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Abstract
A partition calculation method (PCM) for calculating the diffraction efficiency of multilayer
Fresnel zone plate with high aspect ratio is proposed. In contrast to the traditional theory, PCM
designs and evaluates Fresnel zone plate (FZP) considering material pairs, all zone widths,
thicknesses and X-ray energy more completely. The results obtained through PCM are vali-
dated by comparing themwith the complex amplitude superposition theory and coupled wave
theory numerical results.The PCM satisfies the requirements of the theoretical investigation of
FZP with small outermost zone width (drN) and large thickness (t). Combining proper numer-
ical analysis with the experimental conditions will present a great potential to break through
the imaging performance of X-ray microscopy.

Introduction

X-ray microscopy is a powerful technique to observe the internal structure of an object nonde-
structively with the spatial resolution in submicron or nanoscale, which has beenwidely applied
in industrial and scientific research fields (Refs 1–4). Fresnel zone plate (FZP) is a typically uti-
lized diffractive optics to realize the high resolution in X-ray microscopy (Refs 5–8). It consists
of a set of coaxial rings with radially decreasing zonewidths from inner to outside depending on
the zone plate law.The concentric rings or the zones are generallymade up of two types ofmate-
rials that are alternating opaque and transparent for the incidentX-ray.Thediffraction efficiency
(DE) is a function of the complex refractive index of thematerial pair, thickness t, the outermost
zone width drN and so on, which are key structure parameters for FZP (Refs 6, 8–10). With the
demanding of nanotechnology, FZP with small drN and high t is urgently required to obtain
high resolution andDE of X-ray microscopy, especially for hard X-ray. While, the conventional
e-beam lithography fabrication technique of X-ray FZP seems to be an immense challenge for
achieving a small drN and larger t (Refs 11, 12). The FZP t could only restricted to 750–900 nm
as the drN is 30–40 nm (Refs 13–17). In recent years, multilayer Fresnel zone plate (ML-FZP)
has been proposed and shows an attractive prospect for preparation of FZPs with high aspect
ratios. It comes from the sputter-sliced idea (Refs 18–21), coating alternative layers of suitable
materials with precise zone width on a cylindrical substrate and then slicing an FZP with any
desired high t from the deposited substrate. Several ML-FZPs fabricated by atomic layer depo-
sition (ALD) and focused ion beam (FIB) have been reported. Al2O3/HfO2 ML-FZP with drN
25 nm is fabricated through ALD and FIB slicing, the aspect ratio of which comes up to 500
with 12.6 μm thickness (Ref 21). Besides that, the aspect ratio of Al2O3/Ta2O5 ML-FZPs fabri-
cated via ALD and FIB used at hard X-ray achieves 169 with drn 35 nm and thickness 5.9 μm
(Refs 7, 19).

Typical numerical analytical methods for calculating FZP include finite-difference time
domain (FDTD) (Refs 22–24), complex amplitude superposition theory (CAST) (Refs 25, 26)
and coupled wave theory (CWT) (Refs 27–30). FDTD is a method that could obtain the global
light intensity distribution; however, it is impractical to analyse the X-ray FZP due to its huge
amount of computation and the dependence on computing equipment (Refs 26, 31, 32). CAST
is a classical method provided by Kirz and has been widely used to calculate FZP DE (Refs
25, 33). Within the framework of CAST, FZP DE were usually calculated by the thin-grating
approximation, and under the assumption of the outermost zone width is sufficiently large or
the FZP thickness t is small to neglect dynamical diffraction effect which leads to the decrease
of diffraction light intensity and diffraction, owing to the energy loss between wave vectors in
different directionswhenX-rays pass through a gratingwith a smaller size (Refs 9, 25, 34), which
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is not suitable for ML-FZP with large thickness. CWT is an elec-
tromagnetic vector diffraction theory that preferred the energy
exchanges betweenmaterials and photons through wave equations
(Refs 27, 35). Traditionally, CWT is used to describe the coupling
relationship between incident and diffracted lights through a peri-
odic grating (Refs 27, 28). While, FZP is a non-periodic structure
radially with the zone width decreasing gradually from inner to
outside. It is assumed that these adjacent zones with slow changes
of width are local periodic grating and then the DE of FZP has
been estimated through CWT (Refs 29, 30). Whereas, the CWT
DE calculations were just done for the outermost period drN locally
(Ref 35), which is particularly inappropriate to representDE of the
whole FZP. This is owing to the zone widths in the FZP central
region are apparently larger than the outside region and that will
play a leading role in the focused energy. It is inaccurate to cal-
culate the whole FZP DE simply using the outermost period drN
locally.

In this work, theoretical DEs of ML-FZPs are firstly compared
through CAST and CWT. Combining material pairs, all zone
widths, drN, t and X-ray energy together, a partition calculation
method (PCM) is proposed to design and evaluate FZP completely.
The results obtained through PCM are validated by comparing
them with the numerical results of CAST and CWT.

Comparison of CAST and CWT

FZP is a special kind of variable width grating (Fig. 1A), the FZP
zone width drn is determined by Eq. (1) (Ref 25):

drn =
√
n × r1/2 (1)

r1 = √𝜆f + 𝜆2/4 (2)

where f, 𝜆 and r1 are the focal length, X-ray wavelength and zone
width of the first ring, respectively. This satisfies the FZP principle

Figure 1. (A) Schematic structural diagram of FZP. (B) Local grating approximation.

that the incident light passes through the adjacent half bands with
different refractive indexes and then reaches the focal point with
optical path differences of light wavelength 𝜆 and phase differences
of 2𝜋, which realizes the focusing at the focal point (Refs 35, 36).

The first-orderDE is a key parameter as important as the resolu-
tion to evaluate FZPperformance. According toCAST, the incident
light passes through FZP and is focused according to the geometric
relationship. There are some assumptions here that the zone width
is sufficiently large or the FZP thickness t is extremely small, which
can eliminate the need for consideration of the dynamic efficiency.
Based on this,DE is calculated by comparing the superposed focus
light intensity with incident light intensity as formula (3) (Ref 37):

DE = (1/𝜋2) × {exp (−2k𝛽1t) + exp (−2k𝛽2t)
−2exp [−k (𝛽1 + 𝛽2) t] × cos [k (𝛿1 − 𝛿2) × t]}

(3)
where k = 2𝜋/𝜆, and the complex refractive index of the mate-
rial is expressed as n = 1-𝛿-𝛽i which describes the absorption and
attenuation of light as it passes through the material. It is shown
that only the material refractive indexes and FZP t are considered
in CAST.

CWT is an electromagnetic vector diffraction theory to calcu-
late DE of periodic grating which combines Maxwell equations
and boundary conditions to describe the coupling relationships
between an incident and diffracted light (Refs 18, 25, 33, 34).
According to Eq. (1) the local zone period 2drn changes slowly
when zone number n is larger. Therefore, the FZP is approximated
as an infinite periodic grating locally with a local period of 2drn.
Figure 1B shows the FZP approximate grating model, through
which the FZPDE could be estimated locally byCWT (Refs 18, 19).

The differences of the absorption coefficients and phases for
X-rays between Al2O3 and HfO2 are large, leading to high DEs
for X-rays with Al2O3/HfO2 material pairs (Refs 21, 38). Moreover,
these two materials have high melting points and stable chemical
properties, which enable them in a large ALD common tempera-
ture growth interval (Ref 21). Thus Al2O3/HfO2 is selected as the
multilayer film material for numerical analysis. ML-FZP DEs cal-
culated by CAST and CWT is compared in Fig. 2. In all situations,
theDE oscillates periodically with ML-FZP thickness t. The CAST
DE is mainly dependent on t at a given photon energy and mate-
rial pairs. As Fig. 2A shows, the maximum CAST DEs are above
25% at 8 keV no matter how the zone widths are. Actually, when
X-ray pass through a grating with a smaller size, plenty of energy
is exchanged between wave vectors in different directions (Refs
23, 24), which leads to a decrease in diffraction light intensity and
DE. While the DE calculated by CWT displays a sharp decrease
as drN decreased below 25 nm. Take Al2O3/HfO2 at 8 keV as an

(A) (B)

Figure 2. Theoretical ML-FZP DEs calculated by CAST and CWT with a decreasing drN for Al2O3/HfO2 at (A) 8 keV and (B) 15 keV.
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example, the calculated maximum CAST DE is 27.6% at the opti-
mum t 6.1 μm, and the maximum CWT DE decreases to 14.8% at
t 4.5 μm and 4.9% at t 2.9 μmwhen drN reducing to 15 and 10 nm,
respectively.

In addition, as shown in Fig. 2, we could obtain that the DE
calculated by CWT is changed greatly with the zone width. Such a
grating approximation method that only considers the drN is inap-
propriate and might cause great errors. The following two main
reasons should be taken into account. Firstly, the central rings of
FZP have larger zone widths (about>25 nm) and then higher DE,
which should not be ignored. In addition, the DE descends greatly
as the zone width decreases from 25 nm. We consider that the
impact of all zones on DE should be calculated.

Furthermore, comparing Fig. 2A and B shows the optimal
Al2O3/HfO2 ML-FZP t is larger at 15 keV than at 8 keV for the
same drN because of its strong penetrability in which thicker mate-
rials are needed to realize 𝜋 phase shift. The optimal t increases
from 4.5 and 2.9 μm to 8.7 and 5.1 μmwhen X-ray energy is raised
from 8 to 15 keV at drN of 15 and 10 nm, respectively.

Given the above, in order to satisfy the application of X-ray
microscopy imaging, all zone widths, thicknesses, X-ray energies
and material pairs should be fully considered when calculating
ML-FZP DE.

DE calculated by PCM

To calculate and analyse the FZP DE more reasonably and accu-
rately, it is necessary to comprehensively consider the X-ray focus-
ing and diffraction characteristics of all the zones, drN, t and
material pairs of FZP. A PCM is proposed here. It derivates as
follows:

Generally, DE is defined as the ratio of the energy Eout_total of
diffracted light to the total energy Ein_total of the incident light, and
then:

Eout_total = 𝜂 × Ein_total (4)

Assuming that the FZP zone number is n, the incident light
energy of each zone is expressed as Ein(n) with its corresponding
efficiency of 𝜂(n), then the diffracted X-ray energy can be expressed
as follows:

Eout_total = (𝜂1×Ein1 + 𝜂2×Ein2+ … +𝜂n−1×Ein(n−1)+𝜂n×Ein(n))
(5)

The incident energy is defined as the total energy received by
each zone of FZP.The area of each FZP zone is approximately equal
based on the Fresnel criterion and the number of photons received
per unit area is equal. It is reasonable to determine that the energy
irradiated to the same area is equal, so the total energy of incident
light can be expressed as follows:

Ein_total = n × Ein_zone (6)

The total DE of the FZP conforms to the following equation:

𝜂 =
Eout_total
Ein_total

=
𝜂1 × Ein1 + 𝜂2 × Ein2 + … + 𝜂n−1 × Ein(n−1) + 𝜂n × Ein(n)

n × Ein_zone
(7)

In the formula, the incident X-ray energy of the half band is
equal, and the above formula can be rewritten as

𝜂 = 𝜂1 + 𝜂2 + … + 𝜂n−1 + 𝜂n
n (8)

Therefore, the FZP DE can be expressed by the average value
of each zone DE as formula (8). Since the FZP zone number is
generally large, such as 6200 rings for Al2O3/HfO2 ML-FZP with
drN 10 nm, diameter 0.25 mm, in order to improve the calculation
efficiency, we can divide the FZP into several regions according
to the fluctuation degree of the DE. Two principles are used here
for the segmentation: first, the DE fluctuation in a region is not
greater than 1%; second, the average DE fluctuation is not exceed-
ing 1000th, where (the averageDE fluctuation)= [DE fluctuation ×
(zone number in this region))/(total zone number). By this time,
theDE could be assumednearly equal in each region.Then, accord-
ing to the characteristics of different regions, the CAST or CWT
method is reasonably selected to calculate the DE for specific
region. For regions with large drn near the centre, CAST can be
used; with drn decreasing along the radial direction, CAST is no
longer applicable, and CWT can play an advantage at this time.
What follows is weighted averaging of the DE of all regions and
obtaining theML-FZPDE as reasonably and accurately as possible.

TakingAl2O3/HfO2ML-FZPwith drN of 10 nmand focal length
of 16mm as an example, the total zone numbers are 6200, of which
3444 rings have a zonewidth 10–15 nm, 1206 rings lie in 15–20 nm,

Figure 3. (A) Schematic diagram of the zone number and (r) region number calculated by PCM in different zone width intervals for Al2O3/HfO2 ML-FZP with X-ray energy, drN
and focal length f are 8 keV, 10 nm and 16 mm, respectively.
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(A)

(C) (D)

(B)

Figure 4. Al2O3/HfO2 ML-FZP DEs compared by CAST, CWT and PCM vs FZP t at 8 keV with (A) drN 5 nm, (B) drN 15 nm; DEs calculated by the proposed PCM vs FZP t with drN
10, 15, 20 and 25 nm, respectively at (C) 8 keV and (D) 15 keV.

558 rings lie in 20–25 nm and 992 rings have the zone width larger
than 25 nm, as Fig. 3A is shown. Based on PCM, the Al2O3/HfO2
ML-FZP in Fig. 3A is divided into 158 regions as shown in Fig. 3B.
It can be found that the region number increases linearly as drN
decreases from 25 to 5 nm and fewer regions is required with drN
above 25 nm, which depended closely on the DE fluctuation.

For outer rings with larger n, as the zone widths changed slowly,
the FZPDE could be approximately calculated as a periodic grating
with 2drN as a period through CWT (Refs 19, 39). That is, the ML-
FZPDE is calculated here as an infinite periodic gratingwith a half-
period of 10 nm.

As an illustration, Al2O3/HfO2 ML-FZP DEs evaluated by
CAST, CWT and PCM are compared in Fig. 4A for drN 5 nm and
in Fig. 4B for drN 15 nm. It can be seen that the largest DE is esti-
mated throughCAST because the energy attenuation caused by the
dynamic effect is ignored.Meanwhile, it is more undesirable to just
consider the drN and based on this period to estimate the CWT
DE of infinite periodic grating as that of the whole FZP, which
causes the DE to be too low. The proposed PCM consideration of
the focusing performance of all the FZP zones, which provides a
reasonable way to calculate DE as accurately as possible.

Moreover, the Al2O3/HfO2 ML-FZPDE curves with drN 10, 15,
20 and 25 nm at 8 and 15 keV are also calculated via PCM as shown
in Fig. 4C and D, from which the theoretical maximum DE and
optimal t could be estimated. It can be seen that, due to dynamic
diffraction effects, the decrease of drN below a certain threshold
makes an obvious influence on theML-FZPDE significantly, espe-
cially at high energy. Besides, a higher t is desired at larger energy
to achieve maximumDE ofML-FZP. ForML-FZP with extra small
drN, such as 10 nm, Al2O3/HfO2 ML-FZP has amaximum theoret-
icalDE of 12.3% at 8 keV with t 4–6 μm, while as the X-ray energy

increase to 15 keV, correspondingDE is below 1%, which indicates
the material pair is selective for energy applied in X-ray imaging.
In addition, the DE curves display multiple peaks at 15 keV which
mainly depended on the complex relationship between the FZP
structures, material pairs and X-ray.

From the results above, it can be seen that as the FZP aspect
ratio increases, more factors and parameters should be considered,
which have a great impact on the DE. CAST is a method that cal-
culates FZP DE without reflecting on the zone width, while CWT
evaluatesDE using the outermost zone width drN only. Combining
all zone widths, t, material pair and X-ray energy, the PCM is seri-
ously proposed to estimate the FZP DE more exactly. It is of great
significance for the design and fabricating of FZPwith highDE and
resolution, especially for the resolution below 25 nm.

Conclusion

This work investigates the DE numerical analysis method of
X-ray ML-FZP with high aspect ratios. Firstly, DEs of ML-FZPs
are estimated through CAST and CWT. Based on geometrical
optics theory, CAST does not consider the dynamic diffraction
attenuation of the FZP although that increases with the decrease
of drN. In addition, the numerical results of CWT show that the
FZP DE varies greatly with the width of zones. In order to meet
the requirements of higher imaging resolution and DE, large FZP
diameter and small drN that induced the differences between the
centre and outer zones increasing are necessary.Thus, CWTwhich
approximates the FZP as a periodic thin grating is also no longer
applicable.

Based on the results above, an approach PCM that considers the
focusing performances of all zones is proposed to calculate FZPDE
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more completely. In the way, FZP is divided into several regions
according to the DE fluctuation. Appropriate numerical analysis
method is selected according to the property of each region and
then averaging weighted DEs of all regions receive the FZP DE. As
a validation example, the Al2O3/HfO2 ML-FZP with drN 10 nm
and 6200 rings could be divided into 158 regions that calculated
a maximum DE of 12.3% at 5.6 μm by PCM, significantly reduc-
ing the amount of computation.The results obtained through PCM
are validated by comparing them with CAST and CWT numeri-
cal results. It is extremely meaningful for designing and evaluating
FZP more accurately. Combining proper numerical analysis with
the experimental conditions will present a great potential to break
through the imaging performance of X-ray microscopy.
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