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ON THE GENERALIZED HADAMARD PRODUCT
AND THE JORDAN-HADAMARD PRODUCT

JEN-CHUNG CHUAN AND WAI-FONG CHUAN

The generalized Hadamard product S # I' and the Jordan-Hadamard
product S o T of two operator-matrices S and T are
introduced. They coincide with the usual Hadamard product of two
complex matrices when the underlying Hilbert spaces are one-
dimensional. Some inequalities which hold true for the usual
Hadamard product of positive definite complex matrices are shown
to be true for these two new products of positive invertible

operator-matrices.

In [2] the concavity of certain tensor product maps are applied to
obtain old and new inequalities of Hadamard product of positive definite
complex matrices (ef. [8]). Recall that the Hadamard product of two
complex matrices is the matrix of entrywise product of the two complex
matrices. In this paper we introduce two binary operations of operator-
matrices, namely the generalized Hadamard product and the Jordan-Hadamard
product. Following Ando's approach we derive some inegqualities involving
these products, some of which take precisely the same form as those

obtained in [2].

1. Notations and preliminary results

Given a Hilbert space H , we denote by L(H) the C*-algebra of all

(vounded) operators on H . An operator A € L(H) is said to be positive
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(denoted 4 = 0 ) if A = B*B for some B € L(H) . By A = B we mean

A - B =0 . The cone of all positive operators on H 1is denoted by
L+(H) .

For positive operators A and B , the harmonic mean A ! B and the

geometric mean A # B are introduced by Ando [7] and Pusz and Woronowicz

%)
o}

418 = {5 s} = 2{B-Ba+B) B}

[6] respectively. By definition

v

Al B= max{X =0 | [if é;]

and

v

A#B= max{X 20 | F; g]

If A, B are invertible, then

and

A#B-= A%(A_%BA_%)%A% .

The harmonic mean and geometric mean have the following properties (ef.

£11):
(1) AY'B=B!A and A#B=B#A4;
(2) %(44B) 2 A #B=zA ! B ;

(3) (A4+B) ' (C+D) = (A1C) + (B!'D) , (A+B) # (C+D) = (A#C) + (B#D) .

If A and B are invertible, then

(1) (418)™ = 507t ana (amm)r=at gt
Recall that a map ¢ <from a convex subset of L+(Hl) X ... X L+(Hk)
to L(H) 1is said to be convex if
o (M +(1-M)B), ..., Mp+(1-2)B,] = A4, .oy 4) + (1-00(B), ..., B)
for any 0< A <1 . ¢ is concave if -¢ 1is convex.
(5) The map A4 +—> A on L+(H) is concave if 0 = p =1 and is

convex if 1 = p =2 or ~1=p=0.

A linear map ¢ from L(Hl) to L(H2) is said to be positive if it
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takes positive operators to positive operators. A positive linear map is

said to be normalized if it preserves the identity operators.

For any positive linear map ¢ and any positive operators 4 and B

therfollowing inequalities hold (ef. [1], [2]):
(6) $(A#B) < ¢(4) # ¢(B) and ¢(A4!B) = ¢(4) ! ¢(B)

If A, B are invertible, then

(1 o(BY#(4) " o(B) < ¢(47B)

If ¢ 1is normalized, then

0{aP) = ¢(a)? (1sps2),
o (4P) = ¢(a)P (0 sp=1),

0a) = o(P)P (1 sp <),
(8) 1

v

oa) = 6(P)P (x=p=1),

v

0(4) 2 6(aP) P (1 2p <),

L¢(Ap)l/p = ¢(Aq)l/q (L=p=q or % =p =1 =gq)

In [1] and [2] Ando studies the concavity and convexity of the tensor

product maps

k p;
cees Ak) — '§) A
1=1

(Al b

defined on L+(Hl) X ... % L+(Hk) to obtain the following results.

k
If 0= p; =1 (£=1, ..., k) and .zi p; =1 , then the map

) (a ) ® A s
(9 15 tres Ak iga Ai is concave on L+(Hl) X L..0% L+(Hk)

If 0°< p; =1 (£=1, ..., k) , then the map

(10) (Al, cees Ak)'“* ® 4. * js convex on L+(Hl) X ..o L+(Hk)
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k
If 1sqgs2, 0sp,=1 (i=1, ...,k and Zp_l:SQ—l,
=1
then the map
(11) (A A]""Aq® ® A_pi is convex on
0’ sy k 0 izl i X O
£, () » ... =L, (5)

2. Generalized Hadamard product and Jordan-Hadamard product

For the rest of this paper we fix a positive integer #n . Given a
Hilbert space H +the C*-algebra of all n-square matrices whose entries

are operators on H is denoted by M%(L(H)) . Its elements, called

n-square operator-matrices, can be considered as operators acting on the

n n
direct sum @ H of % copies of H . If Pt is the projection on @ H
1 1
with range the ¢th direct summand (£ =1, ..., n) , then each
n
S € M%(L(H)) has a decomposition of the form S = y P SP, .
s,t=1
DEFINITION. ©ret H, Hl and H2 be Hilbert spaces. For
n n
s= Y pPsp, eM (z(H)) anda T= Y @ rq, €M (L(d,)) , their
s,8=1 st n 1 s, =1 s n 2

generalized Hadamard product S * T is defined by

S %= [(pysp,) ® (,70,)] € (0(5)) ® L(#,))

e

8 1

>

In terms of the matricial representations of § and T , the generalized
Hadamard product S * I is the 7n-square matrix of entrywise tensor

product. If S and T are in Mh(L(H)] , their Jordan-Hadamard product
S o T is defined to be %(S*T+T+5)

When the Hilbert spaces H1 and H2 are both l-dimensional, it is

easily seen that the generalized Hadamard product and the Jordan-Hadamard
product just defined coincide with the usual Hadamard product of complex

matrices (ef. [2], [8]). The following properties of generalized Hadamard

https://doi.org/10.1017/50004972700006663 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700006663

Hadamard and Jordan-Hadamard products 325

product and Jordan-Hadamard product can be derived directly from the
definition. The underlying Hilbert spaces are assumed to be the same when

addition or Jordan-Hadamard product are dealt with:

((S+T) * R=5S *R+ T « R ,
R* (5+7) =R *5 + R+ T,
(5*T) * R = S % (T*R) ,
(aS) * T = S5 * (aT) = a(S*T) for a € C ,
(12) ﬁ
(S+T) o R=S o R+ T o R ,
Ro (S+T) =R o© S+ Ro T,
(aS) o T = 8 o (al) = a(SeT) for a € C ,
SoS§=8*§5.

Following Ando's approach [Z], we shall develop some inequalities
involving generalized Hadamard product and Jordan~Hadamard product. Many
of the ipequalities obtained in [Z] for the usual Hadamard product of
complex matrices hold true for the generalized Hadamard product or Jordan-
Hadamard product. However, the validity of some inequalities in [2]
depends heavily on the commutativity of the usual Hadamard product.
Examples which reveal this fact can easily be found. For such inequalities

we manage to replace them by others in weaker forms.

We begin with the following important theorem which shows that the
tensor product of two #n-square operator-matrices and their generalized

Hadamard product are related (ef. [5]). For convenience we write

k k
] *S5.=5 % ...*5 and | * S =S % ... 5 (k times).
=1 + 1 k 1

THEOREM 1. For each k = 1 there is a normalized positive linear

k k
map ¢ = ¢k from i%& Mn(L(Hi)) into M, if; L[HiJ such that

k k
ol ® x.| =TT =*x. for x, €n(L(8.))
7:=l 1 i=l 1 1 n 1
. & (8), o(2)
Proof. Write X.= Y P "'X.P as in the definition of
1 u p=1 U v
b ]
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generalized Hadamard product. To simplify the notations let F %be the set
of all maps from the set X = {1, 2, ..., k} into the set

vy ={1, 2, ..., n} . By the operation rule of tensor product we have

(2) ()
® X. ® p.Y) x.pY
ik ¢ s,%:éF Lex 8(2)"1 ¢(7)

e [l 4 g, )l A0

Let ¢ be the normalized positive linear map from & M%(L(Hi)) into
1€K

M [@ L[H.)] defined by
n €K 1

lgon) - 15 el s & s
T€K u€N Z€K T€K vEN 1€K

for Yi € Mn[L(Hi)) . It follows from the mutual orthogonality of the
projections that

¢[® X] (2)
1 €K

u,zz):éiv s,%éF [1,%( Pl(‘i)] [1,%( PS(”J
e 1)l )l )

ra L850 e, g 57)

u,veN ‘i €X 1 €K 1 €K
= [@ % )XP(”]=TT*X.
u,veN \Lex ikt

This completes the proof.

(13) As a consequence of Theorem 1 it is clear that the generalized
Hadamard product (or Jordan-Hadamard product) of positive
(respectively invertible) n-square operator-matrices is

positive (respectively invertible).
Furthermo;e; if 5., T, € k%(L(Hi)] are Hermitian and -T. <S§. =T,
(¢ =1, ..., k) then
k k k
4 - * T, = , =
(1k) I T, [T = S? 7;]=1| * T,

=1 =1
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Indeed, by induction, (14) reduces to the case k = 2 .

positivity of Ti * Si (£ =1, 2) implies that

(7,25)) » (7,25,) = (2)+1,) + (5,%5,) = (1,%5,) +

and
(7,25)) * (7,35,) = (7,»1,) - (5,%5,) * (7)»s,)) *
Hence
—(Tl*TgtSl*Sz) < (Sl*Tz] + (Tl*S2) = [Tl*Tg]
and so
(Tl*Tz) £ (s;%5,) = 0.

We conclude that _(Tl*TQ) = Sl * 52 = Tl * T2 .

Note that (1k) is also true for Jordan-Hadamard product.

immediately that both products preserve ordering.

THEOREM 2. Suppose that Sij (=12, ..., k; 4

positive invertible operator-matrices.

hold:

mn [k ) ramlm k /P
(15) Y [TT#s..| sty rr*sl?.]

9= SRR g=1 %=1 %9

m { % ) Tm (K /e
(16) Y ss. | =am/P)| 3 rr*s?.] i

g7l is W g=1 =1 Y

m |k [ m k /P
) Y (TTes..|sa*/P)| 5 [ﬁ*s'.l’.]

J=1 {i:l <) =1 =1 /]

Proof. Applying (5) and (8) and Theorem 1 we have
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if 1=p<w;

if 12p<w,
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Then the following inequalities
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m k
¢[ Y ® Sij]

J=1 i=1

——
T~
»
Uy
‘\\
(LY
| ——
It

1A
3
<
sI
ju.
™3
Kemmn
[C
Ay
| S ——

1/p

A

ml—(l/p)[%

j:il Lél Sﬁj ]L

1/p
m k
- ml-(l/P)l:fz [T'T % SP H (1 =p <)

=1 Y=2 W
where ¢ is as in Theorem 1. This proves (15). (16) and (17) are proved
similarly.

COROLLARY. The following inequalities hold for positive invertible

operator-matrices Si’ T':l (z =1, ..., k) :
k % —l/p
(18) y (s.er) = &Py [s?oﬂ?] if 1sp<w;
=1t * =1 2l
k Fk —l/p
(19) Y (s.07.) = 1-(1/p) Y [SE° i} if ¥<p=1;
=1t * 17=1 /|
k k -1/p
(20) Y (s.or.) = A+ (1/p) ) {s poT—_p] if 1sp<w;
i:l 1 7 l=1 1 1
(21) TT *s. = T—r*SE if 1 2p <o
S I O
k ( p
(22) TT+s, =2 * S if ¥<p=s1;
=1 (=1
(23) TT= s,z |TT+ s;p] if 1=sp<w,
=1 (Z=1

In particular we have the following inequalities:

(24) Sors (PorP) P if 1<p<w,
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(25) sor> (PorP)P if x<p=1,

v

(26) Sorz (§PorP) P ip 1sp<w,
for positive and invertible operator-matrices S and T .

1/p,

k 1 k p.
x5, =T [ » | ZsJ.’“ (p; 21 ana

k
The inequality
=1 i=1 J=1

k

z: l/pi =1 ) which holds for positive definite complex matrices Si

1=1

(2 =1, ..., k) and the usual Hadamard product (ecf. [2]) fails in our
case. For example, consider the following 2-square matrices whose entries

are 2-square complex matrices:

escoe and T = LR XN

tn
[}

It is easy to verify that
% %
s+ 7§ {5(s%+79) )7 » {5(s%+17) )7 .
However, we shall prove that for positive invertible operator-matrices S
and T ,
% %
5o 7= {5(s%7°))7 o {%(s%+17)}7 .
Indeed, some inequalities in more general forms will be proved and
inequalities of similar type will also be considered in Theorem 3.

THEOREM 3. Suppose that Sij (=1, ..., k; =1, ..., m) are

positive invertible operator-matrices. Then the following inequalities
hold:

m k k
@) Y |TT*s,.|=sTT+*|X s,
j=l . T

=1 Jd 7=1 J=l =1

In particular,
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m ( k ) 1 k ) m l/k
(28) L (T Tws|=sTT+|2 s .
J=1 (i=1 I = |g=1
m [ k ) k ( .’ -1/p
(29) Y UTT*s..lzmTTs|m ZS_.R if 1<sp<ow,
J=1 (=1 ) =1 =1
-1/psy
% (& ) % Sqwl/q T;_CT % -p; Z
(30) TT=*s..4= . * * S.. ,
j1 st M) g M =2 (4= Y

k
if q,p;>0 and 1/q-1= ‘Zzl/pi=l.
1=

Proof. We first note that the map

k p. k
i
(., .. X)) =T T*x." (p.21 and 1/p. = 1)
1 k i=1 7 7 i i
defined for positive invertible operator-matrices X, (=1, ..., k) is

concave because it is simply w¢k where Y is the concave map in (9).

Thus
L ™ k , m k p. l/pi
it Y TTwsyl=nt L (TT+ (s,
=1 (i=1 J =1 li=1 J
1/p.
k -1 & pzw ‘
Eﬁ* LAY 1J
1=1 J=1
. pwl/pi
-1 1
=m T_[_* [Z Sij
1= J=1 )

k
if p,z1 and Y lp, =1 .
i=1

This proves (27). The proofs of (29) and (30) are similar using the

convexity of the maps

(1, s 1) o TT » 527
10 e X Hi:l* :
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wvhere 1 =p < , and

k
where ¢, p; > 0 and 1/q - 1= Y l/pi =1.
=2

We remark that the inequalities (31) and (32) of the following
corollary are in the form of Holder's inequality. When p =g =2 , (31)
reduces to the form of Cauchy-Schwarz-Buniakowski inequality (ef. [4]).

COROLLARY. The following inequalities hold for positive invertible

operator-matrices S, and T, (2 =1, ..., k) :
X (% 1/p (% 1l/q
v;§1 (8p7,) < (Lé:l SE} ) kigl 1{3] ’
x (kP (ke
@ Lo |fd (L

if p,q=21 and 1/p +1/q =1 ;

X X 1/q (% -1/p
L (s;ory) = ;S‘z{ 2 Tép] :

J i=1

\

v

k (kY (& -1/p
(32) ¥ (s;or,) -gl s‘z ° Nigl 77 ]

if p,q>0 and 1l/gq -1=1/p =1 ;

x (. -1/p x -1/p

(33) ¥ (SiOT_L.) > k‘k'l D s;l’] ° {k_l y T;:p} if 1sp<o;
1= L 1=1 1=
X X o,z 1/p X 1l/q

(34 E o7 = {% i§1 [Si+ t]} ) {% igl [Szﬂg] }

if p,gq=1 and 1/p + 1/q

il
[
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k k 1/q X -1/p
IO R R RG]
if p, ¢ >0 and 1/9q -1=1/p =1 ;
X x -1/p
(36) g (SiOTi) = k{(2k)L g [s;pm;p”
1=1 1=1 J

X -1/p

° {(2k)’l Y [s’.pw'.p]j if 1sp<eo.,

. 2 1
[t 1=1

In particular for positive invertible operator-matrices S and T we have

the following inequalities:

(B PP o 35T 11

SorT s
if p,q=1 and 1l/p +1l/q =1 ;
(37) SorT= {%(52+12) }% o {35(52+T2) }% ;
(38) S o 72 {$(sP+rP)} VP o {5(sP+rP)} P ir 15p <
5o 1z {H(T )} o (4(sPerP) )P
if g, p >0 and 1l/g-1=1/p =1 ;
(39) 5oz (5(s%P)}F o (3(ster )}t .

The same example prior to Theorem 3 can also be used to prove that the

inequalities
S« T = (S#T) » (S#T) ,
s+ 7= {557« Bsemd
5xs5t=1,
S % 5 = 2(S+I)(S*S+I+I) " 1(5+I) ,

which hold for the usual Hadamard product [2], are not valid for the
generalized one. Modifying the proofs of these inequalities in [2] we
obtain the next three theorems and thus obtain the above inequalities with

Jordan-Hadamard product in place of the usual Hadamard product.
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THEOREM 4. Suppose that Si’ T, € Mn(L(Hi]) (¢ =1, ..., k) are
positive invertible operator-matrices. If 5, commites with T;

(i =1, ..., k) and if 0 =p =1, then

Gy TT+ [728) = [ Tes)’

=1 =1
k s k K 5Pk %
x h-T-* S.] [I [ * T.)([ %* S.] [| I * S.] .
L 7 . ) 1 . 7
1=1 1=1 1=1 1=1
k
Proof. Let Y= ® Si and let ¢ be the normalized positive linear
=1

map defined by

Wx) = o(x) Fo (Exr®) o) %

for operator-matrix X , where ¢ 1is as in Theorem 1. By (8) we have

k
() = wx)P for X=0 . With X= ® s;th. we see that
i=1
K I x %
UT . s.] TT » [s.'le?] [1—[ . s.]
R 2 R S 2 B

- (e s T )T - Si}'jp

1=1
and the theorem follows.

In case p = % the inequality (40) in Theorem 4 can be expressed in

terms of geometric mean

1—k—|- * (s.7.) = [1&[ * S—;] # [ﬁ * Ti]

1=1 1=1

This inequality is shown to be valid in the next theorem without the

assumption on commutativity.
THEOREM 5. [et Si and Ti (i =1, ..., k) be positive invertible

operator-matrices. Then
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k k k

T * (s,#1;) = [L‘l[ * Si] # [];’lr * TiJ
and
(b1) (5,#7,) o (S,#1,) = (5;05,) # (r,°7,) .

Proof. By Theorem 1 and (6) we have

it

-
Tew

o
L]

£
= I
b®
o
L—1

Fres) -4

=1 £=1

[}
©-
iv‘.
@ x
)
Q.
35
R
| ——

i
.jk‘
*
~—
19
2
~3
—r

where ¢ is as in Theorem 1. The second assertion follows immediately

according to (3).

COROLLARY. The following inequalities hold for positive invertible
S, T and the identity I 1in Mn(L(H)] :

(SHT) * I = (S*I) # (T«I) ,

(42) (S#T) o I = (SoI) # (ToI) ;

(43) S *S

1A

(Sp*Sq)#(.Sq*Sp) if p,q=20 and p+q =2 ;

(4k) Ses=fos? if p,qz0 and p+q=2;
(45) (S*T) # (T*S) = (S#T) * (S#T) ;
(46) Ser

v

(5#T) ° (SH#T) ;

(u7) sest>ror.

COROLLARY. If S and T are positive invertible operator-matrices
and Z¢f 0 < A <1, then

(48) so 7= (AT (-0 o ((1-n)seaT) .

In particular
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(49) Sorz HE ) o (ser))

v

= (S_:L+T—l)_1 o (5+7T)

Proof. Since (XY—lX) # Y =X for all positive invertible operators
X and Y , it follows from (46) that

s (-T2 o {(1-0)S+AT)

A 5o (1-2)S[(1-M)8+AT1 ™15} o {(1-A)5+AT}

A 1(1-M)S 0 S+ 850 T = AL 1-A)S[(1-M)54+A7] 1S o {(1-A)S+AT}

AL(1-A)s oS5+ S0 T - A (1-A)S 0 S
SoT.

1A

This completes the proof.

We remark that inequality (49) implies inequalities (38) and (39)

because
3(5+7) 2 {B(Hr T 2 (5(sParP) P i 1sp <
and
5(5+7) = {5719 ir 3 =g =2
in view of (5).

THEOREM 6. Let S and T be positive invertible operator-matrices.

Then
-1 -1 -1
S % T = (S*I+IxT) [ST T+ ST ~+2I+I] " (S*I+I*T)
and
(50) 50 8 2 2(s01) (S08™t4101) "H(501)

Proof. Let X=S®T , Y=S®I +I®T and let Z = YX 'y . It

follows from (7) that

o(X) = o()(2) o(¥)

where ¢ 1is as in Theorem 1. Hence

S # T = (S#I+I+T) [S+7 45 Laprarsr]) ™ (SaI+rr)

and
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S o § = 2(50I) (So5 +101) " (s501) .

This completes the proof.

In the proof of Theorem 6 if we let X = Sr @)SP and

y=P@s?+s7®s (or Y=SP®I+I®SQ),where P, g, r are

arbitrary, then similar proofs shows that

S* o ¥ = 2(sPos) [6PTosPITasPt A To5P* AT 1 (Posd)

and

(51) s o 5% = 2(Por) [P Tos P asPTosPT] L (Po1)

We conclude-this paper by looking at the relationship between the
generalized Hadamard product and the usual Hadamard product. Let S and

T be two mm-square complex matrices. Divide the entries of both matrices

into n2 blocks, each block of which denotes an operator on an
m-dimensional Hilbert space. Then we may consider the generalized Hadamard
product of the #n-square operator-matrices S and T as well as the
Hadamard product of the wnm-square complex matrices S and T . Let ¥
denote the normalized positive linear map which takes the tensor product of
two m-square complex matrices to their Hadamard product (ef. [5]). Then

Y 1is completely positive; that is, for each p 2 1 , the linear map

€1y 8Dy o 0, ®D) w(cll ®D,,) ... q;(clp ® Dlp]
(52) : S e . :

c D o) ... ¥(c

p1 @ %1 Ppp @ Pop lP(Cpl ® pl) q oo @ DppJ

where the C's and the D's are m-square matrices, is positive (ef. [3],
[51, [7]1). It is not hard to see that the positive linear map (52) with

p = n takes the generalized Hadamard product of S and T to the
Hadamard product of S and T .
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