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ABSTRACT. The d f' pth- age rela ti o n o bse l"\'ed in th e GISP2 ice core is th e res ult 
of th e integ ra ted effe cts o f ice-shee t c ha nges O\'e r time. as \1"(' 11 a s th e acc umul a ti o n-rate 
hi s tory. H e re. lIT co nstru c t a fo r\l'Lud m od el to compute ages at I'ari o us d epth s in th e 
coh, In th e model , th ese ages a re ILIIlClio ns o f pa ra m e te rs th a t d esc ribe th e ice 
thi c kn ess a s a fun c tio n o f tim e , Using th e m ax imum-like lihood ill\ 'e rse mc th od . th cse 
pa ra mete rs a rc itera ti \' e! y adjusted until m easured a nd computed ages ag ree 
sa tisfacto ril y , Th e res ults sugges t th a t th e thickn ess al o ng th e OO\l'line conn ec tin g 
th e GISP2 a nd GRIP drill sites has no t c ha nged sig nifi ca ntl \' since th e o nse t of th e 
Ho loce ne , W e a lso d eri\T bo unds o n th e likel y thi c kn ess ch a nges. Beca use th ese 
bo unds a re ind e pe nd ent o f ass umptio ns co nce rnin g th e processes dri \ 'ing th e ice-shee t 
e\ 'o lutio n, th c\' ca n prm 'id e use ful co nstra ints for o th er ice-shee t 11l 0d e ling e ffo rts. 

INTRODUCTION 

Th e stra ti g ra phi c reco rd s in th e d ee p ice co res recon :red 
fi 'om cenlral Greenland halT pro \'id ed a continuo us 

d e ta il ed record o f pas t \ 'a ri a ti o ns in th e e ll\' iro nm ellt 

a ro und th e bo re ho le sites . Th e stratig ra phi e reco rd in 

lUrn is a lso a lte red by d yna mica l c ha nges in th e ice shee t 
it se lC a nd thus cont a ins a n integra ted hi story of th e icc­
shee t e\'o lutio n, H ere, lI'e usc a n inn:rse ap proac h LO infe r 
th e ice-thi ckn ess hi sto ry, h(t ), durin g th e H o loce ne a long 

th e Oo wline connec ting th e GISP2 a nd GRIP drill s ite~ . 

based o n th e m eas ured d e pth age rela ti o n in th e GJSP2 

co re , \\ '1" a lso o b ta in erro r bo und s o n th e d e ri \ 'ed h(t ). 
whi ch res ult fi 'o m th e pro paga ti o n 0 [" th e d a ta un ce rta inty 
inLO OLlr fo rward m od el. 

Our d e ri\ 'a ti o n of h(t) is possibl e prima ril y fo r t\l'O 

reaso ns. Firs t. a nnua l laye rs ca n be reso h-ed in th e GI S P2 

co re \I'e11 beyond 20000 BP, lI'hi c h ena bles a n acc ura te 

d e pth age re la li o n to be es ta bli shed (All ey a nd o th e rs, 
1993 ), Secondl y, fro m m ass co nt inuity th e ice \T locit y is a 
["uncti o n 0 [" th e cha nge in ice thi c kn e~s \I ' ith tim C' li . th e 

acc umula ti o n ra te a. a nd th e ice-shee t geo m e try. a nd al so 

d epends o n th e ice rh eology. Thus th e tim e need ed fo r a n 

ice pa rti cle to tra \ 'e rse th e traj ec to ry fro m th e s Ul ' f~tce to a 
p a rti c ul a r de pth in th e core is a ["un ction o f 17" as \\'e ll as o f" 

th e acc umulatio n ra te. gco me ll"\' a nd rh eo logy , I f lh e~e 
\ 'a ri a bles ca n be spec ifi ed as a ILln c tio n 0[" tim e, liT ca n 
compute th e tim e needed I() r a n icc pa rti c le to traye l fro m 
th e surface to a g i\ 'en d epth ill the co re , \\ ' ith this lo rwa rd 

m od e l to compute ages a l \ 'a ri o us d e pth s in th e co re. 11"(' 

can th en use ill\ 'e rse m e th od s to itcra li\ 'e ly adjust <I ll 

initi a ll y sp ec ifi ed l~(t) b \· co mparing computed a nd 
m eas ured ages a t a numbe r o f d e pths until sati sf;lc to r) 
ag ree m e nt is rcached . Th e res ultin g h(t) is th e d eri \"(' cI 
ice-thic kn ess hi sto rl', 

It is impo rta nt to no te th a t lI'e m a ke no ass umpti o ns 

conce rnin g th e depe nd ence of th e ice thi ckn ess o n the 

acc umul a ti o n ra te. a nd. m o re ge ne ra ll y, ma ke minim a l 
ass umpti o ns abo ut th e ph ysica l processes th a t ea usC' th e 
ice sheet to e \ 'o h 'C', Our dcri\ ecl h (1) is simpl y th a t 
functi o n lI'hi c h res ults in th e bes t agree m C' nt bc twee n 

meas ured ages a nd th ose compu tecl b\' OLlr [() rll 'a rd 

pa rti c le-traj ec to l"\ ' m od el. 

H O\l'e \T r. \IT d o m a ke t \\"o impo rt a nt ass umptio ns. 
\I 'hic h we di sc uss in th e ncx t sec lion. On e is th a t th e 
surface LO pogra ph\' in th e regio n re m a ins ull c ha nged 

m 'e r th C' tim c inte n 'a l o f int e res t. \ \ 'e m a ke thi s 

ass umpti o n bC'ca use lI'hil e th e positi o n of" th C' !lO\l' di\'id C' 

a ncl th e fl o \\" di\'e rge ll ce a lo ng th e fl o lI'line ca n haw' 
impo rt a nt efl i.:cts o n th e ca lculated ages, th e \ 'a ri a ti o n o f 
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th e di\ 'id e pos iti on a nd Oow di\'ergence \I'ith time is no t 
kn o wn , T he o th e r ass umpti o n is tha t th e d ep th \ 'a ri a ti on 

o f th e ho ri zonta l \"C loc il Y (th e shape run c ti o n ) as a 

fun ctio n o f positio n a lo ng th e fl owline is a lso time­

ind ep end enl. This res ults fro m o ur in a bility to compute 

a so luti on fo r th e ve loc it y fi e ld with a tim e-\ 'a rying 

rh eo logy, L a te r wc \I'ill leS t th e se nsiti\'it )' o f o ur r es ults 
to bo th or th ese ass umplio ns, 

\\' he lh er o r nOl th e Gree nl a nd ice shee l ac tu a ll y 
e\'o l\Td acco rdin g lO lh ese ass umplions, th e cl ass of ice­

shee t e\'o luti on mod e ls th a t includ es th ese ass umpti ons 

sho uld g i\ "C res ults lh a t fa ll within th e e rro r bounds we 

d erive , This is th e streng lh o r our a pproac h , Th e mod el o f 
C utl er a nd o thers ( 199.5 ) , wh o d eri\ 'e a thi ckn ess hislo ry 
from th e laye r d a ta by using a spec ifi ed ice-n o\l' m od e l to 
rela te Oow ch a nges to cha nges in ice-shee t thi ckn ess a nd 

width , is a member o r thi s c lass , 

METHOD 

\,\re compa re m eas ured ages a t \'a n ous d epths in th e 

G ISP2 co re \\'ith ages computed by a fo r\l a rd mod el lh a t 

calcula tes pa rticl e traj ec to ri es, Th e d epths co rres pond to 

m eas ured ages a t 1000a inten 'a ls li'om 1000 1O 20000 BP, 
Th e ca lcul a ted ages a rc ILlI1 c ti ons o f pa ra me ters th a l 
d escribe th e cha nge in ice lhi ckn ess with tim e, a nd we tak e 

th ese pa ra m e ters to be \'a lu es o f li a t 2000 a inten 'a ls ri'om 

o to 20000 BP, This res ults in a seemingly o\'er-d etermined 

il1\'erse problem \I'ith 20 d a ta points a nd II pa ra m eters. 
Cha nges in th e surface to pogra ph y w ith time ca n h a \"C 

a signili ca nt effec t o n calculated ages . F o r exa mpl e. as lh e 
di\ 'id e mi g ra tes a way li'om th e GISP2 site, th e leng th of 

th e Oowline increases, \I" hi ch increases th e ho ri zo nta l 

\"C l oc it ~ , a t a g i\ 'C 11 po int. While thi s e ffec l tends to reduce 

th e trave l time. it is compensa ted fo r by th e in crease in 
th e leng th 0 1' th e traj ec lo ry, Al so th e rea rra nge ment o r th e 
surrace cln'a li on co n to urs assoc ia ted with th e di\ 'id e 
mi g ra ti on would a ffect th e positi on of th e Oowline a nd th e 

fl o\l' di\ 'erge nce , but \\'h e th e r this rea rra ngem ent res ults 

i 11 th e ho ri zo n ta l \ 'e loc i ty increas i ng o r d ec reasin g 

d e pends on th e unknown d e ta il s o f how th e surface 

\'a ri es wilh time, 
Some su ppOrl lo r th e assum pti on tha t th e cu rren t 

surface to pogra phv has bee n un cha nged o \'e r th e past 

20 ka is prO\ 'ided by An a nd a krishn a n a nd o th ers (1994). 

Us ing a stead Y-Sla te, one-dim ensiona l fl owline mod el, th ev 

found lh a t th e di\ 'id e positi on in centra l Greenland is 
rela ti\T ly inse nsiti\ 'e to ice-shee t width , with th e m ax imum 
displaceme l1l being a boul 10 km as th e ice m a rg in mi g rates 
sea wa rd by 250 km . They a lso round , as did L etrcguill y 

a nd o th ers ( 199 1), th a t th e ice-thickn ess cha nge in lhe 

summit region was proba bl y less th a n ± 10 % over th e pas t 

20 ka . Th ese results 'ugges t th a t changes in surface 
geo m e lry \\"C re likely to ha\'e bee n sm a ll , and o ur 
assumpti on o r Lt stead y ice-shee l surface is no t unreaso n­
a bl e , La ter \\T will exa mine th e effects o l' cha nging th e fl o \\' 

di\ 'e rgence on th e derived ice-thickn ess changes . 

\\'e m a ke use o f th e sha pe-fun c ti o n approac h in 

calcula ting th e ice \"C loc it y as a fLlIl cti on of time. The 
essence of this m e lh od is th a t th e ho ri zo llla l \ 'e loc it y is 
written as th e produc t o f two terms, On c is th e m ean o r 
d epth-ave raged velocity. whi ch is computed from mass 
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continuity a nd is a fun c ti o n of' ho ri zo nta l p ositi on a nd 
tim e; th e o th er is a sha pe functi on which d esc ribes how 
th e ho ri zo nta l veloc ity \ 'a ri es with d epth. In princ iple , th e 

sh a pe fun c ti on m ay a lso be lime-d epend ent , a ltho ug h lhe 

g reates t utilit y of th e m e th od is \\ 'hen the shape fun c ti on 

can be taken to be tim e-im'a ri a nt. H ere , we infe r th e 

sh a pe f'un cti on using th e two-dim ensional finit e-elem ent 
ice-fl o\\' model d esc ribed in Scholt a nd o th ers ( 1992 ), 
which computes a stead Y-Sla te \,(, Ioc ity fi eld a long lh e 
[J owline connec ting th e two bo reho les , 

\\' hil e th e use o r a sha pe f'uncti on d eri\ 'Cd ri'om 

Holocene conditio ns m ay be a ppro pri a te [or th e past 

10 ka, th e shape fun c ti o n prio r lO th e \\'i sco nsin­
H olocene \I'a rming m ay ha\'e bee n sig nifi ca ntl y dillc rent 
due to co ld er lempera tures. pa rti cul a rl y in th e upper pa n 

of th e ice shee t, whi ch m a ke th e ice stiffe r throug h lh e 

Arrh enius term in th e fl ow la\l , Also, during th e late 

\\'i sco nsin th e upper zo ne was impurity-laden. which 

tends lO soften th e ice (P a te rso n , 1991 ) . H o we\'e r , 
whe th er th e tempera ture a nd impurity e ffec ls compen­
sate eac h o ther is un c lea r, As a res ult , here \I'e d ete rmine 
sh a pe fun c ti o ns fo r la te-Wisco nsin a nd Holocene condi­

ti ons a nd d eri\ 'e ice-thi ckn ess cha nges lo r each sha pe 

fun c ti on , ra th e r th a n a ttempt to inte rpolate betwee n th e 

[\1 '0 sha pe [uncti ons during th e \\' iscons in- H o locene 
tra nsiti on. \\'e rind no a pprec ia ble difference in lh e 
res ultin g ice-thickn ess cha nges , 

THE PARTICLE-TRAJECTORY MODEL 

\\ 'e compule th e age o r a laye r at a spec ified depth 111 the 
core by d ete rminin g th e pa th trave led b y th e laye r sin ce 

its d epos iti on, The computa ti on o f pa rticl e traj ec tori es is 

based on th e equa ti o n of continuity a nd the ass umptions 

disc ussed a bo\'e , W c a lso ass ume th a t th e 0 0 \\' is pl a na r. 
Th e sha pe-functio n a pproach wc use he re is simil a r to 
th a t o f K os tceka a nd Whillans (1988 ) and R ec h ( 1988 ), 
except th a t we take th e shape fun c ti on to be kn own a nd 

a ll o \l' it to \ 'a ry \" ilh ho ri zonta l pos iti on. The ho ri zonta l 

veloc ity components It,/" a nd lty a rc g iven by 

'tii(X , y, z, t ) = Ui(X , y , t )cfJ(x. y , z) (1) 

where z is positi\"(' up\l'a rd , cfJ is th e sha pe fun c ti on. u; is 

th e d epth-a \'er aged \"C locit)' compo nent , and 'i = x , y. 
Th e d epth-ave raged compon ents a re obtained from the 

equ a ti o n of m ass continuity, 

(2) 

w here h(x , y ) is th e ice thi c kn ess , a(x, y, t ) IS th e 

a cc umul a ti o n rate in 111 ice a i, a nd th e tim e t is positi\ "C 

towa rd th e future , 

F oll owin g K os rec ka a nd \\ 'hill a ns ( 1988 ) , \\"C sim pli fy 
th e continuity equ a lio n lw definin g th e coordinate S\'Slem 
so lha l th e x ax is fo ll ows th e [J owline, with x = 0 a l th e 

G RI P si te, a nd wri te th e y com ponen t o f'm ean ve loc i ty as: 

(3) 

rr fl o \\' is perpendi cular to th e e le\'a ti o n con to urs, th e 
spreading pa ram eter R is the radius o f curvature o r th e 
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e le,-a ti o n conto urs ( \\,hil l ~\n s a nd Cass id y. 1983 )_ Th e 

continuity eq uatio n th en becomes 

(0.,12 + ~)il l + hO_lil_, = a - ,; (4) 

which is so h-cd ,,-ith th e bound a ry condition or zero 

, 'Cloc ity at th e ice di,·id e. The so lutio n prmides th e mean 

hori zon ta l " eloc it y a long th e traj ecto ry a t a ny tim e Cor a 
g i, -e n ice-shee t geometry {h(x, t ), R(J' , t )} a nd acc umul a­
ti on ra te a(,?: . t ), \\'e take R(x) = Ro,f a nd , lI sing th e 
shape fLlnClion disc ussed below. we find that Ro = 1 
makes the surrace , 'eloc it y a t GISP2 abou t 1.3 m a I, in 

good ag reement \rith th e res ult meas ured by W addin gLO n 

and l\l orse (W add ingto n a nd others. in press ), Also. 
Ro = 1 implies that the ele, 'a ti on cont ours a rc concentri c 
circl es , a reaso na ble approximation to th e c urrent surrace 
topograp hy between th e t\\'o dri!1 sites (H od ge and 
othe rs, 1990 ). I f' we take a a nd h cons ta n t a long th e 

fl oll' line, Equation (4 ) can be so ked in closed fo rm b,' use 

o L an integ rating f~l c to r: 

_ __ ) _::. [a (t ) - 11 (t)] 
v (,t . t - I ' 

h 1 + Ro-
(5) 

As di sc ussed a bo\'(' , we d e te rmin e the shape fun c ti o n 

Lrom a finite -c le m ent simul a ti o n o f' the , 'C loc ity fi e ld 
be t ween the bo re holcs fo r both la te- \ \ ' isco nsin a nd 
H o locene conditi o ns. FOl- th e H o locene sim ul a ti o n th e 
s urracc te mp erLll ure is 30 ' C , a nd th e so rtn ess 
param e ter in th e fl ow law is enh a nced b y a r~t c tor o r 

three bcl o,,' th e Wisco nsin H o locen e trans iti o n a t 

a bout 1700 m d ep th. For the late-\\' isconsin ice shee t 
th e surrace tempe ra ture is LW C , and th e enhan cement 
ractor is three th ro ug ho ut th e c ntire ice thi c kn ess . H ere 
th e basa l topography between th e drill sites is based o n 
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th e ra di o-ec ho d a ta repo rted in H empcl a nd Th ysse n 

( 1992 ), "hile th e surface topography agrees to \\'ithin 5 

( 10 ) m " 'ith th e a irbo rn e rad io-ec ho SUIT e)' o f H odge 
a nd oth e rs 1990 ) fo r th e H o loce n e ( \\ ' isco nsin ) 
simulatio n, Th e finite-cl ement g rid used here is sho\\'n 
in Fig ure I, 

Th e ice-flo '" model ge nerates "elocity co mpon ents a t 

th e nod es o f' th e finit e-elem ent quadrilaterals , \\'e 

CO lll'e rt the di sc re te ho ri zo llla l-\ 'c1 oc ity \ ',t1u es to sha pe­
run c ti o n \'a lu es b y di"idin g u a t fixed x b y th e 
co rres po nd i ng su rlace n t! ue , \ , -e th e n expa nd the 
di sc re te se t or shape-run ct io n , 'alues in Cheb,'sh e" 

polynomial s to o bta in a n inte rpo la tin g poly no mi a l 

r e prese ntati o n fo r q;( ,1:, z) , ,,' hi c h ca n be readily 

integ ra ted a nd dirreren ti ated. 
Th e , 'e rti ca l \'eloc it" is computed by integra tin g th e 

, 'e rti cal strain rate , which is obtained fi-olll Equ a tio ns ( I ) , 

(3 a nd (5 1, a nd th e condition that ice be in compress ible. 

The result is 

and Integrating Equation (6 1 from th e base lO heig ht z 

g i,'cs th e \ 'erti ca l H' loc it)' w(x . z) : 

wCl'. z) = - (a - I;, - uro,h) ~ r cp(.I' . () cl( 
h j"" 

- il,f I: o,q;(:c. ()d( 
hb 

(7) 

where ,,'e ha,'(' ta ken th e ice shee t to be f'roze n to th e bed 
\Firesto ne a nd o thers. 1990 ) and ha, 'e ig nored th e cfkClS 
or isos tatic adj ustment. 

GRIP 
- 0 - 0 - 0 -

..... 000 

10 0 -10 -20 -30 

Distance along f10wline (km) 

F(g , 1, A dl'lliclioll oJlhejillile-elell7e1ll grid IIJed 10 generate lite JltajJejilll clion. It'i llt lite !lodes showlI ~1' Ihe dolJ, Tlt e baJal 
10IJograjJ/O' belween Ih e G/SP2 alld GRi P drifl siles is lakfll ji-oll7 i-lell7/Jel alld T/~)'ssen ( /992) , It'hife l/ie basallo/JograjJ/~) ' 

011 either side oJ this :::'011 1' is based 011 Hodge alld olhers ( 1990) , : J{so showll are lite liarliele trajeclorieJ cormjJollding 10 
ages oJ 5. 10 alld 20ka, 
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COMPUTATION OF THE PARTICLE 
TRAJECTORY 

L et .TO be the di sta nce o[ th e boreholc from th e no\\" 

di\ 'id e, a nd from n oli' o n le t u = u.,. d eno te th e hori zo ntal 

\Tlocity component. T o ge nera te a pa rti clc traj ec to ry, a 

starting-point (xo . zo) corresponding to d epth ( in th e 
bo reho le is g i\ 'en, \I 'ith to = 0 th e ini t ia l tim e. The 
ca lcul a tion proceed s bac kwa rd in time. Thc componcnts 

Uo = u(xo, zo, io) a nd Wo = w(xo, zo, to) a rc computed , 
a nd a first es tima te fo r the cha nge in \'erti ca l position 

res ulting from a ho ri zo nta l step ,1x (nega ti\'e in our 

coo rdin a te sys tem ) is 

.dz = Wo .dx . 
Uo 

Th e nex t point on th e traj ec tory wo uld be 

,rl = Xo + ,1x 

Zl = Zo + .dz 

(8) 

(9) 

\I'ith th e co rres ponding time t 1 a t (Xl. Z1) computed from 

,1x 
t l = to +-. 

Uo 
(10) 

Th e \ 'C rti cal positi on a nd time a rc furth e r re fin ed by 
ite ra tiyely a \'eraging th e \'e loc il ), components a t th e 

beginning a nd end o[ th e hori zo nta l step , so th a t a fter 

th e i th itera ti oll: 

(11 ) 

I i - I ( i- I t i - 1 ) 1"1 I r ;- 1 \I' l ere 'Wl = 1.1) XI, Z I • , 1 , a nc slml a r \. lo r U I 

Th e itera ti on continu es until th e times computed in t\l'O 
successiye ite ra tions converge sa ti sfacto ril y. Then th e 

progra m mo\TS to th e nex t horizonta l pos ition up th e 

nowline, X2 = Xl + ,1x , a nd th e process is repeated . This 

bac kward-stepping ca lcul a ti o n is co ntinued until th e 
traj ecto ry com es \I' ithin 0. 1 m o f th e surface. Th e 
tra jec to ry o ri g in , tim e a nd n :loc ily a re fo und by lin ea rl y 
ex tra pola tin g th e a ppropriate \'a lu es a t th e two adj ace nt 
points just be low th e ice-sheet surface . Th e co rres ponding 

tim e is th cn th e age o r th e laye r a t d epth ( in th e co re. 

Th (' size o r th e dista nce step has to be chosen so as to 
ma ximize acc uracy wilhin a feas ible computa li ona l tim e. 
Arter some num eri ca l experim enla tio n, \I 'C choose .d:l: fo r 
each step such that th e es tim a ted time to ta ke th e step is 

less th a n some \'alue dT, whi ch va ries linea rl y from 

30 yea rs [or th e I ka traj ec to ry to 150 yea rs [or th e 20 ka 

tra jec to ry. Be tl\'een I I a nd 15 yea rs, wh en th e acc um ul a­
ti on ra te \'a ri es ra pidl y, dT is redu ced to 40 yea rs. 

Fin a ll y, no te th a t th e change in posilion O\'e r onc step 
d epends onl y on th e \ 'C loc iti es a lthe beginning a nd end of 
th e step. If th e \'eloci t y a t (X2, Z2) is com pu ted Lro m th e 

acc umul a ti o n ra te a t t2 al o ne. sma ll cha nges in con­

I'e rge nce pa ra meters o r th e leng th o f th e dista nce step can 
res ult in la rge c ha n ges in tra \T I tim e wh e n th e 
acc umul a lio n ra le is hi g hl y \ 'a riabl e with tim t.' . This is 
because th e tim e t2 computed a t each ite ra tion is used to 
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compute th e \'e loc it y fo r th e next it erati on , a nd th e 
\'eloc it \' d epends o n th e acc umula ti on ra te at t 2. Thus irt2 
diffe rs hy eve n a few yea rs from th e pre\ 'ious itera ti on , th e 
ve loc iti es computed fi-om one ite ra ti o n to th e nex t can 

\'a ry I\'ildly if th e accumul a ti o n ra te \'a ri es g rea tl y 

be tween th e t2 computed [o r th e two itera ti ons. T o 

remed y thi s, th e acc umul a ti o n ra te used to compute 
( U2 . 'W2 ) is not th e va lu e a t / 2, but th e a \'e rage \'a lue o\'C r 
th e inte rl 'a l t 2 - t I . 

ACCUMULATION RATE 

T o ge ll e ra te the acc um u la t io n-ra te tim e series . \IT 
d e termine holl' measured laye r thi ckn esses a re re la ted to 
th e o ri g ina l thi ckn esses a t th e surface . rr A(() is th e laye r 

thi ckn ess a t dcpth ( , a nd Ao is the orig in a l thi ckn ess , th en 

th e t\l'O a re rela ted b\': 

[ 1' ] [ i ·f(I)E:- ] AO = A(() cxp - Ezcl7 = A(() ex]) - -=- d::r 
. () ./"o U 

() [ 
1", (E-i E:-i- l)] ~ A ( cxp - - 6 ,1Xi ~ + --' - . == A(() D(() 
2 i 1Li 1Li- 1 

(12) 

where the summ a ti on is OI'e r th e number o r d ista nce steps 
necd cd to compute th e traj ec to ry, a nd th e subsc ripts on E: z 

a nd 1i refe r to th e traj ec tory coordina tes a t th e beginning 

a nd end oL each step. W e refe r to D(() as th e dil a ti on 
fac tor. whi ch is the ratio oL th e o ri g in a l s urf~l ce laye r 
thi ckn ess to th e thi ckn ess measured in th e core. :'-i o te from 
Equ a ti ons (5 ) a nd (7) th a t since a a nd/i a rc ind ependent 
o r X, th e rati o E: z/1i.1' is ind ependent oL a - h. Thus th e 

dil a ti on [ac tor is ind epend ent OL th e accumula tion ra te 

histo r>' a(t) , so th a t th e reconstruc ted a(t ) d epends onl y 
o n th e ice-shee t geo metr y, th e shape functi o n a nd th e 
la ye r d a ta . \ Ve ca n ass um e a simple acc umulati on-ra te 
hi sto ry 10 compute th e dil a ti on fa n or a nd genera te a(t ). 
as lI'as d o ne by Sc hott and o th ers (1992 ) a nd All ey a nd 

o th ers (1993 ). Th e a(t ) computed by our model is 

esse ntiall y id enti ca l to th a t o r Alley a nd o th e rs ( 1993) 
beca use ( I ) lI'e use nearl y th e sam e \ 'C locity fi e ld in o llr 
calculations, (2) th e aec umula ti on ra te \'ari es b y less th a n 
10% a long th e GlSP2- GRIP no \\'lin e (Bolzan a nd 
S tro be!' 199+). a nd (3) \\'e assume th a t ti is ind epend ent 

o[ positi on a long th e fl owline. 

MAXIMUM-LIKELIHOOD INVERSE METHOD 

We use th e maximum-likelih ood il1\ 'C rse meth od to infe r 

th e se t o[ m od el para meters from th e measured ages in th e 

co re. In \I·ha t [o ll o\\'s we bri efl y disc uss some of the 
impo rt a nt fea tures o f thi s m e th od; m o re co mplete 
di sc uss io ns ca n be fo und in T a ra nto la a nd V a lene 
( 1982 ) a nd ~I enk e ( 1989). 

We pose o ur pro bl em by u sin~ 20 data \'a lu es (ti ) to 

d e te rmin e II m odel pa ra mete rs (hi), so th a t the pro blem 

a ppea rs so h 'able by no n-lin ea r leas t-squares meth od s. 
which d eri\ 'C th e mod el pa ra mete rs th a t minimize th e 
(weig hted ) residu a ls be tw een th e meas ured and 111 0d e led 
d a ta \·a lues. H OI\'C \'e r, th e so lution d epends criti ca ll y on 
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the a priori inro rm at io n inco rporated in to th e problem , 

For example, asslIme we know nothing about the mode l 
pa rameters. so th a t our a priori info rmati o n is total 
ig no rance , Then the leas t-sq uares m e th od is fre e to 

ge ne rate m odel parameters that g i\'e \'er\' sm a ll residuals 

but may resu lt in d eri\'ed plwsica l \ 'a riables (such as h(t ) 
in our case) which oscilla te wildl)' and halT littl e physical 

sig nifi cance . This happen s beca use the d a ta arc not exac t 
but contam in a ted \\' ith random e rrors, so that the lack of 
smoothness in th e so lution re ll ee ts the leas t-squares 

attempt to fit th e random e rror in the data, 

Orten we do h a\'e so m e a priori info rm at ion about the 

mod el paramete rs. As di sc ussed abm'e, Ire halT reaso n to 

be li e\T tbat the change in th e ice-sheet thi c kn ess O\TI" th e 
pas t 20 ka was probably < 200 m, One \\'ay to in co rporate 
thi s information in to thc in version process is by assum ing 

an a priori Gauss ian joint probability di stribution for the 

model parameters, c haracteri zed by a mean and standard 

d e\ 'iation, Thus ir eac h model paramete r is beliC\'ed to li e 

I\'ithin som(' ran ge . th e m ea n a nd standard d c\ 'iation 
co uld be takcn as the ccntcr o f th e range and o ne-hair the 
ran ge. respecti,'e ly, \I 'hile (or th e sta te of" total ignorancc 

th e standard d el'iation would be infinite, 

NOli' co nside r the N + ,M-dimensional space spanned 

b y rhe N parameters and 111 d a ta, and suppose th e data d 

and mod el param e ters m arc re lated by d = g(m), Gil 'e n 
the a priori probabilit y di s tribution for the model 
parameters and the probability di stribution that de­

sc ribes rhe data, the probability ofobsen'ing a g il 'e n point 

in this space is th e product o r the data and param e te r 

pro bability di stributions, The non-linear m odel \I'hi c h 

relates th e pa rameters and data form s a h yperplanc in 
thi s space , Th e m ax imum-likelih ood m ethod then looks 

fo r th e point on the h)'pe rplane for \I 'hi c h th e joint 

probability di stribution is maximized. 

If' the computed data \ 'a lu es are non-linea r [unctions 

of the parameters, then th e sea rch for th e maximum­

like lih ood point is don e itcrati\'e ly. After the kth it era ti o n 
the ne\l' param e te rs are (Taranto la and \ 'alelle, 1982 ) : 

m k+ t = m o + [A",-1 + Ck . /1,,- 1. Ckr 1 ,Ch' . Jl,1- I 

, [d - g(ml. ) + C" , (mk - mO)] (13) 

where Ad and /1", arc th e data a nd a pri o ri model­
pa rameter cOl'<uiance matri ces, res pecti\'C ly; mO are the a 

priori param e ter \ 'a lu es; C is th e matrix transpose ; and 

Ck has the matrix e lem en ts 

( k) Ogi I C i J' = ~ m= m! ' un. ' .I 

(14) 

H ere , \I 'e co mpute th e matrix elements !J\' ce ntra l 

difTe rencing: 

(Ch');) ;::;; 2
1
8 [gi (rn1 . .. .. m j + D . .... ms) 

- gi ( m I, ... ,177 j- o ..... mx) ]m=m' (15 ) 

\I 'he re gi( m) is the computed \ 'a lu e o[ the ith datum , and 

arter so m(' numerica l expe rim e ntation \I'e ta ke [; = 10- 10 

I m a , 
In practi ce , th e iteratil,(, p rocess is s topped \I'hen the 

so luti on [or suceess il ,(, iterat ions c hanges by a neg li g ibl e 

amount or \I 'h en x 2 is minimized , wh e re for the kth 

iterat ion: 

, 2 _ ""'" cl; - gi (m ) ,\1 [ k ] 2 
\ k - ~ (16) 

i= I O'i 

\I ' ith cli the it h datum and O'i th e co rres ponding standa rd 

de\ 'iation. 
R eca ll that here the parameters arc th e ra te ofehange 

of" thi c kn ess wit h tim e at 2000 a inteI'I'ais (/~ .i .j = 1...11 ) , 

\\'e start th e iJ1\'e rsio n by choos in g a n initi a l point in 

parameter space , If ollr pa rameterizatioll or th e problem 

is adequate, the iJ1\'ersioll res ults must be ind ependen t or 

the starling-po int. To chcck this \IT compute thi c kn css 
c hanges wi th th e ini tial 17 j = 0,00.0.01 a nd - 0,01 m a I , 

\\'e choose the a priori para meter stand a rd del'iat ion, 0'1" 

to co rrespond lo an uncertainty in th e thickness o f' 

± 200 m O\Tr the pas t 20 ka; thi s g i, 'es O'p = O.Olm a I , 

For rhe d a ta, th e es tim a ted error in the measured ages 

I'aries [i-om ± 70 a at 3300 HP to ± 520 a a t 17380 BP. to 

±3000a al 40500BI' (All ey and others, 1993 1, \\'c tak c 
the s ta nd ard del 'iation in th e measured ages to I'a ry 

lin earh' \I 'ith age bel\leen these I'a lu es. 

RESULTS 

The change in thi c kn ess with time usin g the rIolocene 

rh eo log\ ' is sho ll'l1 in figure 2 ror the three difTe re nr se ts of' 
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Fig. 2, The derived ice-thicklle!>.s hijtol)' Jor assllmed 
illitial jJarameter Ni/li es oJ 0,00 III a I (solid /ill I' ) . 

+ O.OIIll {[ I ( d([jhed hI/e) {[lid - O.Ol ilia I ( dot -d({j·1t 

line ) , T he ([wlllled a priori jJarallleter stalldard del'iatioll 
ill all ca jes i ,l 0,01111 a I , . IIso jholl'1I are the ± 10' bounds 
( light !>otid line ) all Ihe II,icklless histol), obtailled Ji'om Ih e 
inilial /)a/'{/meler l'(r/ll e,1 q/ 0.00 III a I , 
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a prio ri pa ra me ter \·a lues . All three resu lts a re in good 

agree m ent o \'er th e I~as t 10 ka, but pri o r to th a t th e 

computed \'a lues [o r h a re nea rl y eq ua l to th e a prio ri 

\·a lu es. This suggests th a t th ese p a ra m e te rs ha lT no t bee n 

determin ed b y o ur m e th od . This is confirm ed b y no tin g 
th a t fo r th e I~ pri o r to a bo ut 10 000 BP, th e es tim a ted a 
pos te rio ri pa ra m e ter s ta nda rd d ev iations a re nea rl \' 
identi cal to th e ass um ed a prio ri \ '<liu es, so th a t littl e 

information is being propaga ted fro m th e d a ta to th ese 

pa ra m ete rs. Thus, th e ice-shee t histo ry pri or to a bo ut 

10 000 BP rem ains unreso h-ed b y our m e th od. 
O\'er th e mos t recent 10 ka, our res ul ts show th a t th e ice 

thi ckn ess has \'aried by less th a n ± 10 m a bout th e current 
\ 'alue, \I·ith a n es tim a ted a pos teri o ri un certa inty in th e 

thi ckn ess o f a bout ± 85 m a t 10000 131'. The computed 

current ra te o[ thi ckening \'a ri es [i-o m a bo ut 4±9 mm a 1 

to -3±9 mm a 1 for a pri o ri par a me ter \'alues o f" +0.0 1 
a nd - 0.0 1 m a [, respec ti\'c1y . These res ults a re co nsistent 
lI'ith th e regiona l mass ba la nce of 17 ± 17 mm a [ measured 
by Bolzan ( 1992 ), w hi ch was based on meas ured surrace 

\'e loc iti es a nd acc umula ti on rates over a 150 km x 150 km 

g rid centered on th e S ummit site . 
\ Ve ass um ed here th a t the ice rh eo logy and surface 

to pogra ph y liT re time-in vari an t. T o test the se nsiti\ 'ity o r 
our res ults on th e co nstant-rh eology ass ump tion, we halT 

co m p uted thi ckn ess cha nges b y su bs tituting th e shape 

[un ction inferred from th e finite-e lem ent m od el of th e 

late-\\" isco nsin a n fl owlin e d esc ri bed abOl'C . W e find th a t 

h(t) d iITers by less th a n 0 .6 m O\'e r th e pas t 20 yea rs ri'om 
th e res ult sho\\' n in Fig ure 2. This is beca use m os t o f the 
traj ecto ri es a re withi n th e upper ha ll' o f th e ice shec l. 
wh e re difTc rences in the g lacia l a nd H olocene sha pe 

fun c ti ons a rc sm a ll. 

A va rying surface topogra ph y m ay a ffec t th e di \"C r­

gence a long th e Oowline (a nd a lso th e direc ti o n 01' th e 
OOlvline) as d isc ussed in a p rev ious sec ti o n . \\'e eS li m a te 
the e[l(::c ts o r a va rying Oow di\'e rge nce by computing th e 

thi ckn ess cha nge with Ro = 10. This causes th e ho ri zo nta l 

\ 'elocity to nearl y d o ubl e compa red to the m od el with 

Ro = 1 (see Equ ation (5 )) , but aga in \I'e find th at h(t) is 
within 0 .6m of th e res ult in Fig ure 2. This is beca use e\'C n 
th oug h \\'e ex pec t co m p uted ages to be red uced du e to th e 
increase in th e ho ri zo llla l \'e loc ity, th e sha pes of pa rticl e 
traj ecto ri es a lso change so th a t th e trajec to ry leng ths a re 

increased . For example, the 20000 BP traj ec tory inte rsec ts 

th e surface a t x = 14 .4 km [or Ro = 1, bu t a t 8 .3 km fo r 
R o = 10. The res ult is th a t th e increase in veloc ity is ofT'iet 
by th e in c rease in di sta nce traveled , a nd computed ages 
a re near ly identi cal to th ose for Ro = 1. 

\ Ve co uld reduce th e uncertain ty in th e res ults a nd 

impro\'e th e pa ra m e ter reso lution in a number of ways. 

One wo ul d be to inc rease th e number o f"d a ta used in th e 
ill\·ersion . This co uld he readil y d on e with only a sm a ll 
in c rease in the co m p ut a ti ona l cos t for the m ore recent 
pa rt o f th e reco rd, b u t it \I 'ould be m uch m ore expensi\'e 

to m ore ti ghtl )' constra in the la te-g lac ia l ice-shee t hi sto ry. 

W e co uld a lso re-pa ra m e te rize h(t ) in th e ronl'a rd mod el 

p r ior to 10 000 BP b y spec ify ing I~ a nd ii a t only a few 
points in time. This wo uld ha \'e th e e ITec t o f m a kin g m ore 
computed d a ta va lues in this tim e inten 'a l se nsiti l"e to 

th ese pa ra m e ters. Fi na ll y, a seeming ly ob \'io us \I'ay to 

reduce th e a pos terio ri pa ra m e ter un ce rta inty is to reduce 

(Jp, th e a prio ri p a ra m e ter un certa inty, but this wo uld be 
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unj ustifi ed as it implies m o re prec ise kn owled ge o f' th e icc­

shee t h isto ry th a n wc ac tu a ll y p ossess . 

CONCLUSIONS 

\t\'e have in ves ti ga ted the use o r a lo rm a l inve rse ap proach 

to d e ri \"C th e ice -s hee t th ic kn ess ch a ngcs a nd th e 

assoc ia ted uncerta inti es OI'e r th e H olocene from th e 

m eas ured age-d epth d a ta in th e G I S P2 ice co re. This 

m ethod st ri vcs to genera te rob ust res ults, i .e ., \I'e m a ke 
onl y a few ve ry gene ra l ass umptions a nd in re turn expec t 
to ob ta in res ults that a re a pplicable to a llm em\)ers ol' th e 

mll ch \I· ide r class o f ice-dy na mi cs m od els th a t in co rpo­

ra tes o ur ass um ptio ns as a su h-se t o f its ow n . This 

genera li ty is possibl e because o ur m e th od es ti ma tes th e 

un ce rt a inty in th e ice-shee t thi ckn ess hi sto ry direc tl y fi 'om 
th e da ta, a nd is re la ti \'C ly ind epe nd ent orthe d eta ils o l'th e 
ice-sheet e\'o lu tion model em p loyed . 

O ur res ul ts sugges t th a t th e ice sh ee t has been in 

stead y sta te O\'e r th e pas t 10 ka. H o\\'e \'e r , th e es tim a ted 

un ce rt a int y in th e ice thi ckn ess a t 10000BP is ±85 m , so 

th a t a t th e onse t o r the H o locene we ca n say with 
co nlidence onl y th at th e th ickness \ l'<lS within a bout 100 m 
o f th e c urrent I"a lu e . \\'e fi nd the c urrent ra tc o f 
thi ckenin g to be within ±0.0 1 m <l I. This res ult is 

co nsiste nt with th a t of C utl er a nd oth e rs ( 1995 ) , 

obta ined using a n ind ependent tec hnique, a nd with a 

regio na l m ass-ba la nce d ete rmin a ti on by Bolza n ( 1992 ) , 
based on m easured su rface \'elociti es a nd acc umul a tion 
ra tes O\T I' a 150 km x 150 km g rid . 

Prior to a bout 10000 BP, h(t) remains und etermin ecl by our 

a pproac h. We believe this is largely due to th e pa ra mclcri za ­

tion of h(t) we adop ted whi ch, in retrospec t, sought more 

reso lu tion of th e thi ck ness history th an \I'as j usti fied . A mo re 
rob ust res ult co uld be obtain ed by inco rpora tin g mo re 
Holoce nc data \'alu es and reducing th e num be r of pa rameters 

th a t desc ribe h(t) during th e las t glacia l. 

Adding m ore in fo rm a ti on , in th e form of using m ore 

d ata \'a lues in th e ill\'e rsion o r reducing th e a prio ri 

pa rame te r sta nd a rd d e\'ia ti on b y in co rpora tin g resu lts o f 
o th er d e termin at io ns o r h(t ), ca n o nl y red uce the 
un ce rta int y th a t wc compute he re. As a res ult , \\'e 
bel ieve th e res ults d e ri\ 'ed h ere p rOl 'ide an upper bound 

to th e likely un ce rta inty in th e thi ckn ess hi story OI'e r th e 

p as tl Oka . 
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