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Abstract. A class of operators on a tensor product of separable Hilbert spaces is
considered. It contains various traditional operators. Invertibility, positive invertibility
conditions and estimates for the norm of the resolvents are established. In addition,
bounds for the spectrum are suggested. Applications to partial integral and integro-
differential operators are discussed.
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1. Introduction and statement of the main result. Operators on tensor products
of Hilbert spaces arise in various problems of pure and applied mathematics ([3], [11],
and references therein). In many applications, for example in numerical mathematics
and stability analysis, conditions for the invertibility and bounds for the spectra of
operators on tensor products are very important. But to the best of our knowledge,
they have not been investigated in the literature.

In the present paper we consider a class of linear operators on tensor products of
Hilbert spaces. It contains various traditional operators. We derive the norm of the
resolvent, conditions for the invertibility and positive invertibility, as well as bounds
for the spectra. In particular, we suggest estimates for the spectral radius.

A few words about the contents. In this section we formulate the main result of the
paper on the invertibility conditions of considered operators. The proof of this result
is divided into a series of lemmas which are presented in Sections 2 and 3.

In Section 4, an estimate for the norm of the resolvent is established. By that
estimate we investigate bounds for the spectrum. In Sections 5 and 6 we specialize
our results in the cases of Hilbert-Schmidt operators and Neumann-Schatten ones,
respectively. In Section 7 we suggest the conditions that provide the positive invertibility.
In Section 8 we discuss applications of our results to partial integral operators and
integro-differential operators.

Let £, and E, be separable Hilbert spaces with the scalar products (., .); and
(., .)2, respectively and norms ||.|; = \/(.,.); ( = 1,2). Let H = E; ® E> be a tensor
product of E| and E; with the scalar product

(h, hyw = (hi, )1 (o, ha)y (h=h1 @ ho; hy € Ey, hy € Ey).
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For a linear operator 4, o(A4) is the spectrum, Dom (A) is the domain, r,(A) denotes
the spectral radius, & (4) = sup Re o(A4) and

o(A,)) = inf |t—A|
tec(A)

is the distance between o(4) and a A € C.

A linear operator V is said to be quasinilpotent if o (V) = {0}. V' is called a Volterra
operator if it is quasinilpotent and compact. In addition, / = Iy and /; mean the unit
operator in H and E;, respectively.

Recall that a maximal resolution of the identity (m.r.i.) P(f) (—oo < t < 00)is a left
continuous orthogonal resolution of the identity, such that any gap P(t + 0) — P(1o)
of P(t) (if it exists) is one-dimensional (cf. the books by Brodskii [2], Gohberg and
Krein [7] and Gil’ [4, p. 69]).

Let us consider operators of the type

A=D+ IV} +V)®@L+L (VS +V5) (L.1)

where D is a normal generally unbounded operator and V/i are Volterra operators
acting in E; and having the properties

POV} Pi(1) = Vi P(0): POV} Pi(t) = PV} (1€ R) (12)

form.ri. Pi(t) in E; (j =1, 2). In addition,

D= ~ <>ow(t,s)a’P(t,s) (1.3)
[.].

P(1,5) := P1(t) @ P»(s) (t,s € R)

where

and w is a P-measurable scalar-valued function defined on R?.

Recall that a norm ideal Y; (j=1,2) of compact operators acting in a E; is
algebraically a two-sided ideal, which is complete in an auxiliary norm | - |y, for which
|CBly, and |BC| y, are both dominated by || C||;|B|y, for a bounded operator Cin Ej
and a B € Y, cf. [7] Assume, in addition, that there are positive constants 9 (ke N)
with

Vi Glg) — 0,
for which, for an arbitrary Volterra operator V' € Y;
IVl <60 1V1, (k=1.2....:j=1.2). (14)
Below we will check that the Neumann-Schatten ideal has property (1.4).
Denote by ni(V) the nilpotency index of a nilpotent operator V, so that V") =

0 # V=1 4f 1 is quasinilpotent but not nilpotent we write ni(}) =
Furthermore, put

Yy = min{| V7, IV} G=1,2)
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and
P L L T L
Ty < 1Vl

J

Let us suppose that
VieY (=12). (1.5)
Without any loss of generality, assume that
ni(Vy) = ni(V>)

and put

mi

bV V)= Y (1) 0. 05 71K, 1720, (1.6)

k=my

where (') = m!/kl(m — k)! are the binomial coefficients,

my = min{m, ni(V,) — 1} and m, = max{0, m — ni(V>) + 1}. (1.7)
Finally, put
Vo i=y1+y»
and
ni(V1)—1 ~ o~
- b(V1, V)
JWV1, Vay)= ). —mr 00
k=0

Everywhere below one can replace ni( 17_,-) by oo, b,(V1, V5) by

m

bV V2) =3 (1) 65705 1Vl 1Vl "
k=0

and J(V1, V2, y) by
o 3 o~ o~
v bi(V1, V)
IV, Vaup) =) ——7— (>0 (1.8)
i 7
Now we are in a position to formulate the main result of the paper.

THEOREM 1.1. Let the conditions (1.2), (1.3), (1.5),
dy :=inf|o(D)| > 0 (1.9)
and

Yo (V1, Va, do) < 1 (1.10)
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hold. Then the operator defined by (1.1) is invertible. Moreover,

J(V\, Vs, d
-y < 2 Ve dy) (1.11)
1 —YoJ(V1, V2, do)

2. Powers of quasi-nilpotent operators. Let W}, W, be commuting operators in
H. Then, clearly,

n

W+ Wy =Y (1) wiwg ™ 2.1)
k=0

Let ¢ := || W[ and
V=0 (=12 k=12,..).

So W, W, are quasinilpotent operators. Then W, 4+ W, is a quasinilpotent operator.
Indeed, due to (2.1),

n

(W1 + W)l < czn = Z () crccan—k
k=0

since W, W, commute. Since, cix, ¢z 1 are coefficients of some entire functions fi(z)
and f>(z), and

n
> cweani
k=0

are coefficients of the entire function f(z)f2(z), taking into account that (}) < 2", we
can assert that //c3, — 0. So W + W, is indeed a quasinilpotent operator.
Let us suppose that

Wi=Vi®L and W =1LV, (2.2)
where V; are Volterra operators satisfying the condition
Ve, (=12 (23)
and where Y; has the property (1.4). Then
IWE = 1VE < 001Vl (k= 1.2,....ni(V)) = 1: j = 1,2).

Without any loss of the generality, assume that ni(V;) > ni(V3). Thus,

n
W1+ W)l < ba(V1, V) =Y (1) 00 1V, [Vl (2.4)

k:nz
where
n; = min{n, ni(Vy) — 1} and n; = max{0, n — ni(V3) + 1}.

We thus have proved the following lemma.
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LEMMA 2.1. Let Wy and W, be quasinilpotent and commuting operators. Then the
operator Wy + W is quasinilpotent. Moreover, conditions (2.2) and (2.3) imply inequality
(2.4).
3. Proof of Theorem 1.1. Let us consider the operator

Ay=D+ViQL+1;® V), (31)

where D is a normal operator defined by (1.3), V; € Y} and V), € Y, are Volterra
operators in £} and E», respectively, such that

Pi()ViPi(t)=VP(t) (=1,2; —o0 <t < 00). (3.2)
Besides, (1.4) holds. Due to Lemma 2.1
Vi=eL+LQWV

is a quasinilpotent operator.
In the sequel, P(¢,s), D and V4 will be called the spectral measure, diagonal part
and nilpotent part of Ay, respectively. In addition, the equality

Ay=D+ TV, (3.3)

is said to be the triangular representation of Ay .

LEMMA 3.1. Let conditions (3.1) and (3.2) hold. Then

= b0,
o =201 = YL G g o) a4
n=0 ’

where b,(V, V) are defined by (2.4).

Proof. Due to the triangular representation (3.3) we have
(A=A =D+ Vsi=2D)"' =T+ 0) ' (D—-2D"" (A a(4p), (3.5
where
0, =D -1V,

According to (1.4),

(D—1I0)! =/w /w(w(t, s) — 1) "1dP(1,5) (A & o(D)).

Thus

o0

(D—I)"'= f ~ dP(t) ® T»(1, 1) = / T1(s, 1) ® dP>(s)

—00

where

Ti(s. 3) = / " (e, )= 1) dP(0)
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and
Th(t, \) = /Oo(w(t, s) — A)’lsz(s).

Then Q) = Bi(A) + By(A), where

o0

Bi(A) = (D—)\)il(Vl ®12) = / T1(s, )\.)V] ®dP2(S)

—0Q

and
By = (D=0 e V)= [ are v
It can be directly checked that the operators Bj(}) and B,(A) commute and that
Bi(») = /Z(Tl(s, M) ®@dPy(s) (n=1,2,...).
Hence,

IBI ORI = / (T35 VY I 2 d Py, B

—0Q

(h=hi ®hy, h; € Ej).

Let us use the following result: let a quasinilpotent operator ¥ and a bounded operator
A in H have the same m.r.i.. Then the operators 4}V and VA4 are quasinilpotent
([4, Lemma 3.2.4]).

Since Tj(s, 1) and V; have the same m.r.i. P;, due to this result T;(s, 1)V; (j = 1,2)
are quasinilpotent operators. So

‘ o\l
ICT5(s, V'l < 691V 15 1 Ts, M} < DD
Consequently,
o0 1/2
|BIO)h = [ [ e nvirmigdeson, hm}
(1
< % (h=h ®hy, llhllg=1).
Therefore,
1Bl < Sl
p"(D, 1)
Similarly,

2
o1Vl

||B;()‘)||H < m
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Now (2.1) implies

b, (11, V-
1B1G) + Bl = 100 1y < ﬁ (3.6)

Relations (3.5) imply

(A= 2D g < 1D =AD" Y 1O a-
n=0

According to (3.6) we get the required result. |
Proof of Theorem 1.1. First assume that
Y= mind |V V7 1) = 1V, (3.7)
sothat V; = V. Rewrite das A= D+ V] ® L+ 1, ® V5 + Z, where
Z=V/®L+L®V;.

Then | Z|| = ¥. Due to the previous lemma, taking 4o =D+ V; @ L+ 1, ® V, , we
have

1451 < J(V1, V2, do).
Hence condition (1.10) implies the inequality || Z]||| 4, I < 1 and
147 < 1471 = 1z, ="

Hence, the required inequality (1.11) follows. Similar reasoning is valid if instead of
(3.7) we consider the general case. This finishes the proof. O

4. Localization of the spectrum. We begin with the following result.

LEMMA 4.1. Under conditions (1.2), (1.3) and (1.5) for any 1 &€ o (D), let
Yo (V1, Va, p(r, D)) < 1. @.1)

Then A is a regular point of operator A represented by (1.1). Moreover, its resolvent
satisfies the inequality

J(I;], I727 P()h D))
1 —yoJ(V1, Va, p(r, D))

IR = 4.2)

Proof. Considering the operator A — Al instead of A4 and taking into account that
IR.(D)|lzz = p~'(x, D), we arrive at the required result, due to Theorem 1.1. ]

Lemma 4.1 implies the validity of the following.
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COROLLARY 4.2. Under conditions (1.1)—(1.3) and (1.5), for any u € o(A), there is
a o € o(D), such that, either u = g, or

ol (V1, Va, [t — wol) = 1. 4.3)

_ THEOREM 4.3. Under conditions (1.1)—(1.3) and (1.5), let at least one of the relations
Vi#0or Vy#0hold Then the equation

Yo (V1, Va, y) =1 4.4

has a unique non-negative root z(Yy, Y», V, ,f/z); Moreover, for any u € o(A), there is a
wo € (D), such that | — ol < z(Y1, Y2, Vi, V).

Proof. Comparing equations (4.4) with inequalities (4.3), we arrive at the result. O
Note that if ¥; = V, = 0, then 4 = D. Consider the case ni (V1) = oco. Note that

J(V1, V2, 1/2) = fi(2)f2(2),
where
@ =321Vl eCj=12)
k=0

are entire functions. But the product of entire functions is an entire function, whose
Taylor series always converges. This proves that the series, which defines J(V1, V>, y)
converges.

To estimate z( Y7, Y5>, vy, 172), let us consider the equation

o0
dat =1, (4.5)
k=1

where the coefficients a;, k = 1, 2, ... are nonnegative, at least one of them is positive,
and they have the property

Yo = 2max Ja; < oo.
k

LEMMA 4.4. The unique nonnegative root zq of equation (4.5) satisfies the estimate
z0 > 1/v0.

For the proof see [6, Lemma 3.4]. Lemma 4.4 gives us the inequality

2Yy, Ya, Vi, Va) < 8(o, V1, V) =2 Jmax v Yobi(V1, V).
j=12,...

If ¥y = 0, then 8(yo, V1, V) = 0. Now Theorem 4.3 implies the following corollary.

COROLLARY 4.5. Under conditions (1.1)-(1.3) and (1.5) for any n € o(A) there is a
wo € o (D), such that |n — pol < 8o, V1, V). In particular,

a (A) < a (D) + 8o, Vi, V)
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and the spectral radius of operator A represented by (1.1) satisfies the inequality
rs(A) = rs(D) + 8(‘”07 I71, I72)

provided D is bounded.

We will say that a linear operator A4 is stable if a (4) < 0.
So under the hypothesis of Corollary 4.5, operator A represented by (1.1) is stable
provided «(D) + 8(o, V1, V1) < 0.

5. Operators with Hilbert-Schmidt off-diagonals. Recall that I7j (G=1,2) are
defined in Section 1. In this section we assume that I7j are Hilbert-Schmidt
quasinilpotent operators:

VieC (j=1,2) (5.1

where C, = Cy(E)) is the ideal of Hilbert-Schmidt operators in E; with the Hilbert-
Schmidt norm

No(K) = [Trace K*K]'/? (K € O»).

The asterisk means the adjointness.
We need also the following result: for an arbitrary quasinilpotent Hilbert-Schmidt
operator Vy in H, the inequality

k
1Volla <

k
MOD 12, (5.2)

is true ([4, Lemma 2.3.1]).
Let W, W, be defined by (2.2), again. Lemma 2.1 and (5.2) imply the following.

COROLLARY 5.1. Under conditions (2.2) and (5.1), we have ||(Wi+ Wo)'|lg <
b, (A4, Cy) where

"L (2) NS(PONSR(P)

bu(A, Cy) := 5.3
“ @ g (n— kKl G
Under conditions (5.1) put
. = b4, C
B Ta) = Y P (2 0 (5.4)
n=0

Now Theorem 1.1 implies the following result.

THEOREM 5.2. Let the conditions (1.2), (1.3), (5.1), and
Yolo(V1, Va. do) < 1
hold. Then the operator defined by (1.1) is invertible. Moreover,

LV, V2, do)
1 — yolo(V1, V2, do)

14~ <

https://doi.org/10.1017/50017089503001575 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089503001575

110 M. I. GIL

Since C; <2" (k < n), due to Lemma 5.1 we have

1 < TN ATk T Ak
IW+ W)l < =D () (NS (PN (72)
nt o

2n/2 n " R .
< m;(k)Né(Vl)Nz K1)
W27 + No(P o))
= N :

Hence,

LV, V2, p) < (y>0). (5.5

i [V2(Na(V1) + Na(V )]
= myn+l

By the Schwarz inequality
71

> < (aby [P TE 1 e [P
— < 2" =2exp|—=| (b,y > 0).
; Vnly ; A 2nalyn |:Z ”!J’z"i| [; i| P |:y2:| 6.y >0)

n=0

This relation and (5.5) imply Jo(V1, Va, y) < 62(V1, V>, y) where

N 2 2(N2(V1) + Na(V2))?
07, Py = V2 e S ICE
y y
Now Theorem 5.2 implies the following result.
COROLLARY 5.3. Let the conditions (1.2), (1.3), (5.1) and
Yoo (V1, Va, dy) < 1 (5.7)

hold. Then the operator defined by (1.1) is invertible. Moreover,

6:(V1, Va, do)

14~ N < . (5.8)
1 = Y02(V1, V2, do)
Theorem 4.3 and relation (5.2) yield the next theorem.
THEOREM 5.4. Under conditions (1.1)—(1.3) and (5.1), the equation
Yolo(V1, V2, y) = 1 (5.9)

has a unique non-negative root z(Cs). Moreover, for any u € o(A), there is a o € o(D)
such that | — o) < z(Cy).

According to Lemma 4.4,
2(Gy) < 2,311%)( "V Wobi(A4, Co) (Yo # 0).

If ¥ = 0, then z(C,) = 0. We need the following simple lemma.
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LEMMA 5.5. The unique positive root zy of the equation
ze" = a(a = const. > 0) (5.10)
satisfies the estimate
z0>In[1/2+ /1/4 + a.

If, in addition, the condition a > e holds, then zo > Ina — Inlna.

For the proof see [6, Lemma 4.61. } N
According to (5.5), we have z(C5) < zo(C,) where zo(C») is the unique positive
root of the equation

2 2ANL(V1) 4+ Na(Vo)P
Yov/2 exp[ [Na( 1)-2 2(V2)] ]:1. (5.11)
Y Y
Clearly, this equation is equivalent to the following one:
295 4N2(V1) + No(772))?
— - eXp 5 =1.
y
Write
_AWNA(T) + No(72))?
zZ = y2 .
Then we have equation (5.10). Now Lemma 5.5 gives us the inequality
20(Cy) < 8 (A) (5.12)
where
2(N2(V1) + Nao(V
5 (4) = (N2(V'1) + Na(V2)) (5.13)

1/2 2<NZ(VI)+N2(V2))Z] .
In [1/2+\/1/4+ -

Furthermore, Theorem 5.4 implies the following corollary.

COROLLARY 5.6. Under conditions (1.1)—(1.3), and (5.1), for any u € o(A), there is
a o € o(D), such that, | — ol < 82(A).

So operator A is stable, provided a(D) + §,(A) < 0.

If, in addition, D is bounded, then ry(A) < 8,(A) + ry(D).

6. Operators with Neumann-Schatten off diagonals. Suppose now for some
integer p > 1,
Vie Cyp=Cp(E) (j=1,2) (6.1)
where (5, is the Neumann-Schatten ideal in E;. That is,

Nyy(K) := [Trace (K*KY']"? < 0o (K € Cyy).
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According to (5.2), for any quasinilpotent operator V' € C‘zp in Ej,

Ny(rry _ Ny, (1)
Jml T ml

Take into account that, for an arbitrary operator K € Cy,(E)),

V™l <

(m=1,2,...).

IKI} = max|i(K"K)| < Nyy(K) := [Trace (K*KY]"7.

where A (K*K), k=1,2, ... are the eigenvalues of K*K.
Hence, foranyk =i+ mp(i=0,...,p—1;, m=0,1,2,...), we have

VN Ny )

Vk - Vi+pm <
IV =1l Iy < N =
This inequality can be written as
N5, (V) 5
VA < 22— - (Ve Oy k=12, (6.2)

VIk/pl!

where [x] means the integer part of a number x > 0. Under conditions (2.2) and (6.1),
by Lemma 2.1 we have

n Nk I;' ank I;v
(W + W) g < Z(Z) 2]7( 1) 2p (V2)

k=0 [k /pl'[(n — k) /p]!

(6.3)

Under (6.1), put

- o by(4, C
Jp(V1, V2, y) 1=2% (y=>0)

n=0

with

N " (1) N5, (VDN (V)
b,(4, Cy) = E .
“ G " Jl(n — k)/pllik/p]

Now Theorem 1.1 implies the following result.

THEOREM 6.1. Let the conditions (1.2), (1.3), (6.1), and
Yodop(V1, Va,do) < 1 (6.4)
hold. Then the operator defined by (1.1) is invertible. Moreover,

Jop(V1, V2, do)

14 g < — :
1 —YoJ2(V1, Va, do)

(6.5)

Theorem 4.3 and relation (6.3) yield the following result.
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THEOREM 6.2. Under conditions (1.1)—(1.3) and (6.1), the equation
Wodopy(Vi, Va,y) =1

has a unique non-negative root Z(C'zp). Moreover, for any u € o(A), thereis a g € o(D),
such that | — pol < z(Cop).

According to Lemma 4.4,
2(Cy) <2 max N Wobi(A, Cyp).
j=1.2,..

7. Positive invertibility. Let Ej, E> be Hilbert lattices (cf. [9]). Again consider
operators of the type (1.1). It is assumed that D is invertible and the operator

D~ 'is positive and Vli, Vzi are non-negative operators . (7.1)

THEOREM 7.1. Under conditions (1.2), (1.3), (1.5), operator A defined by (1.1) is
positively invertible and the inequalities (1.11) and

A7'>D1>0 (7.2)

are true, provided relations (1.10) and (7.1) hold.
Proof. Inequality (1.11) follows from Theorem 1.1. Put

To=-Vi®hL-1®V;.
Due to (1.10) and Lemma 3.1, at least one of the following relations:
(D —T-)"'Tyll < 1 (7.3)

or (D — T,)"'T_|| < 1is valid. Without loss of generality, assume that (7.3) holds.
Since Vji <0, we have T+ > 0. According to (1.1),

A=D—-T_—-T,=D-T_)YI—-(D-T)'T,).
Hence
AN T-D-T)'THD-T_)". (7.4)

But D — T_ = D(I — D~'T_) and D~'T_ is quasinilpotent and nonnegative. So

o0

(D-T)"'=> (D'T_yp'=D".

k=0

Moreover, under condition (7.3), operator I(D — T_)~' T is invertible, and

U= (D=T)'T) "' =3 (D-T) T =1
k=0

This and (7.4) proves the required inequality (7.2). ]
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Now let I7j be Hilbert-Schmidt quasinilpotent operators. Recall that 6-(V1, V5, do)
is defined by (5.6). Theorem 7.1 and Corollary 5.3 imply the following corollary.

COROLLARY 7.2. Under conditions (1.2),(1.3), (5.1),(5.7) and (7.1), operator A
defined by (1.1) is positively invertible. Moreover the inequalities (5.8) and (7.2) are
true.

If V/; are Neumann-Schatten as in Theorem 6.1, Theorem 7.1 implies the following.

COROLLARY 7.3. Under conditions (1.2),(1.3), (6.1), (6.4) and (7.1), operator A
defined by (1.1) is positively invertible. Moreover inequalities (6.5) and (7.2) are true.

8. Examples.

8.1. A partial integral operator. Let us consider in the complex space H =
L2([0, 1] x [0, 1]) the operator A defined by

1 1
(Au)(x. ) = a(x, yu(x, y) + /0 K (e, xnuxr, y) doxy + /0 KO, youlx. y)dyr - (8.1)

where Kj, K, are scalar Hilbert-Schmidt kernels, and a(x, y) is a real bounded
measurable function defined on [0, 1]°. Such operators arise in various applications
((1], 8], [10]). In the considered case E; = E» = L*[0, 1].

For 0 < ¢ < 1and u € L?[0, 1], define P () and P,(¢) by

ift<x<l

0
(P1(Du)(x) = (Po(Du)(x) = { (8.2)

ux)for0<x <t f0<x<t.

In addition, put Pj(¢) = I; fort > 1 and P;(t) = 0 fort < 0;j = 1, 2. Take (Dv)(x, y) =
a(x, yy(x,y) (veH),

e = [ K st dx

and

1
(Ve = [ Kty e 2.1,

Then condition (1.2) holds. Besides,
1 px 1/2
N2<Vf>=[ [ |K,(x,x1)|2dx1dx] ,
0o Jo

1 pl 12
wr =] [ [ ikesntan ax] 83)
and

oD)={zeC:z=a(x,y), 0<x,y <1}
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Recall that vy and f/ji are defined in Section 1. Due to Theorem 5.4 and Corollary 5.6
o(A)C{zeC:lz—alx,y)| < z2(4) < 82(A4), 0 < x,y < 1}
where z;(A4) is the unique positive root of (5.9) and 8,(A) is defined by (5.13). Hence,

ry(A) < max |a(x, y)| + 82(A4) and a(A4) < max a(x, y) + §2(A4).
X,y R

Thus, the operator defined by (6.1) is stable, provided a(x, y) + 8,(A4) < 0 for all x,
y €0, 1].
Suppose now

a(x,y) > dy > 0 and Kj(x,y) <0 (x,y €0, 1]).

In addition suppose condition (5.7) holds. Then the operator defined by (8.1) is
positively invertible. Moreover, the inequality

u(x, y)
alx, y)

is valid for any non-negative function u € H.

(A~ u)(x, ) =

(x,y €[0,1])

8.2. An integro-differential operator. Let us consider in H = L*([0, 1] x [0, 1])
the operator

3*u(x, y)

(Au)(x, y) == 0y

f Ki(x, xp)u(xy, y)dx; (u € Dom(A4)) (8.4)
with
9%u
Dom (4) =j{ue H: 2 € H; u(x,0) =u(x,1)=03.
y
Here K is a Hilbert-Schmidt kernel.
In this case condition (1.2) holds with Vli defined as in the previous subsection,

Vi =0and

(Du)(x, y) = (y Y (4 € Dom (4)).

Take P; asin (8.2) and
n 1
(P2(Hv)(y) = (P2(m)v))(y) =2 Z sin(krry)/o v(y1) sin(kmy)v(yy) dy
k=1

(n=1,2,...). Then condition (1.2) holds. In this case
Yo =y = min{||V; |l 2, V7 NI} and ¥ = 0.
Clearly, (D) = {—m%k*; k =1,2,...}. Then due to Corollary 5.6

0(A) C{z e C:lz+m°m?| < z2(A4) < 8(A), m=1,2,....},
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z5(A) is the unique positive root of equation (5.9) and §,(A4) is defined by (5.13) with
(8.13) taken into account. In particular,

a(A) < -7+ 5(A4) < —7% + 82(A).

Thus, operator A4 defined by (8.4) is stable, provided —7% + 8,(4) < 0.
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