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Abstract  Let (X,C) be a germ of a 3-fold X with terminal singularities along an irreducible reduced
complete curve C with a contraction f: (X,C) — (Z,0) such that C = f~1(0);cq and —Kx is ample.
Assume that (X, C) contains a point of type (IC) or (IIB). We complete the classification of such germs
in terms of a general member H € |0 x| containing C.

Keywords: terminal singularity; extremal contraction; Q-conic bundle; divisorial contraction; flip

2010 Mathematics subject classification: Primary 14J30; 14E05; 14E30

1. Introduction

1.1. Let (X,C) be a germ of a 3-fold with terminal singularities along a reduced com-
plete curve. We say that (X,C) is an extremal curve germ if there exists a contraction
f:(X,C) — (Z,o0) such that C = f~1(0);eq and —Kx is f-ample.

If, furthermore, f is birational, then (X, C) is said to be an extremal neighbourhood [5].
In this case f is called flipping if its exceptional locus coincides with C' (and then (X, C)
is called isolated). Otherwise, the exceptional locus of f is two dimensional and f is
called divisorial. If f is not birational, then dim Z = 2 and (X, C) is said to be a Q-conic
bundle germ [6].

1.2. In this paper we consider only extremal curve germs with an irreducible central
fibre C. For each singular point P of X, with P € C, consider the germ (P € C C X).
All such germs are classified into types (IA), (IC), (IIA), (IIB), (IAY), (IIV), (IDY), (IEY)
and (IIT), for the definitions of which we refer the reader to [4, 6].

In this paper we complete the classification of extremal curve germs with irreducible
central fibres containing points of type (IC) or (IIB). As in [4, 8], the classification is
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done in terms of a general hyperplane section, that is, a general divisor H of |@x|¢, the
linear subsystem of |&x| consisting of sections containing C'.

For a normal surface S and a curve V' C S, we use the usual notation of graphs A(S, V)
of the minimal resolution of S near V: each ¢ corresponds to an irreducible component
of V' and each o corresponds to an exceptional divisor on the minimal resolution of S,
and we may use e instead of ¢ if we want to emphasize that it is a complete (—1)-curve.
A number attached to a vertex denotes the minus self-intersection number. For short, we
may omit 2 if the self-intersection is —2.

Recall that if an extremal curve germ (X, C ~ P!) contains a point of type (IC), then
(X, C) is not divisorial [4, Corollary 8.3.3]. For the remaining Q-conic bundle case we
prove the following.

Theorem 1.1. Let (X,C) be a Q-conic bundle germ of type (IC) with irreducible C
and let f: (X,C) — (Z,0) be the corresponding contraction. Let P € X be a (unique)
singular point. We then have the following.

1.2.1. The point P € X is of index 5. Moreover, the general member H € |Ox|c is
normal, smooth outside of P, has only rational singularities, and the following is the
only possibility for the dual graph of (H,C'):

o]
®e—O0—0—0—0—0—0
3 3

— O —O0w

If an extremal curve germ (X, C' ~ P1) contains a point of type (IIB), then it cannot be
flipping [4, Theorem 4.5]. Remaining cases of divisorial contractions and Q-conic bundles
are covered by the following theorem.

Theorem 1.2. Let (X,C) be an extremal curve germ of type (1IB) with irreducible
C andlet f: (X,C) — (Z,0) be the corresponding contraction. Let P € X be a (unique)
singular point. The general member H € |Ox|c is then normal, smooth outside of P,
and has only rational singularities. Moreover, the following are the only possibilities for
the dual graph of (H,C).

1.2.2. If (X, P) is a simple cAx/4 point (see §3.1), f is a divisorial contraction, T :=
f(H) is Du Val of type As, we have the following:

3 4
O—O0—0—0—0

[0} oO—e
3

1.2.3. If (X, P) is a simple cAx/4 point, f is a divisorial contraction, T := f(H) is
smooth, we have the following:
370707070707.

oO—0
3 4
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1.2.4. If (X, P) is a double cAx/4 point, f is a divisorial contraction, T := f(H) is
Du Val of type Dy, we have the following:

O—Ow—0

1.2.5. If (X, P) is a double cAx/4 point, f is a Q-conic bundle, we have the following:

3
O—O0—0—0—
!

2. The case (IC)

In this section we prove Theorem 1.1. The techniques of [4, Chapter 8] will be used freely,
sometimes without additional explanations.

2.1. Set-up

Let (X, P) be the germ of a three-dimensional terminal singularity and let C' C (X, P)
be a smooth curve. Recall that the triple (X, C, P) is said to be of type (IC) if there exist
analytic isomorphisms

(X, P) = Cy, 4, /b (2,m = 2,1),  CF = {y" ™% — g5 = ys = 0},

Y1,Y2,Y4
where m is odd and m > 5.
2.1.1. Let (X,C) be a Q-conic bundle germ and let f: (X,C) — (Z,0) be the corre-
sponding contraction. In this section we assume that C' is irreducible and has a point P
of type (IC). Recall that (X,C) is locally primitive at P [5, §4.2]. Moreover, P is the

only singular point on C' [6, Theorem 8.6, Lemma 7.1.2]. Thus, the group Cl(Z,0) has
no torsion. Moreover, the base point (Z,0) is smooth [6, Lemma 8.1.2].

2.2. We have an /-splitting
gre 0 = (4P &(—1+ (m — 1)P¥) (2.1)

by [7, §3], [4, §2.10.2], and, hence, the unique (4P*) in gry, €. Since y4 and y* "2 — y3
form an /-free (-basis of grl, & at P, (4P*) has an (-free (-basis of the form

w= My Py o (7 — y3) (2.2)

for some A\q and py € Oc p. It is easy to see that whether or not A (P) # 0 does not
depend on the choice of coordinates.
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Remark 2.1. We have that
Oc=0c(—H) =gt 0= 0@ 0(-1).

If m > 7, this implies that the term y%(y{"*? — y3) appears in the equation of H. If
m = 5, then either y?(y$ — y3) or y?y4 appears in the equation of H.

2.3. According to [7, §3] (cf. [4, §2.10]) a general member F' € |—K x| contains C, has
only Du Val singularities, and A(F, C) is the following graph of (—2)-curves:

| (2.3)

where e corresponds to C. We can choose coordinates 1, y2, ¥4 in a neighbourhood of
P such that F = {ys = 0}/ptr,. In particular, the ¢-splitting (2.1) has the form

grt, 0 = (4P%) & O (—F). (2.4)

Lemma 2.2. A general member H € |Ox|¢ is normal, has only rational singularities,
and is smooth outside of P.

Proof. This is similar to §3.3.4. Let T := f(H) and let I := HN F. As in §3.3.2,
consider the Stein factorization

fr (F,C) 2% (Fg,0z) 2 (2, 0). (2.5)

Set I'z := f1(I"). We may assume that, in some coordinate system, the germ (Fz,0) is
given by 22 + xy? + 2™~ ! = 0. Then, by [2], up to coordinate change the double cover
(Fz,0z) — (Z,0) is just the projection to the (z,y)-plane. Hence, we may assume that
I'; is given by « = y. By §2.3 we see that the fundamental cycle of the graph A(F,I") is

given by
1 1
o .
0O—O0— -+ —0—0—0
12 2 2 1

where the number attached to each vertex denotes its coefficient in the fundamental
cycle. Therefore, I' is reduced, so H is smooth outside of P. The restriction fy: H — T
is a rational curve fibration. Hence, H has only rational singularities. (]

2.4. Let J be the C-laminal ideal such that Ic D J D F20 and J/F20 = (4P%) in
(2.4). Since J is locally a nested complete intersection (c.i.) on C'\ {P}, and (y4,u) is
a (1,2)-monomializing ¢-basis of I D J at P with wu, as in (2.2), we have an f-exact
sequence

0= Oc(—2F) = g1l J — (4P%) = 0 (2.6)
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and an (-isomorphism O¢(—2F) >~ (=14 (m —2)P*). Thus, we have gr%, J ~ 0 @ 0(—1)
as Oc-modules. The unique € in grl, J is generated near P by

yiu + ayayi mod F3(0,J) (2.7)

for some o € O¢ p.
Proofs of the following two lemmas given in [4] apply to our situation without any
changes.

Lemma 2.3 (Kollar and Mori [4, Lemma 8.5.3]).

m— m— m—5)/2
F3(0,7)F C (572 = 12)%, (02 — 12 yas Myl 222, 43).

Lemma 2.4 (Kollar and Mori [4, Lemma 8.6]). The {-exact sequence (2.6) is
L-split if and only if a(P) = 0.

Proposition 2.5. If m > 7, then a(P) # 0.

Proof. Assume that a(P) = 0, that is, (2.6) is ¢-split. Then, grl, J contains a unique
(4P%). Let # be the C-laminal ideal such that J D . D FL(J) and # /FL(J) = (4P%).
By [5, §8.14], ¢ is locally a nested c.i. on C'\ {P} and (1, 3)-monomializable at P, and
we have the f-isomorphisms

gro (0, 0) = (=1+ (m—i)P¥), i=1,2, (2.8)
and an f-exact sequence
0— (=1+ (m—3)P*) — grd (0, #) — (4P%) = 0. (2.9)

By (2.8) @ wx, we see that gri,(wx, #) ~ (=14 (m—i—1)P*), so H’ (gri,(wx, #)) =0
for i = 1,2, 7 = 0,1 because

m—2,m—3¢€2Z; + (m—2)Z;.
Now, using (2.9) ® wy, we obtain that
0— (=24 (2m —4)P*) — gri(wx, #) — (=1 + (m + 3)P*) — 0.

We note that (=14 (m + 3)P*%) ~ ¢(—1) as Oc-modules because 3 ¢ 27, + (m — 2)7Z,.
for m > 7. We similarly note that (—2 + (2m — 4)P*) ~ &/(—2) because m — 4 ¢ 27, +
(m — 2)Z4. Hence, H'(grd,(wx, %)) # 0. Note that wy /F(wx, #) = grdw ~ O(-1).
Using the standard exact sequences

0 — gri(wx, #) = wx /FTH wx, #) = wx [F'(wx, ) =0
we obtain that H(wx /F*(wx,#)) # 0. By [6, §4.4] we have that
~Kx-V=5/m>-Kx-f ')=2

where V = Specy Ox /F*(Ox, #), which is a contradiction. O
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Proposition 2.6.

(i) Or(—C) is an {-invertible Op-module with an (-free (-basis y" "2 — y3 at P and
an {-isomorphism

Oc ® Op(—C) ~ (4P%).
(ii) HY(Op(-vC)) - H(Oc @ Op(—vC)) for all v > 0.
(iii) There exist sections s1, so € H°(I¢) such that

(unit) - (y1 + &195" ) (v % — y3) mody, near P,
(unit) - (y2 + fgzﬁhl)(y?k2 — y%)(m_l)/2 modys near P,

S1

52
where &1,&9 € Ox: are invariants.
(iv) H(I¢) - H(grd J) = H(I¢/F3(0,J)) ~C.

Proof. Part (i) follows from the construction of F. Hence, H'(0c ® Or(—vC))

=0
for all v > 0, and H(Or(—vC)) = 0 since C is a fibre of proper f. Thus we have (ii).

To prove (iii) consider the Stein factorization (2.5) and, as in the proof of Lemma 2.2, we
take an embedding (Fz,0z) C C3 , _ such that (Fz, 0z) is given by the equation z*+xy*+
2™~ 1 and the map fo: (Fz,07) — (Z,0) is just the projection to the (z,y)-plane. Take
s1 = f*x and sy = f*y. The weighted blow-up of (Fz, 0z), with weights (2,m—2,m—1),
extracts the central vertex of the D,,-diagram (2.3). The multiplicity of the corresponding
exceptional curve in f5z and f5y is equal to 2 and m —2, respectively. Using this, one can
easily show that the multiplicities of all exceptional curves in f3x and fJy, respectively,

are given by the following diagrams:

m—1

1 51

[ ) o —
¢—0— ++—0—0—0 0—0— +t+—0—0—0—9o
2 2 2 2 1 1 2 m—3 m—2 m2*1 1

where the vertex e, as usual, corresponds to C' and the vertices ¢ correspond to compo-
nents of the proper transforms of {f5z = 0} and {f;y = 0}. The multiplicity of C is
exactly the exponent of y{”_Z — 92 in 5; mod y4. Therefore,

(m—1)/2

si=nl T —v3),  s2=nl T —u) mod y,

where 7; € Oy are semi-invariants. Using the above diagrams, we see that
{n=0}-C)p=—4/m and ({32 =0} -C)p = (m—2)/m
because (C?)p = 4/m by (i). Since y1y2 is of weight 0, we have that

v = (unit) - (y1 + y5*~'€1)* modyy
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for some & € Ox. Indeed, since v; = 0 defines a double curve on F', one has that
y1 = (unit) - 62 mod y4 for some § € Oy with weight = 2 such that 6|c = y1|c-
Similarly, we have that v2|c = y2|c. Hence,

Yo = (unit) - (y2 +y7" " '&) mod ys.

Finally, (iv) follows from (iii) because H°(gr2, J) ~ C. O
2.5. By Proposition 2.5 there are four cases to treat.
2.5.1. The case m > 7, a(P) # 0.
2.5.2. The case m =5, A1 (P) # 0.
2.5.3. The case m =5, A\;(P) =0, «(P) # 0.

2.5.4. The case m =5, \(P) =0, a(P) = 0.

We show that cases 2.5.1-2.5.3 do not occur and that case 2.5.4 implies case 1.2.1.

2.6. Proof of Theorem 1.1 for cases 2.5.1 and 2.5.3. By (2.7) and Proposition 2.6,
a general section s € H°(I¢) satisfies

s = (unit) - (y3u + ayay?) mod F3(0,J) at P,

where a(P) # 0 by assumption. We take s as given in Proposition 2.6 (iii). We claim that
s2 belongs to HY(F3(0,J)). Indeed, it is obvious that s ¢ C-sy+F3(0, J) near P. Hence,
by H(I¢/F3(0,J)) = C- s we have sy € H'(F3(0,J)), as claimed. By Lemma 2.3,
we see that the coefficient of yay3 (respectively, y5*) in the Taylor expansion of sy at
P! is 0 (respectively, non-zero) because m > 7 or A\(P) = 0. We now analyse the
set H = {s = 0}. By Bertini’s theorem, H is smooth outside of C. Since & - s is the
unique O in grl, @ ~ 0 ® 0(—1), H is smooth on C \ {P}. To study (H, P), we can
apply [4, §10.7]. Indeed, if \;(P) = 0, then p;(P) # 0 by the construction in §2.2.
Thus, [4, §10.7.1] holds by Lemma 2.3. Replacing s with a general linear combination
of s and sy we see that [4, §10.7.2] is satisfied. Since m > 7 or A\;(P) = 0, we can now
apply [4, §10.7]. One can see that the contraction fr: H — T must be birational in this
case, which is a contradiction.

2.7. Proof of Theorem 1.1 for case 2.5.2. The argument is the same as that in §2.6
except that we need to check the conditions of [4, §10.7]. Note that (2.2) has the form
u = Mys + p1(y? — y3). Since A\;(P) # 0, by a coordinate change we can assume that
pu1(P) #0. Let D := {y; = 0}/pm € |-2Kx| and let

u— A (P A1 — M (P + 3 _ g2
bp = 1(P)ys = M(P)ya+ iy —v3) Op(—Fx).
dy; A dys A dy, dy1 A dys A dyy
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Arguments in [7, §3.1] show that there exists a section ¢ € H°(0(—Kx)) sent to ¢p
modulo wyz. Thus the image of ¢ under the homomorphism

Ic® Ox(~Kx) — gr¢ Ox(~Kx) = (1) &(0) — (0)

is non-zero because A1 (P) # 0. Hence, F' = {¢ = 0} € |—Kx]| is smooth outside of P
and we may choose ¢ such that F” is, furthermore, normal by Bertini’s theorem. We have
an (-splitting

gre, 0 = (4P*) & O (—F').
By the construction of F’, we see that (F’, P) = {v = 0}/, where v = y5 —y3+ |y, for
some ] € O¢ p such that A} (P) = 0. As in Proposition 2.6, we see that g/ (—C) is an
l-invertible Op/-module with an ¢-free ¢-basis u at P, and there exists an ¢-isomorphism

Oc & O (—C) ~ (4P%).
We similarly see that
H°(Op/ (—vC)) - H(Oc @ Op/(—vC)) for all v > 0.

We note that y?u and you? are bases of O¢ @ Op:(—vC) at P for v = 1 and 2, respectively.
Thus, for arbitrary a;,as € C, there exists a section s, € H°(0r:(—C)) such that

- 2 2 3
8y = a1yiu + azysu® mod(v, u”).

Recall that the map H°(Ox) — H°(OF) is surjective modulo f*wy [7, Proposition 2.1].
In our situation, sections of f*wy lifted to C?/hyz,m are contained in /\2 2% . We claim
that

2
N\ 2% C (1,92, 90)° - Dxe C (01, 92,90)* - wp (2.10)

on the index-1 cover F'# ¢ X¥ of F/ C X.
Note first that the local coordinates of X at P are

Yiye, Y, Yo, YiYa, Ysys, Youi.

Since y1ys is the only term of degree 2, and the rest are of degree greater than or equal
to 3, we see that /\2 2% C (y1,y2,v4)° Qin, the first inclusion.
Since ¢ = B1(y3 — y3) + Boys with 31,82 € Ox such that Ba(P) = 0, we have that

.Qi”p/n C (y1,Y2,y4) - wpn because
dya ANdya|  _  dypiAdyal  _ dyr A dys
8¢/8y1 e 8¢/8y2 Frt 3(;5/8?;4 Frt

which settles the second inclusion.
From (2.10) and (v,u?®) C (v, y3,y3) we see that there exists s’ € H°(I¢) such that

.QI: Gwp/n,

s' = a1yoya + aoy2y; mod(y1,y2,ya)* + (U3, 3, v1)-

By this, we obtain non-vanishing of the coefficient of zoz3 in [4, §10.7]. Note that [4,
§10.7.1] is satisfied because A1 (P) # 0, and [4, §10.7.3] is satisfied because the term y3
appears and y7y3 does not appear in sp. The rest of the proof is the same as in §2.6.
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Remark 2.7. In [4], the explanation at the beginning of [4, § 8.11] was not appropriate:
the non-vanishing of the coefficient of zo23 of [4, §10.7] as well as [4, §10.7.3] should
have been verified. The last three lines of our § 2.7 supplement the insufficient treatment
in [4, §8.11].

2.8. The case 2.5.4

In this case m = 5 and A\ (P) = a(P) = 0. Since A1 (P) = 0, we have that ui(P) # 0
because u is an (-basis (see (2.2)). Since a(P) = 0, we have that ays = \ayj for some
A2 € Oc,p, as in Lemma 2.4. Thus, a general section s € HO(I¢) satisfies the following
relation near P:

s = (unit) - ¥ (u + Xoy3y3) mod F3(0, J). (2.11)

Hence, s does not contain any of the terms y1y2, ¥3¥4, y2y5 and contains terms y?, y3y3.
By the lemma below, s also contains y5y,.

Lemma 2.8. Let 7 be the weight 7 = £(4,1,2) and let (H, P) C C3/ps5(2,3,1) be a
normal surface singularity given by ¢(x1, x2,x3) = 0, where ¢ is a ps-invariant that does
not contain any terms of T-weight less than 2. Then, (H, P) is not a rational singularity.

Proof. According to [3] we may assume that the coefficients of ¢ are general under the
assumption that ¢.—; = 0. Consider the weighted blow-up with weight 7. The exceptional
divisor 7" is given in P(4, 1,2) by the equation ¢,—o(21,22,23) = 0 or, equivalently, in
P(2,1,1) by ¢T:2($1,II};/2,J}3) =0. Thus, T € |Op(2,1,1)(5)| is a general member. By
Bertini’s theorem 7" is smooth and the pair (P(2,1,1),7) is purely log terminal (PLT).
By the subadjunction formula,

2pa(T) — 2= (Kp(g’l’l) + T) . T — % = 2.
Hence, 7" is not rational. O
Lemma 2.9. The equation s contains the term 3.

Proof. Since a(P) = 0, we can write that o = y1y20 for some 3 € O¢ p. The unique
0 C groc J is generated near P by

yiu+ (n1928)y297 = yiu + yi Byl = yi(u + 1 8yi) € F*(0,J).
By Lemma 2.4, the sequence (2.6) splits and we have

grd J =~ (4P%) & Oc(—2F)

(~1+(3P%)
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Let % be the C-laminal ideal such that J D ¢ D F3(0¢,J) and X /F3(0,J) = (4P%).
Then, ¢ is locally a nested c.i. on C'\ {P} and (y4, u) is a (1, 3)-monomializable ¢-basis
of Ic D & at P (where u is given by (2.2)). We have

0——= (—1+42P%) ——= gl & (4P%) 0

Oc(—3F)

Since H'(0c(—3F) ®w) # 0, as in the proof of Proposition 2.5, the sequence does not
split. So, locally near P, the sheaf grl, J# has a section y3u + yy1y3 with y(P) # 0. O

Thus, by Lemmas 2.8 and 2.9, s does not contain any of the terms yiys, Y34, y2v3
and contains terms y7, ¥3y3, ysya, y1ys. Therefore, [4, §10.8] can be applied to (H, P).
It is easy to see that the whole configuration contracts to a curve. We get the case 1.2.1.
This completes the proof of Theorem 1.1.

3. The case (IIB)

3.1. Set-up

Let (X, P) be the germ of a three-dimensional terminal singularity and let C' C (X, P)
be a smooth curve. Recall that the triple (X, C, P) is said to be of type (IIB) if (X, P)
is a terminal singularity of type cAx/4 and there exist analytic isomorphisms

(X, P)~{yi —ys +a=0}/pa(3,2,1,1) CC,, . /pa(3,2,1,1),
C =~ {y% - yg =Y3 =Y4 = 0}/“4(3727 ]-7 1)7

where o = a(yi,...,¥14) € (y3,y4) is a semi-invariant with wta = 2 mod4 and
a2(0,0,ys,y4) # 0 (see [5, A.3]).

Definition 3.1. We say that (X, P) is a simple (respectively, double) cAx/4-point if
rk ao (07 0, Ys, y4> =2 (respectively, rk ap (O, 0, Ys, y4> = 1)

3.1.1. Let (X,C) be an extremal curve germ and let f: (X,C) — (Z,0) be the corre-
sponding contraction. In this section we assume that C' is irreducible and has a point P
of type (IIB). According to [4, Theorem 4.5] the germ (X, C) is not flipping. Recall that
(X, C) is locally primitive at P [5, §4.2]. Moreover, P is the only singular point [5, The-
orem 6.7], [6, Theorem 8.6, Lemma 7.1.2]. Thus, the group Cl(Z,0) has no torsion.
Therefore, f is either a divisorial contraction to a ¢cDV (compound Du Val) point or a
conic bundle over a smooth base [6, Proposition 8.4].

3.2. According to [4, Theorem 2.2] and [7], a general member F € |-Kx| contains C,
has only Du Val singularities, and the graph A(F,C) has the form

o

O—O0—0—0—e
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where all the vertices correspond to (—2)-curves and e corresponds to C. Under the
identifications of §3.1, a general member F' € |—Kx| near P is given by Ays + pys = 0
for some A,y € Ox such that A(0), u(0) are general in C* [4, §2.11], [7, §4].

3.3. Let H be a general member of |Ox|c, let T := f(H), and let [':= HNF.

3.3.1. If f is divisorial, we set Fy := f(F) and I'y := f(I'). Then, Fz € |-Kz|, T is a
general hyperplane section of (Z,0) and I'y is a general hyperplane section of F.

3.3.2. If f is a Q-conic bundle, we consider the Stein factorization
f1 fa
fFZ (F, C) — (Fz,Oz) — (Z70).

Here we set I'y := f1(I).
In both cases Fz is a Du Val singularity of type Eg by §3.2.

Lemma 3.2.
(i) H is normal, has only rational singularities, and is smooth outside of P.

(ii) I' = C + I (as a scheme), where I'y is a reduced irreducible curve.

(iii) If f is birational, then T = f(H) is a Du Val singularity of type Eg, Ds, Dy,
Ay, ..., Ay (or smooth).

Proof. Consider the following two cases.

3.3.3. The case when f is divisorial

Since the point (Z,0) is terminal of index 1, the germ (7, 0) is a Du Val singularity.
Since Iz is a general hyperplane section of Fyz, we see that the graph A(F, ") has the
following form:

(3.1)

WO —OoNn—O

O—O0O—O0—0—e

12 2 1

where, as usual, ¢ corresponds to the proper transform of I'; and the numbers attached
to vertices are the coefficients of the corresponding exceptional curves in the pull-back of
I'z. By Bertini’s theorem, H is smooth outside of C. Since the coeflicient of C' is equal
tol, FNH = C+ I (as a scheme), H is smooth outside of P. In particular, H is
normal. Since fr: H — T is a birational contraction and (7', 0) is a Du Val singularity,
the singularities of H are rational.
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3.3.4. The case when f is a Q-conic bundle

We may assume that, in some coordinate system, the germ (Fz,0z) is given by 2?2 +
y3 + 2% = 0. Then, by [2], up to coordinate change the double cover (Fz,0z) — (Z,0) is
just the projection to the (y, z)-plane. Hence, we may assume that I’z is given by z = 0.
As in the case 3.3.3 we see that the graph A(F,I") has the form (3.1). Therefore, H is
smooth outside of P. The restriction fi: H — T is a rational curve fibration. Hence, H
has only rational singularities.

Lemma 3.2 (iii) follows by the fact that there exists a hyperplane section Fyz of (Z,0)
that is Du Val of type Eg (see, for example, [1]). O

We need a more detailed description of (H,C') near P.

Lemma 3.3. In the notation of § 3.1 the surface H C X is given locally near P by
the equation ysvs + yqv4 = 0, where vs,vq4 € ﬁpu’xﬁ are semi-invariants with wtv, = 3
and at least one of v3 or vy contains a linear term in y.

Proof. Since H is normal and gri, 0 ~ Op1 & Op1 (—1), we have that Oc(—H) = 0 C
gry, O, i.e. the local equation of H must be a generator of & C gri, 0. O

3.4. Let o be the weight 1(3,2,1,1). By Lemma 3.3 the surface germ (H, P) can be
given in C*/p4(3,2,1,1) by the two equations

yt — ys +1(ys,ya) + O(y1, Y2, Y3, ya) =07} (52)

y1l(y3, ya) + y2q(y3, ya) + &Yz, ya) + Y (Y1, Y2, Y3, ya) = 0,

where 7, [, ¢ and £ are homogeneous polynomials of degree 2, 1, 2 and 4, respectively,
n#0,1#0, ¢, € (y3,y1), o-ord ¢ > 2, o-ord ¢ > 2. Moreover, tkn = 2 (respectively,
rkn =1) if (X, P) is a simple (respectively, double) cAx/4-point.

3.4.1. Consider the weighted blow-up
g: (W>XDH)— (C*/py(3,2,1,1) D X D H)

with weight o. Let E be the g-exceptional divisor, let = := E N H be the exceptional
divisor of gg = g|j, and let C be the proper transform of C. Define

Eoiz{y3:y4:0}CE.

If H is normal, let g : H — H be the minimal resolution. Thus, in this case, we have
the morphisms

h: H 2 g2, gleT
Lemma 3.4.

(i) £ ~1P(3,2,1,1) and = is given in this P(3,2,1,1) by

(Y3, ya) = y1l(y3, ya) + y2q(y3, ya) + (Y3, y4) = 0.
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(i) C of C meets E at Q := (1:1:0:0) € 5.

(iii) =p is a component of = and (Zp- =)z = —

wN

(iv) If H is normal, then Kg=g"Ky—3Z.
Proof. Statements (i) and (ii) are obvious; (iii) follows from

)i = (S0 E)w = (50 Or(E))g = (50 Op(—4)p = -3,

[1]

(Z0-

and (iv) follows from Ky = g*Kca/p, + 3E. 0

3.5. The case of a simple cAx/4-point

After a coordinate change, we may assume that 1 = y3y,. We may also assume that
the term ys appears in [(ys,ys4) with coeflicient 1, that is, [(ys,ys) = ys + cys, ¢ € C.
Thus, (3.2) for (H, P) have the form

2 3
— s+ +¢=0,
Y1 — Yy T Ysys+ @ } (3.3)

y1(ys + cya) + y2q(y3,ya) + E(ys, ya) + ¢ = 0.
It is easy to see that in this case X has only isolated (terminal) singularities. Indeed,

X N E is given by y3ys = 0 in E ~ P(3,2,1,1). Hence, Sing(X) C S U Sing(E). There
exist the following subcases.

3.5.1. The subcase when (X, P) is a simple cAx/4-point and ¢ # 0

We show that only the case 1.2.2 occurs. We may assume that in (3.3) I(y3, ¥4) = ys+ya.
In this case, & = 25, + =’ + =7, where =/ and £ are given in £ ~P(3,2,1,1) as

2 :={ys = y1 + 12q(0,y4) /ya + £(0,y4) /ys = 0},
Z" :={ys = y1 +v2q(y3,0) /ys + £(y3,0) /ys = 0}.

All the components of = pass through (0: 1: 0 : 0) and do not meet each other elsewhere.

Claim 3.5. The surface H is normal and has the following singularities (in natural
weighted coordinates on E ~P(3,2,1,1)):

e O;:=(1:0:0:0), which is of type Aa,
e Q:=5,NC=(1:1:0:0), which is of type Ay,

e Oy :=5,NE'NE"=(0:1:0:0), which is a log terminal point of index 2 (a
cyclic quotient singularity of type (1,2k — 1)/4k).
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The pairs (H,Zo 4+ Z' + C) and (H,Z + Z" + C) are log canonical (LC). Moreover,
they are PLT at all points of =y \ {O2,Q}. Thus, the surface H looks as follows:

=/
= =

1

A, A,y =0
Os I

="

Proof. Since = = H N E is reduced along =’ and =", the singular locus of H is
contained in =y = {y3 = y4 = 0}.

Consider the chart U; = {y; # 0} € W, Uy ~ C*/ps(1,1,2,2). The equations of H
have the form

Y1 — 195 + ysya + y1032(1,y2, Y3, ya) + Y1 (+-00) =

. 0,
Yz + ya + y2q(y3, y1) + E(ys, ya) + y1vva(1,y2,y3,y4) + y7 (+-++) =0,

and C is cut out on H by y3 = y4 = 0. Using the condition that y; = y3 = y4 = 0, one
can obtain that the surface H N U; has two singular points on the exceptional divisor
{y1 =0} Q ={y1 =y3 = ya = 1 —y3 = 0} and the origin O;. It is easy to see that
(H,Q) is a Du Val singularity of type A; and (H, ;) is a Du Val singularity of type As.
Since =y and C are smooth curves meeting each other transversely, the pair K+ =5+ C
is LC at Q.

Consider the chart Uy = {yp # 0} € W, Uy ~ C*/u2(1,0,1,1). The equations of H
have the form

Yiy2 — Yo + ysya + Y23 2(y1, Lys, ya) + y5 () =0,
y1(ys + ya) + a(ys, ya) + E(ys, ya) + y2t2(y1, 1, ys, ya) + 43 (+---) = 0.

We then get only one new singular point: the origin O, where the singularity of H is

analytically isomorphic to a singularity in C317y3,y4 /2(1,1,1) given by

{y1(ys + ya) + q(ys, ya) + (terms of degree > 3) = 0}. (3.4)
Hence, (I:I ,02) is a log terminal singularity of index 2. a
Therefore, for the graph A(H, C) we have only the following two possibilities:

3 ao
—0—+:+—0—0—0—0—0

a’ 3
o — o
| |
(]
a/

aop a'
— O —0—0 o —
e]

o —e
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where the vertex marked by ag (respectively, a’, a”’) corresponds to =y (respectively, =,

=

Z") and e corresponds to C.
Using Lemma 3.4 (iii) one can easily obtain that ag = 2. Similarly,

(25 =(5"5);=-2
This gives us that o/ = a” = 3. However, the right-hand configuration above is not
contractible. We get the case 1.2.2.
Corollary 3.6. We have that ¢(0,y4) # 0.

Proof. Assume that ¢(0,y4) = 0. Take H such that in (3.2) the functions 7, ¢, I, ¢, £
and v are sufficiently general under this assumption. Let X’ be a general one-parameter
deformation family of H. According to [4, Proposition 11.4] there exists a contraction
fle X' = 7', so (X',C") is an extremal curve germ. Moreover, (X', C’) is of type (IIB).
By 3.5.1 we get a contradiction (otherwise (3.4) is not a point of type (1,1)). O
3.5.2. The subcase when (X, P) is a simple cAx/4-point and ¢ =0

We show that only the case 1.2.3 occurs. Equations (3.3) have the form

Yt — Y5 +ysya + 6 =0,
y1ys + y2q(ys, ya) + &(y3,ya) + ¢ = 0.
In this case, = = 3=y + =/ + Z”, where &’ and =" are given in E ~P(3,2,1,1) as
E' = {ya = y1 +42q(y3,0)/ys + £(y3,0) /ys = 0},
E" = {ys = y24(0,ya) /y% + €(0,94) /y% = O}.

Claim 3.7. The surface H is normal and has the following singularities (in natural
weighted coordinates on E ~P(3,2,1,1)):
e O :=5NE"=(1:0:0:0), which is of type Aa,
e Q:=5,NC=(1:1:0:0), which is of type Ay,
e Oy:=5yNE"=(0:1:0:0), which is of type $(1,1).

The pair (H,Zy+ 5’ + 5" + C) is LC. Thus, H looks as follows:

=
=

=1
=

A2 A2 50
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The proof is similar to the proof of Claim 3.5, so we omit it.
By the above claim, A(H, C) has the form

"

a ao
O —O0—0—0—0—0—e
|
oO—0
a’ 4
Since
(Z-Sp=-2 (" E)z=-%

(cf. Lemma 3.4 (iii)), we have that ap = 2 and o/ = a” = 3. Thus, we get the case 1.2.3.

3.6. The case of a double cAx/4-point

We may assume that n = y3. By Corollary 3.6, ¢(0,y4) # 0, so we also may assume
that ¢(0,y4) = y3. Thus, Equations (3.2) for (H, P) have the form

yi—ys+ Y5+ =0,
y1l(ys, ya) + y2q(ys, ya) + &(ys, ya) + 9 = 0,

where ¢ does not contain any terms of degree less than or equal to 2. This case is more
complicated because X has non-isolated singularities.

Remark 3.8. Sing(X) has exactly one one-dimensional irreducible component
A= {y3 = y% - yg =+ ¢U:3/2(y17y27 07y4) - 0} CEx~ P(37 2a 17 1)
There exist the following subcases.

3.6.1. The subcase when (X, P) is a double cAx/4-point and 1(0,y4) # 0

We show that only the case 1.2.4 occurs. After a coordinate change, we may assume
that {(ys,y4) = ya, so Equations (3.2) for (H, P) have the form

2 3 2
-y, +ys; + ¢ =0,
Yi— Yty + o } (3.5)

Y1ya + y2q(ys, ya) + &(ys, ya) + ¢ = 0.
In this case, & = 25, + 2=5’, where
' ={ys = y1 +%20(0,44)/ys + £(0,y4) /ys = 0} C E ~P(3,2,1,1).

Claim 3.9. The surface H is normal and has the following singularities on =, (in
natural weighted coordinates on E ~P(3,2,1,1)):

e O;:=(1:0:0:0), which is of type A,
e Q:=5,nC= (1:1:0:0), which is of type Ay,

e Oy:=5;NE"=(0:1:0:0), which is a log terminal point of index 2.
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The pair (ﬁ, = —|—E’+é) is LC along =y. Moreover, it is PLT at all points of Z¢\{O2, Q}.
Thus, H looks as follows:

=

A, Ay

Os| I )

where there are more singular points sitting on =’ \ {O2} that must be Du Val.

W

The proof is similar to the proof of Claim 3.5.

Remark 3.10. For a general choice of £ and ¢, the surface H has exactly three singular
points on =\ {O2} and these points are of type Aj.

Hence, the dual graph A(H, C) has one of the following forms:

7%7?)70607070
(a) |
o —e
: a’ 3 3 ag
—0-—0—0—+++—0—0-—0-—0—0

(b) |

o —e

where : corresponds to some Du Val singularities sitting on =’. Since the whole config-
uration is contractible to either a Du Val point or a curve, we have that ag = 2 and
case (b) does not occur. In case (a), contracting black vertices successively, we get the
following:

: a’ —1

.— O

Hence, a’ = 2 or 3.

3.6.1.1. Let (S,0) be a normal surface singularity and let p: S — S be its resolution.
Recall that the codiscrepancy divisor is a unique Q-divisor © = >~ 6,0, on S with support
in the exceptional locus such that p*Kg = Kg + O. If 11 is the minimal resolution, then
© must be effective. The coefficient 6; is called the codiscrepancy of ©;. We denote it by
cdisc(6;). If (S, 0) is a rational singularity, then 6; = cdisc(©;) can be found from the
system of linear equations

> 60.0;-0;,=-Kg-0; =2+63.
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Let a; := —©2. The system can then be rewritten as

!/
ajﬂj:aijJrZ 91',

where >’ runs through all exceptional curves @; meeting O;.

Lemma 3.11. Let A be the dual graph of a resolution of a rational singularity and
let A’ be its subgraph consisting of one vertex of weight a > 2 and n — 1 vertices of
weight 2. Assume that the remaining part A\ A’ is attached to 5.

(i) If A" has the form

a
O—+++e —O—0 ==+

then the codiscrepancies of the components in A’, indexed from left to right, are
computed by a = kay, k < n.

(ii) If A’ has the form

then the codiscrepancies of the components in A’ are computed by 2a; = 2as = a
and oy = a3 for 3 < k < n, when the bottom component is indexed first and the
rest are indexed from left to right.

3.6.1.2. By Lemma 3.4 (iv) we have that cdisc(Zp) = cdisc(Z’) = 3. Using 3.6.1.1 we
compute the codiscrepancies of exceptional divisors over H:

3/2 5/4 3/2 1 1/2

. —O0O —O0 —O0 —0—20
o — @
3/4

. 1
3.6.1.3. If @/ = 2, then the configuration :—" o is contracted either to a smooth point
or to a curve. Therefore, we have one of the following possibilities:

a1 an  3/2 5/4 3/2 1 1)2
—++—0—0 —0—0 —0—0
(al) |
o — e
3/4
ag as an 3/2 5/4 3/2 1 1/2
co—0—+++—0—0 —0—0—0—20
(a2) for n > 2, | |
0] o — e
a2 3/4

We then get a contradiction by Lemma 3.11.
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3.6.1.4. Thus, @’ = 3. Then, f is divisorial and the configuration o s exactly the
dual graph of the minimal resolution of (T,0), which is a Du Val graph of type Eg,
D5, Dy, Ay, As, As or Ay. If the graph A(H,C) has the form (al), then, as above,

%:anH =(n+1)ay, 3~%:1+0¢n+%. This gives us that na; = %, o = % —%<O7
which is a contradiction. Similarly, in case (a2) with n > 3 we obtain that o, = 2,
3- % =1+a,+ %, which is a contradiction.

If there exist three connected components of the exceptional divisor attached to =,

then for corresponding codiscrepancies ., B, v we have that 3-% = 14a,+8m+m +g,
o + Bm +7 = 2. On the other hand, 20, > 2, 28,, > 2, 29, > 3. Hence, the equalities
an =Pm == % hold and we get the case 1.2.4.

In the remaining cases, by direct computations we obtain that the exceptional divisors
have codiscrepancies whose denominators divide 4 only in cases 3.6.1.5 or 3.6.1.6.

3.6.1.5. (T, 0) is Du Val of type D5, and A(H, C) has the form:

4
0—0— 0 —0—0—0—0

o—oll
0—ow

o)
. !
Here, H has two singular points on =’ \ =) and these points are of types A; and Aj.
3.6.1.6. (T, 0) is Du Val of type Eg, and A(H, C) has the form:

—O0—0—0

oO—0O

Mocw

Zo 4
0—o0— 0 —O0—
!

Here, H has exactly one singular point on =’ \ 5 and this point is of type As.

3.6.2. We now show that in cases 3.6.1.5 and 3.6.1.6 the chosen element H € |Ox|c
is not general. Consider the case 3.6.1.5 (case 3.6.1.6 can be treated similarly). Take a
divisor D on H, whose coefficients are as follows:

o
|
|
Oor

2 4
O—0—

HO—ON—[]+=
—O—ON

D0 —O0O>

P
6

where O corresponds to an arbitrary smooth analytic curve G meeting =’ transversely,
so Supp D is a simple normal crossing divisor. It is easy to verify that D is numerically
trivial, so D = h*G z, where Gz is a Cartier divisor on 7. There exists an exact sequence

0— Ox(—H)— Ox — Oy — 0.

Since D corresponds to a section in H(0g) and R'f,Ox(—H) ~ R'f.0x = 0, there
exists a member H' € |Ox|c such that H' N H = D and, in particular, H' contains C.
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The proper transform H' of H' by g satisfies H' = ¢g*H' — E|;.Since = = EN H and
Z =257+25’, we have that ]EI’|H =45 +gl(é) In particular, Z’ is not a component of
H'| ;. Note that |g1(G)| is a base-point-free linear system on H (because HY(0gz) =0).
Thus, we can take H' such that H’ does not pass through points in HNA\ Zy. Now let H,
be a general member of the pencil generated by H and H'. Note that ANZy = {Q} and
that A meets H and H, transversely at Q). By Bertlm s theorem the proper transform H,
of H. on X also meets A transversely along =’. Since (H.-A) ¢ = (6(4) - Mps,21,1) = 4,
the intersection H. N A consists of four distinct points. Therefore, H. has three Du Val
points on H, N A\ Zy. This shows that for H. the situation of §1.2.4 holds, so the chosen
H is not general in the case 3.6.1.5.

3.6.3. The subcase when (X, P) is a double cAx/4-point and 1(0,y4) =0

We show that only the case 1.2.5 occurs. We may assume that [(ys,v4) = y3, SO
Equations (3.2) for (H, P) have the form

2 3 2
-y, +ys + ¢ =0,
Yi— Y +ys+o } (3.6)

y1y3 + Y2q(y3, y4) + &(y3, y4) + 1 = 0.

In this case, & = 45, + 2=, where

=" = {ys = y2q(0,y4) /yi + £(0,y4) [y = 0} C E = P(3,2,1,1).

Claim 3.12. The surface H is normal and has the following singularities on =y (in
natural weighted coordinates on E ~P(3,2,1,1)):

e O :=5,NE"=(1:0:0:0), which is of type As,
e Q:=5,NC=(1:1:0:0), which is of type As,
e O5:=(0:1:0:0), which is a cyclic quotient singularity of type 1(1,1).

The pair (H,Zy+Z5'+C) is LC along Zy. Moreover, it is PLT at all points of 5\ {01, Q}.
Thus, H looks as follows:

Aol
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Hence, the dual graph A(H, C) has the following form:

’
a

ao
. —O0—0—0—0 —0—0—0—e

[¢]
4

where : corresponds to some Du Val singularities sitting on =’. Since the whole configura-
tion is contractible to either a Du Val point or a curve, we have that ag = 2. Contracting
black vertices successively on some step we get the following:

Recall that : is not empty. Hence, a’ = 3 or 4. By Lemma 3.4 (iv) we have that cdisc(Zp) =
3, cdisc(Z’) = % Using 3.6.1.1 we compute the codiscrepancies of exceptional divisors

over H to give the following:

5/4

If o’ = 4, we get a contradiction as in §3.6.1.4. If a’ = 3, then the whole configuration
contracts to a curve, i.e. f is a Q-conic bundle. As in §3.6.1.3, we infer that the graph
A(H,C) has the following form:

n
3

0—0— -+ —0—20 —o—o—%o—o—o—o—o
| =
o) o
4
where n > 0.
We show that n = 0, that is, the case 1.2.5 holds. As in §3.6.2, take a divisor D on H
whose coefficients are as follows:

1 2 2 2
0O—O0—+++—0—0—

8

[©]
| |
[¢] @]
1 2

Then, D = h*o is a scheme fibre of h: H — T. There exists a member H' € |Ox|c such
that H'|gr = gr.g1.D = f};0. Since = = 45, + 25', we have that H'|; = g1.D — = =
" is not a component of H’|z. Hence, the base locus of
the pencil generated by H and H' coincides with Zp. As in §3.6.2 a general member H,
of this pencil meets the curve A transversely outside of Zy. Note that AN =y = {Q}
and the local intersection number of A and H. at Q is equal to 2. By Bertini’s theorem,

4=,. In particular, the curve =

the proper transform H. of H. on X meets A transversely along =’. Since (ﬁe A g =
(0(4) - Ap@,2,1,1) = 4, the intersection H_N A consists of three distinct points. Therefore,
H_ has two Du Val points on H. N A\ Zj. This shows that for H. the situation of §1.2.5
holds, so the chosen H is not general if n > 0.
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Example 3.13. Let H be given by the equations

yi—ys+y3 =0,
Y1ys + yoyi + yi = 0.

Then, a one-parameter deformation of H is a Q-conic bundle as in §1.2.5.
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