidification of Ωχ
w is an invertible sheaf of OM(H)(w)rig -modules.
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Definition 6.17. We define the space of $-adic modular forms with respect to D, level K(H),
weight χ and growth condition w, with coefficients in K, as

SD(K, w, K(H), χ) := H0(M(H)(w), Ω(s,i)
w )K .

If χ is an integer, by Proposition 6.24 below, we have SD(K, w, K(H), χ) = SD(V, w, K(H), χ)K .

Let w′ > w be a rational number that satisfies the same conditions of w. We set v′ :=
w′/(q − 1). We have natural morphisms fw,w′ : M(H)(w)→M(H)(w′) and gw,w′ : M(H$)(w)→
M(H$)(w′).

Lemma 6.18. We have a natural isomorphism of OM(H$)(w)-modules ρ̃v,v′ : g∗w,w′(Ω̃
χ
w′)∼= Ω̃χ

w.
We have that ρ̃v,v = id and, if w′′ > w′ satisfies the same conditions of w, we have ρ̃v,v′′ =
ρ̃v,v′ ◦ g∗w,w′(ρ̃v′,v′′), where v′′ := w′′/(q − 1). Furthermore, we obtain a canonical morphism

ρv,v′ : f∗w,w′(Ω
χ
w′)→ Ωχ

w,

which is an isomorphism after rigidification. The ρv,v′ satisfy the same conditions as the ρ̃v,v′ do.
Finally, we have ρv,v′(Xχ,v′) =Xχ,v.

Proof. This is proved in the same way as [AIS11, Lemma 3.5]. 2

Definition 6.19. Using Lemma 6.18, we can define the space of overconvergent modular forms
with respect to D, level K(H), weight χ and growth condition w, with coefficients in K, as

SD† (K, K(H), χ) := lim−→
w>0

SD(K, w, K(H), χ).

Remark 6.20. Let iA, iB : Spf(S)→M(H$)(w) be two affine points of M(H$)(w). We write
A and B for the abelian scheme corresponding to iA and iB, respectively. Suppose we are given
a morphism f : B →A over S. We obtain, by functoriality of d log, a morphism Im(d logA)→
Im(d logB) compatible with the natural pullback ωA/S → ωB/S . Taking Galois invariants we
obtain, by Proposition 5.11, a morphism f∗ : F(iA(Spf(S)))→F(iB(Spf(S))). Let us now
suppose that f : B →A is an isogeny, and that its kernel intersects trivially the canonical
subgroup of B. In this case we have the following commutative diagram.

F(iA(Spf(S)))1−v

o
��

f∗1−v // F(iB(Spf(S)))1−v

o
��

(C(A)2,11 )∨ ⊗κ S1−v
(f2,1

1 )∨
// C((B)2,11 )∨ ⊗κ S1−v

By assumption, (f2,1
1 )∨ is an isomorphism, so f∗ is an isomorphism, modulo $1−v. This implies

that f∗ is an isomorphism, so we have isomorphisms F ′v(iA(Spf(S)))∼= F ′v(iB(Spf(S))) and

HomSv |iB(Spf(S))
(F ′v |iB(Spf(S)),O

(χ−1)
Spf(S))

∼−−→HomSv |iA(Spf(S))
(F ′v |iA(Spf(S)),O

(χ−1)
Spf(S)).

One can prove that HomSv |iA(Spf(S))
(F ′v |iA(Spf(S)),O

(χ−1)
Spf(S))

∼= i∗AΩ̃χ
w, and similarly for B. In

particular, we obtain an isomorphism i∗BΩ̃χ
w→ i∗AΩ̃χ

w. We will be more interested in its inverse

f̃χ : i∗AΩ̃χ
w→ i∗BΩ̃χ

w.

Let ϑ : Spf(S)→ Spf(R) be as above. We have a canonical isomorphism ϑrig,∗Ωχ
w
∼= Ω̃χ

w. In
particular, we have the morphism

fχ : (ϑ ◦ iA)∗Ωχ
w ⊗V K→ (ϑ ◦ iB)∗Ωχ

w ⊗V K.
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In the case χ= (k, k) is an integer, via the isomorphism of Lemma 6.21, fk is the pullback of
the kth power of the invariant differentials with respect to the isogeny.

6.3 Modular forms of integral weight
Let k be an integer. If V⊆M(H$)(w) let φk,V: (Ω̃k

w)(V)→ (ω⊗kK(H$))(V) be the map given by

φk,V(f) = f(ωstd)(ωstd)⊗k, for f ∈ Ω̃k
w(V). We obtain a morphism φk : Ω̃k

w→ ω⊗kK(H$).

Lemma 6.21. We have that φk ⊗V K is an isomorphism.

Proof. The lemma follows since ωstd ⊗ 1 is a generator of ωK(H$) ⊗V K by Theorem 5.9. 2

Remark 6.22. By Proposition 5.10, we see that φk is an isomorphism if and only if w = 0. In
general, by Theorem 5.9, we have that coker(φk) is killed by $kv.

Lemma 6.23. We have that κ∗ acts on E1 ∈ SD(K, w, K(H$), (1, 1)) via [·]−1.

Proof. Let a ∈ κ∗ and let Spf(S)⊆M(H$)(w) be an open affine. We write f for the element
of Ω̃(1,1)

w (Spf(S)) corresponding to E1| Spf(S). It is the morphism f : (1 +$1−vS)E1| Spf(S)→
O(−1,−1)

M(H$)(w)(Spf(S)) = S given by f(E1| Spf(S)) = 1. By definition of ωstd, we see that a−1 sends
ωstd to [a]ωstd. In particular, f|〈a〉 is the map that sends ωstd to a](f([a]ωstd)) (here a= (a, a])

as morphism of ringed spaces). However, f ∈ Ω̃(1,1)
w (Spf(S)), so f([a]ωstd) = [a]−1f(ωstd) = [a]−1.

Hence f|〈a〉(ωstd) = [a]−1 and f|〈a〉 = [a]−1f . 2

We consider Ω̃k
w as a subsheaf of ω⊗k, via φk.

Proposition 6.24. We have that ω⊗k,rigK(H) = Ω(k,k),rig
w .

Proof. We work locally, as in the proof of Lemma 6.23. Let f ⊗ 1 ∈ Ω̃k
w(Spf(S))⊗V K be

the element corresponding to ω⊗k ⊗ 1 ∈ ω⊗kR ⊗V K, where ω is a generator of ωR, that we
can assume to be free. Writing E1| Spf(S) = ((−$)1/(q−1)/α)ω, we have that f gives the map
E1| Spf(S) 7→ (α/(−$)1/(q−1))k. As in the proof of Lemma 6.23, we have that

f|〈a〉(ω
std) = a](f([a]ωstd)) = [a]−ka]

(
α

(−$)1/(q−1)

)k
.

Furthermore, we have a](α) = [a]α, so f|〈a〉(ωstd) = 1, and hence f|〈a〉 = f . This shows that

ω⊗kK(H$) ⊗V K ⊆ Ω(k,k)
w ⊗V K. For the other inclusion, note that any element f of Ω̃k

w(Spf(S))⊗V
K can be written as f = sω, for some s ∈ SK . A calculation similar to the one above shows that,
if κ∗ acts trivially on f , then s ∈RK as required. 2

Remark 6.25. By Corollary 6.16, we have a decomposition

SD(K, w, K(H$), χ) =
⊕

j∈Z /(q−1) Z

SD(K, w, K(H), (s, j)).

Note that if f is of level K(H$) and has integral weight, say k, we cannot identify it with
a modular form of integral weight k and level K(H). Instead, f will have components that are
modular forms of level K(H) and weight x 7→ 〈x〉k[x]j , for various j ∈ Z /(q − 1) Z. This is very
similar to the case of elliptic modular forms (see [Gou88, §§ I.3.4–7]). We have X1,v = E1, and
we see that Xχ,v is a global section of Ω(s,0)

w . It follows that Xχ,v, when considered as a modular
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form of level K(H), has integral weight if and only if s is an integer congruent to 0 modulo q − 1.
For example we have that Xq−1,v = Eq−1 has weight q − 1 as one expects.

Remark 6.26. Fix an open affine U = Spf(R)⊆M(H)(w), and let V = Spf(S) be the inverse
image of U under ϑ. We write A→ Spec(S) for the corresponding abelian scheme. We have a
κ∗-equivariant isomorphisms Ω1

w
∼= F and Ω−1

w
∼= F∗. In particular there is a ‘corrected’ exact

Hodge–Tate sequence

0→ Ω−1
w (V)⊗R R̂(1)→ T$((A[$∞]2,11 )∨)⊗κ R̂→ Ω1

w(V)⊗R R̂→ 0.

6.4 Katz’ modular forms
We can describe our modular forms in a more familiar way, using ‘test objects’.

Definition 6.27. A test object is a sextuple (A/S, i, θ, ᾱ, Y, η), where:

– Spf(S)→M(H$)(w) is an affine point, with S a normal and $-adically complete
V -algebra;

– (A, i, θ, ᾱ) is an object of the moduli problem of level K(H$), with A defined over S;
– Y is a section of ω⊗1−q

A/S that satisfies Y Eq−1 =$w;

– η is a global section of the pullback of F ′ to Spf(S).

Proposition 6.28. Giving an element f of SD(K, w, K(H$), χ) is equivalent to giving a rule
that assigns to every test object T = (A/S, i, θ, ᾱ, Y, η) an element f̃(T ) ∈ SK such that the
following hold.

– The element f̃(T ) depends only on the isomorphism class of T .

– If ϕ : S→ S′ is a morphism of normal and $-adically complete V -algebras, and we denote
by T ′ the base change of T to S′, we have f̃(T ′) = ϕ(f̃(T )).

Proof. This is proved in the same way as [AIS11, Lemma 3.10]. 2

Corollary 6.29. Let f be in SD(K, w, K(H$), χ). We have that f ∈ SD(K, w, K(H), (s, j))
if and only if, for any test object T = (A/S, i, θ, ᾱ, Y, η), we have f̃|〈a〉(T ) = [a]j−if̃(T ).

6.5 Canonical subgroups of higher rank and general characters
In this section we fix an integer r > 1 and we suppose that w < 1/qr−2(q + 1).

Proposition 6.30. We have that A(H)(w)[$r] has a canonical subgroup Cr stable under the
action of D. Furthermore (Cr)

2,1
1 has order qr and C1 = C.

Proof. Let A→ Spec(R) as above. We prove the proposition by induction on r. We already
know the case r = 1. By assumption, A[$] admits a canonical subgroup C. In [Kas04, § 4.4
and Theorem 10.1], it is proved that A/C is another object of the moduli problem, and that
the R-point corresponding to it lies in M(H)(qw). Since qw 6 1/qr−3(q + 1), by the induction
hypothesis we have a canonical subgroup C′r−1 ⊆A/C[$r−1]. We define Cr to be the kernel of the
composite map

A→A/C → (A/C)/C′r−1. 2

Using the canonical subgroups of higher rank, everything we have done for level K(H$) in
§ 3 can be repeated for level K(H$r). In particular we have the rigid space M(H$r)(w)rig, and
the formal scheme M(H$r)(w).
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Proposition 6.31. Let Spf(R)→M(H)(w) be as above. We have that the kernel of the map
d logr,A : (A[$r]2,11 )∨→ ωA/R ⊗R Rr is (Dr)2,11 := ((Cr)2,11 )⊥.

Proof. We prove the proposition by induction. The case r = 1 follows by Proposition 4.4. We have
that A[$r]2,11 is an extension of A[$]2,11 and A[$r−1]2,11 , and the same is true for the canonical
subgroups. The proposition follows from the functoriality of d log and [Far07, Corollary 1]. 2

Proposition 6.32. We have a natural G-equivariant isomorphism

Im(d logA)r−v ∼= ((Cr)2,11 )∨ ⊗OP Rr−v.

Proof. Using Proposition 6.31, this proposition is proved exactly in the same way as
Theorem 5.9. 2

We have a natural morphism ϑr : M(H$r)(w)→M(H)(w). Its rigidification is Galois, with
Gr := (OP/$rOP)∗ as Galois group. As above, we have that Gr acts on ϑr too.

Let U = Spf(R)⊆M(H)(w) be an open affine. We will write Vr = Spf(Sr) for the inverse
image of U under ϑr. We have that (Cr)2,11 becomes constant over Sr,K . Furthermore, there is a
canonical point of (Cr)2,11 , defined over Sr. We can thus repeat what we have done for C2,1

1 , and
we obtain an isomorphism of sheaves of OM(H$r)(w)-modules

F/$r−vF ∼= ((Cr)
2,1
1 )∨ ⊗OP OM(H$r)(w)/$

r−vOM(H$r)(w).

We now fix {ζn}n>1, a sequence of Cp-points of LT such that the order of ζn is exactly $n.
We assume that $ζn+1 = ζn for each r, and that ζ1 is our fixed (−$)1/(q−1). If ζr ∈ V , we obtain
γr, a canonical Sr-point of ((Cr)2,11 )∨.

If w is smaller than 1/(qr−2(q + 1)), we define the sheaf F ′r,v on M(H$r)(w) as the inverse
image of the constant sheaf of sets given by the subset of ((Cr)

2,1
1 )∨ of points of order exactly

$r. We have that F ′r,v is a Zariski Sr,v-torsor, where Sr,v :=O∗P(1 +$r−vOM(H$r)(w)).

We now fix χ, an r-accessible character. We assume that ζr ∈ V . Let s be the element of Cp

associated to χ. We assume that w is smaller than 1/(qr−2(q + 1)), so we have the canonical
subgroup of level r. Let x= ub be a local section of Sr,v. We have that bs := exp(s log(b)) makes
sense, so we can write xχ := χ(u)bs. We write O(χ)

M(H$r)(w) for the sheaf OM(H$r)(w) with the
action of Sr,v twisted by χ. We define the locally free sheaf of rank 1

Ω̃χ
w := HomSr,v(F ′r,v,O

(χ−1)
M(H$r)(w)).

We have an action of Gr on F ′r,v and on ϑr,∗Oχ
−1

M(H$r)(w). We obtain a coherent sheaf of OM(H)(w)-

modules ϑr,∗Ω̃
χ
w. This sheaf is endowed with an action of Gr.

Definition 6.33. We define the sheaf Ωχ
w on M(H)(w) as Ωχ

w := (ϑr,∗Ω̃
χ
w)Gr .

Everything we have done in the case of an accessible character can be repeated for χ. In
particular we have modular forms, convergent and overconvergent, of weight χ and various levels.

Let h be an integer with r > h. Suppose that χ is h-accessible. We can repeat the above
construction starting with M(H$h)(w), obtaining another sheaf on M(H$)(w). For r > h, we
consider the natural morphism ϑr,h : M(H$r)(w)→M(H$h)(w). The rigidification of ϑr,h is
Galois. Its Galois group is Gr,h ⊆Gr, the image of 1 +$hOP .
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Proposition 6.34. We have an isomorphism of OM(H)(w) ⊗V K-modules

σr,h : (ϑh,∗HomSh,v(F
′
h,v,O

(χ−1)

M(H$h)(w)
)⊗V K)Gh

∼= (ϑr,∗HomSr,v(F ′r,v,O
(χ−1)
M(H$r)(w))⊗V K)Gr .

Furthermore σr,r = id, and, if t6 h is an integer, we have σr,t = σh,t ◦ σr,h.

Proof. This is proved in the same way as [AIS11, Lemma 3.20]. 2

6.6 The sheaves Ωr,w

We show that the sheaves Ωχ
w can be put in families. Let πi, for i= 1, 2, be the natural projection

from Wr ×M(H$r)(w)rig to the ith factor. We write Sr,v also for π−1
2 (Sr,v) and F ′r,w also for

π−1
2 (F ′r,w). Let x= ub be a section of Sr,v. If A⊗B is a local section of OWr×M(H$r)(w)rig , we

define x(A⊗B) to be the local section of OWr×M(H$r)(w)rig that corresponds to the function
(χ, z) 7→ χ(a)A(χ)bχB(z), for χ ∈Wr(T ) and z ∈M(H$r)(w)rig(T ), where T is any affinoid
K-algebra. We define the sheaf

Ω̃r,w := HomSr,v(F ′r,v,OWr×M(H$r)(w)).

Remark 6.35. It is possible to put also the Xχ,v in families. Let Vr = Spf(Sr) be an open
affine of M(H$r)(w) as always. We write Xr,v for the element of Ω̃r,w(Wr ×Vrig

r ) that satisfies
Xr,v(ωstd) = 1.

As in the case of a single character, we have that Gr acts on (id× ϑr)∗Ω̃r,w.

Definition 6.36. Let r > 1 be an integer, and let w 6 1/(qr−2(q + 1)) be a rational number.
On Wr ×M(H)(w)rig, we define the sheaf Ωr,w := ((id× ϑr)∗Ω̃r,w)Gr .

By construction we obtain the following the proposition.

Proposition 6.37. The sheaves Ωr,w are locally free sheaves of OWr×M(H)(w)rig -modules of rank
1. For any χ ∈Wr(K), we have a natural isomorphism

(χ, id)∗(Ωr,w)∼= Ωχ
w.

Furthermore, if r1 and r2 are integers greater than 0 and wi 6 1/(qri−2(q + 1)), for i= 1, 2,
are rational numbers, then the restrictions of Ωr1,w1 and Ωr2,w2 to Wr1 ∩Wr2 ×M(H)(w1)rig ∩
M(H)(w2)rig coincide.

Any local section f of Ωr,w should be thought as a family of modular forms. Since M(H)(w)rig

is an affinoid, by Proposition 6.37 and the Tate acyclicity theorem, any modular form of weight
χ lives in a p-adic family.

Remark 6.38. Assume, as in Remark 6.20, that we are given an isogeny f : B →A, where A and
B correspond to iA, iB : Spf(Sr)→M(H$r)(w). Suppose that the kernel of f intersects trivially
the canonical subgroup of B. Writing iA and iB also for the maps Wr × Spf(Sr)rig→Wr ×
M(H$r)(w)rig, we obtain the families of morphisms f̃r : i∗AΩ̃r,w→ i∗BΩ̃r,w and fr : ((id×ϑrig

r ) ◦
iA)∗Ωr,w→ ((id×ϑrig

r ) ◦ iB)∗Ωr,w.
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6.7 The deeply ramified case
We now briefly explain what can be done without assuming that e6 p− 1. We have an
isomorphism O∗P ∼= µq−1 × µpn ×OP for some n. We can assume that 1 +$ maps to 1 under
the maps O∗P →OP given by the above decomposition, so, with a little abuse of notation, we
can write OP ∼= (1 +$)OP (but note that the logarithm is not injective on 1 +$OP). In this
way W becomes isomorphic to the disjoint union of (q − 1)pn copies of B (see § 6.1). We define
the notion of r-accessible character as above, but only in the case r > e/(p− 1). In this way the
definition of Wr can be adapted without problems. More importantly, if χ is r-accessible and x
is a local section of Sr,v, we have that xs is a well-defined section of Sr,v. The rest of the theory
goes smoothly. Thus, the real difference is that we do not have an integral structure for the space
of modular forms of level K(H$r) and weight χ for any r, but only for r big enough. However, if
we invert $ (i.e. if we take rigidification), the maps ϑr and ϑr,h are étale; furthermore, we have
a residual action of Gr and Gr,h on our sheaves, so there are no problems in this case.

7. The U operator

Let χ : O∗P →K∗ be a character in Wr and let 0<w 6 1/(qr−2(q + 1)) be positive.
Let z be a point of M(H$r)(w)rig, and let L be its residue field, so z comes from a

morphism γz : Spm(L)→M(H$r)(w)rig. We write γ̃z : Spf(OL)→M(H$r)(w) for the rigid
point associated to z. We have

H0(Spm(L), γ∗z Ω̃χ
w) = H0(Spf(OL), γ̃∗z Ω̃χ

w)⊗OL L.

We fix an identification H0(Spf(OL), γ̃∗z Ω̃χ
w)∼=OL and, if f is an element of H0(Spm(L), γ∗z Ω̃χ

w),
we define |f |z using the natural absolute value on OL. Let now f be in H0(M(H$r)(w)rig, Ω̃χ

w).
We define |f(z)| := |γ∗zf |z, and we set

|f | := sup
z∈M(H$r)(w)rig

{|f(z)|}.

Proposition 7.1. The sup defined above is always finite. In this way, SD(K, w, K(H$r), χ)
becomes a potentially orthonormizable K-Banach module.

Proof. Since M(H$r)(w)rig is an affinoid, the proposition follows by [Kas09, Lemma 2.14]. 2

Definition 7.2. Let M be a Banach A-module, where A is an affinoid K-algebra.
Following [Buz07, Part I, § 2], we say that M satisfies the property (Pr), if there is a Banach
A-module N such that M ⊕N is potentially orthonormizable.

Corollary 7.3. The subspace SD(K, w, K(H), χ)⊆ SD(K, w, K(H$r), χ) satisfies property
(Pr).

To define the U operator we need to introduce another type of curve. We use the notations
of § 1. We define

K(H$r, q) :=
{(
a b
c d

)
∈K(H$r) s.t. b≡ 0 mod $

}
.

In the case KP =K(H$r, q), a choice of a level structure is equivalent to a choice of (Q, D, ᾱP),
where (here (A, i, θ, α) is an object of the moduli problem for FP -algebras):

(i) Q is an R-point of exact OP -order $r in A[$r]2,11 ;
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(ii) D is a finite and flat OP -submodule of A[$r]2,11 of order q which intersects the
OP -submodule scheme generated by Q trivially.

In this case, the curve MK will be denoted by M(H$r, q). It is a proper and smooth scheme
over K. There is a natural morphism π1 : M(H$r, q)→M(H$r), defined by the natural
transformation of functors that forgetsD. We have that π1 is flat, and, sinceM(H$r)→ Spec(K)
is proper, also π1 must be proper. It follows that π1 is finite.

Given C, a subgroup scheme of A[q] of rank q4N , stable under the action of OD, we say,
following [Kas04, § 4.4], that it is of ‘type 2’ if C2

2 ⊕ · · · ⊕ C2
m =A[q]22 ⊕ · · · ⊕A[q]2m and the

isomorphism θ : A[q] ∼−−→A[q]D sends C ↪→A[q] to (A[q]/C)D ↪→A[q]D. Note that C, if it is of
type 2, is uniquely determined by C2,1

1 . Given D, a finite and flat OP -submodule of A[$]2,11 , we
write t2(D) for the unique subgroup scheme of A[q], of type 2, such that t2(D)2,11 =D. We can
now define another morphism π2 : M(H$r, q)→M(H$r). At the level of points, it is defined
by taking the quotient over t2(D): in [Kas04, § 4.4], it is shown how to put a level structure
on A/t2(D), except for the point of exact OP -order $r, but, since D intersects trivially the
OP -submodule scheme generated by Q, we can take for it the image of Q under the natural map
A→A/t2(D). We are interested in the analytification of π1 and π2, denoted by, respectively,
πrig

1 and πrig
2 .

The rigid space associated to M(H$r, q) will be denoted by M(H$r, q)rig. Furthermore, we
write M(H$r, q)(w)rig for (πrig

1 )−1(M(H$r)(w)rig). We define the formal model M(H$r, q)(w)
as the normalization, via πrig

1 , of M(H$r)(w) in M(H$r, q)(w)rig. In this way we obtain a
formal model of πrig

1 , denoted by p1 : M(H$r, q)(w)→M(H$r)(w).

Proposition 7.4. Let R be a normal and $-adically complete V -algebra. Then there is a
natural bijection between M(H$r, q)(w)(R) and the set of isomorphism classes of sextuples
(A, i, θ, ᾱ, Y,D), where:

– (A, i, θ, ᾱ, Y ) is an object of the moduli problem, with A defined over R, of M(H$r)(w);

– D is a finite and flat OP -submodule of A[$r]2,11 of rank r that intersects trivially the

canonical subgroup of A[$r]2,11 .

Proof. This can be proved in the same way as [AIS11, Lemma 3.11]. 2

Lemma 7.5. Let R be a normal and $-adically complete V -algebra and let (A, i, θ, ᾱ, Y,D) be
in M(H$r, q)(qw)(R). Taking the quotient over t2(D), we obtain an object of M(H$r)(w)(R).

Proof. It is enough to consider the case r = 1. We can assume that R is a discrete valuation ring,
whose valuation extends that of V and that A is supersingular. Let B be A/t2(D). Forgetting
the extra structure, we need to prove that the R-point corresponding to B lies in M(H)(qw). To
prove this, let us consider the following commutative diagram.

(A[$]2,11 )∨(RK) // ωA/R ⊗R R1
∼ // R1

(B[$]2,11 )∨(RK) //

OOOO

ωB/R ⊗R R1
∼ //

OO

R1

OO

We use the notation of the proof of Proposition 4.4. We need to prove that v(EB)6 v(EA)/q.
The right vertical map is the reduction of the multiplication by an element of valuation v(EA)/q
by [Far07, Remark 2]. Looking at the proof of Proposition 4.4, we see that the image of
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the compositions of the horizontal maps are generated by elements of valuation, respectively,
v(EA)/(q − 1) and v(EB)/(q − 1), so v(EB)/(q − 1) + v(EA)/q = v(EA)/(q − 1) as required. 2

Taking the quotient over D, we define, on points, the morphism

p2 : M(H$r, q)(qw)→M(H$r)(w).

Let A(H$r, q)(w) be the base change, via p1, to M(H$r, q)(w), of A(H$r)(w). We have that
A(H$r, q)(w) is equipped with D, a subgroup of order q of its $r-torsion, that intersects trivially
its canonical subgroup. The isogeny

πD: A(H$r, q)(qw)→ A(H$r, q)(qw)/D

is defined over M(H$r, q)(qw). Since A(H$r, q)(qw)/D is the base change, via fw,qw ◦ p2, to
M(H$r, q)(qw), of A(H$r)(qw), we obtain, by Remark 6.20 and Lemma 6.18, a morphism

π̃χD: p∗2Ω̃χ
w→ p∗1Ω̃χ

qw.

Let us consider Ũ, defined as the composition

H0(M(H$r)(qw), Ω̃χ
qw ⊗V K)

ρ̃rigqw,w−−−−−→H0(M(H$r)(w), Ω̃χ
w ⊗V K)

p∗2−−→

→H0(M(H$r, q)(qw), p∗2Ω̃χ
w ⊗V K)

π̃χD−−−→

→H0(M(H$r, q)(w), p∗1Ω̃χ
qw ⊗V K)

πrig
1,∗−−−→H0(M(H$r)(qw), Ω̃χ

qw ⊗V K),

where πrig
1,∗ is the map induced by the trace, which is well defined since πrig

1 is finite and flat. All
the maps used to define Ũ are Gr-equivariant, so the same holds for Ũ. Taking Gr-invariants we
obtain, from Ũ, a map SD(K, w, K(H), χ)→ SD(K, w, K(H), χ).

Definition 7.6. Let χ be an r-accessible character. The map

U: SD(K, qw, K(H), χ)→ SD(K, qw, K(H), χ)

is defined as 1/q times the map induced by Ũ.

Proposition 7.7. The operator U is completely continuous.

Proof. We claim that Ũ is completely continuous. Since Ũ factors through ρ̃rig
qw,w, it is enough

to prove that ρ̃rig
qw,w is completely continuous, and this can be done in exactly the same way as

[Kas09, Proposition 2.20]. The proposition follows. 2

Remark 7.8. Let us suppose that r = 1. Let f be an element of SD(K, w, K(H), χ). Take any test
object T = (A/S, i, θ, ᾱ, Y, η) as in Proposition 6.28. Let S′ be a normal and $-adically complete
S-algebra such that SK → S′K is finite and étale, and all finite and flat subgroup schemes of
AS,K [$]2,11 are defined over S′K . Repeating what we have done in the proof of Proposition 7.4,
we see that any finite and flat subgroup scheme of AS′,K [$]2,11 extends to a subgroup scheme
of AS′ [$]2,11 . Let D be any such subgroup, and suppose that D intersects trivially the canonical
subgroup of AS′ [$]2,11 . We have that T gives a test object ((AS′/t2(D))/S′, i′, θ′, ᾱ′, Y ′, η′).
Indeed the only non-trivial thing to define is η′. Let i1, i2 : Spf(S)→M(H$)(w) be the
morphisms corresponding to A and A/t2(D), respectively. In Remark 6.20 we showed that there
is an isomorphism between the global sections of i∗1F ′ and i∗2F ′. We define η′ as the image of η
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under this isomorphism. We have

f̃|U(T ) =
1
q

∑
D
f̃(((AS′/t2(D))/S′, i′, θ′, ᾱ′, Y ′, η′)).

For various w, the norms defined on SD(K, w, K(H), χ) are compatible, so SD† (K, K(H), χ)
is naturally a Fréchet space, and we obtain a continuous operator U on it.

Using the maps π̃D,r defined in Remark 6.38, we can work with families: for any integer r > 1,
we obtain an operator,

Ũr : Ω̃r,w(Wr ×M(H$r)(w)rig)→ Ω̃r,w(Wr ×M(H$r)(w)rig),

such that the pullback (χ, id)∗(Ũr), for χ ∈Wr(K), is the Ũ operator defined above. Everything
we did above can be repeated for families; in particular, we have the Ur operator and the following
proposition.

Proposition 7.9. For any integer r > 1 and any rational w 6 1/(qr−2(q + 1)), we have that
H0(Ωr,w,Wr ×M(H)(w)rig) is a Banach OWr(Wr)-module that satisfies the property (Pr).
Furthermore the Ur operator is completely continuous.

Kassaei has proved a result of classicality for modular forms of level K(H) and integral
weight k. Let f be in SD(K, w, K(H), k) and suppose that f|U = af , for some a ∈K. If a satisfies
v(a)< k − ef , then f is classical, i.e. it can be extended to a global section of ω⊗k

M(H,$)rig
. See

[Kas09, Theorem 5.1].
Let χ : O∗P →K∗ be a locally analytic character and let ν ∈ R. Let V = Spm(R)⊆W be

an affinoid that contains χ. Using the notations of [Bel12, p. 31], we have that H0(V ×
M(H)(w)rig, Ωr,w)6ν makes sense if V is sufficiently small. We have an isomorphism

H0(V ×M(H)(w)rig, Ωr,w)6ν ⊗R,χ K ∼= SD(K, w, K(H), χ)6ν .

In particular, we have the following proposition.

Proposition 7.10. Let ν be in R and let f be in SD(K, w, K(H), χ)6v. Then there is an
affinoid V ⊆W such that f can be deformed to a family of modular forms over V. Furthermore,
the U-operator acts with slope 6 ν on this family.

7.1 Other Hecke operators
We now sketch the definition of other Hecke operators. Let l 6= p be a rational prime. We write
L1, . . . , Lk for the primes of F lying over l. Let L be L1. We assume that l splits in Q(

√
λ), and

that B is split at L. We denote the completion of F at Li by FLi . We have

G(Ql)∼= Q∗l ×GL2(FL)×GL2(FL2)× · · · ×GL2(FLk).

In this section we make the assumption that the compact open subgroup H is of the form

H = Z∗l ×GL2(OFL)×H ′.

Let $l be a uniformizer of OFL . If A is an abelian scheme as above, we have a decomposition of
A[$l] similar to that of A[$], so A[$l]

2,1
1 is defined and it has an action of κl :=OFL/$l.

Let χ : O∗P →K∗ be an r-accessible character. Let HL be the set of invertible 2× 2 matrices
with left lower corner congruent to 0 modulo $l. The Shimura curve corresponding to the
case KP =K(H$r) and H = Z∗l ×HL ×H ′ will be denoted by X. We have that X parametrizes
objects of the moduli problem of M(H$r) plus a finite and flat subgroup of A[$l]

2,1
1 of order |κl|,
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stable under the action of OFL . If D is such a subgroup, we can define t2(D) as in the case
of subgroups of A[$]2,11 , and also the quotient of A by t2(D) can be defined as in [Kas04,
§ 4.4]. We can repeat everything we have done for the U operator. In particular we obtain
p1, p2 : X(w)→M(H$r)(w). Furthermore, we have a morphism π̃D: p∗2Ω̃χ

w→ p∗1Ω̃χ
w.

Definition 7.11. We define the operator

TL : SD(K, w, K(H$r), χ)→ SD(K, w, K(H$r), χ)

exactly as in the case of U (using |κl|+ 1 as normalization factor).

Remark 7.12. Note that T̃L is a continuous operator that it is not completely continuous.
Also the operators T̃L can be put in families. Furthermore, if χ is accessible, we have a

description of T̃L in terms of testing objects similar to that of Remark 7.8.

Let r > 1 be an integer, and assume that 0<w is a rational number sufficiently small. Let Zr
be the spectral variety associated to the U-operator acting on H0(Wr ×M(H)(w)rig, Ωr,w). We
have proved that all assumptions needed to use the machine developed by Buzzard in [Buz07]
are satisfied, so we have the following theorem.

Theorem 7.13. We have a rigid space Cr ⊆Wr × A1,rig
K equipped with a finite morphism

Cr→Zr. If L is a finite extension of K, then the points of Cr(L) correspond to systems of
eigenvalues of modular forms with growth condition w and coefficients in L. If x ∈ Cr(L), let
M(w)x be the set of modular forms corresponding to x. Then all the elements of M(w)x have
weight π1(x) ∈W(L) and the U-operator acts onM(w)x with eigenvalue π2(x)−1. For various r
and w, these construction are compatible. Letting r→∞, we have w→ 0 and obtain the global
eigencurve C ⊆W × A1,rig

K .
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