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KERNEL GENERATED
TWO-TIME PARAMETER GAUSSIAN PROCESSES
AND SOME OF THEIR PATH PROPERTIES

MIKLOS CSORGO, ZHENG-YAN LIN AND QI-MAN SHAO

ABSTRACT.  We study path properties of kernel generated two-time parameter, not
necessarily stationary, Gaussian processes. We establish large deviation results for some
increments of these processes and use these results to prove some of their moduli of
continuity and other path properties.

1. Introduction and statement of results. This exposition was inspired by some
recent studies of infinite dimensional stochastic evolution equations which, in turn, were
initiated by D. A. Dawson [17, 18], where the solution was used to model continuous
space-time population processes. In particular, the roots of this paper are related to the
infinite dimensional Gaussian process Y(t) = (X(?),...,X;(),...), where the {X;(1),
—00 < t < oo}, are independent Ornstein-Uhlenbeck processes with coeffiecients
Y; > 0and \; > 0,i.e., EX;(t) = 0 and EX;(s)Xi(1) = (V;/ N exp(—Ai|s—it]),i = 1,2,....
In Dawson [17] the process Y(-) is the stationary solution of the infinite array of stochastic
differential equations

(1.1) dXi(t) = —A\Xi () dt + Q) 2 dWir) (i =1,2,..)),

where {W(t), —oo < t < oo} are independent Wiener processes (cf. also Dawson [18],
Walsh [38, 39] and Antoniadis and Carmona [2]). Such processes have been used as
a model for neuronal behaviour (Kallianpur and Wolpert [28], Walsh [38]); they have
proved important in quantum field theory (Carmona [4], Rockner [32]); and they also
arise as fluctuation limits in infinite particle systems (Holley and Strook [24]). Owing to
the variety of applications of these processes, they have been looked at from a number
of different mathematical angles. For instance, they have been considered as examples
of stochastic evolution equations (DaPrato, Kwapien and Zabczyk [16], Kotelenez [29],
Miyahara [31]); or as reversible Markov processes which may be studied by using the
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associated theory of Dirichlet forms (Schmuland [34, 35]); or as solutions to stochastic
p-d.e.’s (Walsh [38,39]). They have also been studied directly as Gaussian processes (An-
toniadis and Carmona [2], Cséaki and Csorgd [, 6], Csaki, Csorgd, Lin and Révész [7],
Cséki, Csorgd and Shao [8, 9], Csorgd and Lin [10, 11, 12], Csorgd, Lin and Shao [14],
Fernique [21,22], Iscoe, Marcus, McDonald, Talagrand and Zinn [25], Schmuland [36]),
and it is the latter lines of research which have led us to our present deliberations which
we now outline.

Throughout this paper the following notation conventions will be used: logx =
log max(x,e) and ¥ = x+ 1 /x.

Concerning the infinite dimensional Ornstein-Uhlenbeck process Y(-) as above, a spe-
cial case of Théoreme in Fernique [19] reads as follows: For each x € R*, let K(x) =
{k € N : v > Mx} and A(x) = sup{\x : k € K(x)}. Then Y(-) € ¢? is a.s. contin-
uous if and only if we have Z}fil(Vk//\k) < oo and [(log[A(x)] V 0)dx < oo as well.
Consequently, (cf. Corollary 1 of Fernique [21]), for Y(:) € ¢? to be a.s. continuous, it is
sufficient that we have

(1.2) i(vk//\k)<l+((log)\k)VO)) < 0.
k=1

For moduli of continuity results Y(-) € ¢2 and for its closely related ¢>-norm squared
process \ (1) = ||Y(1)||> = ¥, Xi(1), we refer to Csorgé and Lin [11, 12], Schmu-
land [33], Csaki and Csorgd [5], and Csdki, Csorgd and Shao [8]. Fernique [22] gives
also necessary and sufficient conditions for Y(-) € ¢7,2 < p < 00, to be a.s. continuous.
Csdki and Csorgd [6], Csaki, Csorgé and Shao [9], and Schmuland [36] study continuity
and moduli of continuity sample path properties of Y(-) € ¢7, 1 < p < 2, and those of
Y(-) € £ are studied by Csorgd, Lin and Shao [14].

Another real valued process which is also closely related to Y(-) € ¢ is the stationary
mean zero Gaussian process X(-) defined by

{X(1), —00 <t < 00} = {iXk(t),—oo <t < oo},
k=1

where X;(-) are the Ornstein-Uhlenbeck components of Y(-). Let
(1.3)

{X(t,n), —00 <t <oon=1,2,..}= {ZXk(t),—oo <t<oon= 1,2,...}.
k=1

Csaki, Csorgd, Lin and Révész [7] show that X(¢,n) — X(¢) uniformly in ¢ over finite
intervals with probability one as n — oo if for some 6 > 0 we have

(1.4) 3% (logOw V) ™ /A < oo,
k=1

and hence, under the latter condition, X(-) is continuous with probability one. Csdki et al.
[7] prove also exact moduli of continuity results for X(-). The relationship of X(-) and
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Y(-) € £? is illustrated by conditions (1.2) and (1.4). Indeed, the process X(-) is con-
tinuous if and only if it satisfies Fernique’s necessary and sufficient condition for the
continuity of a stationary Gaussian process (cf. [19] and Corollary 2.5 of Section V.2
in Jain and Marcus [27]), i.e., if and only if in this case E|X(t) — X(s)|> = ¢*(|t — s|),
where ¢(u) is an increasing function in u > 0, we have that d)(u)/ (u(log(l/u))l/z) is
integrable at zero (cf. also Theorem 2.2 in Cséki et al. [7]). Since

2
>

E|Y() = Y(s)|]* = E[X() — X(s)

hence, in general, checking Fernique’s necessary and sufficient condition for the a.s.
continuity of the real valued, stationary, mean zero Gaussian process X(-) should be also
sufficient for that of the stationary, mean zero Gaussian process Y(+) in 2. The conditions
(1.2) and (1.4) illustrate this point. More importantly along these lines, it was pointed out
by a referee of Csorg6 and Lin [13] (cf. p. 425 of [13]) that a more precise analysis and
study of the results of Fernique [21] yield in effect that the following four properties are
equivalent:
() P{Vt,Y(t)€ *} =1, P{t— Y(t) continuous} = I,

(1) 22, Y/ M <00, [log" Ax) dx < o0,

(iii) Ve, P{X(t,n) — X(1)} = 1, P{r— X(r) continuous} = 1,

(iv) P{X(-,n) — X(-) uniformly over every finite interval} = 1.

Path properties of the two-parameter Gaussian process X(t, n) of (1.3) were studied
by Csorgd and Lin [10]. Integrating the equations in (1.1) from —oo to t we obtain

(1.5) X,‘(t):/:‘ exp(— At — s 2 dWits) (= 1,2,...),

and hence we have also

n n t
(1.6) X(t,m) =3 X =3 / exp(—Aelt — D202 dWi(s).
k=1 k=177
The latter, in turn, has led us to study, in the same paper, also the two-parameter Gaussian
process
U 1/2
(1.7) Xty = [ [ exp(=20) = 0)(2309) " dWix.y),

where Y(y) and A(y) are assumed to be positive continuous functions on [0, 00), and
{W(x,y), —00 < x < 00,0 <y < oo} is a standard two-parameter Wiener process (cf.
Sections 1.10-1.15 and the Supplementary remarks of Chapter 1 in Csorgd and Révész
[15D.

This brings us to the main topic of our present exposition. Here we study two-
parameter Gaussian processes {X(t,v),t € R,v € R*} of the form

(1.8) Xt = [O > | [ o: T, v, x, ) dW(x, y),
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where the kernel function I'(#, v, x, y) is assumed to be square integrable in (x, y) on R* X
R, and W(x,y) is a standard two-parameter Wiener process. Thus X(z,v) is a Gaussian
process with mean zero and covariance function

(1.9) Cov(X(l, v), X(s, u)) = /OOO /_oo I, v, x, )I(s, u, x,y) dx dy.

We note that we do not assume stationarity properties for X(z, v) and that we can as-
sume X(z,v) to be separable. For an earlier study of such processes we refer to Csorgd
and Lin [13] and Lin [30]. Here we improve the results of [13] and [30] to a great extent
and under much weakened conditions. In particular, the large deviation results of Sec-
tion 2 are much sharper than those of [13] and [30]. The ones we have here are more
like those of Fernique (cf., e.g., [19], [20], [21] and [22]). However, we pay more at-
tention to details in the case of non-stationary Gaussian processes, especially when they
are kernel generated as in (1.8). Also, the new and weaker conditions here are easier to
verify than the stronger ones in [13] and [30]. Before stating and commenting on our
main new theorems concerning path properties of processes X(z,v) as in (1.8), we give
five examples, illustrating our results in some special cases. Right after stating our four
main theorems, we spell out nine corollaries which deal with path properties of the pro-
cesses in Examples 1-5. These corollaries well illustrate also the main features of our
theorems, which can be summarized by saying that they succeed in treating moduli of
continuity and large increment path properties respectively, simultaneously in the two
time parameters. These features of two-time parameter fluctuation theory are believed to
be new, and the results of the nine corollaries themselves are also new, even for the well
known two-time parameter Wiener and Kiefer processes.

We let
(1.10) Hi(t,s,v) = E{X(t +s,v) — X(1,v)}?,
(1.11) X(R(t, s, v, 1)) = X(t + 5,v+ 1) — X(t,v + 1) — X(t +5,v) + X(1,v),
(1.12) H3(t,5,v,u) = EX*(R(t,5,v,u)).
It is easy to see that
2 I Rl e _ )2 ,
(1.13) Hi(t,s,v) = /0 ‘[_Oo(l"(t +s,v,x,y) —I(t, v,x,y)) dx dy
) _ (o0 00 _
(1.14) H2(t,5,v,u) = /O fm(r(ms,wu,x,y) T, v + 1, %, y)

—Tt+s,v,xy) +T(v,x, y)) : dxdy.
The following examples are immediate.
EXAMPLE 1. IfI'(#,v,x,¥) = L—oox(o(X, y), —00 <t < 00,0 < v < 00, then

X(t,v) = W, v),
Hf(t,s, v)=ysv, 0<s<o00,

H%(t,s, vou) =su, 0 <s,u<oo.
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EXAMPLE 2. If T'(¢,v,x,¥) = Ljox(00(6 ) — thio 1ix 00X, 3), 0 <t < 1,0 <v <
0o, then X(1,v) = W(r,v) — tW(l,v), a Kiefer process (cf. Section 1.15 in Csorgd and
Révész [15]),

Hi(t,s,v) =s(1 —s)y, 0<s<1,0<v<oo,
Hy(t,s,vu) =s(1 —sju, 0<s<1,0<u<oo.

EXAMPLE 3. If, with —00 <t < 00,0 < vy < 00,

T, 0,5, Y) = 1 om0 ) exp(=A0( —0)(270) %,

where A\(y) and Y(y) are positive continuous functions on (0, 00), then X(z, v) is the two
parameter Gaussian process of (1.7) with

H (t,s,v) = 2/ ;?;( —exp(—)\(x)s))dx

Vi ’)(x)
A(x)

EXAMPLE 4. If, with —00 <t < 00,0 < v < 00,

H(t,5.v.u) =2 [ (1 — exp(~A)s) ) dx

T(tv,63) = 3 W Coowibrs1 () exp(—Ae(t — 1)) (27" 2,
k=0
then

00 _Y'Y
%@&0122¢ﬁm1-eMKﬁ)

_)\“ Yk

H3(t, s, v,u) = 22(¢k<v+u>—¢k<v>) (1=e) 3

X(t,v) = Z Or(WMXi (1),
k=0
where {X;(f), —00 < t < oo} are independent Ornstein-Uhlenbeck processes with co-

efficients v, > 0 and A\, > 0.

EXAMPLE 5. IfI'(¢,v,x,y) = f(x,y)g1(¢)g2(v), then

Hts5.v) = ) (g1t +5) — 210)’ - <,
H3(t,s,v,0) = (200 + u) — £20)) (11 +5) — 10) - ¢,

where ¢ = [° [ f2(x,y) dx dy < o0.

This paper is organized as follows. In Section 2 we establish new large deviation
results for some increments of the process X(¢, v) as in (1.8). These are more general and
sharper than the ones proved in [12]. We use these results to prove our main theorems
concerning path properties of the X(z,v) process, which we now proceed to state and
comment on. The proofs of these results are given in Section 3.
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Put )
H(t, 5,u,v) = E(X(1+5,v +u) — X(1,))

= /:O /_O:O(F(t+s,v+u,x,y) — I, v,x,y))zdxdy,

and let
o(h,Z) = sup H(t,s,u,v).

We note that, by a classical result of Fernique [20] (¢f. Berman [3], p. 197), if we have

(1.15) /Ooo qS(e‘yz,A)dy < oo foreveryA >0,

then X(z, v) is almost surely continuous. Since we are mainly interested in studying mod-
uli of continuity and other path properties of increments of X(z, v), for the convenience of
the statements, and for that of the proofs later on, we assume throughout the whole paper
that X(¢,v) is a.s. continuous. Also, further in this section we assume that H,(t, s, v) is
non-decreasing in s, Hy(t, s, v, u) is non-decreasing in s and u, and that ar, br, cr and Dy,
H\(t,s,T) and H,(t, s, v, u) are continuous functions of T, s, u. For the conditions (2.12)
and (2.38), we refer to Section 2. Our main results are as follows.

THEOREM 1.1. Assume that (2.12) is satisfied and that there are positive numbers ¢
and o such that

(1.16)

H(t,s,T) <CH1(1‘.SI,7)

o
s« 9
foreach |t| < br+ar, 0 <s <s; <ar. Moreover, assume

H\(t+s,0ar,T) B

(1.17) limlimsup su su 0
6—0 T—»oop mgbgur Ogsgpar H\(t,ar,T)
1 br
(1.18) loglog(ar+—> :o<log—> as T — oo,
bT ar

Then we have
(1.19)

limsup sup sup |X(t+s,T)—X(t,7)|/

T—oo |t|<br 0<s<ar

b i 1/2
{Hl(t,aT,T) : (2<1ogl +loglong(t,aT,T)>) } <las
ar
If, in addition,
) b
(1.20) log log A, (1, ar, T) = 0<log —T)
ar
uniformly in |t| < by, as T — 00,
(1.21a) E(X(G+ s, v) = X(s.0)) (X(4+ Ds, ) = XUs,) <0
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foreachj+#1 5 >0, or

(1.21b) Hi(t,5,T) = H\(0,5,T) and
E(X(G+ Ds,v) = XG5, ) (X(+ Ds,v) = Xs,»)) <0

foreachj# 1, s >0,

t| < by, then, we have

X(t ,T) — X(1,
(1.22) lim sup LX¢tanD-XeDl_
10 0<i<b, Hi(t, ar, T)(2 log 2)!1/2
|X(t+5,T) — X(2,T))

(1.23) lim sup sup =1la.s.
T—00 mgf,. o<s<ar H1(t,ar, T)(2log %)'/2

THEOREM 1.2. Let ar be non-decreasing, H(t,s, T) non-decreasing in t on (0, 00)
and non-increasing in t on (—o00, 0]. Assume that (2.12), (1.16), (1.17) and

b -
(1.24) —T+H1(t,aT,T)~»oo uniformly in |t| < by asT— 00
ar

are satisfied. Then (1.19) holds true. If, in addition, by > ¢ > 0, (1.20), (1.21a) or
(1.21b) are satisfied, then (1.22) and (1.23) also hold true.

THEOREM 1.3.  Assume that (2.38) is satisfied and that there are positive numbers ¢
and o such that

Hy(t,s,v,u) Hy(t,s1,v, 1)
< c
s - ¢

(1.25)

foreach0 <s <s, <ap 0<v<Dr+cr, 0 <u<2cr |t| <br+ar. Moreover,
assume
limlimsup sup sup sup
=0 1| <by+ar 0<s<ar O<v<Dr+er —ber<u<er
1.26
( ) Hz(t+s,ar,v+u,§cr)+H2(t+s,5a7,v+u,cr) _

Hy(t,ar,v,cr)

0,

(1.27) loglog(ar+cr+ DLT + bir) = o(log(z—: + 1>(1 + ?—TT)) as T — oo0.

Then
(1.28)

limsup sup sup sup sup 'X(R(t,s, v,u)){/

T—o0 0<v<D70<u<cy|f|<by 0<s<ar

1/2
b D ~
Hs(t,ar,v, cﬂ(Z(log(;I + 1) (1 + C—T) +loglog H(t,ar, v, cr))) <1 a.s.
T T
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If, in addition, the following conditions are satisfied

_ b D
(1.29) loglogHg(t,aT,v,cT):0(10g<a—T+1)<1 +C—T))
T T

uniformly in |t| < by and0 <v < DyasT — oo,
(1.30) EX(R(is, s, ku, 1)) X(R(ms, s, lu,u)) <0
foreachs >0,u>0,j+k # m+], then

X(R(t.ar,v,cp))|

(1.31) lim sup sup 7 =1 as
T2 0svDr0<i<br Hy(t,ar, v, cr)(2 log(r + 1)(%; +1))
(1.32)
X(R(t,s,v,u)
lim sup sup sup sup 1 ( >‘ =1 as.

N . 1/2
T 020Dy 0%user b 0<s<ar Hy(t,ar, v, cr)(2log( + (2 + 1))/

THEOREM 1.4. Assume that ct and ay are non-decreasing and H,(t, s, v, u) are non-
decreasing in t and v. Suppose that (2.38), (1.25), (1.26) and

(1.33) (ﬁ+1)(&+1)+H2(t,ar,v,cr)—>oo

ar cr
uniformly in |t| < by and 0 <v < Dr as T — oo are satisfied. Then (1.28) holds true.

REMARK 1.1. If H,(¢,s, T) does not depend on ¢, that is H(t,s,T) = H,(0,s,T) for
all ¢, then (1.16) implies (1.17).

REMARK 1.2. If az — 0 and by > ¢y > 0, then (1.18) is satisfied.
The following corollaries deal with the five examples given earlier in this section.

COROLLARY 1.1.  Let {W(x,y),—00 < x < 00,0 <y < o0} be a standard two-
parameter Wiener process. Assume that

1 1 br
(1.34) loglog(Ta1+ﬁT+b—T) —o(loga—r> as T — oo.
Then
I |\W(t+ar,T)— W, T)|
im sup - =1 as.,
T=0<<h,  (2Tarlog ¢h)'/?
) [W(t+s,T)— W(t, T
lim sup sup =1 as

T—00 1l <br 0<s<ar (27arlog %)1/2

COROLLARY 1.2. Let {W(x,y),—00 < x < 00,0 <y < oo} be a standard two-
parameter Wiener process. Assume that
(1.35)

logl ( +cr+ + : + : + : ) (lo (br+1><DT+l>) T — oo
ogloglar+cr+arcr+ —+ —+ — ) = — — .
glog\@r=armarer arcr - by Dr o\ %8 cr a
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Then
lim sup sup !W(R(t,a—r, " CT))‘

T—20 g<y<p; 0<r<by (2aTCT ]Og(_L + 1)(1_)1 + 1))

]W R(t, s, v, u))}
lim sup sup sup sup 72
=00 0<y<Dy 0<u<cr |t|<br 0<s<ar (2a7c7 10g(_z + 1)(_L + 1))

=1 a.s.,

1/2

=1 a.s.

COROLLARY 1.3.  Let {K(x,y),0 < x < 1,0 < y < 00} be a Kiefer process, ar and
br be continuous functions with 0 < ar + by < 1. Assume that

(1.36) log(b—1T+TaT+?,:—l;) :()(log%) as T — oo.

Then
|K(t+ar,T)— K@, T)|

llm sup ]/7 =1 a.s.,
o 0sish (2Tar(1 — ar)log &)
|K(t+5,T) — K(1,T)|
lim sup sup 2= I as.
T2 ) <<p; 0<s<ar (2Ta1(1 —ar) 108 )

COROLLARY 1.4. Let {K(x,),0 <x < 1,0 <y < oo} be a Kiefer process, ar, br,
cr, D be continuous functions withQ < ar+ by < land0 < ar < % Assume that

(1.37) log([;l; + 51; +er+ #) = o(log(% + 1)(% + 1)) as T — oo.
Then

K(R(t,ar,v.cr))]
lim sup sup =1 a.s,
209 0<v<Dy 0<r<by (ZaT(l —ar)cr log(—L + 1)(—L + 1))

(K(R(t,5,v,10))]

=1 a.s.

lim sup sup sup sup 7
T‘)ooO<‘<DTO<”<‘T"|<I’T0<‘<“T (207(1 —ar)cr lOg(—‘I + l)(—L + 1))

COROLLARY 1.5. Let {X(t,v),—00 < t < 00,0 < v < 00} be a two-parameter
Ornstein-Uhlenbeck process as in Example 3. Put

H¥ar, T) = H(t, a7, T) = 2 / zix;( —exp( — )\(x)ar)) dx

Assume that there exists ¢ > 0 such that

Y(x)
(1.38) [) ——decs/O<< s Y@

Jo<x<T:A>1 A(x) <!
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foreach 0 <s <ar,

| I b
(1.39) loglog(a7+— + H(ar, 73) = o(log—T) as T — oo.
br ar
Then
e XUtanT) XD
im sup 5 = a.s
T—0g<i<p, H(ar,T)(2log ;f)'/z
. |X(t+5,T) — X(1,T)|
lim sup sup = a.s

1299 i<y 0<s<a, H(ar, T)(2log 2)!/2 -

COROLLARY 1.6. Letd > 0, b > 0, {X(t,v),—00 < 1 < 00,0 < v < 00} be a
two-parameter Ornstein-Uhlenbeck process as in Example 3. Assume that ar — 0 and
cr — 0as T — oo and that

(1.40) sup A(x) < 00,
0<x<d+b
(1.41) X)) < Cyl" *y(y) and () < Y(x)

LA e
yl/(x — yl/a

foreach 0 <x <y <1, where 0 < a <1, c>0.Then

. \X(R(LGT, v, CT))}
lim sup sup NV a.s.,
T=00<y<do<r<b H(ar, v, cr)(2log —-)
) 'X(R(t, s, v,u))’
lim sup sup sup sup =1 as

0
T—00 0<v<d 0<u<er [i|<b 0<s<a; H(ar, v, cr)(21og ——)! /2

where H (ar, v, cr) = 2 [T j\L(:Z) (1 - exp(—A(x)aT)) dx.

COROLLARY 1.7. Let {X(t,v),—00 < t < 00,0 < v < oo} be a two-parameter
Gaussian process as in Example 4. Assume that ¢,(v) is non-decreasing in v for each k
and that there exists ¢ > 0 such that

(1.42) quz(v)ﬂ <es S i) N for0<s < 1,v>0,

> Ak A<t

k=5 k=7
and

X Yk |

1.43 logl 2(T)—) = o(log — T .
(1.43) og °g(k§0""( )Ak) o(ogaT) as T — 00
Then

\X(t+ar, T) — X1, T)]

lim su = a.s.,
T 0str Hilar, T)(2log 1)1/2

. [X(t+s,T) — X(t,T)|

lim sup sup = a.s.,

T—00 |y <1 0<s<ar Hi(ar, T)(210g ‘,LT)I/2 a
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where Hi(ar, T) = 25532 ¢3(T)(1 — e Mer) 3.

COROLLARY 1.8.  Let {X(1,v),0 <1 < 00,0 <v < 00} be a two-parameter Gaus-
sian process as in Example 5 with g, (s) = s and g2(v) = v*? (o) > 0, az > 0). Assume
thatas T — 00

1 1 br
(1.44) loglog(T+aT+a—T+B;> —0<loga—r).
Then
i |X(t+ar, T) — X(t,T)|
im sup N 5.,
T 700 0<r<br Hl(t’aTs T)Q ]Og Eﬁ)l/
. [X(t+5,T) — X1, T)|
lim sup sup a.s.,

T—00 0<t<byo<s<ar Hl (t» ar, T)(2 log %)l /2

where H,z(t,ar, T)=c- Tz”l((t +ar)® — t”‘)z.

COROLLARY 1.9. Let {X(t,v),0 < t < 00,0 < v < 00} be a two-parameter Gaus-
sian process as in Corollary 1.8. Assume that as T — 00

(1.45) loglog(D7-+cT+a7~+ ;l; + %) = o(log(Z—: + 1)(?—; + 1))

Then

72 <1 a.s.

, [ X(R(t, s, v, w)|
limsup sup sup sup sup
T—00 0<v<Dr0<u<cr 0<t<brO0<s<ar H,(1, ar, v, 6‘7‘)(2 log(m + 1)(21 + 1))
ar cr

2 2
where H%(t,ar, v,Cr) = c((v +c7)* — v"l) ((t+ ar)® — t"') .

For results which are similar to those of Corollaries 1.1-1.4 on the two-parameter
Wiener and Kiefer processes we refer to Chapter 1 of Csorgd and Révész [15]. The con-
clusions of Corollaries 1.5-1.9 are believed to be brand-new. Corollary 1.7 is related to
some results of Walsh [38].

2. Large deviations. Let ar, by, cy and Dy be non-negative continuous functions
of T. For positive k, put K = 22 and

. o
2.1 Hy (1,5, T, K.ar) = H, (t, ér) +H, (r+s, ?’T)

oo Hy(t,are %, T) + H(t +5,are” %,
@2  HottsTKap =4 [ 0D Z‘( are 50 g,

23)  Hi(ts.T.K.ar) =20 [ (Hi(t,are ™, T) + Hi(t +s,are =, T)) dz.

In what follows we always assume that for each |t| < b7,0 <s < a7, 0 <v < Dy
and 0 <u <cr

2.4) Hs(t, s, T,K,ar) < oo.

The first two lemmas are well known and will be useful in the sequel.
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LEMMA 2.1 (SLEPIAN [37]). If X and Y are separable centered Gaussian processes
on A such that EX,* = EY,zf()r allt € A and

2.5) EX.X, > EY,Y, foralls,t € A,

then for all x, > 0

(2.6) P{sup&zl}gl){supﬁzl}.

€A Xt €A Xt

LEMMA 2.2 (GORDON [23]). Let {Xj}r, {Yytr I = {G.j) : 1 <i <n,1 <
Jj < m} be two collections of centered Gaussian variables satisfying the following three

conditions

(2.7) EX;? = EYA, (.)€l

(2.8) EXiiX < EY;Yy, (@,),(,k) €l
(2.9) EXiiXy > EYiYw, (Gj),(Lkyel, i#1

Then, for all real \i; > 0

n m n m

(2.10) P{ﬂ U(X,-,->,\,-,-)} ZP{ﬂ U(Y,,->A,—,-)}.

i=1j=1 i=1j=1

LEMMA 2.3.  Assume that H((t,s, T) is non decreasing in s. Then, for each x > 0, we
have

Q.11
P{ sup sup [X(t+s,T) — X(t, 7| / {x(H\(t,5,T)

[t <by O<s<ar

+H(t,5.T. K, ar) + Hio(t, 5. T, K, ar)) + His(t, 5. T. K, ar) | > 1 }

< 16-22"‘<ﬁ+1)e*§.
ar

If, in addition, we have that
2.12)  E(X(+5,v) — XUt 0)) (X( +5,0) — X(t,0)) > E(X(t +5,0) — X(1,0))°

foreach v > u and each t, s and that H\(t,s,T) is a continuous function of T for each
fixed t, s then for every O < ¢ < 1, there exists a constant ¢, depending only on ¢, such
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that for any subset A of R*, ag > 0, —00 < by < by y < 00, we have
(2.13)

P{sup sup sup |X(+s,T)—X(T) / {(Hl(t,ao,T)
T€eA by r<t<b,1 0<s<ay
+2H (1,5, T, K, a0) + 2H1a(t, 5, T, K, ap))
- 1/2
(2 + @+ o) loglog(Hy (¢, a0, T) + Hyy (4,5, T, K, a0)) )

+2H3(t,5, T, K, a0) + Hia(t,5, T, K, ao)} > 1}

where

Hya(t,5,T,K,a9) = 16/;2 loglogﬁl(l,aofz,ﬂ)l/zdz

H(t+s,ape %, N _ 1/2
+16/2fi‘(—z‘l—n(1oglogyl(t+s,aoe 1) d,

Hl(tvaoe_zv T)(
Z

and
(2.14)

P{sup sup  sup |X(t+s,T)— X, T / {x(Hl(t,s,T*)

T€A by r<t<byr 0<s<ag

HHN(5, T K o) + His(t,5, T K, a0)) + His(t,s, T K ao)} > 1)

. byr—bir e
< 8. 2% sup( ZL LT | )2
- TeAp( aop )

or each x > 0, where T* = sup{T : T € A}.
PROOE.  We first prove (2.11). For fixed T > 0, let

i = ([tazj} + l)ar/ZZM, i=0,1,2,...,

where [x] denotes the integer part of x. Since we assumed X(:,-) to be almost surely
continuous, we can write

[X(t+5,T) = X(s, )| < |X((t+ ), T) — X(t, T)|

(2.15) +§[X((’+5)k+j+lvT) — X((t+ )y T) |

o0
+ 3 [ Xtk T) — X(tgj, 7).
=0

By the definitions of H(t,s, T) and t,;, itis clear that

Hy(te (t+ 5% — 1. T) < Hi(t,tp — £, T) + Hy (1, (1 + ) — 1, T)

(2.16)
SHI(I’S3T)+H“(LS»T’K,aT)’
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@17 Hy((t+ gt « (4 Sy — (04 i T) < 2H (1 + 5,07 /227 . T)
and
(2.18) Hy (gt st — g T) < 2H (tar /277,T)

From (2.16)—(2.18) we get that for every x; > 0

(2.19) P{ sup sup ’X((I+S)k’ T) — X, T)‘ > 1} < 4.2 (ﬁ+l)e*-tl/2’
[f|<by 0<s<ar x(Hl(t,s,T)+H”(t,s, T, K,a;«)) - - ar

SRNX((t+ $isiv1> T) — X+ i, T
P{ sup  sup ],,()‘ (:O il ) ((2W Ykt )‘ > l}
(2.20) 1| <by 0<s<ar Z~,)2XjH| (t+s,aT/2 ,T)
<ol o) S
ar =0
2.21)
{Sup qup ZL0 Myt 1= X DI ‘} <4(bl+l)izzk‘”'e"*‘fﬂ.
<by0<s<ar oo 2XiH (tyar /22,7y — | = \ay i
Let x> = x* + 2K*2 It follows that
izﬂ‘/”ei’(;/z e xz/zi(_z.)zkﬂﬂ
(222) Jj=0 j=0+€
S e ,x2/2’
S 2xH (tar 227, T)
j=0

00 0 . +
<23 Hi(tar /22", T)+23 282 H (1,07 /22, T)

J=0 j=0
2.23 > E’_I(L“T_/zjl © 2 Hy(tar 2, T)
( ) < 4XJ5_:0 /2“” 1 82‘/3“/4 —]/_Z_dz
0 Hi(t, ar/2 D, H(t,ar /2, T)
:4.x Jox 8/A| ]/2 dz
00 H.(t,a7e 5T B
< 4X. k-2 —Z—dz+20/;:] H(t,are ~,T)dz,
as well as
(2. 24)
ZZX,H;([+A a1/2
j=0

Ay /;oo H(t+s,are *,T)

- dz+20 s H|(t+.v,are732,T)dz.
Jak-2 z 23
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Combining the above inequalities we get (2.11).
Before proving (2.13), we show that for every 0 < ¢ < 1 there exists ¢(¢) such that
for every fixed t, s

[X(t+s,T)— X2, 1|
(2.25) P{sup e

T Hi(1,5,T)(y + 2+ O loglog Aj(1,5,T))'*

foreach y > 0 and any continuous function H{(t, s, T) of T whichis such that Hy (1,5, T) >
H\(t,s,T).
Let

> l} Sc(e)exp(— Y >

|
€2
0= (1 + —) ,
4
Ay ={T:60" <Hj(t,5,T) <O}, —00 <k < o0,
T, =sup{T: T € A,/A}, T, =inf{T:T € AA}.
Since Hi(t,s, Ty) is assumed to be a continuous function of 7, we have

(2.26) 0" < H{(t,s,T) <6, ¢ <H(t,sT)) <6

Let Z(T) be a process of independent increments with Z(7) 2 X(t+s,T)—X(t,T). Then
EZX(T) = Hi(1,s5,T),
EZDZT') = Hi(t,5,T") < E(X(t+5,T) = X(t,T))(X(t + ). T") = X(1, T)
for each T > T’ by (2.12). Applying the Slepian lemma, we have
P{SU ]X(t+s,7)—X(t,T~')| - _1}
TeAH} (1,5, T)(y + (2 + ) loglog H;(1,5. 7))
X(t+s,T)—X(1,T)

SZP{sup - l/221}
© \Tend Hie,5,T)(y + (2 + €) loglog Hi (1,5, T))

,T) — X(t,
+ZP{ sup — Xe+s 1) (t? ]/221}
o \reaa HT(I,S,T)(y+(2+()loglogHT(r,s,T))
SZP{ sup M . Ve 1}
ko \TenA Hie,s,T)(y + (2 + ©) loglog Hi(¢,5,. 7)) '
-7
+ZP{ sup (N ~ ]/22]}
o \TeAA Hi(n,5,T)(y + (2 + €) loglog Hi (1,5, T) )
< ZZP{ sup |2D)| Y > l}
koo ATeaA 0"(y+(2+f)10g10g6'|"’) -
1
< ZZP{ sup |z 7 > 5}
£ n<r<noHi(n s, T (v + 2+ €) loglog 1)
|Z(T)] 1
§4ZP{ n 1/275}
© UHi( s, T)(y + 2+ ©) loglog )
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y+ (2 +¢)loglog O
SSZCXP(‘_ 292g £
k

< c(e) exp(—i&)

< c(e) exp(~2i+f)

as desired.
We now turn to the proof of (2.13). Let
t221+k
tj+k - ([ ap
Using (2.15), we obtain
2.27)
sup sup  sup |X(t+s,T)— X(t,T)|

T€A by r<T<by7 0<5<aq

<sup sup sup ‘X((t+s)k, T) — X(t, 7)}
T€A by 7<T<b,7 0<s<ay

}+1)a0/22/“; j=0.1.2.....

+isup sup sup ’X((t+s)k+j,T) —X((t+s)k+j+;,T))
J=0T€EA b, 1 <T<byr 0<s<ag

+3sup sup  sup [X(tjer. T) — X(they T)).

J=0T€A by 1<T<byr 0<s<ay
Similarly to (2.16)—(2.18), we have

(2.28) H (1, (1 + ) — 10, T) < H (8,00, T) + Hi (1,5, T, K, ag)
229 Hi((t+ a1, (0 + Sy — (04 gyt T) < 2H (145,00 /27.T)
(2.30) Hy (tjers teaj — tiwjur» T) < 2H( (8, a()/22w, T)

foreach by <t < b7, 0 <s <ap. From (2.28) and (2.25) it follows that

P{sup sup sup 'X((t+s)k,T) ~X(tk,T)|/

T€A b 1<T<byr 0<s<ay

(Hi(t,a0, 1) + Hui (1,5, T, K, ap))

(2.31) 1/2
(¥ + @+ loglog(f(t,a0, ) + Hu(t,s. T K.an) )} > 1 }
< (e 2.7 17 B
< c(€)2 Srlgx)(—“ao +1)exp( 2+€).
Similarly, by (2.29), (2.30) and (2.25) we have for each x; > 0
(2.32)

P{sup sup  sup |X((t+s)k+j+l,T)AX((t+s)k+j,T>‘/

T€A by 7<t<b, 7 0<s<ay
{4H (1 +5,a0/2%", T)(x? +loglog (1 + s,a0 /2%, T))l/z} > 1 }

(bz,r —bir

<ec(1/ 2)22“]+I sup
ao

TcA

+ 1) exp(—x; /2),
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P{SUP sup  sup |X(tyyj, T) — X(tgyjur, T))| /
T€A by 1<t<by 1 0<s<q

(2.33) {4H](t ao/2”7,1) - (& +1oglogﬁl(z,a0/22“’,7))'/2} > 1}

<e(1/22%" su (b—”Tlﬂ + 1) exp(—22/2).

TeA

From (2.27), (2.31)—(2.33) we conclude

(2.34)
{ |X@+5,T) — X(1, T)| }
P{sup sup  sup
TEA by 1 <1<by 7 0<s<aq L+h+13
b2 T — bl T Qk+1 )C2 0 kil
< c(€) su (4 + 1) . (2 ex (——) +> 2 ex (—x2 2)),
’1'6,14) ao P2+ Z(‘) P~/
where

I = (Hi(t,a0, 1) + Hyi (1,5, T, k, ap))
(@ + @+ Ologlog(f(t,a0, T) + Hin(e,, T, K, a0)) )
3
12:4ZH1 t+s, 22“” ( +loglogH1(t+v 222},T>) ,

j=0
1

ap 2
L=4 H T\ +1oglo H( T)) .
3 jz(:) 1 22)<+j ( g10g 11y 22,(+j

Let xf = x% 4+ 2%9+2 Then, proceeding as in the proof of (2.23) and (2.24) we can obtain

% Hi(t+s,ape %, T
h<scf Hrsae -1, +40/;;]H1(t+s,aoefzz,7‘)dz

(2.35)
00 H(t+ s,ape %, T) - _ 1
+8 /. %(loglogm (t+s,a0e %, 7))’ dz,
as well as
S H t’ #Z’ — ’
I < 8x/ Mdz+40le Hi(t,ape <, T)dz
2k 2 z 22
(2.36) o H s ) ) )
+8 | =" (loglog A (t,ae %, )" dz.
Sk z

Now (2.13) follows from (2.34)—(2.36) and (2.22).
From the proof of (2.25), we can see that

{ |X(t+5,T) — X(t, T)|
Te/Ix) Hi(t, s, T )yz
holds true for every y > 0 and H{(t,s, T*) > H(t,s, T*). Along the lines of the proof of

(2.13), with (2.37) instead of (2.25), we obtain also that (2.14) holds true. This completes
the proof of Lemma 2.3.

(2.37)

} < 8exp(—y/2)
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For studying the increments of X(z, v) in f and v, we give below another large deviation
result for X(¢, v). Put

cr 2(*7) cr 2cr)

+2H2([é V+M—E 7

2 ar 2
+H»( X v, cr(l + _IE)) +2H2(1+s,?,v,cr(l +E))

2 2
Hy(1,5,v,2) = Hz(f,Z»V— %,Cr(l + E>) +H2(t+s,z,v— %,cr(l + E))

Hoo(t,s,v,K) = 40 [ * HY(t,5,v,are™) /zdz,

Hy(t,s,v,u,K) = 2H2(t s,V —

00 1 2
Hys(t,s,v,K) = 40 /2%7] Hy(t,s,v,are ") dz.
REMARK 2.1. Here and in the sequel, we write Ha(t, s, v, u) = Ha(t,s,0,u) if v < 0.

LEMMA 2.4.  Assume that Hy(t, s, v, u) is non-decreasing in s and u and that for each
t,s,a>v>v >0we have

(2.38) EX(R(t,5.v',a —v))X(R(t,5,v.a — v)) > EX*(R(t.5,v,a — v)).
Then we have

P{ sup sup Ssup sup ‘X R(t,s,v,u) |/

0<v<D7 0<u<cr |f|<by 0<s<ar

(2.39) {x(Hat,s,v,u) + Ho (1,5, v, 1. K) + Hyo(t,5, v, K) ) + Has(t,5,v, K) | > 1 }

<5622 (L:TT + 1) (1;—; + 1)e**/2.

REMARK 2.2.  Werecall that X(R(t, S, v, u)) is defined on arectangle [f, t+s] X [v, v+u/|

(cf. (1.11)). Intuitively, this makes it easy to understand the subdivision of X(R(t, S, V, u))
in the proof of Lemma 2.4 that follows.

PROOF. Let
22A+/ .
= (2] o /27
221<+/ "
v,/<+j = ([VC ] + I)CT / 22,
T
We have

X(R(t,5.v.10))| < [X(R(t, (14 ) — 1o vies 0+ 100 — )|
+[X(R(+ 5, (2 4+ ) — 0+ )05, v+ w0 — )|
+X(R( 1 — 1vj (v + 105 — V) |
+[X(R(t, 5, v, = )|+ [X (R 5. + 1,0+ w) — v+ )|
<X (R, ¢+ 5% — 11 Vo 0+ 10, — )|
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00
+ 2R+ g 1+ g = (4 Sz v (v 10— )|
=

(2.40) +ZO}X Rttty — Tragnt s Vi (v + 10 — )|
Jj=
+ ’X R(t,5,v, v}, — v))’ + )X(R(t, s, v u, (V) — (v+ u)))\.
From (2.38) it follows that we have
(2.41) Ho(t,s,v,u) > Hy(t, s,V u')
foreach v/ > v, v+u >V + 4/, and with the help of (2.41), we get
H (14, (1 4+ ) — oV (v 4+ ) — V)
< Hy(t,5,v,u) + Hy (1 +5,(1 + 5) — (1 +5), v, (v + 1)} — v )
+ Hg(t, e — LV, (V+u); — v,'\) + Hy(t,5,v, v, — V)
+H2(t,s,v+u,(v+u),’( — (V+u)>
< Hy(t,s,v,u) + Hy (¢, s, v,u, K).
Corresponding to (2.17) and (2.18), we have

2
Ha((t 4+ )agert s (14 Sty — (14 Sk Vi (v+u)k—v)<2H2(t+s SV CT(1+E)),

2
H2(tk+j+l Tkaj — Tkajels Vk,(V‘f' U)k —V ) < 2[‘1’)( s 271}, v CT(I + E))

Then, for every x; > 0,

P< su sup sup su
(2.42) {0<V<pDT OSMSCT mgtlzr OSA'SpaT .X(Hz(f s,v,u)+ Hy(t,s,v,u, K))

.X(R(tk,(t+s)k — 1, Vi (v + 1)), — vf\,)){ N }

<422 (-C: + 1)(% + 1)[-"3/2,

(2.43)

PJ sup sup sup sup

0<v<Dr 0<u<cr jtf|<by 0<s<ar

220 X(R((+ gt 1+ ) — (1 g Vo 0+ 00, = ) )| }
> 1

. i
2 Zj?foxng(t +5, 5. ver(l+ E))

<42 (2 1) 527 explif 2,

cr ar j=0
(2.44)
Z]?iolx<R(fk+j+l Ty = Tkajed s V;l(» v+ M)/( — VZ))I
PS sup sup sup sup > 1
0<v<Dy 0<u<cr |f|<b, 0<s<ar 257 xij( s ver(l+ g ))

< 4(DT )<GT ) > 22 exp(—xf/Z).

cr =0
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Let x7 = x* +29*2_1f follows that

S5 j 2 >
(2.45) S22 2 < oR2e 2,
Jj=0
Similarly to ( 2.23) and (2.24), we have
(2.46)

R ar . 2
jz%)ijHz(t+s, W,V,CT(I + E))

< 4x /oo Hz(t +s,are 5, v, cr(l1+ %)) d
Jo=2 z

2 2
+20_[;1 Hz(t+s,a7-e < ,v,cT(I + E>) dz,
(2.47)

—z 1
e ar 1 o Halt,are ™, voer(1+ )
. —_ — < 4
Z:o 2xH, (z, Sat cT(l + K)) <ax [ : d

00 52 1
+2O/2% le(t,aTe v ,V,CT(I + E)) dz.

We now deal with X(R(t, S, v, v;( — v)) and X(R(t, s, v+u, (v+u)2 — (v+u)) ) For each
y > 0 we have
(2.48)
P{ sup sup sup )X(R(t, SV, — v))’ > y}

0<v<Dr [i]<by 0<s<ar

< P{ max sup  sup sup ’X(R(t, S,V Vg — V))‘ > ,\‘}
()SiS%LK <y N 1| <by O<s<ar

X(R(t,s, v, (i+Kl)CT — v))‘ > \}

Let d; = (i + 1)cr /K. We show below that for each fixed 7, s

(LK)
< 3 P{ sup  sup sup

<v< BT (i <by 0<s<ar

icp
K

’X(R(t, s,v,di — v))’

(2.49) P{ sup o EL) Z,Y} §4exp(fy2/2)
» K

o ity Hy(t,s,v — %
for each y > 0.
Let Z(v) be an independent increment process with Z(d; — v) 2 X(R(t, s,v,d;i — v))
for ’iKL <y < %L Then for each v >/
EZ(d; — V)Z(d; — V') = EZ*(d; — v) = EX*(R(1, s, v.d; — v))
< EX(R(t,5,v,d; — v))X(R(t, s,V d — V'),
where the last inequality is from (2.38). By (2.41) we find that

n 2. P e
(2.50) Hg(l‘,s,v—(—T,£> zﬂz(r,s,’—‘i,i’)
K K K
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for each %} <yp< “l}(ﬁ Using the Slepian inequality and (2.50), we obtain

P{ w X(R(t,5.v.d; — )|
(i+

wey Ho(t,s,v— <, XI)

Zy}
K?

[
% Svs

K

SP{ wp X(R(t,5,v.d;i —v))

o el y}
< ity Hy(t,s,v — %, 55)

—X(R(t,s,v,d; —v))
+P{ sup ( ®5v ") Zy}

e _ e 2p
Gy ity Hy(t,s,v — %, 55)
Z(d, - V)
< P{ sup -
iikz<v<(i+ll(nl Hy(t,s,v — %,

—2Z(d; —v)

2, Zy}
K

+P[ sup P EY}

%(ISVS%Z HZ(I,S»V - l’ 2_KI)
Zd;— &

Szp{Hd—i{Kg_'_ Zy}
Ha(t,s, %, %)
X(R(t,s, “t d; —

Hy(t,s, %, %)

< dexp(—y/2).

This proves (2.49).
Proceeding along the lines of the proof of (2.14), by (2.49) we can get

P sup sup sup ‘X(R(t’ svdi V)N > 1}
2.51) i <\ el i <by 0<s<a, X1 (1,5, v, K) + L(t,5,v,K) —
. K SVS

<8 22k+1 (f_;z + 1) exp(— 2/2)’
T

where

2 1 B I
11(f,s,v,K):H2<t,s,v— %’ ;T)+16/2i>i(z) (HZ(t’aTe\“,v'—%7‘37‘(1"'?))
+H t+saeﬂv—c—rc<l+l>) dz

2 ,are *, KT I )
_Z2 cr 1
Ig(t,s,v,K)—40./;;](H2(t,are N K’C'(1+K))

_2 C 1
+H2(t+s,are Lv— ET’CT<1 + I_())) dz.
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Combining (2.48) and (2.51) yields

» tX(R(t, S,V — v))‘ - }
sup sup su
(2.52) ogvgpn,- Mg;?., ()§A‘§r)a7- xli(t,5,v,K) + L(t,5,v,K) —
+2 b D )
<16-2% (—T + 1)(—’ + 1) exp(—x2/2).
ar cT

Similarly, we have

'X(R(t, sv+u,(v+u), — v+ u))){
P{ su sup sup su > 1
(2.53) ogvgpurogugcr |t\§l:b)-,«0§3‘§par xli(t,s,v+u,K)+ L(t,s,v+u,K)

< 16-22“2(% + 1)(%’+ l)exp(—x2/2)

and (2.39) now follows from (2.40)—(2.47), ( 2.52) and (2.53). This completes the proof

of Lemma 2.4.

LEMMA 2.5. Assume that the conditions of Lemma 2.4 are satisfied. Then, for any
A C R*, we have
(2.54)

P{sup sup sup sup sup jX(R(t,s,v,u))‘/

TeA 0<v<Dr 0<u<cy |1|<by 0<s<ay

{sz(t* s, v, u, K) +x<H2(t,s, v, M) +H§](t7 s, v, u, K) + HZZ(Z’ s, v, u, K))} Z | }

< 56-22" srgg(—?f + l)(Z—: + l) exp(—x* /2),

where H3,, H3,, H3; are defined as Hy, Hs, Hy3 are but with ag and ¢ instead of ay
and cr respectively.

PROOF. Let

2 . 22"
Thaj = (l a() }+l>a0/22“, Viaj = ([ . }+1)C<)/2“‘ )

Then (2.40) remains true. The rest of the proof is exactly the same as that of Lemma 2.4.
The details are omitted here.

In the rest of this section we consider some particular cases of Lemmas 2.3 and 2.5.

LEMMA 2.6. Let A C R*, so > 0, by < byr. Assume that (2.12) is satisfied and
that there exist positive numbers ¢ and o such that

H(t,s,T) <CH|(f,S1,T)

s 5§

(2.55)
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foreach T € A, by 7 <t <by1,0 <s <s; <s0. Then, for every 0 < e < 1/(1 +clto,
there exists a positive constant c(¢), depending only on ¢, a, €, such that
(2.56)

P{ sup sup  sup |X(t+s,T)—X(t,T) / {E(Hl(t+s,so,T)+H1(t,s0,7))

TeA by 7<1<byy 0<s<s

N . 1/2
- (1og1og(A1(t+ 5,50, 1)+ Ai(t,50, ) )+ (Hilt, 50, T) + Hi(t +5,250, T))

: (xz +Zloglog(ﬁl(t,so,T)+H1(t+s, ESO,T)>>I/2] > 1 +5}

byr—byr x?
< c P 1) _
- C(C)STLGIE( S0 exp( 2+5)
and
X(t+s,T)— X(t,
P{Sup sup  sup |X(t+5,T) — X(t,T)| 2“_5}
(2.57) TE€A by 1<i<byr OSsSA‘uX<H1 (t, 50, T*) + H (2, €50, T*))

< c(¢) srlgl/l?(bns;ob” + 1) exp(—%)

foreach x > 1, where T* = sup{T : T € A}.

PROOE. The basic idea of this proof is that on assuming the condition (2.55) and
taking k large enough, the terms H|y, Hi,, H3 and H4 of (2.13) become negligible when
compared to the main term H; of the same denominator. It follows from (2.55) that

(04
(2.58) Hi(t50y. T) < 2 Hi (150, T)

for each 0 <y < e. Then we have

4o oo e
Hyy(t,5,T,K,50) < — (Hi(t,50, T) + H (1 + 5,505, 1)) dz
gxJr 7
4C —ak2
< —e (Hi(t,e50, T) + Hi (1 + 5,50, T))
oe¥

< %(Hl(t’ €so, T) + H (1 + 5, sp¢, D),

provided k > 2 + D

aleat

Similarly, noting that x log log(x + i) is increasing on (0, 00), we have
max(H (1,5, T, K, 50), Hi3(t,5, T, K, 50)) < %(Hl (1,505, T) + Hi(t + 5,505, T))

and
Hra(t,5,T. K, 50) < SHit50.7)loglog Ay (e, 50, 7)) '

+ %Hl (t+s, 50, D(loglogﬁl (t +5, 50, ﬂ)]/2,

provided that k > 2 + -84
Combining the above inequalities with (2.13) yields (2.56). The proof of (2.57) is
similar and is omitted here.
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LEMMA 2.7. Let A C RY, cg, ag > 0. Assume that (2.38) is satisfied and that there
exist positive numbers ¢ and o such that
H(t,s,v,u) H(t,s1,v,u)

<c
s - s¢

foreach T € A, |t| < br, 0 <5 <51 <ap0<v<Dr+cy 0 <u<2c. Then, for
every 0 < e < 1, there exists c(c) depending only on ¢, ¢, « such that
(2.60)

P{sup sup sup sup sup ‘X R(t S, V, 1) [ /

TEA 0<v<Dy 0<u<cy |t|<by 0<s<ay

(2.59)

{X(Hz([, ap, v, co(1 + E)) + H, (t, gag, v — £cg, co(1 + E))
+ 2H,(t, ag, v — eco, 2ec) + 2HH(t, ag, v + u — £co, 26¢q)

+ 3H2(t+s, eagp, co(1 + 5))}2 l}
2

< c(¢) STLEI,E\)(IZ—OT + 1) (—z—: + 1) exp(~2 " 6)
foreach x > 1.
PROOF. By (2.59) we have
(2.61) Hy(t,apy,v,u) < ?—:Hz(t, aps, v, u)

for each 0 < y < ¢. Along the lines of the proof of Lemma 2.6, we obtain by (2.61) and
(2.41) that

H3,(t,s,v,u, K) < 2H(1,5,v — eco, 2ecq) + 2Ho(t, 5, v + u — £cp, 2<¢p)
€
+ §H2(l, ap, v, co(l + E)) + 2H2(1‘+ s, £ag, v, co(1 + E)),

H3,(t,5,v,K) < (H2 (t, gap, v — €cg, co(l + 5)) + Hz(t + 5, eaq, co(1 + s)>>,

n 00 ™

H"!}(I 5,1, K) < — (Hz([ €ag, v — £cg, co(l + f)) + H>(t + 5, eap, co(1 + 8))),

128¢
et

provided k > :ﬁ + Now (2.60) follows from the above inequalities and by (2.54).

3. Proofs of theorems.

PROOF OF THEOREM 1.1.  We first prove (1.19). For every 0 < ¢ < 1/2, by (1.17)
there exists a constant N such that

(3 1) sup sup w S £
i <brear 0<s<ay  Hi(t,ar,T)

for each 7> N.Let 1 <0 <min(1+ %, 1+ 5). Put
A =A{T:0 <ar <0*'}, —o00<i< oo,

by _
Bi={T:0<=L+1<0*}, j=012.. . .
ar
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Clearly, (1.18) implies %f — ooas T — oo and A;B; = 0 if [i| > 67, where j is
sufficiently large. Hence we have
3.2)

. | Xt +5,T) — X(1,T)|
limsup sup sup ;
T—00 |f<by 0<s<ar H\(,ar, T)(Z(log %1;_ +loglog ]:Il(f,aT» T)))
. |X(t+5,T) — X(2,T)|
< limsup sup sup sup ]
Jree TEBMsbrO==ar 1y (1, ar, T)(2(log 2 +loglog (1, ar, T)))
) |X(t+s,T)— X1, T)|
< limsup m%". sup sup sup .
o0 |i1<89 TeB; _
S [EITTEBA b 0555 b 1, ap, T)(2(10g 2 + loglog A1 ¢, a7, T)) )
. (1+9)[X(t+5,T) — X1, T)|
<limsup max sup sup sup Tk
j—oo <O TeBA; || <by 0<s<pi+! Hi (1,071, T) (2(10g @ +loglog f{l (1,0, T)))

/2

/2

72

Here we have used, and in the sequel we will frequently use, (3.1) and the fact that
xlog log(x + })is non-decreasing on (0, 00).
Using Lemma 2.6 and ( 3.1) again, we get
(3.3)
{ X(t+5.T) — X(t.T)|
P< sup sup sup

7= +e>3}
TEBjA; |f| <br 0<s<@i*! Hi(1, P+l , T)(Z(log &+ log log 1_71 (, P+ , D))

b .
< c(¢) rsél;&,(ﬂi_j' + 1) exp(—(l +¢e)? 10g9’)

< ()%

and hence
3.4)

PJ{ max sup sup sup
li1<69 7€B;A; 1| <br 0<s<pi

lX(t +5, D _ X(t’ T)[
Hi(r, 0%, n(z(log & +loglog A, (1, 071, n))

>+ 5)3} <),

It follows from (3.2), (3.4) and the Borel-Cantelli lemma that
(3.5)

limsup sup sup |X(t+s,T)—X(t,T)|/

T—oo |t|<by0<s<ar

b i 12
<H1(t,aT,T)- (2(10ga~§ +loglog A1(1, ar, n)) } <(1+e) as.

This proves (1.19) by the arbitrariness of €.
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We deal next with (3.8) which, together with (1.19), will imply also (1.23). Note that
(3.6)
L. . |X(t+a7"D—X(t’ T)l
liminf sup 5
T—00 g<i<hy Hi(t,ar, T)(2log ;;;)1/2
> liminf inf inf [Xt+ar, D) — X, D
Joo [i[<09 TEBA 0<1<p, Hi (1, ar, T)(2 log 2)!/2
X(t+ 6%, T) — X(t,
> liminf inf inf sup | X + A D « T).|
J—00 |i<69 TEB;A; g<y<p, (1 + €)H (2, 01, T)(2 log #)'/2
— limsup sup sup su [ X+ 67, T) — X +ar. 1)
00 P mggj TeBA, oggpbr Hy (1,6, T)(2log#)!/2
X((+ o™, T) — X6,
> liminf inf inf sup ’ (( ) . ) ( 73’ 5
=00 [i|<67 TEB;A; <12 (1 + €)H (107,01 T)(2log )!/2

— limsup sup sup  sup sup |X(t+5,T)— X(1,T)|
Vs ';159‘7 TéBin aTS}SbT*'aT 0<s<(6—-1)or H\(t — ar, o1, (2 ]Og 0/)] /2"

Along the lines of the proof of (1.19), by (1.20), (1.17), we have
(3.7)

limsup sup sup p sup |X(t+5,T) — X(t, T)|
1 su su u : .
oo |ij<09 TEB A ar<t<brear 0<s<@— o H1 (1 — ar, 0%, T)(2 log @)'/2

) e|X(t+s5,T)— X(1,T)|
<limsup sup sup sup sup. - YL
joo lij<6 TeBA, ar<i<brrar 0<s<o- 1y Hi (1,(0 — DO, T) (2 log ) /2

<e as.
Let

(3.8) Cy:=Clk,Li)={T: 0" < H\(16"",0*",T) <"}, —00 <k < oo,
(3.9) Tyy = T(k, 1,i,j) = sup{T : T € C,A;B;},
(3.10) Ty, = T(k,L,i,j) = inf{T : T € CtA:B;}.

Put Y(I,T) = X((I+ 1!, T) — X(16™", T). Let Z(I, T) be a two-parameter Gaussian pro-

cess such that for each fixed [, Z(/, T) is an independent increment process with Z(/, T) 2
Y(I,T), and EZ(I, T)Z(n,T') = EY(L, T)Y(n, T') for n # 1. Then, by (2.12) we have

EY>(I,T) = EZ*(I,T),
EY(,T)Y(n,T) = EZ(I, T)Z(n, T),
EY(I,T)Y(n,T") = EZ(I, T)Z(n,T'), forl# n
EY(L,T)Y(,T") > EY*(I,T ATy = EZ(, T)Z(I, T").
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Thus, we can use Lemma 2.2 and obtain
P{ inf Ye.n < !
TEBA, o</<w-’ H (10%1, 041, T)(2log @)'/2 = (1 +¢)?
Y(I,T) 1 }
=1-P . - - >

3 ]1) <T€QA1()S[L~<_JQ/—Z [ H|(10'+I,9’+l 9, T)(2 lOg 0/)1/2 - (l + 5)2 }
3.

IN

Z(,T) 1 }
1 —P - - - >
{TEB,-A,.(K[LSJQ/ z{H|(19'+1,0'+1, T)(2log@)!/2 = (1 +¢)? }
Z(,T) 1
:P{ u n {H il il NV 2}}
TeBA o<i<g 2 HI(10%, 0% T)(2log &) (I+e)
From (1.20) it is easy to see that C;B; = ()if |k| > &, when j is sufficiently large. Hence

(3.12)
P{TELIJ,AI. 03/@0/’72{111 (19i+‘,9ii(’1’7§?2 log@)'/? = (1 +16)2 }}
l
= |k|XS:9/P{TijA,-Q 05/@%2{ H1(19i+1,9i+2'(, 732 log8/)!/2 = (1 +15)2 }]
Z(l 1
= |k|z<:a/P{og/<a/2 reg,q{fi:(lf)"*‘ 9i+l(, 722 log &)!/2 = (1+¢)? }}
= ,(;(,,P{(KK()/ 2 H (10!, 0’*21(1le;)[32 log 8)1/2 E 1 is]

0<i<0-2 reac, Hi(10#!, 0%, Ty )(2log#)1/2 — (1 +¢)?
Noting that Z(/, T) is an independent increment process for / fixed, we have
E(Z(, Tiy) — Z(, T,j,,))2 = EZX(I, Ty,;) — EZX(I, T}

= EYX(I,T,)) — EY*(L T})

S 02(k+l) _ 92k S (02 _ I)Eyz(l’ Tk,l)

— (02 o l)H:]Z(miH,()iH, Tk,l)

+ Z P< max sup |Z(l Tkl)_Z(l T)| 9e }
[kl <t/

and hence
|Z(1, Tvy) — Z(1, T))| 0= }
P
|k|§<:,,, {oglfﬁfzre;ufq H(10#1,0+, T, )2 log@)'/2 = (1 +¢)?

o2 _ .
<P { |Z(1, Ty)) — Z(1, T))| > 5}
K</ 1=0 7€BA ¢, Hi(10#1,0%) T, p(2log@)!/2 = 2

(3.13)

<y 922213{ |20, Te) — 20, T3, >_s_]
T W= LHW0%, 07 T )2 log8)!1/2 — 2

k| <8/ 1=0 40> -1
<407,

§4dex( log@’)
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Here 1 <0 <1+ 55 was used.

When (1.21a) is satisfied, using the Slepian lemma we have

{ Z(L, Tyy) 0 }
P <
0<I<(~)/ 7H1(19’+‘ O+ T )2log@)1/2 — 1+¢

Z(1, Tyy) 0
< P - - - - <
= ,I% {Hl(mm,eﬁ“,T,(J)(zlog@/)'/2 S1+e

{ Y(, Ty <
H\(10%,0%, T )(2log @) /2 — 1 +¢

g
(3. 14) H P

< 0ﬁ(1 — exp(—a— logB’))

< exp<~9”/4)
<o

If, on the other hand, (1.21b) is satisfied, then T} ; does not depend on [ by (3.8). Hence,
using (1.21b) and the Slepian lemma again, we again have (3.14). Therefore, we conclude
from (3.11)—(3.14) that

YU, T) 1 By
3.15 P f < <50+
( ) Tgl;‘A 0<1<9/ H(10%1, 01 T)2log®)!/2 — (1+¢e)?* | —

for every sufficiently large j.
Combining (3.6), (3.7), (3.15) with the Borel-Cantelli lemma yields

Xi X
(3.16) liminf sup X+ a7, 1) — X, T)' > ! 5 —¢& as.
T—o0 o<i<b, Hi(1,ar, T)(210g—1)l/2 (I+¢)

This proves (1.22), by (1.19), (1.20) and by the arbitrariness of ¢, and also completes the
proof of Theorem 1.1.

PROOF OF THEOREM 1.2.  Forevery 0 < ¢ < 1/2, let N be a positive number such
that (3.1) holds true. Put § = min(1 + 3, 1 + 53). Define

Api = {T: 0" <H\((0 — Diar.ar.T) <"}, —o0o <k <oo

br
Ak,iJ: {T 9’<1+
ar

Tk,iJ = sup{T - T S Ak,iJ}7
GG, T) = H((i+ 1)(0 — Dar.,ar,T).

< gt TeAk,}, ji=0,1,2,...
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Then, by (3.1)

X(t+ —
lim sup sup sup ‘ (t+s,T)— X(1, T)l -
T—00 li<br0Ss=ar f (t qy ﬂ(z(log % +loglogH,(t,ar, 73))

<limsup max sup sup

T—00 [i|< g #0~ Dar<i<(i+1)(6—)ar 0<s<ar

IX(t+5.T) — X(t, T)|
. N 1
Hi(,ar, n(z(log b 1 loglog A, (t.ar, n))

<limsup max sup sup

T—00 |i|< L i(0—ar<t<(i+1)(6—ar 0<s<ar
— (8—Dar

(1+e)|X(t+s,T)— X, T)
G(, D(Z(log i—’f +loglog G(i, T)))

<limsup max sup sup sup
k=00 i <8 TeA i(0—Dar<t<(i+1)(@—ar 0<s<ar,

(1+e)8|X(t+s,T) — X(¢,T)|
‘ ~ 2
G(i, Ty, J-)(2(log0/ +loglog GG, Ty, J)))

<limsup max sup sup sup
k=00 (i< &5 TeA, i0—Dar<t<(i+1)0—ar0<s<ar,

(1+e)9|X(t+5,T)— X(1,T)|
H,(t,ar, . Tr.;)(2(log & + loglog 64

/2

(3.17) 7

)1/2’

where in the last inequality the assumption that H, (¢, s, T) is non-decreasing in ¢ on (0, 00)
and non-increasing in ¢ on (—00, 0) is used.
In terms of (3.1) and (2.57), we obtain

P{ max sup sup sup
li| < ¥ TeAy;; i(0—Dar<i<(i+1)0—Dar 0<s<a

|X(1+5,T) = X(1,T)|
(3.18) H,(t,ar,,,. T;j)(2(log & +loglog 6""‘))1/2

<ce) > exp(—(l +¢)(log# + loglog 0”“))

o gitl
lil <%=

< ()0 (k| + 1)),

z<1+e)2}

From (3.17), (3.18) and the Borel-Cantelli lemma we conclude
. |X(t+5,T)— X(1,T)|
Thrgo sup sup -
ri<brO<s<ar g (¢, T)(2(log bt +loglog 4, (t.ar. 7)))

7 < (1+e)* as.

This proves (1.19) by the arbitrariness of €.
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We show next that (1.22) and (1.23) hold true. It suffices to prove that (1.20), (1.16)
and by > ¢o > 0 imply (1.18). It is clear that (1.20) implies f—jf — o0 as T — 00. So,
when 0 < ar <1, (1.18) is obvious. When ay > 1, then by (1.16)

o« o cH(0,ar,T) _ cH\(0,ar,T)
ar < <
H(0,1,7) H(0,1,1)

for T > 1, which together with (1.20) also yields (1.18). This proves that (1.18) is satis-
fied. From Theorem 1.1 it follows that (1.22) and (1.23) are true.

PROOF OF THEOREM 1.3.  Forevery 0 < ¢ < 1/2, by (1.26) there exists a positive
N such that

(3.19)
Hy(t+s,ar,v+u, &)+ Ha(t+5, 5. v+u,cr)
sup  sup sup sup <e
[f|<br+ay O<s<ar O<v<Drter L <y<cq Hy(t,ar,v, cr)

for T>N.Let 1 <0 <1+ y.Put

Ay =A{T: 0" <ar <0}, —oco<k<oo
Bi={T:0<cr <0}, —o00<i<oo
G = {T:(y<(ﬁ+1)(lﬁ+1) <™} =012

ar cT

Clearly, (1.27) implies that

b D
(—I+l><—T-+l>—%oo as T — 00,
ar cr

A;G; = 0 and B,G; = 0 if |k| > 0/, when j is sufficiently large. Hence we have
(3.20)
limsup sup sup sup sup
T—00 0<v<Dy 0<u<cr lt|<by 0<s<ar

X(R(t,s,v.w)))|

1/2

Ha(t,ar,v.cr)(2(1og(2 + (2 + 1) + loglog Ax(t.ar, v,c)) )

<limsup max sup sup sup sup sup
joo IKLII<07 Tea, B,G; 0<v<Dr 0<u<cr |1|<by 0<s<ay

X(R(t,5,v,u0)))|

5

_ 1/
Ha(t,ar,v,er) (2(10g(2 + 1)(% + 1) +loglog Aa(t.ar v.cp)) )

<limsup max sup sup sup sup sup
joo kLSO TeAB,G; 0<v<Dr 0<u<i*! [1|<by 0<s<gh+!

(1 +)|X(R(t,5,v,u)))|

. , - , 2
Hy(t, 051, v, fi+! )(2(log & +loglog Hy(t, %1, v, 07! )))
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Using (3.19) and (2.60), we derive
(3.21)

P< max sup sup sup sup sup
|K[,11 <07 TeA B;G; 0<v<Dr 0<u<fi*! |t|<by 0<s <!

’X(R(t, s, v, u))‘

Ha(t,01,v,071)(2(1og 8 + log log Fx(1, 641, v,0/*1))
Dy br s .
< c(e) \k|,%;o-/ Teax:gcj(w + l) (HkT + 1) exp(—(1+¢)*log?)

<ce) Y t9’lexp(f(l+z5)2 10g9’)

[Kl.Jil <6
< c(e)d <.
It follows from (3.20), (3.21) and the Borel- Cantelli lemma that

7 z(1+5)4}

limsup sup sup sup sup
T—00 0<v<Dy 0<u<cy [t|<br 0<s<ar

X(Rat, s, v.u))]

2

_ 1
Hat,ar,v,er)(2(1og(2 + 1)(% + 1) + loglog fia(t,ar. v 1))
<(1+¢) as.

This proves (1.28) by the arbitrariness of ¢.
We now consider (1.31). Note that

liminf sup sup \X(R(I,GT, v, C,))l

=, 1/2
170 0<vsDr0<r<hr Hy (1, ar, v, or) (2 log(2 + 1)(2 + 1)

X(R(t,ar,v,cr)
> liminf inf inf  sup sup ] ( el )l 73
J=00 KL <67 TEABIG) 0<v<Dr 0<1<br H,(t, ar, v, C-,~)(210g(21 +1)(2 4 l)) /2
T cr

a

it g - 'X(R(I,HHI,V,O”]))'
iminf in in S su - A
- jH;o k|.|i| <67 TEAB,G; OSPSI)D7 og,gpb,, (1 + &)Ho(t, 6K, v, 9i+1)(2 log )1 /2

—limsup sup  sup sup sup sup  sup
J—00  |k||i| <87 TEAB;G; 0! <v<0+Dy 0<u<(6— 1) 0<r<by (<s<p+!
X(R(t,5,v,u))]
Ho (1,051 v — 01, 07+1)(21og @) /2
—limsup sup sup sup sup sup sup
J00  |K.Ji| <67 TEAB,G; 0<v<Dy 0<u<i*! 6 <1<k +by 0<s<(0— 1)6*
X(R(t, s, v,0)|

Ho(t — Ok, 0%+ 9i+1)(2 10g0i)'/2

+ S X(RUU+ oot 1+ )y — (1 +5)
=0
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(3.22)

‘X(R(l@k“ , pr+1 7[)91'+l , pi+! )>‘
> liminf inf min max max — —
J=00 kil <09 mn>0 0<I<m0<p<n (1 + £)Hy (161, Ok+1 pfi+! gi+1)(2 log B)!/2

—elimsup sup  sup sup sup sup  sup
J—00  |k|,|i| <8 TEABG; 0<v<0+Dy 0<u<(6—1)0' 0<1<by 0<s<@:+!
X(R(t,s,v,u0)))|
Hy(1, 051 v, (0 — 1)8) (2 log #)! /2
—elimsup sup sup sup  sup sup sup
J=00 [k|.|i| <6 TEABG; 0<v<Dy 0<u<giv! 0<r<t-+by 0<s<(6— ¥
‘X(R(t, S, Vv, u))‘
Hy(t, (0 — 10k, v, 0+1)(2log ()!/2
= [1 - ]2 - ]3.

Along the lines of the proof of (1.28) and by (1.29) we can obtain
(3.23) L+ <2 as.

For I}, in terms of (1.30), we can apply the Slepian lemma and get

' X(R((lgkﬂ , gk+1 ’p9i+l , 9i+l )) 1 }
P{ min max max —— . <
mn>8 0<i<m0<p=n Hy(10+1 G5 pgivl gi+1 )2 Tog @)1/2 — (1 +¢)2
k+1 pk+1 i+l pitl
-y I P{ X(R((10 ,9‘ ,pQ .0 ). < 1 }
v 02Em 055k Ho (1051, 0441 pai! 9i+1)(2 log )1 /2 = (1 +¢)2
lOg 9] (m+1)(n+1)
< 1— —
—m,n%w( exP( (1+5)2))
< Y exp(—(m+ Din+ Y )
mpn:mn>0
< 0% exp(—9°)
<07

for every sufficiently large j. This proves

1

(3.24) I > m

by the Borel-Cantelli lemma. From the above inequalities we finally conclude
(3.25)

liminf sup sup )X(R(t’ an b CT))‘ > : —2¢ as.

120 050D 0515y Hy(t, ag, v, ep)(2log(2 + (2 4 1)) 12 (14 2)?

Now (1.31) follows from (3.25), (1.28) and (1.29), and so does also (1.32). This com-
pletes the proof of Theorem 1.3.
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PROOF OF THEOREM 1.4.  Forevery 0 < e < 1/2, let N satisfy (3.19)and 1 < § <
1+ 1. Put

Argp = {T: 08 <Hy((0— Dlar,ar,p(0 — Der,er) <01}, —o00 <k < oo,
G = [T:91'< (1+§§)(1+%T> 391‘”}, j=0,1,2,...,

T" :=T(k,I,p,j) = sup{T : T € Ay;,G;}.

Then

limsup sup sup sup sup
T-00  0<v<DyO<uscr jf|<by 0<s<ar

X(Rat, s, v,w))|

: 172
Hat,ar v,cr)(2(log(2 + 1) + 1) +loglog fat,ar, v, cr)) )

< limsup max  sup sup sup sup sup
JH—00 (;1]+1)(p+])5% [k|>i T€AL1, G; p(6—D)er<v<(p+1)(0—1)cr O<u<cy (8- Dar<t<(I+1)(§—Dar
X(R(t,5,v, )]

sup - 77
VS5 Hy(t,ar, v,er) (2(log 22 + 1)(% + 1) + loglog Aa(t,ar, v, 1))

< limsup max sup sup sup sup
00 (U41)(p+1) L2 k>0 TEA 1, Gy pB—Der<v<(p+1)(0— ey 0<u<er.

I+ 5)'X(R(t, 5,V u)) ‘
sup sup
18~ Darl+1)@—Dar0<s<ar Hy(t, ars, v, cy- )(2(1og6f +loglog g/ ))

172
:=limsup  max _sup ;.
=00 (1) (pr ) <L [k >i
According to (3.19) and (2.60), we arrive at
P{ max _suply;,; > (1+ 5)3}

U+ D+ D< LS k1 >i

< c(e) > > squv(C—T + 1)

LIl 1)< 822 K21 TEA, G 2 T
. (ﬂ + 1) exp(—(1 + £)(log & + loglog 6)))
ar-
<ce) X oK+

Lyl Dpr <82 K=
< C(g)@’ j 0*(1+€)j(l'+ 1)~
<) H(i+1)°E
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and hence

lim P{ U { max sup lpj = (1 + 5)3}}
N=oo  LiZoN (e a1y <5 K >i

oo 20
< lim P{U U max suply;p; > (1 +2) }}
N=00 LiZ0i=N (i Dip+ <L k|

o0 20
+ lim P{ Uu max sup i, > (1 +5)3}}
N—oo  UiZNiZo (y1|+|)(p+1)<,, - k=i

(o0
< lim Y P  max  sup lp,; > (1+6)°)
N=00 20 (Il e )<L k>N
e 3
+lim 3P max  suply,; > (1+¢)}

N=o0joN - (i< k>0

< lim Zc(c) 0 TN+1)°+ lim Zc(t)o 3

N=29 20 %0 N
=0.
This proves
limsup sup sup sup sup
T-00  0<v<Dr 0<u<cr |f|<by 0<s<ar

X(R(t,5,v,u)) ]

_ 12
Hat.ar,v,ep)(2(1og( + D(Z + 1) +loglog At ar.v.cr) )
<(l1+¢) as.,
which implies that (1.28) holds true by the arbitrariness of €.

REMARK 3.1. From the proof of Theorem 1.3 one can see that if in addition to the
conditions of Theorem 1.4, also (1.29), (1.30) and

1 l by Dy
loglog(ar+cr+ b—T+ D_T) = O(log(é+ I)(l + (—7)) as T — 00

are satisfied, then (1.31) and (1.32) are true.

PROOF OF COROLLARY 1.1.  Since H3(t,s,v,u) = su, H¥(t,5,v) = sv and {W(x, y),
—00 < x < 00,0 <y < oo} is an independent increment process, it is easy to ver-
ify that the conditions in Theorem 1.1 are satisfied. This implies that the conclusion of
Corollary 1.1 holds true.

The proof of Corollary 1.2 is trivial and is omitted.

PROOF OF COROLLARIES 1.3 AND 1.4.  Noting that Hi(t,s,v) = s(1 — s)v, H5(t, s, v,
u) = s(1 — s)u and that (1.36) and by < 1 imply ar — 0 as T — 0, we have that (1.16),
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(1.17), (1.25), (1.26) are satisfied. Foreach v > u, 0 <r+s <1, > 0,5 > 0 we have
E(K(t+s.v) — K(t,v)) (K(t + 5,1) — K(t, 1))
= ((t+9) =+ )u— (1=t +9))u— (1 — 1t +))u+(t — F)u
=s(l —s)u = E(K(t +s,u) — K(t, u))2

and forj >/

E(K(G+Ds.v) — KGs.0) ) (K(4+ Ds.v) = Kdis,»)
= ((1+ Ds(1 =G+ 1s) =+ Ds(l — js) — Is(1— G+ Ds) +Is(1 Ajs)>v
= —sv <0.

This shows that (2.12) and (1.21b) are satisfied. Similarly, we can verify that (2.38) and
(1.30) are satisfied. Now Corollaries 1.3 and 1.4 follow from Theorems 1.1 and 1.3.

PROOF OF COROLLARY 1.5. Noting that

(y) dy
AY)
for v,u > 0, we can verify that (2.12), (1.21b), (2.38) are satisfied. We show below that

20 T acino N ¢ . _ 1
H (s,T)/s is increasing in s on (0, ay), where o = 6(H”.Let

EX(t, V)X (s, 1) = /0 e exp(— At — s]) -2

T Y(x)

b N )(1 —exp(— )\(x)v)) dx/s.

f(s) = H*(s,T)/s" =
Then, by (1.38)

flo) =25 - exp(~A(x)s)) dx + /0 " exp(—A()s) dx)

( Jo
Y(x) v
( /’<X<T 20> A(x) dx —as .Agxgmmg% Y(x)dx

s
§ /()<X<T A<t Y )a'x)
ol (—a(c +1)s Yoo dr+ 2 / Y(x) dx)
Jo<x<ra <t 3 Jo<x<Tao<t

>0,

provided 0 < o < ﬁ, as desired. Therefore, (1.16) is satisfied. Corollary 1.5 now

follows from Theorem 1.1.

PROOF OF COROLLARY 1.6.  Put M = supy <4, AM(x). Then M < oo by (1.40). It
follows from (1.41) that

~d+b
(3.26) ./0 Y(x) dx < 00.
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Clearly, for0 < s < 1/M,0<v+c <d+b,
V4C ’y(x)
A(x)

which implies that (1.25) is satisfied. We show next that (1.26) is also satisfied. It suffices
to prove that we have

%/vmv(x)dx < A (1 —exp( )x(x)s))dx = —H (s,v,¢0) < s/ Y(x) dx,

H*(ar,v+u,6
(3.27) limlimsup sup sup Har,v+u.ocr) =
=0 700 0<y<d+t —bcr<u<cr H2(aT» v,cr)

By (1.40) again, we see that
H’(ar, v, c)
2ar [ Y(x)dx
as T — 00, uniformly in 0 < v <d +b,0 < ¢ < 1. Hence, equivalently, it is enough to
show that

v+u+ocT d
(3.28) 11m11msup sup sup L%C_Y_(x)_{ =
520 Too g<y<dst ~ber<user Je T (x)dx

Noting that Y(x) is a positive continuous function on (0, 00), we have

0< inf Yx) < sup V(x) < oo.

FSxSd+b 1<x<d+b

Hence

v+u+der su Y(x)

L Y(x) dx . Pl<v<dsn

(3.29) limlimsup sup  sup fv;fw—()—— <limé - — T =
820 700 3 <v<d+b —ber<u<cr fc "y (x) dx =0 mf% <x<d+b V(x)

V+C Ve Ie
(3.30) / "y dx > / +%:T Y(x)dx > ?T’V(xo),

where v+ % < x9 < v+ cr. By (1.41) we find

V+u+ocT |-« v+u+ocr
/ Y(x) dx < exg “Y(xo) /
v+u v+u

g—x(lfo‘v(xo)((v +u+bcr)® — (v+ u)“)

dx

xla

(3.31) o ]
< —(v+er) " (xo) ((v+ u+ber)™ — (v +u)®)

< 6c(6* + 5)CT'Y(X()).

(04

If0<v<3, % <u<cr, then

V+utdcr
(3.32) / T dx = 000er,
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where u +v < yy < v+u+dbcr. From (1.41) again, we obtain

e v+ L
/ Tv(x)dxz/ T (0 dx
v Jy
Yo) F o
x(l

Z " @ dx
cy(l)/ v
a¥(yo) cr\ e |+-')
3.33 > ( v+ — —ve
(.33) 20/ ( 2)
1+1 .
> O(]“Y(Y()) | ((V+EI) +1 _v1+;)
2¢-2a(v+cr)w 2
> (X“/()’O)ICT
c-(12)a+t.

Combining (3.29)—(3.33) yields (3.28). This proves that (1.26) is satisfied. Corollary 1.6
follows from Theorem 1.3.
The proofs of Corollaries 1.7-1.9 are trivial. The details are omitted here.
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