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Abstract

We study the asymptotic behaviour of the least energy solutions to the following class of nonlocal
Neumann problems:

d=Au+u=uf"'u inQ,
u>0 in Q,
Ny =0 inR"\ Q,

where Q c R” is a bounded domain of class Cb!, 1 < p < (n+s)/(n—s), n>max{l,2s},0 <s < 1,
d > 0 and N;u is the nonlocal Neumann derivative. We show that for small d, the least energy solutions
uy of the above problem achieve an L*-bound independent of d. Using this together with suitable
L’-estimates on u,, we show that the least energy solution u, achieves a maximum on the boundary
of Q for d sufficiently small.

2020 Mathematics subject classification: primary 35J60, 35B09, 35B40; secondary 35J61, 35R11,
35D30.

Keywords and phrases: semilinear Neumann problem, fractional Laplacian, positive solutions,
asymptotic behaviour.

1. Introduction

We discuss the asymptotic behaviour of nonconstant least energy solutions of the
following problem:

d=AYu+u=uf'u inQ,
u>0 in Q, (1-1)
Ny =0 in CQ,
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2 S. Gandal and J. Tyagi [2]

where QCR" is a bounded domain of class CM', 1<p<n+s)/(n-s),
n > max{l,2s},0<s<1,d>0,CQ:=R"\Q and Nu is the nonlocal Neumann
derivative, which is defined next. The nonlocal operator (—A)* is called the fractional
Laplacian, which is defined for smooth functions as follows:

(=AY u(x) = ¢y PV f U ~ue) ,

(1-2)
R |x _ y|n+2s

Here, by PV, we mean the Cauchy principal value and ¢, s is a normalising constant,

given by
1 —cosx; . \!
Cns = W dx) ;
re X

see for instance [12] for the details. Recently, Dipierro et al. [14] have introduced a
new nonlocal Neumann condition N, which is defined as follows:

Nu(x) := C"’ng; % dy, x€CQ.
The advantage of this nonlocal Neumann condition is that it has simple probabilistic
interpretation and (1-1) has a variational structure. Further, it naturally arises from the
superposition of Brownian and Lévy processes; see [16] for the details. We recall that
N;u approaches the classical Neumann derivative d,u as s goes to 1.

In the last few decades, mathematical analysis of biological phenomena has
gained much attention. For example, chemotaxis models, which are also known as
Keller-Segel models [28], have been widely studied in different directions in many
papers; see [3, 24, 25] for a survey on this subject. Chemotaxis refers to the movement
of cells or organisms in response to chemical gradients in their environment. The
analysis on the steady-state for a chemotactic aggregation model with linear or
logarithmic sensitivity function was thoroughly done in many papers; see for instance
[27, 31, 35].

Let us point out that the following semilinear Neumann problem is an example of
the Keller—Segel model with a logarithmic chemotactic sensitivity:

—dAu+u=uP'u inQ,

u>0 in Q, (1_3)
Z—Z =0 on 0Q),

where d >0, Q cR” is a bounded domain with smooth boundary and 1 < p <
(n+2)/(n—2)if n>3 and 1 < p < oo if p=2; see [31] for the details. Problem
(1-3) admits a nonconstant solution for d sufficiently small; see [1, 30, 31]. Lin
et al. [31] and Lin and Ni [30] established the existence of solutions to (1-3) in the
subcritical case 1 < p < (n + 2)/(n — 2). In the critical case, when p = (n + 2)/(n — 2),
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[3] Asymptotic behaviour of the least energy solutions 3

Adimurthi and Mancini [1] obtained a solution of (1-3). There have been developments
on the asymptotic behaviour of solutions to such equations. In the subcritical case,
Il <p<@m+2)/(n-2), Ni and Takagi [34, 35] have studied the shape of the least
energy solutions of (1-3). They have shown that the least energy solutions tend to zero
as the diffusion constant d goes to zero except at a finite number of points. Moreover,
the maximum of a solution u, of (1-3) is attained at a unique point on the boundary of
Q. The critical case was examined by Adimurthi et al. [2] using blow-up analysis. We
refer to [23] for the existence, nonexistence and the asymptotic behaviour of solutions
to fractional Choquard equations with local perturbations.

We mention that Problem (1-1), which we explore in this paper is a nonlocal
analogue of the classical problem (1-3).

The substitution of standard diffusion with fractional diffusion is a perceived
approach in modelling feeding procedures across a wide range of organisms. In
many situations observed in nature, Lévy flights are often used as an accomplished
search strategy by living organisms [5, 29]. Since the fractional Laplacian (—A)® is an
infinitesimal generator of a Lévy process, dispersal is better modelled by the nonlocal
operator (—A)*. The generalised Keller—Segel model with nonlocal diffusion term
d(—A)*, where d is a positive constant is used to investigate chemotaxis with anomalous
diffusion. For the fractional Keller—Segel model, we refer to [18, 26]. In [26], Huang
and Liu studied the existence, stability, uniqueness and regularity of solutions for the
following model in dimension n > 2:

u; =d(=A’u—-V-wVvVe), xeR" =0,
—-A¢ = u,
u(x, 0) = uo(x)a

where d is a positive constant, u(t, x) is the density of some biological cells and ¢(z, x)
is the chemical substance concentration. We mention the work [9], where the authors
have investigated the asymptotic behaviour of solutions for nonlinear elliptic problems
for fractional Laplacians with Dirichlet boundary conditions. We refer to [15] for the
regularity, monotonicity and other results on fractional equations in Lipschitz sets, [22]
for the existence of solutions to critical Neumann problems and [32] for an in-depth
treatment of variational methods to nonlocal fractional problems.

Motivated by the above literature, the works on the fractional Laplacian [33, 36,
38, 39] and the very recent works on the nonlocal Neumann problem for fractional
Laplacians and its connections with fractional Keller—Segel models, we have the
following natural question to ask.

QUESTION. Can we establish the asymptotic behaviour of the least energy solutions
of (1-1)?

The aim of this paper is to answer the above question. More precisely, we discuss
the asymptotic behaviour of the least energy solutions of (1-1).
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A weak solution of (1-1) can be obtained as a critical point of the following energy
functional J,:

1[dcpy - 2 1
Ja(u) = —[ Cn, f 1) M()27)| dxa’y+fu2dx]——f|u|p+ldx, u € Hy,.
21 2 Jpgy -yt Q p+1Ja

In the above equation, 7(Q) = R¥" \ (CQ)* and the space HY, is defined in (2-1).
The functional J,; is well defined and of class C?> by Theorem 2.1, stated next. An
application of the Mountain-Pass lemma applied to the functional J; yields that

;= inf 1-4
Cq lylell" %%Jd(y(t)) (1-4)

is a critical value of J,;. In the above equation, by I', we mean the following set:
I'={y e C(0,11: Hp) | y(0) = 1, (1) = u},

where u € H{), and u > 0 satisfies J4(u) = 0. It turns out that ¢, is the least positive
critical value; see Lemma 3.3. For the details, one may refer to [4, Theorem 6.1] and
[7, Theorem 1.1], where the authors have obtained a nonnegative weak solution u, of
(1-1) with critical value ¢, provided d is sufficiently small. Moreover, u, satisfies

0 < Jy(uy) < Cd"™,

where the constant C is independent of d. Consequently, u, is nonconstant. From the
proof of [7, Theorem 1.1], it is immediate to see that the critical points of J; are not
sign-changing in Q. In fact, when u,; < 0, we can choose —u, to have a nonnegative
solution of (1-1). By the strong maximum principle (see [10, Theorem 2.6]), one can
see that uy; > 0 almost everywhere (a.e.) in Q. Further, since u, satisfies the Neumann
condition, Nu,(x) = 0 in CQ, which implies that u; > 0 a.e. in R".

DEFINITION 1.I. We call a critical point u,; of J; with J;(uy) = ¢4 the least energy

solution or Mountain-Pass solution of (1-1).

We show the asymptotic behaviour of the least energy solutions of (1-1) following a
similar approach to that of Ni and Takagi [35] for (1-3). They used a positive solution
w of the nonlinear Schrodinger equation
n+2
n—2
to study the asymptotic behaviour of the least energy solutions of (1-3). The fractional
nonlinear Schrodinger equation

(=AYu+u=uf'u inR", (1-5)

—Au+u=u'uinR", 1<p<

where 1 < p < (n+ 2s)/(n — 2s),n > max{l,2s}, 0 < s < 1, is thoroughly studied; see
for instance [8, 13, 20, 21] and the references therein.

Let us discuss the main idea of this work, which goes as follows.

Let ¢, be the critical value of J,;, which is defined in (1-4). Following the arguments
of [35], we use a positive solution w of (1-5) to observe the asymptotic behaviour of
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cq as d | 0. More specifically, w is used to build a suitable function ¢, to compare c
with max;»q J4(t¢4). In particular, we obtain an inequality

n/2s

2

for d sufficiently small, where F is the functional associated with (1-5), defined in
(2-2). This is closely related to the location of the maximum point of a solution u, of
(1-1) on the boundary of Q.

Now, we summarise the above discussion in terms of the following three main
theorems. A priori, it is known that for 1 < p < (n + s5)/(n — s5), any weak solution u
of (1-1) satisfies

Cq <

F(w)

lullz=) < K,

where K > 0 is some constant depending on Q, p and d; see [33, Theorem 3.1]. In
the next result, we obtain a bound for the least energy solution u, of (1-1), which is
independent of d.

THEOREM 1.2. Let uy be the least energy solution of (1-1). Then

_ 2
a2 '”‘l(x)—”"gy)' dxdy + f uy dx = f ul* dx < Cod"'™, (1-6)
2 Jrg =y Q Q

where Cy > 0 is some constant depending on p. Moreover, there is a constant C; > 0
depending only on p and Q such that

sup uy(x) < Cy.
Q
In the next theorem, we show that the L"-norm of the least energy solution u, is
bounded by 4"/ times some constant independent of d.

THEOREM 1.3. Let uy be the least energy solution of (1-1). Then

b(r)d"* < f uydx < B(rd"™ if 1 <r < oo, (1-7)
Q

b(r)d"™* < f uydx < B(d™'®  if0<r<1, (1-8)
Q
where b(r) and B(r) are positive constants such that b(r) < B(r) and are independent
of d.
We show the asymptotic behaviour in the next theorem.

THEOREM 1.4. Let Q C R" be a bounded domain of class C"'. Let uy be the least
energy solution of (1-1). If ug achieves a maximum at a point z; € Q, then for all d
sufficiently small, we have 7, € 0€).

The plan of the paper is as follows. In Section 2, we recollect known results that are
useful for our analysis. In Section 3, we study the regularity of the least energy solution
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of (1-1) and complete the proof of Theorem 1.2. In Section 4, we derive L"-estimates
for the least energy solutions of (1-1). Section 5 contains the proof of Theorem 1.4.
The proof of inequality (3-8) is a part of Appendix A.

2. Aucxiliary results

Let us recall some important results that are used in this paper.

THEOREM 2.1 (Fractional Sobolev embedding [12]). Let n > 2s and 2 = 2n/(n — 2s)
be the fractional critical exponent. Then, we have the following inclusions.

(1) For any function u € Co(R") and for q € [0,2; — 1],
Ju(x) — u(y)?

2
”u”LcH-l(Rn) < B(n’ S) 2 Jpo |X _ y|n+2s

dxdy

for some positive constant B. That means H*(R") is continuously embedded in
Lq+1(Rn).
(2) Let Q Cc R" be a bounded extension domain for H*(Q). Then, the space H*(Q) is
continuously embedded in L1 (Q) for any q € [0, 2; — 1], that is,
a1 ) < Bt 5, D)l

for some positive constant B. Further, the above embedding is compact for any
q<€1[0,2; - 1).

Let 7(Q) := R\ (R" \ Q)? be a cross-shaped set on a bounded domain Q c R”.
Define

H{, := {u : R" — R measurable : ||u||H.;2 < o0}, 2-1)

which is equipped with the norm

Ju(x) — u(y)l® 12
i, = (s + f WO~ WO geay)
T

@ |)C _ y|n+2s

REMARK 2.2. Here, H{, is a Hilbert space (see [14, Proposition 3.1]).

Let us define the following set:

L= {u : R" — R measurable : f (o)l

re 1+ |x]*+2s

The condition u € L; is useful to give a sense to the pointwise definition of fractional
Laplacians (1-2).

LEMMA 2.3 [10, Lemma 2.3]. Let Q C R" be a bounded set. Then, H}, C L;.

Next, we recall a few known results about the fractional Schrédinger equation (1-5).
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DEFINITION 2.4. A measurable function u : R — R is called a weak solution of
(1-5) if it satisfies the following equation:

Cns f (ux) — u@)WE) —y0e)
2 n Jpe |x y|n+25

f u(x)p(x) dx = f QO™ w0 (x) dx
for all ¥ € C(IJ(R”).
We define the corresponding energy functional F : H*(R") — R as follows:

2
n,s - 1
F(u):—— < f f W) U gy + f |- —— [ wrax @2
n n |.x y|n+2s n p+1 R

The weak solutions of (1-5) correspond to the critical points of F.

DEFINITION 2.5. A function u € L(R") N C***¢(R"), when 0 < s < % 2s+€e<1,or
ue CHBHF IR N LR, when L <s<1,2s+€e—1<1, is said to be a classical
solution of (1-5) if it satisfies (1-5) pointwise in R".

The next result gives us a positive, radially symmetric solution of (1-5), which
decays at infinity.

THEOREM 2.6 [20, Theorem 3.4]. Let u be the weak solution of (1-5). Then,
u € LYR") N C*(R") for some q € [2,00) and a € (0, 1). Moreover,

lim u(x) =0

|x|— 00

THEOREM 2.7 [20, Theorem 1.3]. Equation (1-5) has a weak solution in H*(R"),
which satisfies u > 0 a.e. in R*. Moreover, u is a classical solution, which satisfies
u>0inR"

The following theorem shows that the solutions of (1-5) have a power type of decay

at infinity.
THEOREM 2.8 [20, Theorem 1.5]. Let u be a positive classical solution of (1-5) such
that

hm u(x) =

Then, there exist constants 0 < C; < C, such that

<ulx) < SJorall x| > 1.

|x|n+23 |x|n+Zs

One can see that there exist some m > 0 and sy > 0 such that for f(u) = u” — u,

fO) - fw v —u’
u

V—u T oy—

<Clv+u" forall0<u<v<sy,
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where C > 0 is some constant. Also, it is simple to see that f : [0, c0) — R is locally
Lipschitz. Consequently, we have the following result on the radial symmetry and
monotonicity property of positive solutions of (1-5).

THEOREM 2.9 [21, Theorem 1.2]. Let u be a positive classical solution of (1-5) such
that

lim u(x) =

[x| =00
Further, assume that there exists

{25 n }
t > maxJ{—,
m m+?2

such that u satisfies u(x) = O(1/|x|") as |x| = oo. Then, u is radially symmetric and
strictly decreasing about some point in R".

REMARK 2.10. Since

C
|x|n+2s < ulx) < T for all |x[ > 1,

we can take t = n + 2s in the above theorem.

Now, [37, Proposition 4.1] ascertains that if # € R” is a weak solution of (1-5), then
u satisfies the following Pohozaev identity:

(n- zs)cns u(x) = u@y)P? nf 2 n f P+l _
P(u) := ———— fnf” =y ddy+2 ”u dx o+l nu =0.

Let us define

G :={ue IR\ {0} | P(u) = O}.

In [8], the authors have obtained a weak solution w € H*(R") of (1-5) with the least
energy among all other solutions. In particular, they have proved the following result.

THEOREM 2.11 [8, Theorem 1.2]. Equation (1-5) has a weak solution w € H*(R") such
that

0 < F(w) = inf F(u).
ueG

Combining Theorems 2.7, 2.8, 2.9 and 2.11, we have the following result.

THEOREM 2.12. Equation (I1-5) has a positive classical solution w € H*(R")

satisfying:
(a) w has a power type of decay at infinity, that is, there exist constants 0 < C; < C;
such that
2 .
P <w(x) < W SJorall |x| > 1;
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(b) wis radially symmetric, that is, w(x) = w(r) with r = |x|;
(c) foranynonnegative classical solutionu € H*(R") of (1-5), 0 < F(w) < F(u) holds
unless u = 0.

DEFINITION 2.13. We call w, given by Theorem 2.12, a ground state solution of (1-5).

3. Regularity and bounds for the least energy solution u,

Let s € (0,1) and Q c R” be a bounded domain of class C"'.

DEFINITION 3.1. A measurable function u : R” — R is said to be a weak solution of
(1-1) if it satisfies the following equation:

s [0 MM 0D
T(Q)

2 |x_y|n+2s
+ f U (x) dx = f P~ (e (x) dx (3-1)
Q Q

for all € Hy,.
We have the following result on the existence of a weak solution of (1-1).

THEOREM 3.2 ([4, Theorem 6.1], [7, Theorem 1.1]). There exists a nonnegative weak
solution uy of (1-1) with critical value c4, provided d is sufficiently small. Moreover,
ug satisfies

0 < Jy(ug) < Ca"™,
where the constant C is independent of d. Consequently, uy is nonconstant.
Define
M[v] :=supJy(tv), v e H,,.

>0

In the next lemma, we indicate a useful characterisation of the critical value c;. We
follow similar lines of proof to [35, Lemma 3.1].

LEMMA 3.3. The critical value cq is independent of the choice of u € H{, such that
u>0, uz0andJy(u) =0. Infact, c, is the least positive critical value of J,, which is
given by

cg =inf(M[v]|ve H,, v£0,v>0inQ)}. (3-2)
PROOF. Forv € H,, let
Q" ={xeQ|vx) >0}
Now, for all those v satisfying |Q*| > 0, define

ga(®) := Jy(tv) fort > 0.
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First, we show that g,(7) has a unique maximum. For this,

d n,s - 2
g =t Cn f v V(yz)l dxdy + f Vv dx] - f vl dy,
2 Jre b=yt Q Q

Therefore, g/,(19) = 0 for some 7y > 0 if and only if

dc,s - 2 _
Cn, f V() v(?l dxdy + f Vv dx = 1 ! fvp“ dx.
2 Jra b=yl Q Q

Note that the right-hand side is strictly increasing in #y. And hence there exists a unique
to > O such that g/,(t9) = 0. Since g4(¢) > 0 for # > 0 small and g4() — —co ast — +oo,
one easily find that g,(#) has a unique maximum.

Let us fix a function u # 0,u > 0 in H{, with J,(u) = 0. Let u, be a positive solution
of (1-1) obtained by applying the Mountain-Pass lemma and c; the corresponding
critical value. We have J,;(u;) = ¢4 and J;(ud) = 0. Since u; > 0 and J;(ud) =0,

Mlugq] = cq, (3-3)

and hence
cqg > inf{M[v]|ve H), v£0,v>0inQ}. (3-4)
In contrast, assume that strict inequality occurs in (3-4). Then,
Mlvo] < ca,

for some vo > 0, vo # 0 in Hy,. Therefore, there exists some #; > 0 such that ;v = ug
satisfies J4(up) = 0. Denote by U the subspace of H{, spanned by u and uo. Consider
the subset of U defined as follows:

Ut :={au+Buy | a, B> 0).

Suppose S is a circle on U of radius R so large that R > max{||u|, ||uo|]} and J; <0
on SN U*. Assume that y is the path made up of the line segment with endpoints
0 and Rug/||uol|, the circular arc S N U* and the line segment with endpoints Ru/||ul|
and u. One can easily see that, along vy, J; is positive only on the line segment joining
0 and uy. Hence,

max Jy;(v) = M[vo] < ¢y,
vey

which is a contradiction to (1-4). Thus, we have equality in (3-4), that is,
cq =inf{M[v]|veHy, v#0,v>0inQ}.

Note that J4(v) = Jy(—v) for any v € H{,. Since any nontrivial critical point of J; is
either positive or negative a.e. in Q, from the above discussion, one can see that ¢, is
the least positive critical value of J;. This completes the proof. ]

The following lemma gives us the regularity estimate. A similar result is already
proved in [10, Lemma 3.6] and [11, Remark 4.9].
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LEMMA 3.4. Let u € H}, be a weak solution of (1-1). Let u € L*(£), then u € L*(R").
Moreover:

(1) f0r0<s<l,ueCZ(Q)ifp>3—2sandu€CLP‘2+2S(Q)if2<p§3—2s;
2) for <s< 1, ueC*Q).

Now, we prove that the least energy solution u, is bounded by some constant
independent of d.

PROOF OF THEOREM 1.2. The proof of the first inequality of Theorem 1.2 is fairly
standard and simple, and can be seen in the literature; for instance, see [8, Theorem
1.1]. Since it is short, for the sake of completeness, we include it here. For this,

1[cnsd [tea(x) — ug(y)|? f f +
Ty(uy) = —[ : dx dy d |
a(w2) 2L 2 fT(Q) [x — yln+2s ") x

Since uy is a critical point of Jy,

J(ug) =0 onHp,.

This implies that
_ 2
s hMﬂ“MNd®+fww—f”“w (3-5)

2 Jre -yl

Hence, from the above equations,

1o .

Jatwa) = (5 - p+1)f9”5 dx (3-6)
_ (P B 1) p+1
S i Jota A

Now, by Theorem 3.2, we have J;(uy) < Cd"'*, where the constant C depends only
on p. Using this inequality in the above equation,

2p+1
f uZH dx < (p )Cd”/z‘
Q p-
Taking Cy = 2(p + 1)/(p — 1)C proves the first inequality of Theorem 1.2. The proof
of the second inequality of Theorem 1.2 is a little constructive. We claim that

sup uy(x) < Cy
Q

for some constant C; > 0 depending on p and Q only. Multiplying (1-1) by uff‘l and
integrating over €,

cud | (14(0) = g ()~ () = ”“md@+fﬁa=fﬁwuu
T(Q) Q Q

2 |.)C — y|n+2s
(3-7)
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Now, we use the following inequality. We give the proof of this inequality in the
Appendix. Let x,y > 0 be real numbers and k > 1, then

1 _ -
£ =2 < =0 -y, (3-8)
Consequently,
1 f () (x) = uly())* drdy < f (uta(x) = ug()) ™ (X) = u~ () dxdy
@ =y ) bx — yl+2s ’
(3-9)
From (3-7) and (3-9),
t ot 2
dcn,s f (ud(x) ud(‘)))) dx dy + f ujt dx < f p+2t— ldx. (3_10)
2t Jroy -y Q Q ta
Further, by the fractional Sobolev embedding (Theorem 2.1),
* 212 Cn,s |V()C) -V )|2
f |v|2 d7 s wazs dxdy + f v? dx (3-11)
oJo

where d € (0,dp) for some dy >0, A >0 some constant, v € H°(Q2) and 2} =
2n/(n — 2s). The embedding constant A depends only on n, s, dy and Q. To see
this, let us define

Y Yy
Qu = {y : i € Q} and w(y) := v(m) where y € Q.

_ 2
dff—lv(x) v();)l a’xdy+fv2dx
aJa -y Q
W5 = V()P X\
d ld 4 ( ) d /:|
dn/ZS jg;d ‘de |x -y |n+2r X ay +j§;dv dl/?s X
wx) —w()? f 2
—d dy’ + w(x’) dx’]
dn/2s|:f§;d Q |X _ |n+25 Y o,

A . 2/%;
> d”/25(f |W|25 x;)
Qq

:Ad(2/2§—1)n/2s(f|v|2; dx)
Q

Now,

2/2¢

Therefore, we observe that A is uniform for d € (0, dy).
It is easy to see that Q X Q c T(Q). Then, by virtue of (3-10) and (3-11),

AEA _
(f|ud|t2\.) < Efus+21 ldx. (3_12)
Q Q
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[13] Asymptotic behaviour of the least energy solutions 13

Now, we define two sequences {L;} and {M;} by the following recurrence relations:
p—1+2Ly=2;,
p—1+2Li, =2L;, j=0,12,... (3-13)
Moy =(ACy)*>"?,
My = ALMY*?, j=0,1,2,... (3-14)

We note that L; is explicitly given by

L ! 2y 2! 1 1 3-15
.= - — — + — . -
,(%_D«z)(s p-D+p-1) (3-15)
Since 1 < p <27 — 1, it follows that L; > 1 for all j > 0 and L; — oo as j — co. We
show that

f W g <M forall j 2 0, (3-16)

Q
and
M; < " (3-17)

for some constant m > 0. Then,

sup uq(x) < Cy,
Q

where C; > 0 depends only on Cy and Q. In fact, (3-15) and (3-16) give

L 2s\1/(25L;
”u||L2§Lj—1(Q) < (em ! ]am/ S) 1@k

_ em/Z}‘d(”’z“'V“LH
and hence letting j — oo,

.
llull= () < ™.

First, we verify (3-16). By virtue of (1-6) and (3-11),

* 2/% A Cn sd |ud(x) - Maz’oj)l2
|ud|2~“) < —( : f dxdy + f gl dx)
( L d\ 2 Jra Ix—ylt> o

A
<=C dn/2s
d 0

= ACod""™.

Hence, (3-16) holds for j = 0. Suppose that we have proved (3-16) for j > 0. Then, by
(3-12),
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14 S. Gandal and J. Tyagi [14]

LA oro1 B2
[ (2 [ g )
Q d Q

S (ALjd—ll‘ljdn/lV)T;/Z
— (ALJI%)Z:/Zdn/ZS

This implies that (3-16) is also true for j + 1. Therefore, it remains to show (3-17). Put

*

2:
A = E’ -log(AL;)) and 7n; = log(M)). (3-18)

Hence,
Nj+1 = Ev Mt A

The explicit value of L; is given by
L= -7 @2y @ -p-D+p-D. (3-19)

Now,

(@*%W%%—p—n+p—1ﬂ

y=20 [ 4
A ()

2% )
= =] loga2: - 2)) + log(@ 12/ @i - p - Dy + p- D],
Therefore, we can find some C* such that
4 <CG+ 1.

We now define a sequence {y;} by

*

2v e
Yo=mno and yj = S+ Ci+D (3-20)

forj > 1. Clearly, ; < ; for all j > 0. Moreover, since

*

2% \j
y; = (5) (o +2C725 (21 —2)™2) = 2C*(2F = 2)7'(j + 2:(2F - 2)),

in view of (3-19), there exists m > 0 such that y; < mL;_;. Hence, log(M;) < mL;_; and
we obtain (3-17). Observe that m depends only on 1, 2; and C*, whereas C* depends
only on 27, p and A. This completes the proof. ]

REMARK 3.5. Itis known thatif u € L(R") N C**¢(Q), when 0 < s < %, 2s+e<lor
u € L(R" N C'**1(Q), when 1 <5 < 1,25+ € — 1 < 1, one can compute (—A)*u(x)
pointwise for all x in Q. In fact, one can write

(=AY u(x) = cps PVf M dy

. |)C _ y|n+2s
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[15] Asymptotic behaviour of the least energy solutions 15

DEFINITION 3.6. We call u : R" — R a classical solution of (1-1) if it satisfies the

following:

(1) ue L(R")NCFQ), when0 < s < % 25+ €< lorue L(RY)NCH+1(Q),
when%§s< ,2s+e—-1<1;

(2) Nsu(x) =0, xeR"\ Q;

(3)  d(=A)'u(x) + u(x) = |u(x)|"~'u(x) pointwise for all x € Q.

We make similar remarks as in [6], which offers a relation between the weak and
classical solutions of (1-1).

REMARK 3.7. Let uy be the least energy solution of (1-1) in H{,. Then, by Lemma 2.3,
Theorem 1.2 and Lemma 3.4:

(1) forO<s< %, ug € L{(RMH N CZ(Q) 1fp >3 —-2sanduy; € L,(R") N Cl,p—2+2s(Q)
if2<p<3-2s;
(2) fori <s<1,uy€e LR NCHQ).

Now, using the nonlocal integration by parts formulae given in [14], one can easily
check that

d(=D) ug(x) + ug(x) = lua(0)P ™" g (x)

holds pointwise in Q. This implies that u, is a classical solution of (1-1). Conversely,
if uy is a classical solution of (1-1) satisfying us € H{,, then u, is a weak solution of

(1-1).

The following lemma shows that the maximum of the least energy solution is always
greater than unity.

LEMMA 3.8. Let uy be the least energy solution of (1-1). Let

M, = sup uy(x).

x€Q
Then, M, > 1.

PROOF. Since u, is a weak solution of (1-1),

Jons f (4a) = DOV =) fudw e fuﬁ?w 0
() Q Q

2 |)C _ y|n+2s

holds for all w € H{,. Taking w = 1 in the above equation,

f ug(x) dx = f ufl(x) dx.
Q Q
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16 S. Gandal and J. Tyagi [16]
This implies that
f ug(0)(1 = u?”™ (1)) dx =0.
Q

Now, if uy(x) < 1 for all x € Q, then

1 —uy(x)>0 forallxe Q.

Thus, from the above equation, we get that u;(x) = 1 a.e. in Q. Now, by Lemma 3.4,
we can assume that u, is continuous and hence u; = 1 in Q, which is a contradiction to
our assumption that u; is a nonconstant solution. Therefore, there exists xj in Q such
that u;(xp) > 1. Thus, M; > 1. O

4. L’ -estimates on u,

Here, we derive an L"-estimate for u,. The following results are generalisations of
[31, Proposition 2.2 and Lemma 2.3] to the nonlocal case.

PROPOSITION 4.1. For dy > 0 fixed, there is a constant Ky such that

Cn,s f (I/td()C) - ud()/))z
T(Q)

d
2 L — y[r+2s

dxdy + f u3 dx > Kod"'®, 4-1)
Q

where uy is the least energy solution of (1-1) with 0 < d < d.

PROOF. In contrast, suppose that there is a sequence {d;} contained in the interval
(0, dp) and a sequence of positive solutions {u;} to (1-1) with d = d; such that

L 1 Cn,s (”k(x) - Mk()’))z 2
gk = d"/zs(dTﬁ(Q)WdXdy-’- Qukdx)—>0 as k — oo.

We are going to follow the same arguments as used in the proof of Lemma 1.2 to prove
this proposition. Once again, define the sequences {L;} and {M;} as defined earlier in
(3-13) and (3-14), respectively. Instead of Cy, we write {; in the definition of {M}:

p—1+2Ly =2,
p-1+2L =2L;, j=0,1,2,...
and
Mo = (Ag)*",
M =(ALM)>"?, j=0,1,2,....

Further, define the sequences {4;}, {r7;} and {y;} as defined earlier in (3-18) and (3-20).
From (3-16),

L AL .
( f ui“L‘H dx) / < (M) V@) (4-2)
Q
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[17] Asymptotic behaviour of the least energy solutions 17

Since
log(M)) =n; <,
we have
log(M;) W
ZLi T 2L
Now,
o G +2072:2; =2 - 20725 = 2)7 [ + 2028 - 2)]
hm >L = hm o AN
= aglhy-1 Jme (2;12) [(EY)/(Z; -p-D+p- 1]

(25 =20 +2C72:(25 - 2)2)
- 252t -p-1) '

Letting j — oo in (4-2),
el < P, (4-3)

with a; and a, depending only on 2§, p and C*. Since

1o = log(Mo) = %bg(A{k),
as k — oo, 19 — —oo. Thus, in view of (4-3),
[lxll= @) = O,
which leads to a contradiction to Lemma 3.8. ]

PROOF OF THEOREM 1.3. First, we show the second part of (1-7).

Case I r > 27 = 2n/(n — 25). Let {L;} be the sequence defined in (3-13). If r € {2{L;},
then the second inequality of (1-7) follows from (3-16). So assume that 2{L; < r <
2¢L;., for some j > 0. We have

r=12;Lj+ (1 — 1)2;L;; for some ¢ € (0, 1).

Using the Holder inequality and (3-16),

2L +(1-1)2°L,
fu:idx: fud“ A2 g,
Q Q
t 1-t
2L 2L
S(fud‘ fdx)(fu‘; ’”dx)
Q Q

< ([Wj_ld"/ZS)f(A/den/Zs)l—z
— Aqt 1-t gn/2s
=M M;md"
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18 S. Gandal and J. Tyagi [18]

Case Il. 2 < r < 27. We write

r=2t+(1-12;,
for some ¢ € [0, 1]. Then, using the Holder inequality, from (1-6) and (3-16) with j = 0,

t . 1-¢
fu:idxs(fuﬁdx)(fud‘dx)
Q Q Q
< C(t)M(l—t)dn/Zs
—_ 0 b

where the constant Cj is independent of d.

Case IIl. 1 <r < p+ 1. Integrating both sides of (I-1) and using the condition

Nu(x) = 0 for x € CQ,
f ugdx = f ull dx. (4-4)
Q Q

1
p=t+(1-H(p+1) witht=—€(0,1).
p

It is easy to see that

Notice that p + 1 € (2, 2}). Therefore, using the Holder inequality and (4-4),

¢ RN
fugdxs(fuddx)(fuT dx) ,
Q Q
u

P e < Cod™™  (by (1-6)),

Q
p
u, dx < g

Q Q

where the constant Cy depends only upon p + 1.

Also, in view of (4-4) and (1-6), we observe that the second inequality of (1-7)
holds for r = 1. Now, repeating the interpolation between 1 and p + 1, we see that the
second inequality of (1-7) holds for all r > 1.

Case IV. Let 0 < r < 1. Taking F = u/;, G=1, p=1, g = 7= and using the Holder
inequality,

f uzdxs||F||p||G||q=|Q|1-r( f uddx) < 1QI'" By a1
Q Q

This proves the second inequality of (1-8).
Now, let us prove the first inequality of (1-7) and (1-8). In view of (3-5) and (4-1),

f uSH > Kod”/zx.
Q

sup uy(x) < C; for some constant C; > 0,
Q

Since
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[19] Asymptotic behaviour of the least energy solutions 19

we have

f @yl dx
Q

+1-
cy rfugdx.
Q

f wydx > KoC P~ d™, r < p+ 1.
o

Kodn/ZssfuZ+l
Q

IA

This implies that

Forr> p+ 1, we write p+ 1 =1+ (1 — f)r. Therefore,

Kod”/ZSSfuZJr1 dx
Q

— f”(11+(1_t)rdx
Q

< (ug dx)' (uy dx)'™"

< B>y (ul; dx)' ™.
This yields that

f x> (KoB(1) ™) /170" i
Q

5. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. Its proof is intricate and requires some
scaling and compactness arguments. We prove the statements of the theorem one by
one. Let z; € Q be a point of maximum of u;. We approximate u, around z; by a
scaled positive radial solution of (1-5). It gives us an upper bound on ¢4, which is
closely related to the location of point z,.

Step 1. We prove that there exists a positive constant K, such that

p(za,0Q) < K.d"*. (-1
If the inequality in (5-1) is not true, then there is a decreasing sequence d; | 0 such
that
Zjs 69
pj = % — 400 asj— oo, (5-2)

J

where z; := z4 is a point of maximum of u,, on Q. Define

¢;(y) = udj@djl/zs +z) foryeR"
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Since uy is a classical solution of (1-1),
(—AY¢j+ ¢ =} inBy, (5-3)
and:

(1) ¢ €C™**(B,),when0<s<3,25+€e<1;
(2) ¢ €C">(B,),wheni <s<1,2s+e-1<L

First, we claim that the sequence {¢;} contains a convergent subsequence. Let {Ry}
be a monotone increasing sequence of positive numbers with R, — +oo as k — oo.
Therefore, we have for each k, there is a number j; such that 4R; < p; whenever j > ji.
Since u;z € L(R") N Ly(R"), we have ¢; € L(R") N L,(R") for each j > 1. Now, we
can use [19, Theorem 1.4] to get the following estimates.

ForO<s<1,2s+e<l:

(i) letds+ e < 1,then

llgjll cosssecry < CUIBfIL=Rry + ||¢J[-) = Pjllcorsepye))s
(i) let1 <4s+ e <?2,then

lgllcrasset gy < CUIllL=@ny + ||¢5,1»7 = Pjllcorsepye))s
andfor i <s<1,2s+e-1<1:
(iii) letds+e€—1 <1, then

llgillcraserpye ) < ClljllLecm + ||¢’f7 = Billcraverpyg )3
@iv) letl <4s+e—1<2,then

il caaset(py ) < CUIBflILo@rny + ||¢5]1»7 = Pillcrzvei (g )

where the constant C > 0 is independent of j.
Let us recall the inequality (1-6) here:

_ 2
a2 @ﬁlﬁgl@@+f#azf@“qu?
2 Jr -y Q Q

where Cj is independent of d. This yields

f o < G,
j
B,,

il < Co  forallj> 1. (5-4)

and
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[21] Asymptotic behaviour of the least energy solutions 21
Also, by Theorem 1.3,
fgug < B(rd"* forallr> 1,
which implies that
j}; ¢; <B(r) forallj>1landrz> 1. (5-5)
0j

By Lemma 3.4 and Theorem 1.2,

luallz=@ny < Ci, (5-6)

where the constant C; is independent of the diffusion constant d. So, (5-5), (5-6) and
[19, Theorem 1.3] imply that

”¢j”Xx(§Rk) <Gy forallj 2> ji,

where the constant C, > 0 is independent of j and the space XS(ERk) is identified
with one of the spaces CO**¢(Bg ), C'**<"!(Bg,) or C>**<~!(Bg ) with the same
assumptions on s and € as above. Therefore, {¢;} is a relatively compact set in Xs(ERk),
and hence by the standard diagonal process, we can extract a convergent subsequence
of {¢;}, which we continue to denote by {¢;} itself such that

¢ —> v in C?o’f‘”e(R”) when0<s<1,2s+e<1
or

¢ —>v inC R whenl<s<2s+e-1<1

for some v. The limit v € CO¥*¢(R") N H*(R") when 0 <s < i,2s+e<1 or ve
ChZ+ e L(RM) N HA(R") when % <s<1,2s+e—-1<1 follows from (5-4). Conse-
quently,

lim v(x) = 0.

|x|— 00

Using [17, Theorem 1.1], we have (=A)*¢;(x) converges to (—A)*v(x) point-wise in R".
Consequently, we see that the limit v satisfies the equation

(=A)’v+v=v" inR"

Clearly, v > 0 because each ¢; > 0. Since by Lemma 3.8 we have ¢;(0) = u,(z;) > 1
for each j > 1, one can see that v # 0.

Using Theorem 2.9, one can see that v is radially symmetric and decreasing about
some point in R". Since

Vy(0) = lim Vg(0) = 0,
J—oo
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v is radially symmetric about the origin. Additionally, by Theorem 2.8, v has a power
type of decay at infinity, that is,

&)
pnt2s’

r>1.

v(r) <
Now we derive a lower bound on the critical value c4,. Let us define

0))
6R = Rn+2s’

(5-7)

where R > 0 is an arbitrarily large real number. Then, there exists a positive integer jr
such that if j > jg, then p; > 2R and

”¢] - V”cZ(EZR) < 6R‘ (5-8)

By Lemma 3.3,
cq; = Mlug] = Ja(ug).

Using this fact and (3-6),

1 1 p+1
== - d.
“d (2 p+ 1)f9udf o
> (l — ;)f uZ,_H dx
2 p+l b-zjl<dR "~

(1 1
:dr?/Zs(__ )f qﬁ’.’”dy.
J 2 P +1 IyI<R J

Now,

11
. :d."/ZS((- - —)f Pl g F) 5
Cq; = 4; 2 prily, v Y+ I (5-9)

T
Fio=(s-—— Pl _ P+1)d.
J (2 p+1)fBR(¢/ A

By Equation (5-8), we have for all y € Bg, j > jg,

where

+1 1
g7 = vl < Clgy = vI < b,

where C > 0 is some constant. This implies that

1 1
|Fj| < (5 - Im)C|BR|6R = C3R" g,
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[23] Asymptotic behaviour of the least energy solutions 23

where

1 1 \w
(e
’ 2 p+1

and w, denotes the surface area of the unit sphere in R”. Consequently, (5-9) becomes

11
> d"/zf[( —)f Pl dy — C3R'S ] 5-10
¢y 2 d; TS| 1% y — C3R"0r (5-10)

Now, it is easy to see that

1 1 )f p+1 1 1 +1
- — v dy=F(v)—(———) vPr dy,
(2 p+1/)Jg, 2 p+1) sk

where F(v) is defined earlier in (2-2). Simplifying the second term on right-hand side,

1 1 1 1 00 rrzflw
- Pl gy — (_ _ )f n_ 4
(2 P+ 1 )fy|>R v Y 2 p+ 1 R y(n+2s)(p+1) r

1 1 W 1 G
B (E Cp+ 1)(n +25)p + 25 Rn+29)p+2s — Rint25)p+2s”

Therefore, one can write

1 1 C
o P+l gy — s S ,
(2 p+ l)fgk Ay = FO) - pae (>-11)

On combining (5-7), (5-10) and (5-11), we get for j > jg,

C G,C
n/2s 4 hit
ca > dj (F(V) - R(n+25)p+2s - R2s )
C
dn/ZS(F( ) RZSS) (5_12)

where Cs is independent of j and R.

Now, we derive an upper bound on the critical value c,,. Without loss of generality,
we may assume that the domain Q is a subset of R} and 0 € 0. Given Definition 2.13,
let w be the ground state solution of (1-5). Define

Qdi {d1/2s |x Q}
X n
wa(x) := w(dl/zs ) for x e R".

Since w > 0, this implies that w,; > 0. Define

ga(t) = Jy(twg), t20.
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Then, by Lemma 3.3, there exists a unique #y = fp(d) > 0 at which g, attains a
maximum. It is easy to see that #o(d) — 1 as d | 0. Hence,

Mlwgq] = Jd(fowd)

p+1

£rde, - 2 t
_ _0[ Cn,s f [wa(x) Wd2()’)| dXdyJFthzz dx]— 0 fWZde
20 2 Jpgy =y Q p+1Ja

2

X y
= ﬁ[dcn,s f W(dl/Zs) B w(d1/2s)
T(Q)

of X
> Pz dxdy+jg;w (dms)dx]

tp+1 x
oy p+1( )d.
o o ()

The change of variables

X Y

4172 a, 412 b,

gives us

tz n,s - b 2 tp+l
Mlwg] = dn/ZA‘(_O[C_’ f w(@) — wib)I” W(2)| dadb + f W da] ~ 0 f wht! da)
21 2 Jpe, la—0bl"ts U pt1Jq,

— dn/ZSId

where I, is the expression

) — 2 — w(b)
[@ f —|w(a) w(f)l dadb + 2cy 4 f f —|w(a) w(2 ) dadb + f w? da]
2 Ja,Ja, la—bl"= ca.Ja, la—bI= oy

tp+1
-0 pr“da.
p+1 Q

Since

2
]
2

tod) > 1 asd] 0,

we get for I

I[cns - b 2 — b 2
-[C—" f @) = WO 4 ab + 2c,, f f (@) = WO 40 g + f wzda]
21 2 Jandpr la—blm2 “Jewn Jrn la = bmE R
1
- f wP da + o(1)
P +1 R
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as d | 0. Further, w being nonnegative and radially symmetric implies that

1 1
f w?da = —f w?da, f wP da = —f wP* da,
Ri 2 n K 2 R’l
Iw(a) — w(b)? 1 f f lw(a) — w(b)|?
—————dadb = - ——————dadb,
LQ R la — b|n+2s a 4 w Jpn la — b|n+2s a

— 2 _ 2
f [w(a) — w(b)| dadb = + f lw(a) — w(b)| dadb.
CRYL JR v Jpn

|a _ b|n+2s 4 |Cl _ b|n+25

Using these estimates,

1/1[cns lw(a) — w(b)|? f ) 1 f 1
I —(——’ W) = WOR gaap + d]—— P+d)+ 1
=331 f o la—ppe Jwrdaj= o ) v da)r o)

= %F(w) +0(1),

asd | 0. Thus,
n/2s

2

asd | 0. Using part (c) of Theorem 2.12, we have 0 < F(w) < F(v) for any nonnegative
nonzero classical solution v of (1-5) and by Lemma 3.3,

d
Mlw,] = dV*I, <

Fw) + o(1),

d'’*
ca, < Mlwy] < ’TF(v)

for d; sufficiently small. By letting R be sufficiently large in (5-12), we reach a
contradiction. This proves (5-1).

REMARK 5.1. In the classical case [35], the authors have defined diffeomorphisms,
which straighten a boundary portion near Q € 0€Q. Further, using scaling and trans-
lations of the least energy solutions uy; of (1-3), the classical problem (1-3) gets
transferred into a new elliptic equation. Due to the nonlocal nature of the fractional
Laplacian and of the boundary condition in our problem, it seems almost impossible
to introduce such scaling and translation arguments.

Step II. Now, we claim that z; € Q. Suppose that there is a decreasing sequence d; | 0
such that z,4, := z; € Q. We have from Lemma 1.4 that the sequence {z;} converges to
some z € 9Q. Without loss of generality, let us assume that z = 0. Define

T = Ug,(x) in R},
T ug o, —x,)  inR2,
where

X =20, %00), RE={(,x) [x, 20}, R ={(x',x,) | x, <0}.
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Also, define a scaled function

i) =U(yd > + ) fory e R". (5-13)

Now, for z; = (27, zjn), We can write z;, = a/jdj]/ * for some a; > 0. The sequence {qa;} is
bounded, which follows from Lemma 1.4. Let

_ p(z;,0Q)
pj = djl/Zs ’

where p(z;, Q) denotes the distance between z; and dQ. One can see easily that the
function y; satisfies the equation

(=8 + () = ¢ + d;h(y)  in By,

for some function £ of y. To see this, lety € B, so

(_A)Swj(y) = Cns PV M dx = Cn,s 1lmf M dx
CB(y)

R |y _ x|n+25 e—0 |y _ x|n+23
— 1/2 — 1/2.
' I/lj(ydj/ P+ 7)) - uj(xdj/ '+ 7))
= Cps lim s dx
0L Jes.(y) ly — x|
. God;"™ + z) = wd "™ + 7))
= Cns lim n+2s dx
=0 Jix,2-0)) N CB.(y) ly — I
. wd,™ +2) = w(xd "> + 7))
+ Cn,s hm s dx. (5- 14)
€20 Jix, <)} N CB.(y) ly — x|
Fory, > —aj,
(=AY’ ¥;(y)
. w(d}™ + ) — i + 7))
- Cn,s 111’1’1 n+2s A dx
€20 Jix,>—a;} N CB.(y) [y — x|
] uj(yaf;/zs +3) — uj(x’djl/zs + zj'., —(x, + ajcz’].l/zs))
+ cp s lim — X
€20 Jix,<-a;) N CB.(y) [y — x|+
. uiyd!"> + zj) — uj(xd!'* + z))
J J
= Cps lim —- dx
=0 Jix, -} N CB) ly — xfm+=
) uj(ydjl/zs +3) — uj(x’djl/zs + ZJ’., —(x, + a'jdjl/zs))
+ cp s lim —
€20 Jix,<-a;) N CB.(y) ly =
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dx

= Cp,s lim

e—0

f w(d}™ + ) = uwixd; "™ + 7))
CB.(y) |y _ x|n+2s

1/2. 1/2 1/2
i, + 2) = wi('d)"* + 2, ~(x, + a;d;"*)

+ cp s lim — dx
€20 Jix, <)) N CBL(y) [y — x|
1/2 1/2
; w(d}™ + ) = uixd; " + 7)) .
= Cns 1il(]) | _ |n+2s X
€20 JeB.(y) y —x
1/2. - 1/2
. wixd ™ + 2) = U(xd;"* + 7))
+ cp s lim —- dx.
€0 Jix, <)} N CB() [y — x|

Making the change of variables

ydjl/zs tz=a andxdjl/zs +z=b,
we get
, ) uj(b) = uj(b)
(=A)'¢;(y) = di(=A)’'uj(a) + djcy s lim L
j j i s 100 (5n <0} () CEre) la — b|r+2s
= di(=A)'uj(a) + d;h(a), (5-15)
where
_ 1/2s
1= ed;
and

ui(b) —u:(b
h(a) = ¢ lim (b) ~ u(b) ’i )
=0 Jip,<0) N CB, @) la — bI"*=

Note that a € Q.
Now, consider the case y, < —a;. Equation (5-14) becomes

Ny =6 + 1
where
I = f uj()"djl/zs +7, —(yna'jl/zY + ajdjl/%)) B uj(xdjl/zs +2) N
{xu=—a;) N CB.(y) ly — x|n+2s

and

uj(y’djl/zs +7, —(y,,d,.l/zs + ajdjl/zx)) - uj(x'djl/zs +2, —(x,,djl/zs + (xjdjl/zs))
L= ' dx
{xy<=a;} N CB(y)

|y — x|n+2s

(5-16)

Let us introduce some notation. We write x = (x', —x,,), x = (X’,%,) and X, = —x,, for
x = (¥,x,) € R",n > 1. Using these, let us compute
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) uj67d/.1/25 + 2}’.,?,,411.1/25 + Ejd/.lm) - ujOE'dj”zs +/z;,3c\,,dj”25 +Ejdj”25)
I, = Cn,s lim [ f - - - 2y dx|

0LIR 2N CBG [y =+
. I/le)ddjl/z‘Y + Zj) - Mj@d; 128 + Zj)

= ¢ lim [f — d)?]
0L Jg a1 ncE® [y =

125  — 125 , =

. wi(vd; "™ +7j) — ui(xd; " +7)

= ¢y lim [f 5 df]
=0LJg2a)ncs.6 [y =+

Now, we simplify /:

I} = ¢y lim

-0

1/2s 1/2s 1/2s 1/2s 1/2s 1/2s
[ f w7/ d)” + 5, ~d!” + i) — w0 d + 2~ + /)
{a2-a;) (1 CB(y) ly — xfr+2s

dx

s 2s 1/2s 1/2s
+f wWd"™ + 2, (5, d!® + ) - ui(xd > + z)
{x,2—a;)NCB.(y) ly — x|n+2x

[f Mj@djl/zx +E]) - L{j()?djl/z'Y +E])
Xn<a;} N CBO)

= Cpg lim x
550 [y —xn+2s
w G +3) -GG +3)
+ n+2s ﬁ]
{x,2—;}NCB() 67 - 35]

Using these estimates for /; and I in (5-16),

1/2s | —~ 1/2s | ~
MJGLij + Zj) - MJGCUJ + Zj)
&m%m=%myg —— %
_ wGd,* +7) x> +7)
+ cp s lim - dx.
0 Jix,2-0) N CB.G) [y — e

By the change of variables
WG = and Wl 47 =,
we get
(=A)'¢(y) = di(=A) u;(e)
ui(f) = ui(f)

+ djcp s lim . df, wheref, is the n th coordinate of f
=0 Jif<oincB e e = I
= di(~A)'tj(e) + dih(e). (5-17)
Note that e € Q. Further, fory € B,
1/2s .
— ; ud-(yd' + Z') lfyn > —aj,
0) =Td> g = {"0G T
¥ =ui(vd, ) ug 0 d + 2, —(d " + 0l ) if y, < 0.

We can write

1/2 1/2 1/2 _ —41/2 ~
O'd” + 2, ~Ond” + aid]’ ™)) =3d,17 + 7.
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Again re-naming the variables ydjl 1% 4 z; and ydjl 28 +7; by a and e, respectively,

udj(a) if Yn 2>
ug(e) ify, <-—aj.

i(y) = {

We know that u; satisfies (1-1) in the point-wise sense as well. Therefore, combining
above equation with (5-15), (5-17), we have for y € B,

(=) i() + i) = ¥;()” + d;h(y).

Now, arguing as in the proof of Step I with minor modifications, one can obtain a
convergent subsequence of {¢;}, which we denote again by {y;} such that ¢; — v in
C? (R™). Therefore, as d 10,

loc
(-A)’v+v=v" inR",

Since v € H*(R") and v is radially decreasing, v is spherically symmetric to y = 0.
Moreover, v has power-type decay at infinity, which follows from Theorem 2.8, that is,
%

>
pnt2s’ rzl,

v(r) <

for some constant C, > 0. Let us define dy as in (5-7), that is,

G
OR 1= Rn+2s

for R sufficiently large to be defined later. Then, there exists an integer jg such that for
JZJrs
I = Vloga < Ok (5-18)

We choose R sufficiently large that R > a; for all j, where the a; terms are the same as
defined earlier right after (5-13). We can choose such an R because {a;} is a bounded
sequence. The following lemma is very useful to prove our claim that z; € 9Q.

LEMMA 5.2 (see [35, Lemma 4.2]). Let f € C%(B,) be a radial function. Assume that
[ satisfies ['(0) = 0 and f”(r) <0 for 0 < r < t. Then, there exists an > 0 such that if
g € C%(B,) satisfies:

(1) Vg0)=0;
@ Nf = 8l <1
then Vg # 0 for x # 0.

Now, we use this lemma to show that i; has only one local maximum point in
Bp. For this, we choose two numbers &, (0 < k < [) such that v'/(r) <0 for 0 < r < k.
Further, we see that v'/(0) < 0 and v(k) < 1. Let us define

0 = min{V'(")| | k < r < I}.
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It is easy to observe that 6 > 0 because V' < 0 for r > 0. Then for 6z < 8, we have by
(5-18) that

0 <6 =05 <[VvWI = IVY;(y) = Vvl < [V ()l for k < [yl < 1.

Applying Lemma 5.2 in the ball By, we conclude that y = 0 is the only local maximum
point of i; in B;. If y; is a maximum point of i; in Bg, then by Lemma 3.8, we have
; 2 1. Choose R > 0 sufficiently large so that 6 < 1 — v(/). Therefore,

Yi(y) < v(y) + g <v(D) + g < L.

Hence, y; € B; and therefore y; = 0.

If a; > 0, then by the definition of u;, zj = (ZJ’., —ajdjl/ 2S) is also a maximum point
of uj. This implies that (0, —¢;) is another maximum point of y; in Bg, which is a
contradiction. This proves our claim and hence completes the proof of Theorem 1.4.

Appendix A

PROOF OF (3-8). For real numbers x,y > 0 and k > 1, we show that
1 _ _
PR SR SR Cau )

Clearly, the inequality holds when either x or y or both are zero or x = y. Thus, without
loss of generality, we may assume that x > y > 0. Now, our claim is reduced to showing

| Y 27

(1 -d"?* <k(1 —a)1 = a* ",

that is, to show that

where 0 < a := ¥ < 1. Consider
fla) == k(1 —a)(1 —a®*") — (1 - d*)?
> (1= d")k(1 —a) - (1 -d")
>1-dYd-a)k-A+a+ad*+---+d7")
> (1 -d"(1 -a)k-k) =0.

This proves the inequality. ]
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