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Abstract

We clarify and refine the definition of a reciprocal random field on an undirected graph,
with the reciprocal chain as a special case, by introducing four new properties: the factor-
izing, global, local, and pairwise reciprocal properties, in decreasing order of strength,
with respect to a set of nodes §. They reduce to the better-known Markov properties if
6 is the empty set, or, with the exception of the local property, if § is a complete set.
Conditions for each reciprocal property to imply the next stronger property are derived,
and it is shown that, conditionally on the values at a set of nodes J, all four properties
are preserved for the subgraph induced by the remaining nodes, with respect to the node
set § \ §o. We note that many of the above results are new even for reciprocal chains.
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1. Introduction

In this paper we are concerned with reciprocal random fields on undirected graphs. They
contain the reciprocal chains as a special case, but have up to now received comparably little
attention, and have suffered from a lingering ambiguity in their definition. We lay a solid
foundation for the study of reciprocal random fields on undirected graphs by defining four
properties, the factorizing, global, local, and pairwise reciprocal properties, in decreasing order
of strength, with respect to a set of nodes §. The relations of the reciprocal properties to each
other, and to the better-known Markov properties, are described in detail, as are the reciprocal
properties of a reciprocal random field conditioned on the values at a set of nodes &g. We first
provide some background.

Continuous-time reciprocal processes, also called Bernstein processes, were introduced in
[1] following an acclaimed paper by Schrodinger [24] on the relation between certain prob-
lems in classical and quantum dynamics. A rigorous definition of a reciprocal process was
provided in [11, 12], with proofs of their basic properties. According to this definition, a real-
valued process {X;; ¢ € [0, 1]} is reciprocal if P(X, € - | Xy, ..., Xy, X4, -+ -, Xpy)) =P(X, € - |
Xs,, Xp,) for all 0<s1 < - <sp<u<t,<---<t; <1. In particular, a Markov process
is always a reciprocal process, but a reciprocal process is not always Markov. Reciprocal
chains, i.e. discrete-time reciprocal processes, were introduced in [4] and studied in [17],
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among others. A random sequence {X;;r=1, ..., n}, n >3, is said to be a reciprocal chain
ifPXre- 1 X1, ..., X, X1, ..., X)) =PXre- | Xj, XD foral 0<j<k<I<n.

In much of the work on reciprocal processes, attention has been restricted to the station-
ary and/or Gaussian cases. In [2, 4, 11], characterizations of a stationary Gaussian reciprocal
process in terms of its autocovariance function were given, and [4] gave conditions for sta-
tionary Gaussian reciprocal processes to be Markov. Later work has to a large extent dealt
with the construction of representations of a reciprocal process by a second-order nearest-
neigbour model driven by a locally correlated noise process; see [3, 14, 17, 23, 29]. Such
representations are then used to construct smoothing algorithms for hidden reciprocal pro-
cesses. Examples of engineering applications of reciprocal chains include image simulation
[21] and track extraction [27].

It should also be noted that in [3, 27, 29] and other papers, a different definition of a recip-
rocal chain was used: a random sequence {X;;t=1, ..., n}, n > 3, was said to be a reciprocal
chain if P(Xy €| X1, ..., Xk—1, Xit1s -+ - » Xp) =P(Xg € - | Xp—1, Xpy1) for all O <k <n. It
was pointed out in [9] that if the latter definition is used, some of the properties that a recipro-
cal chain is known to satisfy need not hold; for example that, conditionally on X}, a reciprocal
chain is a Markov chain.

In the present paper we take a different approach to reciprocal chains, assuming neither
stationarity nor Gaussianity. Since any Markov chain is a reciprocal chain, and given the exis-
tence of a well-established theory for Markov random fields on undirected graphs, it is natural
to attempt to define in a proper way a class of reciprocal random fields on undirected graphs,
which should contain both Markov random fields and reciprocal chains as special cases. The
theory of Markov random fields on undirected graphs was developed in [7, 8, 22, 26], among
others, originally as an attempt to extend the Ising model for ferromagnetic materials to a wider
class of probabilistic models. Markov random fields have shown themselves useful in statistics
(e.g. graphical models) and in probabilistic expert systems; see [6, 15, 20, 30].

In the early literature, a random field {X;; e V} is typically said to satisfy the Markov
property if P({X;; 1€ T e - | {Xs;5¢ T} =P({Xy;t €T} e | {X5; s € Np}) forall T C V, where
Nr is the set of nodes not in T that are neighbors of T in the graph. This property holds e.g.
if the random field has a Gibbs distribution; see [13]. Later, it became standard to distinguish
between four different Markov properties for random fields: the factorizing, global, local, and
pairwise Markov properties, in order of decreasing strength. They are all satisfied if the random
field has a Gibbs distribution. The relations between these properties have been studied by
several authors [18, 25, 28]. As for reciprocal properties of random fields, an early attempt to
define such a property was the quasi-Markov, or L-Markov, property for random fields of the
type {X;; € Z¢}, defined and investigated in [4].

The main contribution of the present paper is to define four so-called reciprocal properties
for random fields on an undirected graph, all of them with respect to an arbitrary set of nodes
8 C V: the factorizing, global, local, and pairwise reciprocal properties, in order of decreasing
strength. We find that these properties reduce to the corresponding Markov properties when
8 =1; in fact, the factorizing, global, and pairwise reciprocal properties reduce to the corre-
sponding Markov properties whenever § is a complete set. Moreover, necessary and sufficient
conditions on the graph for the global and local properties to be equivalent, as well as for
the local and pairwise properties to be equivalent, and a sufficient condition for the pairwise
property to imply the factorizing property, are given.

We also consider the conditional distributions of a random field on an undirected graph
given the values at a subset of nodes §p C V, and show that, for the subgraph induced by
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V'\ &0, under such a conditioning, all reciprocal properties are preserved with respect to the set
of nodes § \ 8p. The converse statement is wrong: even if a random field does not satisfy any
reciprocal property with respect to §, the subgraph induced by V' \ §p may still, conditionally
on the values at §¢, satisfy any reciprocal property with respect to § \ &o.

Specializing to reciprocal chains, we show that a random sequence is a reciprocal
chain according to the definition in [4, 17] if and only if, when seen as a random field
on an undirected graph, it has the global reciprocal property with respect to the node set
8 ={0, n}. Similarly, it is a ‘reciprocal chain’ according to the definition in [3] if and only if
it has the (weaker) local reciprocal property with respect to §. More importantly, a random
sequence has the factorizing reciprocal property with respect to § if and only if the joint
distribution has a density fy with respect to a product of o-finite measures @ of the form
Jx(x) = ¢n(xo, xn) ]_[;;—01 ¢i(xi, xi+1) n-almost everywhere (a.e.) for some measurable func-
tions {¢;: Xjjir1y > Ry;i=0,1,...,n—1}, ¢,: Xo,n) = R4. The factorizing reciprocal
property does not hold for reciprocal chains in general, but it does hold if the density fy is
positive; a result which, to the best of our knowledge, is new.

The rest of the paper is organised as follows. Section 2 contains some preliminary material
on graphs, random fields, and conditional independence. In Section 3, definitions of the four
reciprocal properties of a random field are given, and several results concerning the relations
between these properties, and their relation to the Markov properties, are derived. In Section 4,
conditional distributions of reciprocal random fields given the values at a set of nodes &y are
considered. Lastly, in Section 5, the results obtained are applied to the special case of reciprocal
chains.

2. Preliminaries

This section contains some basic definitions and notation pertaining to undirected graphs
and random fields on graphs, and some basic results on conditional independence. For more
information, see [15].

2.1. Undirected graphs

Let G=(V, E) be a graph, where V is an ordered finite set of nodes, and E is a set of
edges. The edges are always assumed to be undirected. An undirected edge between two nodes
a, B €V is denoted by (a, B), or equivalently (B, ). G is called simple if there is at most one
edge between any pair of nodes, and if there are no edges of type (¢, o) for any o € V (these
are called loops). In this paper we only consider simple graphs.

A graph Ga = (A, E) is called a subgraph of G if ACV and E' C Ex = {{«, B) €E;
a, B € A}. The particular subgraph G4 = (A, E,) is called the subgraph induced by A. A graph
G is said to be complete it E = {{a, B);a # B, a, B € V}. Asubset A C V is said to be complete
if the induced subgraph G, is complete. The collection of complete subsets of V is denoted K.
A complete subset which is maximal with respect to set inclusion is called a clique.

For any «, B € V, a sequence {og, o1, ..., a,} of elements in V is called a path between
a and B of lengthn (n>1) if g = o, o, = B, and (@, oj+1) € Eforeachi=0,1,...,n—1.
o and B are said to be connected if either « = 8, or a # B and there exists a path between «
and B. Two subsets A, B C V are said to be connected if either ANB#@, or ANB=( and
there exists a path in G between A and B, by which we mean a path between a node « € A
and a node g € B. Clearly, connectedness is an equivalence relation on V. The subgraphs of G
induced by the corresponding equivalence classes are called the connected components of G.

https://doi.org/10.1017/jpr.2022.98 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2022.98

784 T. ERHARDSSON

For each triple (A, B, S) of disjoint subsets of V, S is said to separate A from B in G if there
is no path between A and B of length n =1, and, for each path {«g, ¢, ..., @,} between A
and B of length n > 2, thereisani e {1, ..., n — 1} such that o; € S.

For each « € V, the boundary of « is defined by bd(«) = {8 € V; («, B) € E}, and the closure
of « is defined by cl(«) = {«} U bd(x).

2.2. Random fields

By a random field on an undirected graph G = (V, E), we mean a collection {X;; ¢ € V} of
random variables defined on the same probability space and indexed by the node set V. For each
t € V, X; takes values in a measurable space (X;, %x,), which is assumed to be either (Rd R ),
i.e. R? equipped with its Borel o-algebra, or a finite or countably infinite set equipped with
its power o -algebra (= the collection of all its subsets). For each A C V, we denote by X, the
random variable {X;; t € A}, taking values in the product space X3 = -)54 AX;, equipped with the

1€

product o-algebra Zy,. The random variable Xy is denoted by X, the product space Xy by
X, and the o-algebra By, by B x. Also, for each x € X and each A C V, we denote by x4 the
projection of x onto Xjy.

We denote by A-) the probability distribution of a random variable. Throughout the
paper we assume that “AX) has a density fy with respect to a product measure @ =
ig(vu,- on (X, Bxr), where, for each i€V, u; is a o-finite (non-negative) measure on
(X, #x,). For each A C V, we denote by u4 the product measure pg = .Z(Au,- on (Xy, Bx,),

4
and by fx, the marginal density of Z(X,) with respect to 4, defined by fx,(x4) =
fXV\Afx(Xm xna) duwna(xva) for all x4 € Xy.

We use the fact that, for each A CB C V, if Ny € Zx, is such that us(Ns) =0, then also
uB(Na x Xp\a) =0, since pup\a is o-finite. Furthermore, for each BC V,

Sx,(xa) =0 = fxy(xa, xpa)=0 forallACB uB-a.e. 2.1)

To prove (2.1), define the sets {Ny € ZBx,;AC V}and {Nap € Bry; ACBCV}by Ny=
{xa € Xa;fx,(xa) =0} and Ny p = {xp € Xp; fx,(xa) =0} =Ny x XB\A- Then,

0< / Sxp(x) dup(xp) = / Sfx(xp, xv\B) duy\p(xw\B) dup(xp)
NA,BDNE NA,BQNE XV\B

= / Sx(o) dp(x)
Ny, VQNZ’,V

< Jx(x) dpa(x)

Na,y

= / Sx(a, xy\a) dpa(evya) dpea(xa)
Np J Xy

= / Jx,(xa) dpua(xa) =0 forall ACBCYV.
Na

In order for the first integral to be 0, it is necessary that ug(Na p N Ng) =0. Since V has
finitely many subsets, we obtain pg(Uscp (Na,8 NNE)) <D 4cp w(Na, N N5) =0 for all
BcCV.
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2.3. Conditional independence

For each pair (B, C) of disjoint subsets of V, there exists a regular conditional
distribution of Xp given Xc that has a density fx,x. with respect to wp. For each
xc € Xc such that fx.(xc) >0, fxzx-(-|xc) can be (and is in this paper) chosen as
fXngc(xB | xC) :fXBuC(xB* xc)/fxc(xc) for all xg € Xg. For all x¢c € X¢ such thathC(xc) =0,
Sxpixc (-] xc) can be chosen as an arbitrary fixed density. Using (2.1), this gives

Sxpoc @B, x0) = fxgixc B | xc)fxc(xc) MBUC-A.€. (2.2)

For each triple (A, B, C) of disjoint subsets of V, we say that X4 and Xp are conditionally
independent given Xc¢, denoted X4 L Xp | Xc, if there exists a version of fx, , . such that, for
each xc € X¢ such that fy.(xc) > 0,

fXauc(xa, x0)

SxXaopoc XA, XB, xc) = fxpoc(xB, xc)  for all (x4, xp) € Xaus. (2.3)

ch (XC)

Using (2.1), X4 L Xp | Xc implies that
fXAuguc(-an XB, -xC) ZfXA|Xc(-xA | xC)fXguc(-xBﬂ xC) MAUBUC-4A.C. (24)

Note that (2.4) remains valid if fx, . is replaced on the right-hand side by any ugyc-version

OffxBuc.
A sufficient condition for X4 L Xp | X¢ to hold is that there exists a version of fx, , . and

measurable functions 4 : Xyuc — Ry and k: Apyc — R such that

SXausocxa, xB, xc) = h(xa, xc)k(xg, xc)  for all (x4, xp, xc) € Xaupuc. (2.5)

To see this, note that the version of fx, , . given in (2.5) satisfies (2.3), since

fxcxe) = / h(xa, xc)dpa(xa) /X k(xp, xc) duup(xp) for all xc € A¢;
B

Xy
Sxaoc(xa, xc) = h(xa, x¢) /X k(xp, xc) diup(xp) for all (xa, xc) € Xauc:;
B
Sxpoc(xB, xc) = k(xp, x¢) /X h(xa, xc) dpa(xa) for all (x, x¢) € Xpuc.
A

3. Reciprocal properties for random fields

Definition 3.1. A random field X on an undirected graph G = (V, E) is said to satisfy the fac-
torizing reciprocal property with respect to § C V, abbreviated F[§], if A X) has a density fx
with respect to a product of o -finite measures u of the form

=] e pae. G.1)

CeK?

for some measurable functions {¢¢: Xc — R, ; C € K%}, where K? is the collection of subsets
of V defined as K¢ = {C c V;(C\ §) €K, (C\8§)U{a}eKforalla € CNS}.
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Example 3.1. Consider an undirected graph G = (V, E) for which the subgraph G4 induced by

A=1{1,2,3,4,5,6,7) C Vis
(1) (2)

If 6NA={1,2,6,7}, then the sets {1, 3,4, 6} and {2, 4, 5, 7} both belong to K, even
though neither of them belongs to K. However, the set {1, 2, 3, 4}, for example, does not belong
to K8, since the edge (2, 3) is not present.

Definition 3.2. A random field X on an undirected graph G = (V, E) is said to satisfy the global
reciprocal property with respect to 6 C V, abbreviated G[4], if, for each triple (A, B, S) of
disjoint subsets of V such that S separates A from BU (§ \ S), X4 L Xp | Xs.

Definition 3.3. A random field X on an undirected graph G =(V, E) is said to satisfy the
local reciprocal property with respect to 6 C V, abbreviated L[], if, for each o € V'\ §,

Xo L X \cl(@) | Xbd(a)-

Definition 3.4. A random field X on an undirected graph G = (V, E) is said to satisfy the pair-
wise reciprocal property with respect to § C V, abbreviated P[4], if, for each «, 8 € V such that
a#p,acV\§, and (a, B) ¢ E, Xy L Xp | Xv\(a,p)-

Remark 3.1. All four reciprocal properties reduce to the corresponding Markov properties in
the case when § = J; cf. the definitions in [15, Section 3.2].

Remark 3.2. It is easily seen that if § C §; C V, then F[6] = F[§1], G[§] = G[d1], L[5] =
L[61], and P[§] = P[61]. In particular, each of the four Markov properties implies the
corresponding reciprocal property with respect to any set § C V.

Theorem 3.1. Let X be a random field on an undirected graph G = (V, E), and let § C V. Then,
X satisfies F[8], G[8], L[8], or P[8] in G if and only if X satisfies the same property in the
undirected graph Gs = (V, E;), where E; =EU{{a, B);a #B, a, B €}

Proof. The claims for F[§] and L[§] follow from the easily checked facts that neither the
collection K? nor, for any o € V' \ 8, the set bd() depends on which edges in {(«, B); « #
B, «, B €4} belong to E. Similarly, the claim for P[§] follows since, for any «, 8 € V such that
a#Banda eV \GJ, (a, B) eE{;|r if and only if («, B) € E.

The claim for G[§] follows from the fact that, for any triple (A, B, S) of disjoint subsets of
V, S separates A from BU (8 \ S) in G if and only if S separates A from BU (8 \ S) in Gs. To
see this, we first observe that any path in G between A and BU (8 \ S) that does not intersect S
must also be such a path in Gs. Conversely, for n > 1, let {«g, o1, . . ., a,} be a path in G5 but
not in G between ag € A and o, € BU (8 \ S) that does not intersect S. Then, there must exist
O<k<nsuchthatay €5\ Sand «; ¢ § foreachi=1, ..., k— 1. Hence, {ag, o1, ..., ag} is
a path in G between A and § \ S that does not intersect S. (]

Theorem 3.2. For a random field X on an undirected graph G =(V,E), F[§]= G[§]=
L[6]= P[S].
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Proof. To prove F[8] = G[4§], let (A, B, S) be a triple of disjoint subsets of V such that §
separates A from B U (6 \ S). Note that we implicitly assume that A N § = ¢J. We also assume,
without loss of gengrality, that AUBUS =V, and that § C BUS. That this can be done is
seen as follows: let A C V' \ S be the set of nodes in V' \ § that are connected to A in gv\s By
constructlon AN (BU§)=0@,and S separates / A from BU (§\ S) in G. Define B=V \ (A us).
Then, AUBUS =V, and § separates A from B.

Let C € K%, and assume first that CN 8 =, so that C € K. Then, we must have either
C CAUS or C C BU S; both statements can hold only if C C S. Next, assume that C N § # .
By assumption, CN§ C BUS. If CN§ C S, then again we must have either CC AU S or C C
BUS, or both if C C S. On the other hand, if there is a node 8 € C N § such that 8 € B, then,
since (C \ §) U{B} € K, we must have C\ § C BU S, implying that C C BUS.

Define K ={C €K’ CCAUS} and K} ={CeK’ CCBUS}; if CCS, we arbitrarily
assign C to one of Ki or K%. By (3.1), the joint probability distribution function fy satisfies

K@= T[] ¢cxer= ] dcxe) [] ¢etxp)  n-ae.,

CeKd CEK,(Z c GK‘;

where the first product depends only on (x4, xs) € Xaus, and the second product depends only
on (xp, xs) € Apus. It follows from (2.5) that X4 L Xp | X5, which implies the claim.

To prove that G[§] = L[é], forany o € V\ § let A = {«}, B=V \ cl(®), and § = bd(x).

To prove that L[§] = P[§], forany «, 8 € Vsuchthata # 8, € V\§and (o, B) ¢ E, Xy L
Xv\cle) | Xbd(e)- Therefore, fx(x) = fx, [Xpd(e) (e bed(a))fXV\(a)(xV\{Ot}) u-a.e. Since («, B) ¢ E we
have B ¢ cl(«), so the first function in the product on the right-hand side depends only on
xy\() € Xv\(p), While the second function in the product depends only on xy\ (o} € XV (o). It
follows from (2.5) that X L Xg | X\ («, ) O

Theorem 3.3. For an undirected graph G = (V, E) and a set § C V, the following conditions
are equivalent:

(i) For any random field X on G, L[§] = G[§].

(ii) No subset C C V exists of either of the following two types: C = {uy, a2, B1, B2} C V' \ 6,
with induced subgraph Gc = (C, {{a1, a2), (B1, B2)}); or C={ay, ap, B} C V, where
{ay, ap} C V' \ 8 and B € 8, with induced subgraph Ge = (C, {{«1, a2)}).

Proof. To prove that (i) = (ii), assume, in order to derive a contradiction, that there exists
a subset C = {«1, a2, B1, B2} C V\ § with induced subgraph G = (C, {{a1, a2), (B1, B2)}).
Define a random field X on G by X4, =Xy, =X, =X, =Y, where Y is a non-degenerate
random variable, and X, = y for each v € V' \ C, where y € R is a constant. X trivially satisfies
L[$]. It is also clear that S =V \ C separates {1} from {81} U (6 \ S). However, since X,, and
Xg, are not conditionally independent given X, X does not satisfy G[§]. The case when C is
of the second type is handled similarly.

To prove that (ii) = (i), assume that the random field X on G satisfies L[5]. Let (A, B,
S) be a triple of disjoint subsets of V such that S separates A from BU (§ \ S). As in the
proof of Theorem 3.2, we assume without loss of generality that AUBUS =1V, and that
8 C BUS. By (ii), one of two (possibly overlapping) cases must hold: in the first case, no
nodes «p, oy € A exist such that («;, ap) € E; in the second case, BN § =, and no nodes
B1, B2 € Bexist such that (81, B2) € E. In the first case, we have bd(«) C S for each @ € A. Let
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A={a;;i=1,...,m}. Using L[§], we get
fX(x) ZfXal |de(al)(x0l1 | xbd(al))fXV\{al;(XV\{OH})

=fX”l |de(a|>(xot1 | xbd(al))fxaz \de(az)(-xaz | xbd(o@))fXV\(al'az)(xV\{Dtl,th})

m
== l_[fXa,- Xoaep Xai | Xoden) Wy (5v\a) — p-ae.

i=1

By (2.5), X4 L Xp | Xs. The second case is handled analogously, with the roles of A and B
interchanged. Hence, X satisfies G[4]. U

Example 3.2. Consider an undirected graph G = (V, E) for which the subgraph G¢ induced by

C=1{1,2,3,4)CVis
020,

If § N C =0, then the implication L[§] = G[§] does not hold in G. Suppose instead that the
subgraph Gp induced by D={1, 2,3} C Vis

ORO0N0O,

If 6 N D = {3}, then again the implication L[§] = G[§] does not hold in G.

Theorem 3.4. For an undirected graph G = (V, E) and a set § C V, the following conditions
are equivalent:

(i) For any random field X on G, P[8] = L[8].

(ii) No subset C C'V exists of the type C ={«, B1, B2} CV, where o € V' \ 8, with induced
subgraph Ge = (C, {(B1, B2)}) or Gc = (C, D).

Proof. To prove that (i) = (ii), assume that there exists a subset C = {«, 81, B2} C V, where
a € V\ §, with induced subgraph G = (C, {(B1, 82)}) or Gc = (C, ¥). Define a random field
X on G by X, = Xg, = X, =Y, where Y is a non-degenerate random variable, and X, = y for
eachv e V\ C, where y € R is a constant. X clearly satisfies P[§]. Since bd(r) C V' \ {B1, B2},
but X, and Xg, are not conditionally independent given Xpq(«), X does not satisfy L[5].

To prove that (ii) = (i), assume that the random field X on G satisfies P[§]. Let « € V' \ 8.
By (ii), V' \ cl(&) can contain at most one node. Assume that 8 € V' \ cl(«). Using P[§], we get
Jx(x) ZfXalxbd(a)(xﬂl |xbd(a))fxv\(a)(xv\{a}) pn-a.e. By (2.5), Xo L Xg | Xva(a)- Hence, X satisfies
L[§]. O

Example 3.3. Consider an undirected graph G = (V, E), for which the subgraph Gp induced
by D ={1, 2, 3} C V is either of

O-® © ORONO,

If {3} € V'\ 4, then the implication P[§] = P[§] does not hold in G.

Theorem 3.5. Let X be a random field on an undirected graph G = (V, E). Assume that X
satisfies the condition that, for any four disjoint subsets A, B, C, D CV such that either
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AUCONS=PBorBNs=40,
Xa 1l Xp|Xcop and Xc L Xp|Xaup = Xauc Ll Xpl|Xp. 3.2)

Then, G[8] < L[5] < P[3].

Proof. By Theorem 3.2, we need only prove that P[§] = G[d]. Let (A, B, S) be a triple of
disjoint subsets of V such that S separates A from B U (§ \ S). As in the proof of Theorem 3.2,
we assume without loss of generality that AUBU S =V, and that § C BU S. We also assume,
again without loss of generality, that both A and B are non-empty. The assertion is proved using
backwards induction in the number of nodes of S.

Assume first that |S| = |V| — 2, so that A and B each contain one node. Since A N § = @, P[§]
implies that X4 L Xp | Xs. Next, assume that the claim holds for |S| =n <|V| — 2, and consider
the case when |S| =n — 1. Since |S| < n, at least one of A or B contains more than one node. If
A contains more than one node, choose any a € A. By the induction assumption, both Xa\ (¢} L
Xp | Xsufey and X L Xp | Xsu\(«)) hold, so, by (3.2), X4 L Xp | Xs. If B contains more than
one node, choose any 8 € B. As before, both X4 1 Xp\(} | Xsu(s) and Xa L Xg | Xsu\ ()
hold, so again, by (3.2), X4 L Xp | Xs. O

Theorem 3.6. Let X be a random field on an undirected graph G = (V, E) such that “AX) has
a positive density fx with respect to a product of o-finite measures j1. Then, F[§] < G[§] <
L[] < P[]

Proof. By Theorem 3.2, we need only prove that P[§] = F[§]. In the Markov case,
Theorem 3.6 is known as the Clifford-Hammersley theorem, a version of which appears as [15,
Theorem 3.9]. We shall use the proof of the latter, with appropriate modifications. Fix x* € &,
and define, for all subsets C C V, Hc(x) = In fx(xc, xj\ o) and Yc(x) = 3 p ¢ (=D “WHA(x)
for all x € X. By definition, Hc and y¢ both depend on x through x¢ € X¢. By M6bius inver-
sion, cf. [15, Lemma A.2], In fx(x) = Hy(x) = )y ¥c(x) for all x € X', so we have proven
the claim if we can show that ¥ =0 whenever C ¢ K?; cf. Definition 3.1. If C ¢ K®, then
there exists « € C\ § and B € C such that « # 8 and («a, B) ¢ E. Let Co=C\ {«, B} and
D =V \ {«a, B}. Then, as in the proof of [15, Theorem 3.9],

Ye) =Y (=D (Hp(x) — Hpuja)(x) — Hpugp) (x) + Hpuga,p)(x))  forall xe X,
BCCy

s0, using property P[] and (2.3), we get

Jx ey Xp, XB, X\ )

Tx(G. Xp. XB., X\ )

Hpy(a,p)(x) — Hpuipy(x) =In

Sx (X, xB, XB\B)fX(x,Ba XB, XZ)\B)

n
Jx (g, x, X p)fx (xp, XB, Xpy\ )

Jx(as X8, Xp\ p)fx (X5, XB, Xy, )

n * * * *
Jx(xg. X, Xp\ p)fx (Xg, XB. Xp\ )

= Hpuja}(x) — Hp(x) forallxe X.
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Theorem 3.7. Let X be a random field on an undirected graph G = (V, E), and let § C V. Then,
X satisfies F[8], G[8], or P[8] if and only if X satisfies F[0], G[#], or P[#] in the undirected
graph Gs = (V, E{"), where Ej =EU {(«, B);a # B, a, B €8).

Proof. If X satisfies F[@], G[#], or P[#] in Gs, then, by Remark 3.2, X satisfies F[§], G[§],
or P[§] in Gs, and, by Theorem 3.1, X also satisfies F[§], G[8], or P[§] in G. It remains to prove
the reverse implications.

We first prove that F[§] in G = F[#] in G5. By Theorem 3.1, X satisfies F[8] in Gs. Since §
is a complete set in Gs, it is easy to see that K® is equal to the collection of complete sets in Gs.
Hence, X satisfies F[{] in Gs.

We then consider G[8] in G = G[@] in Gs. By Theorem 3.1, X satisfies G[5] in Gs. Let (A,
B, S) be a triple of disjoint subsets of V such that S separates A from B in Gs. As in the proof of
Theorem 3.2, we assume without loss of generality that AU BU S =V. Since § is a complete
set in Gs, either A N § = ¢, meaning that S separates A from BU (8 \ S) in G5, or BN§ =0,
meaning that S separates B from AU (8 \ S) in Gs. Either way, it follows that X4 1 Xp | Xs.
Hence, X satisfies G[@] in Gs.

Finally, we prove that P[§] in G = P[] in Gs5. By Theorem 3.1, X satisfies P[] in Gs. Since
8 is a complete set in Gy, for any «, B € V such that  # 8 and («, B) ¢ E;, at least one of o
or 8 belongs to V' \ 8. It follows that X, 1 X | Xy\(«, ). Hence, X satisfies P[#] in Gj. O

An immediate consequence of the preceding theorem is that if a random field X on an
undirected graph G = (V, E) satisfies F[8], G[8], or P[§], where § C V is a complete set, then X
also satisfies F[@], G[@], or P[@] in G. However, the corresponding statement for L[4] is false,
as the final example of this section shows.

Example 3.4. Consider G=(V,E), where V={0,1,2,3,4 and E={{i,i+1);i=
0,1,2,3} andlet Xo=X, X1 =X, X, =X+Y, X3=7, and X4 =X, where X and Y are two
independent random variables having the common distribution P(X =0)=PX =1)= % It
can be seen that this random field has the local reciprocal property with respect to § = {4}
(which is a complete subset of V), but not the local Markov property.

4. Conditioned reciprocal random fields

Let X be a random field on an undirected graph G = (V, E) such that ‘AX) has a density fx
with respect to a product of o-finite measures p. Recall that, for each d9 C V, there exists a
regular conditional distribution of Xy\s, given X, that has a density fx,, 50 1X5, with respect to
1w\s,- For all x5, € X5, such that fXaO (x50) > 0, fXV\so 1Xs, (+| x5,) can be chosen as

Sx(xv\s0» X5)

for all XV\&y € XV S0+ (4.1)
Sz, (i) Voo =A%

fXV\,gO |X50 (XV\S() | XS()) =

For all x5, € &, such that fi, (xs,) =0, fxys,1xs, (| Xs,) can be chosen as an arbitrary fixed
density.

Theorem 4.1. Let X be a random field on an undirected graph G = (V, E) such that “AX) has
a density fx with respect to a product of o-finite measures |1. Assume that X satisfies F[§],
G[$], L[], or P[8]. Then, for each §o C V and each x5, € X5, such thatfxao (x5,) > O, under the
conditional distribution of Xy\s, given Xs, = xs,, Xy\s, satisfies F[5 \ o], G[8 \ do], L[5 \ o],
or P[5\ 8], respectively.
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Proof. We first show that F[§] = F[6 \ do]. Since X satisfies F[§], fxy has the form (3.1).
Consider any function ¢¢: X¢c — Ry where C € K9, and fix x;’;o € X, such that fXao (x:';o) > 0.

Define ¢Z‘\80 : Xevs, — Ry by ¢>z\80(xc\50) = pc(xc\sp xzmo) for all xc\s, € Xc\s5. The
conditional density (4.1) satisfies

1_[ bc(xevsys Xens,)

Cek?

*
Sxvsg Xsy (V8 | X5,) =

f%( o)

e [ ¢t crs)  forall xpys, € Xy,
X50( 50) CeK®
and it is easy to see that {C \ 8p; C € K*} c K*\%,

To prove that G[§] = G[6 \ do], let (A, B, S) be a triple of disjoint subsets of V' \ &g such
that § separates A from BU((8\ 80) \ S)=BU (S \ (SUdp)) in Gy\s,. As in the proof of
Theorem 3.2, we assume without loss of generality that AUBUS =V \ §p, and that § \ §o C
B U S. This implies that S U 8 separates A from BU (§ \ (SU dp)) in G. By (2.4), a u-version
OffX is given by fx(x) :fXA|XSu80 (XA | XS, x50)fXBUSu80 (xB, XS, )C50) for all x e X. Using this -
version of fx, for each fixed xg‘o € X, such that fXao (xg‘o) > 0, the conditional density (4.1) can
be written, for all xy\s, € Xy\s, as

Bt (7 | ) = g (5t | 35, 6,7 5505
Xw\sq 1 Xsq XV \8o xS XalXsus, XA | XS, xS
\3p 1430 0 Udo 0 fXaO (xSO)

By (2.5), under the conditional distribution of Xy\s, given X5, = xj;O we have X4 | Xp | Xg
in Gy s,

To prove that L[] = L[ \ o], let « € V'\ (§ U 8p). Then, X, L Xv\ci(@) | Xodw) in G, s0 a
p-version of fx is given by fx(x) =fx,| Xod(e) (xq |xbd(oz))fXV\(a)(xV\{ot}) for all x € X. Using this
u-version of fy, for each fixed x}‘o € X, such that fX50 (x}‘o) > (, the conditional density (4.1)
can be written, for all xy\s, € Xy\s,, as

fXV\(a)(xV\({a}UBO), x§0)

Ixs, (X5,)

* *
Sxvs1Xs, G801 X50) =X Xbaie) Ko | Xod(@)\d0» Xba(e)nso

By (2.5), under the conditional distribution of Xy\s5, given Xs, :xj;O we have X, L
Xw\(cl@)Uso) | Xbd@)\so 1N Gy -

To show that P[8] = P[5\ dpl, let « € V\(§UGSp) and B €V \ 5y be such that o #
and (o, B) ¢ E. Then, Xy 1 Xg | Xy\(¢,5) In G, so a pu-version of fy is given by fx(x)=
onc|XV\[m,ﬁ)(xa | xV\{a,ﬂ})fXV\(a](xV\{a}) for all x € X. Using this u-version of fy, for each fixed
ijs‘O € X, such that szo (xf;o) > 0, the conditional density (4.1) can be written, for all xy\s, €

V\&g» aS

Txv\ oy V() Uso)» X5,)

fX80 ('xg())

N *
Fxvso X5, V80 | X50) =X X070y K [ XV (e, 8)U80)» X5

By (2.5), under the conditional distribution of Xy\s, given Xs, :xj{0 we have X, 1 Xg |
Xv\({a.)Uso) 1 GV\6- O
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The next example shows that the converse of Theorem 4.1 is false, in the sense that even if a
random field X on an undirected graph G = (V, E) does not satisfy P[§], the subgraph induced
by V' \ o may still satisfy F[§ \ o] conditionally on Xj,.

Example 4.1. Consider the undirected graph G =(V,E) where V={0,1,2, 3,4} and
E={(,i+1);,i=0,1,2,3}. Let §=680=1{0,4}, and let Xo=Y, X =Y+ U, X,=7,
X3=Y+V,and X4 =Z, where Y, Z, U, and V are independent random variables having the
common distribution P(Y =0)=P(Y =1)= % Clearly, X does not satisfy P[4], since Xy and
X are not conditionally independent given Xy 0,2;. However, conditionally on Xj, = (xg, xj)
for any fixed (x(”;, xj) € {0, 1}2, X1 and X3 are conditionally independent given X,. For
any fixed (x5, x}) € {0, 1)2, writing f*(x1, X2, X3) = fx, X.X3|Xo.X; (X1, X2, X3 | x5, x3) for all
(x1, X2, x3) € {0, 1}3, we see that, by (2.4), f* has the factorization f*(x, x2, x3) =f;§l |X2(x1 |
x2)f§2,x3 (x3, x3) for all (x1, x3, x3) € {0, 1}3. Hence, conditionally on Xs,, Xy\s, satisfies F[#].
Theorem 4.2. Let X and Y be random fields on an undirected graph G such that AX) and
SAY) have densities fx and fy with respect to a product of o -finite measures 1. Let Sy C V.
Assume that, for each x € X such thatfyao (xs5) > 0, fXaO (x5,) > 0 and
Txew\sg, Xs0)  fr(xvysgs Xsy)
Fisy ) Frsy Cxdo)

If X satisfies F[8], G[8], L[S], or P[8], then Y satisfies F[5 U o], G[6 U ¢, L[S U o], or
P[5 U o). If, in addition, the function ¢s,: X5, — Ry defined by

Fisy ) fisy (a0) iF fry () > 0,

¢50 (-xﬁo) = .
if fy;, (xs)) =0
has the form
B (5) = [ | weliensy) — msp-ae. (4.2)
CeK?
for some measurable functions {Yc: Xcns, — Ry; C e K8}, then Y satisfies F[8], G[8], L[5],

or P[§].
Proof. By assumption, and using (2.2), we have
fY(-x) szV\50 ‘Y‘SO (xV\(S() | X8 )fY60 (xﬁo)

ZfXV\,go |X,§O (-xV\S() | x50)fY30 (xﬁo) ZfX(x)¢80 (x50) M-a.e. (43)

We first assume that X satisfies F[8]. Since fx has the form (3.1), we conclude that fy has
the form (3.1) with § replaced by & U 8¢, implying that Y satisfies F[§ U 8¢]. If ¢b5, has the form
(4.2), then fy has the form (3.1), implying that Y satisfies F[§].

Assuming next that X satisfies G[§], let (A, B, S) be a triple of disjoint subsets of V such
that S separates A from B U ((§ U §p) \ S). As in the proof of Theorem 3.2, we assume without
loss of generality that AUB U S =V, and that § U 69 C BU S. From (4.3) and (2.4),

Sr(0) =fxxs(a | X5)fxps (B, X5)@50(X5,) pn-a.e. (4.4)

Since § U§y C BU S, it follows from (2.5) that Y4 L Yp | Ys, implying that Y satisfies
G[8 U do]. If ¢s, has the form (4.2), then we let (A, B, S) be disjoint subsets of V' such that
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S separates A from BU (3 \ S), and assume that AUBU S =1V, and that § C BU S. It can be
shown, as in the proof of Theorem 3.2, that, for each C € K9, either CEAUS or C€BUS.
Therefore, it follows from (4.4) and (2.5) that Y4 L Yp | Ys, implying that Y satisfies G[4].

We then assume that X satisfies L[§]. For each o € V' \ (6 U §p), replace A, B, and S in (4.4)
by {a}, V'\ cl(@), and bd(«), respectively, and conclude that Y satisfies L[§ U §g]. If ¢, has the
form (4.2), then, for each o € V'\ §, replace A, B, and S in (4.4) by {«}, V \ cl(«), and bd(w),
and conclude that Y satisfies L[d].

Finally, we assume that X satisfies P[§]. For each « € V\ (§ Udp) and B € V such that
(a, B) ¢ E, replace A, B, and S in (4.4) by {«}, {8}, and V \ {, B}, and conclude that Y satis-
fies P[8 U 8g]. If ¢5, has the form (4.2), then, foreach @ € V' \ § and 8 € V such that (o, 8) ¢ E,
replace A, B, and S in (4.4) by {«}, {8}, and V' \ {«, B}, and conclude that Y satisfies P[§]. O

Remark 4.1. (Schrodinger problems.) As an application of Theorem 4.2, we mention
Schrodinger problems for random fields on undirected graphs; for more details, see [5], [10,
Section 1.3], or [16, Section 3]. Let X be a random field on an undirected graph G = (V, E),
and let my = AX). my is assumed to have a density fy with respect to a product of o-finite
measures . For each A C V, define Py as the set of all probability distributions on (Xy, Zx,),
and let P =Py. Let 5o C V, and let 77:;)0 be a fixed convex subset of Ps,. Denote by D(- || -) the
relative entropy, also known as the Kullback-Leibler divergence. By the static and dynamic
Schrodinger problems, we mean the following optimization problems:

Sstat:  Minimize D(rs, ||, ) over all s, € Ps, -
Sdayn: Minimize D(rry||x) over all 7y € P such that Y5 € 73;0.

By the strict convexity of the relative entropy, both solutions are unique if they exist. If
the solution 75, to Sy exists, it follows from the definition of relative entropy that 75, must
have a density f, with respect to us,, which can be chosen so that i, (xs,) = 0= f3,(xs)) = 0.
Moreover, from the chain rule of relative entropy, see [10, Section 1.3], a solution 7y t0 Sgyn
exists that has a density fy with respect to . fy can be chosen so that fy50 = f5,, and so that, for
each x € X' such that fy80 (x50) > 0,

Txewsg, Xs0)  fr(xvysgs Xs))

fX,sO (xﬁ()) N fY(sO (X(So)

5. Reciprocal chains

In this section we apply the results of the previous sections to discrete-time reciprocal
processes, better known as reciprocal chains.

Definition 5.1. A sequence of random variables {X;; =0, 1, ..., n}, where n > 2, is called a
reciprocal chain if

Xp LiX1, o X X X 11X X)) forall0<j<k<Il<n  (5.0)

As before, we assume that AX) has a density fy with respect to a product of o-
finite measures . We observe that any random sequence X ={X;;t=0, 1, ..., n} can be
seen as a random field on the undirected graph G = (V, E), where V={0,1,...,n} and
E={{i,i+1);i=0,1,...,n—1}. We identify X with this random field, since there is no
risk of confusion.
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Theorem 5.1. A random sequence X ={X;;t=0, 1, ..., n} is a reciprochal chain if and only
if it satisfies G[8] with respect to § = {0, n}.

Proof. Assume that X satisfies G[6] with respect to §={0,n}. For each fixed
O0<j<k<l<n, let A={k}, S={j,l}, and B={0,1,...,j—1}U{l+1,...,n}. Then,
S separates A from BU (§ \ §), so by property G[4], X satisfies (5.1).

Assume instead that X satisfies (5.1). Let (A, B, S) be a triple of disjoint subsets of
V={0,1,...,n} such that § separates A from BU (§ \ S). As in the proof of Theorem 3.2,
we assume without loss of generality that AUBU S =V, and that § C BU S. We also assume
without loss of generality that A # (. It must then hold that A = U | A;, where m is a positive
integer, and A; = {{;, £; + 1,...,u;} fori=1, ..., m, where {({;, u;);i=1, ..., m} are pairs
of integers such that 0 < 41 <uj <l — 1 <y <up <lz—1<--- <ty <uy, <n. Note also
that, foreachi=1,...,m, {¢; — 1, u; + 1} C S. Applying (5.1) and (2.4) to fx for each k € A}
in increasing order, we get

fX(x) =fX[1 |Xgl,1,X[l+1 (xel Ixelfl P x@1+1)
X fX0ee X o1 Xy 10 Xn KOs o3 XO =15 X 415 - -5 Xn)

ZfXgl |X5171,Xgl+1(xl1 |x21—la x@1+l)fX@l+1|Xg1,1,Xgl+2(x@1+1 | Xe1—1, x€1+2)

X fXoeeesXey 1. Xy 4200 X (KOs o o5 X0 =15 X0y 425 -+« 5 Xn)
ur—£;
= 1_[ erl+r|Xg1,1,Xgl+r+1(-xﬁl-i-r |xl1—ls xl1+r+1)
r=0
XfX() ,,,,, Xllfl’XulJrl ,,,,, X,,(x07 MR xﬂl—lv xu1+17 L] xn) I"L_a'e'

Proceeding in the same fashion for each k € A \ A; in increasing order, we end up with
m uj—4;
fX(x) = l_[ l_[ fX@i+r|Xgi,1 Xejr+1 (x€i+r | Xei—15 X0i+r+1 )fXV\A (xV\A) Mu-a.e.
i=1 r=0
The expression on the right-hand side is a product of two functions, the first of which
depends only on X4us, while the second depends only on Xpus. By (2.5), this implies that
X4 1 Xp | X5, so X satisfies G[4]. O

Theorem 5.2. A random sequence X = {X;;t=0, 1, ..., n} satisfies F[§] with respect to § =
{0, n} if and only if fx has the form fx(x) = ¢n(x0, Xn) ]_[?:_01 ¢i(xi, Xi+1) (-a.e. for some mea-
surable functions {¢;: X iv1y =~ Ry;i=0,1,...,n—1}, ¢,: Xjo,ny = Ry. In particular, if
X is a reciprocal chain and fx is positive, then X satisfies F[3].

Proof. The first claim follows from Definition 3.1, and the second follows from
Theorems 5.1 and 3.6. (]

Example 5.1. Let X={X;;r=0,1,...,n} be a random sequence with a centered, non-
singular Gaussian distribution. Then, by Theorem 5.2, X satisfies F[4] with respect to
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8 = {0, n} if and only if the inverse covariance matrix C~! has a cyclic tridiagonal structure,
meaning that all its elements are O except possibly {Cifjl; li—jl <1} and C; rll = Crz(l). This
result was previously obtained in [17, Theorem 3.2] by a completely different argument.

In the general case, a reciprocal chain need not satisfy F[§] with respect to § = {0, n}, as the
following two examples show.

Example 5.2. Let X = {X, X{, X2} be a random sequence, where each of the random vari-
ables {Xp, X1, X»} takes values in Xy = {0, 1} with a probability mass function fx(xg, x1, x2) =
P( ﬂl-z:O{X,- =x,-}) for all x € {0, 1}3 such that fx(0, 0, 0) =0, fx(0, 0, 1) > 0, fx(0, 1, 0) > 0,
and fx(1,0, 0) > 0. Define V={0, 1,2} and § ={0, 2}. X is (trivially) a reciprocal chain.
Assume that X satisfies F[§]. Then, we must have fx(x) = ¢o(xo, X1)¢1(x1, X2)P2(x0, x2) for
all (xg, x1, x2) € {0, 1}3 for some functions {¢;: {0, 1}2 — Ry;i=0, 1, 2}. However, the con-
dition fx(0, 0, 0) =0 implies that at least one of the factors ¢o(0, 0), ¢1(0, 0), and ¢>(0, 0)
must be 0, while the conditions fx(0, 0, 1) > 0, fx(0, 1, 0) > 0, and fx(1, 0, 0) > 0 imply that
¢0(0, 0), ¢1(0, 0), and ¢>(0, 0) must all be positive, which is a contradiction.

Example 5.3. Let X = {Xo, X1, X>, X3} be a random sequence, where each of the
random variables {Xp, X1, X2, X3} takes values in &Xjp=1{0,1}, with a probabil-
ity mass function fx(xg,x1,x2,x3)= P( ﬂ?zO{Xi =xi}) for all xe{0,1}* defined by
fx(0,0,0,0)=fx(1,0,0,0)=fx(1,1,0,0) = fx(1, 1, 1, 0) = fx(0, 0, 0, 1) =fx(0, 0, 1, 1) =
fx©O, 1,1, D=f((1,1,1,1)= %. Define V=1{0, 1, 2, 3} and § = {0, 3}. X can be considered
as a random field on G = (V, E), where E = {(0, 1), (1, 2), (2, 3)}, but also as a random
field on Gs = (V, Ey ), where Ef = {(0, 1), (1, 2), (2, 3), (0, 3)}. It was shown in [19] that X
satisfies G[@], but not F[{], in Gs. Therefore, by Theorem 3.7, X satisfies G[5], but not F[§],

inG.
Remark 5.1. As mentioned in Section 1, in a number of papers, starting with [3], a different
definition of a reciprocal chain was used: a sequence of random variables {X;; t =0, 1, ..., n},

where n > 2, is said to be a reciprocal chain if
X L{X1, ..., Xk—2, Xk42, - - o X} | {Xh—1, Xi+1} forall 0 <k <n.

It follows from Definition 3.3 that X = {X;;r =0, 1, . . ., n} satisfies this different definition
if and only if it satisfies the local reciprocal property L[§] with respect to § = {0, n}. We propose
to call such a process a local reciprocal chain.

Remark 5.2. (Markov chains.) Let X = {X;;t =0, 1, ..., n} be a random sequence such that
AX) has a density fx with respect to a product of o-finite measures u. X is called a Markov
chain if Xj | {Xo, ..., Xk—2} | Xx—1 for all 0 < k < n. It is well known that fx has the factoriza-
tion fx (x) = fx, (xo0) ]_[?;01 Sxi1x; (i1 | x;) p-a.e. From this and Theorem 3.2, it follows that X
is a Markov chain if and only if X has the factorizing Markov property, F[#]. As we have seen,
this is not true for reciprocal chains in general.

Remark 5.3. Let X ={X;;t=0, 1, ..., n}, where n > 2, be a reciprocal chain, i.e. a random
sequence satisfying G[8], where § = {0, n}, and let §o = {n}. By Theorem 4.1, under the condi-
tional distribution of Xy () given X,, = x,, for any x,, € X}, such that fx, (x,) > 0, Xy\ () satisfies
GI[{0}]. Moreover, by Theorem 3.7 we have G[{0}] = G[?], so, conditionally on X, = x, for
any x, € &, such that fx, (x,) > 0, Xy\ () is a Markov chain. In contrast, if X satisfies only L[],
then, conditional on X, = x,, where x,, € X}, is such that fx, (x,) > 0, Xy\ () need not satisfy
L[@]; cf. Example 3.4.
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