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ABSTRACT

We analyze the relationship between two compactifications of the moduli space of
maps from curves to a Grassmannian: the Kontsevich moduli space of stable maps
and the Marian—Oprea—Pandharipande moduli space of stable quotients. We construct a
moduli space which dominates both the moduli space of stable maps to a Grassmannian
and the moduli space of stable quotients, and equip our moduli space with a virtual
fundamental class. We relate the virtual fundamental classes of all three moduli spaces
using the virtual push-forward formula. This gives a new proof of a theorem of Marian—
Oprea—Pandharipande: that enumerative invariants defined as intersection numbers in
the stable quotient moduli space coincide with Gromov—Witten invariants.
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1. Introduction

The Kontsevich moduli space of stable maps to Grassmannians and the moduli space of
stable quotients of Marian—Oprea—Pandharipande are two compactifications of spaces of curves
on Grassmannians. These moduli spaces come equipped with virtual classes in the sense
of [BF97, LT96]. The purpose of this paper is to understand the relation between the two virtual
fundamental classes and thus provide a new proof of a theorem in [MOP11]: that enumerative
invariants defined as virtual intersection numbers in the two moduli spaces coincide. We do this
by constructing a new moduli space of map-quotients which dominates both the moduli space
of stable maps and the moduli space of stable quotients. We endow this space with a virtual
class and determine its relation to the virtual classes of the moduli of stable maps and stable
quotients using the virtual push-forward theorem [Man12b].

In the following we briefly review the main definitions and we outline the main constructions.

1.1 Stable maps and stable quotients
Stable maps to Grassmannians. Let G(k,r) be the Grassmannian of k-planes in the
r-dimensional affine space. Let (C, p1, ..., py) be anodal curve of genus g with n distinct markings
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C. MANOLACHE

which are different from the nodes. By the universal property of Grassmannians giving a degree
d map from C to G(k,r) is equivalent to giving an exact sequence

0>5—>0% 5>Q—>0

where S is a rank k vector bundle of degree —d and @ is a vector bundle. A map is called stable
if its degree is positive on each unstable contracted component. It has been shown in [Tod11]
that this is equivalent to

wopL+ -+ +pn) © (A*SV)°
being ample on C for every € € Q such that € > 2. The moduli space of degree d stable genus g
maps with n marked points to G(k,r) will be denoted by M, (G(k,r),d).

Stable quotients. Let (C‘,pl, ...,Pn) be a nodal curve of genus g with n distinct markings
which are different from the nodes. A quotient on C

O—>S’—>(92r—q>@—>0

isAcalled quasi-stable if Q is locally free at nodes and markings. Let k be the rank of S A quotient
(C,p1,...,Pn,q) is called stable if

wa(pr+ -+ pn) ® (AFSY)°

is ample on C for every strictly positive € € Q. The moduli space of degree d stable genus g
quotients with n marked points will be denoted by Q, ,,(G(k,7),d).

The space @gm(G(k, r),d) is another compactification of the space of genus g curves with n
markings in the Grassmannian G(k, ).

Morphisms between moduli spaces of stable maps and moduli spaces of stable quotients.
Marian—Oprea—Pandharipande showed in [MOP11] that if £ = 1 then there exists a morphism
of stacks

c: Myn(G(k,r),d) — ngn(G(k,r),d).

On points, c is obtained in the following way. Let C’? be the rational tails without marked points
of a stable map (C,p1,...,pn, f: C — G(k,1)).

Let us suppose that the degree of f restricted to C? is d;. Let C be the closure of C’\C? in
C and let z; be the intersection points of C; with C. Let § = S|a(—=>_diz;). Then c associates
to the stable map 0 — S — O%" — @ — 0 a stable quotient

O—>S’—>(9§§T—q>Q—>O.
We show that for £ > 1 there is no such morphism; see Example 3.7.

1.2 Stable map-quotients
The purpose of the paper is to define a proper Deligne-Mumford (DM) stack M@, ,,(G(k,r), d)
with the following properties:

(i) MQ,,,(G(k,r),d) admits natural morphisms

MQy,(G(k,r),d)

My (G(k,7), d) Qyn(G(k,7),d)
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(i) MQ,,(G(k,7),d) admits a dual relative obstruction theory E<

VO (relative to some pure

dimensional stack) which comes equipped with morphisms
ER/I—Q — B3, (1)
E]'w—(c2 — cgEé (2)
Having constructed such a stack allows us to relate virtual classes by means of the virtual
push-forward property [Man12b]. The idea behind the construction is explained in Remark 3.8.

In the following we outline the structure of this paper.

In §2 we review moduli spaces Bung,(k,d) of rank k, degree d vector bundles on genus
g nodal curves with n marked points and introduce an auxiliary moduli space s3\1;1g7n(k,d)
which comes equipped with birational morphisms m; : %gm(k,d) — Bung,(k,d) and my :
%g,n(ka d) — Bung ,(k,d). In particular %gm(l@, d) has pure dimension.

In § 3 we construct a proper DM stack MQ,, ,,(G(k,r), d) which is a substack of M ,,(G(k,r),
d) Xoner, Qyn(G(k,7),d), where Dﬁgtfl is the stack of prestable curves which do not have rational

tails. This stack fits into the following commutative diagram.

MQy,(G(k,7),d)
My (G(k,r),d) Qyn(G(k,7),d)

|

2> Bun,,(k,d)

T

Bun, ., (k, d)

/
Bung ,(k,d)

Moreover, the rectangle on the left is cartesian and thus it gives rise to a perfect obstruction
theory of MQ,,(G(k,r),d) relative to Buny,(k,d). This gives rise to a virtual class on
MQ, ,(G(k,r),d). In §4 we use the virtual push-forward theorem to show that ¢; and ¢y
satisfy the virtual push-forward property; see Theorem 4.3, which gives a new proof of the
Marian—Oprea—Pandharipande theorem mentioned above. -

One of the main technical difficulties is to make the constructions of Bung,(k,d) and
Mng’n((G(k, 1), d) functorial. We will do slightly less, namely we will construct functorial spaces

P and P which contain Bung,(k,d) and MQ, ,,(G(k,r),d) respectively.

Relation to other works. In the past years there have been many birational models
of moduli spaces of stable maps constructed for particular targets. These include: moduli
spaces of weighted stable maps introduced by Bayer and Manin [BM09], the moduli spaces
defined by Mustata—Mustata [MAMO7], moduli spaces of stable quotients of Marian, Oprea
and Pandharipande [MOP11] with a more general version introduced by Toda [Todl1],
moduli of stable toric quasi-maps [CK10] and finally, moduli spaces of stable quasi-maps to
GITquotients [CKM14] introduced by Ciocan-Fontanine, Kim and Maulik which generalize
[MOP11, Tod11] and [CK10]. These spaces are particularly interesting because they represent
some natural functors and because they lead to invariants which are closely related to Gromov—
Witten invariants. The stable quasi-map invariants (or variants of them) are also easier to
compute in some cases (see [Giv98]).
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It is therefore interesting to compare quasi-map invariants to Gromov—Witten invariants.
This has already been done for stable quotients in [MOP11] and [Tod11] by localization. Our
approach is completely different and the main hope is that it will shed light on similar questions.
More precisely, we first construct a (rather unnatural) auxiliary moduli space with a virtual class
and then relate this virtual class to the virtual classes of the original spaces. We emphasize that
this can be done with very little information on the auxiliary moduli space.

As regarding the birational geometry of moduli spaces of stable maps to GIT quotients little
is known: divisors on moduli spaces of stable maps were studied mostly in genus zero and for
homogeneous spaces (see, for example, [CHS09, CHS08, CS06]). The special feature in our case is
that there is a morphism from an open dense set of the moduli space of maps to Grassmannians
to the moduli space of stable quotients. This morphism does not extend in general. The proofs
of these facts are essentially the same as the ones in [PR03].

As a final remark, one could hope that the techniques in this paper easily extend to the case
of quasi-maps to GIT quotients. This is unfortunately not true as in general there is no map
from an open dense set of the moduli space of stable maps to the moduli space of quasi-maps.
This fact introduces extra challenges at the level of comparisons of virtual classes and it will be
treated elsewhere.

Notation and conventions. We take the ground field to be C.

Unless otherwise specified we will try to respect the following convention: we will denote
curves over C by C, C’, etc., families of curves over some base scheme B by C, é, etc. (with
calligraphic fonts). We will apply the same convention to vector bundles: vector bundles over
curves over C will be denoted by S5, S, etc. and families of vector bundles on curves over B will be
denoted S, S, etc. We will use normal fonts for DM stacks (e.g. My, (G(k,r),d), Qyn(G(k,r),d),
P, etc.). Artin stacks for which we know that they are not DM stacks will be generally denoted
by gothic letters (e.g. My n, Bung,(k,d), B, etc.).

By a commutative diagram of stacks we mean a 2-commutative diagram of stacks and by a
cartesian diagram of stacks we mean a 2-cartesian diagram of stacks.

2. Moduli of bundles

2.1 Moduli of bundles over nodal curves
We review a few results concerning the existence and properties of stacks of vector bundles over
prestable curves.

Moduli of prestable curves. Let us first fix notation. Let ¢ > 0 and n > 0 be integers. We
denote by 9, ,, the Artin stack of prestable curves of genus g with n marked points. We denote
by €, the universal curve.

DEFINITION 2.1. Let C be a nodal curve with marked points. A connected rational component
(not necessarily irreducible) C° with no marked points such that C° intersects the rest of the
curve in exactly one point is called a rational tail.

DEFINITION 2.2. In the following we denote by zm;tn the divisor of 9, ;, whose points are curves

rtf

which have rational tails and by 9",

free curves.

the open substack of 9, ,,, whose points are rational tail

PROPOSITION 2.3. Let & C M, ,, be a substack of finite type of M, . Then, there exists a

morphism of stacks p: & — ,‘Jﬁ;tfl which contracts rational tails.
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Proof. Let &™ be the open substack of &, whose points are rational tail free curves. Let &' be
the set of pairs (C, C’) € & x 6" such that there exists p : C — C which contracts rational tails
of C' and is an isomorphism on the complement of such curves. In order to show that & is a
substack of & x & we show that we are under the hypothesis of Example 4.19 in [FGIKNVO05].
It is clear that any cartesian diagram arrow whose target is in &' is also in &’. Now let B; be
a covering of B, let (C,C) be an object in & x &' (B) and (C;,C;) the pull-backs of (C,C) to
B;. Suppose that (C;,C;) are objects in &'(B;). Then we need to show that (C,C) is an object
in &’(B). By our assumption we have morphisms p; : C; — C;. As morphisms of schemes form a
sheaf, we can glue the morphisms p; to get a global p: C — C.
The algebraic stack & has a projection m : & — &. We next prove that

& ~6.

We claim that m : & — & is separated. As m is also one to one we have that 7 is an
isomorphism. Let us sketch the proof of the claim. Let A be a nonsingular curve with a
closed point 0 € A and let A* = A\{0}. It is enough to show that given a family of curves
7 :C — A and a projection p : C — C over A*, p extends uniquely over A. It is clear that any
irreducible component of C whose fibers are rational tails can be contracted so we may assume
that C is smooth. Let us add sections pp,+1,...,ps of m such that each section intersects one
unstable component in the fibers of 7 and no two sections intersect the same irreducible unstable
component. Now take C' = Projw,(}_;_; pi). Replacing C with C" and repeating the process until
there are no more chains of unstable rational tails in the fibers of m we obtain a contraction map
p:C— C. The morphism p can be easily seen to be unique. O

Moduli of bundles over prestable curves. For fixed g,n,d > 0 let Bungy,(k,d)(B) be the
category whose objects are pairs (C,S), where

(i) C — B is a family of prestable curves of genus g with n sections
(ii) S is a vector bundle on C of rank k and degree —d.

Isomorphisms: An isomorphism
(¢,0):(C,8) —~ (C,S)

is an automorphism of curves

¢:C—C

together with isomorphisms 0 : S¥ — ¢*S’" such that ¢(p;) = p}, for all i.

Let Cohg,, o, be the stack of coherent sheaves on &, relative to My ,,. By [Lie06] we
have that C'ohg, , /o, , 1s an Artin stack. It can be easily seen that Bung ,(k,d) is a substack
of Cohg, , /om,, (see [CKM14] for more details and generalizations). Let S denote the universal
bundle on the universal curve on Bung,(k,d). We will also consider moduli spaces of vector
bundles on curves with stability conditions as follows.

CONSTRUCTION 2.4. Let Buny , (k, d) be the substack of Bung ,(k, d) such that the line bundle

(AESV)* @ we (3 m) (3)

is ample. As ampleness is an open condition %un;,n(k:, d) is an open substack of Bung,,(k,d).
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Remark 2.5. Let
P Bung p(k,d) - My,

be the morphism which forgets the bundle. The morphism 1 is smooth as the relative obstruction
in a point (C,9) is

Exti(S,S) = 0.
This shows that Bun, ,,(k, d) is smooth of pure dimension Ext!(S, S) — Ext°(S,S)+3g—3+n =
k*(g—1) —deg(S®SY)+39g —3+n=Fk*(g—1)+3g9 —3+n.

CONSTRUCTION 2.6. Consider the stack Bung,(k,d)" defined by the following cartesian
diagram.
Bung , (k, d)"™ — Bung ,(k, d)

L, b

rt ?
My, My.n

Let Bung ,(k, d)™ be the complement of Bung ,,(k,d)"™ in Bung ,(k,d).

Remark 2.7. We have that 90, has codimension 1 in 9;,. Remark 2.5 implies that
Bung ,,(k, d)"™ has codimension 1 in Bun, ,(k,d).

LEMMA 2.8. Let 7 :C — Bung , (k,d) be the universal curve over Bung ,, (k, d). Then there exists
a rational tail free curve C and a projection p : C — C over Bung , (k,d).

Proof. Let S be the tautological bundle on the tautological curve of Bung , (k,d). Without loss
of generality we may assume that the divisor D on the tautological curve of %un;’n(k, d) which
consists of curves with rational tails is irreducible, otherwise we repeat the construction for each
component. Let a be the degree of A*SY restricted to the locus consisting of rational tails in the

fibers of m. We have that ®ca
L= (AFSV)¥ @ w, (Zm)

is trivial on the locus in Bung , (k,d) consisting of curves with one irreducible rational tail. As
C is normal it follows that £ is trivial on D. As (A*SY)®¢ @ w, (3" p;) is ample we have that £ is
7 relatively ample on the complement of this locus. This shows that £%™ is base point free for
a sufficiently large m. Let

C = Proj @, LE™.
As £®™ is r-relatively base point free it determines a morphism p : C — C. It can be easily seen

that C is a family of genus g curves and flat over Bung , (k,d). O

2.2 The most balanced locus

CONSTRUCTION 2.9. Let Bung,(k,d)*® be the substack of Bung,(k,d) such that on every
component of a rational curve C' the bundle S is the most balanced one. More precisely, if C; is
a rational component of C' such that S; := S|¢, has degree d;, then

S; = O(a;)®1 @ O(a; — 1)k k1,

where a;, ki are the unique integers such that kja; + (k — k1)(a; — 1) = d; and 1 < k; < k. We
call (C;, S;) as above balanced.

LEMMA 2.10. Bung,(k,d)® is an open substack of Bung,(k,d).
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Proof. We have that Bung', (k,d) is isomorphic to the union

U Bunonii(k,d - di) x Bung(k, d;).
0<d;<d
Let C; — Bung1(k, d;) be the universal curve over Bung ;(k,d;), S; the universal bundle on C;
and let 7 : Ci Xasung 1 (k.dy) Bunin (k, d) — Buntl,,(k, d) be the pull-back of C; to Bunl, (k, d). If
i : Bung',, (k, d) - Bung ,(k, d) denotes the inclusion, then the non-balanced locus of Bung,, (k, d)
is the support of the sheaf | J, ixm;, Ext!(7}S, 7} S). O

DEFINITION 2.11. Let Bung,(k,d)"® be the substack of Bun, ,(k, d) whose points are bundles
on curves, which are balanced on the rational tails as explained above.

PROPOSITION 2.12. We have that ‘Bun;n(k,d)bal is an open substack of Bung,(k,d) and the
complement has codimension at least 2.

Proof. This follows just as before. In the notation of the above lemma let 3 be the support of
the sheaf |J; i, Bat! (7} S, 7}S). Then Bun , (k, d)*! is the complement of 3 in Bung ,(k, d)
and since Ext!(S;, S;) = 0 on the balanced locus we have that 3 has codimension at least 2. O

We recall here a cohomology and base change lemma from [PR03] (Lemma 7.1 in [PRO3]).

LEMMA 2.13. Let C — B be a family of curves over a base scheme B and p : C — C be a
morphism over B contracting rational tails. If S is a vector bundle such that R'p,S = 0, then
p«S Is a flat family of coherent sheaves over B and formation of p,S commutes with arbitrary
base change B’ — B.

PROPOSITION 2.14. There exists a morphism
r o Bun , (k,d)** — Bun , (k,d)™.

Proof. The proof follows essentially from [PR03]. Let D be the divisor on the tautological curve
on Bun , (k, d) consisting of curves with rational tails. Let B be a scheme, f : B — Bung ,(k, d)
a morphism and C the flat family of curves over B obtained by pulling back along f the universal
curve over Bung ,(k,d). As Bun ,, (k, d)"™ has a finite number of irreducible components we have
that the intersection of the divisor %un;n(k,d)rt with C has a finite number of components
D1,...,D,. Suppose that on the generic rational tail in the fiber of D; — B we have that S
splits as

oFO(a;) & O(a; — 1). (4)
We have that the restriction of S(a;f*D) to rational tails in the fiber of D; — B splits as
@M O @F~F1 O(—1). Then the restriction of S(a;f*D) rational tails in the fiber of D; — B has
no higher cohomology and as in [PR03], Proposition 7.2 we obtain that R'p.S(a;f*D) = 0. This
implies that S = p, i 1 S(a;f*D) is a vector bundle. The contraction of each rational tail on
which S splits as in (4) increases the degree of Y with —kja; — (k — k1)(a; — 1). This implies
that S is e-stable if S is e-stable. O

Ezample 2.15. Let C' be a nodal curve consisting of a curve C glued in one point to a curve
C° which is isomorphic to P'. Let p denote the node of C. Let S be a vector bundle on C and
suppose that S|co ~ ®F10(a) @ % O(a — 1) with a < 0. We denote by S’ the restriction of
S to C. If {s1,..., 8k} is a local basis of S’ at p compatible with the splitting of S|c0 and z a
local coordinate at p on C then S above is the subsheaf of S’ locally generated by {x7%q,...,
T, ..., 2% s} In particular, Proposition 2.14 shows that S does not depend on the choice
of the local basis.
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Remark 2.16. In general one would naively expect to define a morphism which extends r in
the following way. Given C as above and S such that S|co ~ @le O(a;) with a; < 0 we could
associate to S a vector bundle S which is the subsheaf of S’ locally generated by {x™%sq,...,
x~%sy}. However this will depend on the choice of a local basis (see [PR03] the remark after
Proposition 7.3).

2.3 Construction of %g,n(k, r,d)
The goal of this section is to find a stack Bung,(k,r, d) which surjects to Bung ,(k,d) and a

morphism ‘g\u/ng,n(k, r,d) — Bung ,(k, d)'"" which extends the morphism r.

NOTATION 2.17. Let C be a family of nodal curves over a scheme B. We denote by U the
complement of the locus of rational tails in C. By Proposition 2.3 there exists a family of rational
tail free curves C and a morphism p : C — C. Note that U is canonically identified via p with an
open subset of C. By abuse of notation we say that I/ is also an open subset of C.

CONSTRUCTION 2.18. Let P(B) be the category whose objects are
(C— B,p:C— é,p1,...,pn,8,$,p*(Sv) A Sv)

with C, C flat families of prestable curves of genus g with sections p1, ..., pn, S is a vector bundle
of rank k£ and degree d on C and § is a vector bundle of rank k£ and degree d on C, such that the
following conditions hold:

(i) p:C — C is the morphism of B-schemes from Lemma 2.8;
(ii) the restriction of p to U is an isomorphism;
(i) we/p(>°pi) ® (A*SY)®€ is ample for € € Q such that e > 2;

(iv) in every fiber, for every morphism
p(SV)Y L 8 5750

and every z; € C such that the fiber of p over z; is a one-dimensional rational curve C? we
have that

length(r,,) = deg(SY |co),

where 7., denotes the subsheaf of 7 supported at z;;

(v) the number of components of C is bounded by some N.

Isomorphisms. An isomorphism
V:(p:C—C8,p:p(S)>8) = (p:C' = C,8,p :p(S) - S’V)
is an automorphism of curves
¢:C—C
$:C—C
together with isomorphisms 6 : S¥ — ¢*S’" and 6:8v - gb*S"v such that:

(i) o(pi) = pj, for all i;
(ii) p'og=dop;
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(iii) the following diagram commutes

where ép - po(SY) = pu(¢*S"Y) is the isomorphism of sheaves induced by 6 followed by the
isomorphism p,(¢*S"") ~ ¢*p,(S"") from Lemma 2.13.

Remark 2.19. Although P and subsequently %g’n(k‘, r,d) depends on N we will omit N from
the notation. In the next section N will be some large enough number (see Remark 3.2 for more
details).

LEMMA 2.20. Let S and S’ be locally free sheaves on a flat family of curvesC — B and f : S — &’
an injective morphism of sheaves. If f is injective at the general point of every fiber of C — B,
then the quotient

05>8S5s 5050 (5)

is flat over B.

Proof. This follows from [PRO3]. Let Z be an ideal sheaf of a subscheme of B. Tensoring (5) with
Op/T we obtain a sequence

0— Tor1(0O/I,Q) - S®0B/T — S8 ®0p/T - Q® O/T — 0.

From the hypothesis we have that the map S ® Op/Z — &' ® Op/T is injective and therefore
Tor1(0Op/ZI,Q) = 0. O

LEMMA 2.21. Let ¢ : B’ — B and let C,S,8,p.(SY) — SY) be an object of ‘P(B). Let C' :=
CxpB,C':=Cxp B, U =U xgB,S :=¢*S and §' := $*S. Then the natural morphism
o pl(S8Y) — §" is an isomorphism on U’.

Proof. By the second condition in the definition of the stack P8 we have that
Fp:@Tpu(SY) > ¢S

is generically injective in every fiber of C — B. By Lemma 2.20 we have that the restriction of
©*p is injective on U. As p is surjective on U, we have that ¢*p is surjective on U. This shows
that ¢*p is an isomorphism on U. Let C° be the rational tail of C. As H'(C? SY) = 0 for any
fiber C', we have by Lemma 2.13 that cohomology commutes with base change. This gives

¢ p(SY) = plp™(SY).
Combining the two relations we obtain the conclusion. O
PROPOSITION 2.22. The functor 3 is an Artin stack.

Proof. Let & C 9, ,, be the substack of finite type of curves with at most /N components
and let 7 : C — & be the universal curve. Fix O¢(1) a m-relatively ample line bundle. Let
P(m)=d+ k(1 — g+ mdegO¢(1)) denote the Hilbert polynomial of vector bundles of rank &
and degree d. Consider X; = Quotp(Oc(—1)F®) the 7-relative Quot scheme and let G be the
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universal quotient. Similarly, let Sc Sﬁztfl be the image of & via the morphism which contracts
rational tails and # : ¢ — & be the universal curve. Consider as before Os(1) a w-relatively
ample line bundle and X; = Quotp(Os(—1)F () the #-relative Quot scheme and let F be the
universal quotient. Similarly, let F’ be the universal quotient on X, = Quotp(Os(—m)* (m),
By [Lie06] we have that Homilxé%m (O(=D)FP®, O(—=m)PM)) is an Artin stack. Let $ be the
locally closed locus in

Homs,, %, (O(=1)PV O(=m)Pm)

defined by the following:

(i) the universal quotient F’ on the second factor is locally free;

(ii) F(I) and F'(m) are generated by global sections and higher cohomology of F(I) and F'(m)
vanishes;

(iii) the morphism O(—1)"® — O(—m)P(™ induces a morphism
p:F— F.

Let us explain condition (iii) above. Denote by 0 % K — O(=)P® - F - 0 and 0 - K —
C’)(—m)P(m) 4 F' > 0 the tautological sequences on 31:1, X respectively and f : O(—Z)P(l) —
O(—m)P(™) the tautological morphism. Then condition (iii) translates into g o f o j = 0. This
is a closed condition. Then let 24, = X; X g $ where the morphism X; — S is the composition

X—> 6 L &. Let B be the locally closed locus in 24 ,,, such that:

(i) the universal quotient G on X is locally free;
) wa(>2pi) ® AFGE is ample for € > 2;
(iii) the restriction of p to U is an isomorphism;
) p*g = ﬁ;

) if C denotes a fiber of the universal curve C — X; and SV denotes the restriction of G to
C, then for every morphism

FLEF 5750

and every x; € C such that the fiber of p over x; is a one dimensional rational curve C’ZQ we

have that
length(rs,) = deg(S"|co).

We have that G, = Gl; x Gl,, acts on A. We would now like to take J;,, A;m/Gim but in
general such a quotient would only define a 2-stack. Let us further sketch how to describe B as
a quotient of a scheme by a group. The construction is rather standard. Take H' as in [MOP11]
Section 6.1. More precisely H' is a subscheme of Hilb(P(V)) x P(V)", where Hilb(P(V)) is the
Hilbert scheme of genus g curves and degree FF =1 — g+ k(d+1)(2g —2+n) + kd for k > 5
in the projective space P(V) with V ~ CF. Then H' comes equipped with a universal curve C’,
a contraction of rational tails ¢’ — €’ and a PGL(V) action. If in the above construction we
replace C by €’ and C by C’ we get a scheme Apm = X1 X5 H with X, = Quot p(Opr (—m) M),
X = Quotp(Oé,(—m)P(m)) and H a subscheme of

Homyg . 5, (O(=1)"D,0(=m)"™).

Then P is the stack quotient Ul,m [A1.m/G1m x PGL(V)]. This concludes the proof. O
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Remark 2.23. The stability condition for stable maps implies that the restriction of SV to any
rational tail has positive degree. This together with condition (iv) in Construction 2.18 shows
that the restriction of SV to any unstable component of C has positive degree. This means that
wa(dopi) ® AES€ is ample for any € > 0.

LEMMA 2.24. There exists a morphism
t: Bung ,(k,d)** — P.
Proof. This is essentially Proposition 7.2 in [PR03]. We use the notation in Proposition 2.14.

Let
1(SY) = (8, pu(8") 5 pu(S¥((—as + 1) /7 D))
f*D_ai+1
where p is the map induced by 8V ° —  §Y((—a; + 1)f*D). The map is well defined since
p«(SY((—a; +1)f*D)) is a vector bundle by Lemma 7.1 in [PR03]. O

CONSTRUCTION 2.25. Let %g,n(ka d) be the irreducible component of P8 which contains the
image of ¢.

Remark 2.26. Note that as d becomes large 8 might not be irreducible.
LEMMA 2.27. The stack %\u/ng,n(k, d) has pure dimension equal to the dimension of Bung ,(k,d).

Proof. Let U be the product %g,n(k, d) Xam, , M, where 77 is the locus in My ,, of smooth

gn
curves. Then [ is an open substack of %g,n(k, d). As %ung,n(kz,d) is irreducible it is enough
to show that 4l has pure dimension equal to the dimension of Bungy,(k,d). For this we show

that L ~ Bung ,(k, d) xan, , M. Objects of U are pairs (§V, 85" 5 8Y) with p an isomorphism
and any such object is isomorphic to (§V, SV q SY) by composing p with p~!. It is clear that any

isomorphism of (§Y, 8" Lt §Y) induces an isomorphism of S. Vice versa for any automorphism 6
of § there exists a unique automorphism 6 = 6 of S such that the following diagram commutes.

S——
ei l
id

This concludes the proof. O
Remark 2.28. We have a diagram

Bung ,(k, d)

/ X
Bung ,(k,d) - — — — — - T = Bun'l (k, d)

such that r o m; = m9.

Proof. We have a morphism
B — Bung ,(k,d) xom,,, Bung ,(k,d)
(p : C g é,S,p*(Sv) - S\/) i (S’S)

We define m; to be the composition of the natural projection of the product to the ith factor
composed with the above map. O
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3. Stable map-quotients

3.1 Construction
In this section we construct a proper algebraic stack which surjects to both moduli spaces of
stable maps to G(k,r) and stable quotients. We explain the definition at the end of this section.

DEFINITION 3.1. Let P(B) be the category whose objects are
(C— B,p:C— é,pl,...,pn,O?T 358V p(SY) 5 8Y)
such that:
(i) p:C — C is the morphism of Lemma 2.8 and U is as in Notation 2.17;
(ii) (9?7" 5 8V, is a stable map of rank k and degree d;
) S is a rank k degree —d locally free sheaf;
) the morphism of sheaves p : p.(SY) — SV is an isomorphism on U;
(v) we,p(Xopi) ® (ARSV)®€ is ample for any € € Q with € > 0;
) in every fiber, for every morphism
p(S)Y 5 8 5150
and every z; € C' such that the fiber of p over z; is a one-dimensional rational curve CY we

have that
length(r,,) = deg(SV|CQ),

where 7., denotes the subsheaf of 7 supported at z;.

Isomorphisms. An isomorphism

S

Vi (€L 60838V pS) L &) > (@ B¢ oE 58V ps) L §Y)

is an automorphism of curves

¢:C—
¢:C— é
together with isomorphisms 60 : S¥ — ¢*S’” and 6:8 (;S*S’ such that:
(i) ¢(pi) =pj , for all i;
(ii) pog=dop;
(iii) the following diagram commutes
oFr = SV
C
|k
(b*O@T ¢*s' ¢*8/V
(iv) the following diagram commutes X
pe(8Y) ——= 8"

épi lé
Fpu() T 5

where 9p (px(SY) — *ps (8"Y) is the isomorphism of sheaves induced by @ followed by the
isomorphism p,(¢*S"") ~ ¢*p.(S’") from Lemma 2.13.

We call a point in P a map-quotient.
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Remark 3.2. Here we do not need to impose that the number of components of C' is bounded as
for any stable map (C,p1,...,pn, f) there exists an N depending on g, n and d such that C has
at most N components.

Remark 3.3. Let us show that condition (ii) in Definition 3.1 is equivalent to the one in [MOP11].
Given a stable quotient S — O®" we get by dualizing a morphism O®” — SV which is generically
surjective in all fibers. Conversely, given a morphism O%" — SV which is generically surjective
in fibers we get an injective morphism S — O®" whose quotient is flat by Lemma 2.20.

PRrROPOSITION 3.4. We have an isomorphism of stacks
P~ My, (G(k,7),d) Xpun, . (ka) B
for some N in the definition of B as in Remark 3.2. In particular, P is an Artin stack.
Proof. Tt follows easily from definitions. O
LEMMA 3.5. Let My, (G(k,r),d)" denote the fiber product
Mg (G(k, 1), d) Xogun, o (k.q) Bung p(k, d)?.

Then we have a morphism of stacks

R: M, ,(G(k,r),d)"™ - P
over Bung ,,(k,d).
Proof. Let (05" — 8Y) € M, (G(k,r),d)". We define

R(O" — 8Y) = (0F" — 8Y,p.(S) 5 (p.SY((—ai + 1) f*Dy))).

As before we have by Lemma 7.1 in [PRO3] that p.(SY((—a; + 1) f*D;)) is a vector bundle. The
quotient stability for 8 = p,(SV((—a; + 1) f*D;)) is immediate. O

ProOPOSITION 3.6. There exists a morphism
c: Mg,n((@(k7 T)? d)bal - @g,n<G<k7 7’), d)

Proof. Let (OF" — SY) € Myn(G(k,r),d)* and p : C — C be the contraction of rational
tails. Then we have a generically surjective morphism (9?7" — p«(8Y). Composing this with the

morphism p above we obtain a stable quotient (’)g?r — SV with 8V = p.(SY((—a;+1)f*D;)). O

Ezxample 3.7. Let us prove that in general R and ¢ do not extend. The proof for the two
morphisms is the same. We repeat the argument in [PR03], Theorem 7.4. Let us consider a
one-dimensional constant family of stable genus zero maps f! : Cé — G(k,r) with a constant
section s' : B — C!, s!(b) = P, for any point b € B. Let Y : C% — G(k,r) be a family of
genus zero maps, such that on the general fiber Cy, — G(k,r) the pull-back of the tautological
subbundle is isomorphic to O(=1) @ --- @ O(—1) and on the special fiber C§ — G(k,r) the
pull-back of the tautological subbundle is isomorphic to O @ O(-2)® O(—1) B --- @ O(—1). Let
us consider a section s’ : B — C° such that f!(s'(B)) = f°(s°(B)). By identifying f!(s'(B))
with f9(s%(B)) we obtain a family of stable maps f : C — G(k,n). Let fo : Co — G(k,r) be the
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special fiber and p the gluing point of C} with C§. Let {s1,..., s} be a local basis for S|q} at

p. If  is a local coordinate around p, then {zs1,...,xs;} is a basis of S,

Let us now consider a second family of stable maps. As Mg ,(G(k,r),d) is irreducible we can
find a family of stable maps B’ whose special fiber is fy : Co — G(k,r) and general fiber with
smooth domain. By Proposition 7.3 in [PR03] the limiting stable quotient over B’ is S with S
around p generated by {s1,x%s3,s3,..., 75, }. As the two quotients are different R and ¢ do not
extend.

Remark 3.8. Let us explain the idea behind the definition of P. For this let us understand better
why ¢ does not extend. In the following it is a little easier to use the equivalent description of
stable maps to Grassmannians and stable quotients explained in Remark 3.3 and work with the
dual definition. In the spirit of Remark 2.16 we could try to extend c in the following way. Let
C be a curve with a rational tail C° and a rational tail free part C' as in Remark 2.16. Given a
stable map

0— S — O%T - Q-0

such that S|co =~ @le O(a;) with a; < 0 we could associate to S a vector bundle § which is the
subsheaf of S" = S|4 locally generated by sections {z7%'sy,...,27%sy}. Such a vector bundle
comes by construction with a morphism to Ogr and by Lemma 2.20 the quotient of the injective

morphism S — O%" is flat. It can also be seen that the stability for stable quotients is satisfied.
However, as shown in Example 3.7 this association does not define a morphism. The reason why
¢ does not extend is that in general there is no one to one relation between the subsheaf S’ of
S and S|co (see Example 3.7 and Example 7.1 in [PR03]). Equivalently, there is no one to one
relation between the torsion subsheaf of Q) in the definition and the splitting of S|co. The idea
in the definition of P is to take all possible pairs

(()—>S—>OE‘§7—>Q—>O,O—>§—>O§§T—>Q—>O)

such that:
1. C has a rational tail free part isomorphic to C and rational tails cy ..., C’g attached to C'
n ..., Tp;

2. 8" = §|p is the saturation of S in O?T;

3. the restriction of S to the rational tails CY has degree equal to the degree of the torsion
part of Q which is supported on x;, for all i € {1,...,p}.

Let us rephrase the above in more geometric terms. A stable quotient gives a rational application
C --» G(k,r) which extends to a morphism f. Then condition 2 translates into:

2. C --» G(k,r) is not defined at x1, ..., 2, and the restriction of the stable map to Cis f.

Conditions 1 and 2 (or equivalently 2') explain condition (iv) in Definition 3.1 while condition 3
explains condition (vi). Let us also note that if we have just one rational tail condition (vi)
follows from condition (iv), but not in general.

CONSTRUCTION 3.9. Let
mg,n(G(ka T)v d) = MQ,H(G(ka T)a d) X%ung,n(k‘,d) %g,n(k‘a d)

Then by construction MQ,,,(G(k,r),d) is a substack of P and it contains the image of R.
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3.2 Properties
We first show that P is proper.

Separatedness
PROPOSITION 3.10. We have a morphisms of stacks
i: P — Mg, (G(k,r),d) Xomstt, Qyn(G(k,r),d)
which is an immersion of DM stacks. In particular, we have morphisms of stacks

c1: P — My, (G(k,r),d),
Co ! p - Qg,n(G(k7T)7d)'

Proof. The exact sequence 0 — QY — O%" — SV — 0 induces an exact sequence
0— pe(QY) = O — p(SY) — R'p,.(QY).

Let us show that R'p.(QY) is supported on the complement of U in C. We have that
R'p.(9QY)|lv = R'p.(Q"|y) and since p is the identity on U we obtain that R}p*(QVﬂU =0.
Composing the generically surjective morphism O%" — p,(S") with p.(S¥) — SV we obtain an
element in @, (G(k,7),d).

Let us now show that given a stable map m = (C, O®" 58V > 0) and a stable quotient
q=(C,0%" 5 8§V there exists at most one mq = (p: C — C, ogr 5 8V, p(SY) B 8Y) such
that i(mq) = (m,q). As the map pss : p,OP" — p.(SY) induced by s is surjective away from
torsion and zero on torsion we obtain that a map p : p«(SY) — SV such that p o p,s = § must
be unique. O

COROLLARY 3.11. We have that P is separated.

Properness

LEMMA 3.12. Let B be a curve and let C — B be a flat family of curves over B. Let us assume
that B, C are smooth and let D be a (—1) curve on C. Then we have that

Tor1(Op(—a),0p) ~ Op(—a+1)
for any a > 0.
Proof. We have an exact sequence
0—- O(-D)— O — Op—0.
Let a > 0. Tensoring it with O(aD) we obtain the following free resolution of Op(—a)
0— O((a—1)D) - O(aD) - Op(—a) — 0.
Tensoring the resolution with Op we obtain a sequence
0 — Tor1(Op(—a),0p) = Op((—a+1)D) — Op(—a) - Op(-a) — 0.

This shows that Tor1(Op(—a),Op) = Op(—a +1). O
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LEMMA 3.13. Let C — B be a family of curves as before, D be a (—1)-curve and
08— 0" 3Q—0

a flat quotient on C. Let p' : C — C’ be the contraction of D. Then there exists a locally free
sheaf 8’ on C' and morphism of sheaves 8" — p/.S on C' which is an isomorphism on C\D.

Proof. Let S|p ~ O(—a1) ® - ® O(—ay) with a; > 0 and let us assume that a3 < --- < ag. Let
us prove that there exists a vector bundle 7 on C such that the following conditions are fulfilled:

(i) we have a morphism 7 — & which is an isomorphism on C\D;
(i) T|p ~ O%*.
Let 71 be the kernel of the natural projection & — Op(—ay) so that we have an exact sequence
0—- T —S— Op(—ax) — 0.
Restricting the above sequence to D we have an exact sequence
0 — Tor1(Op(—ak),Op) = Tilp = S|p = Op(—ax) — 0. (6)

By Lemma 3.12 we have that Tor1 (Op(—ax), Op) =~ Op(—ay + 1) which shows that we have an
exact sequence

0= Op(—ax+1)—> Tilp = O(—a1) ® - d O(—ag_1) — 0. (7)

Let us assume that 71|p >~ O(—=b1) & --- & O(—bg) with by < --- < bg. By sequence (7) we have
that b; > 0 and Zle b; = Zle a; — 1 which means that Zle b < Zle a;. Repeating the above
procedure for 77 instead of S we obtain T as in the above claim.

Let 8’ = p, T. We have that S’ is a vector bundle over C’. By construction p., 7 — plS is an
isomorphism on U. O

Remark 3.14. Let
0—>S— O?" Y Q—0

be a flat quotient on C. If &’ is the vector bundle constructed in the above lemma, then we
obtain a flat family of quotients over C’. Indeed we have that the composition &' — p.S — O®"
in injective on all fibers of C’ — B. By Lemma, 2.20 we have that S’ — O%" — Q' is a flat family
of quotients over C'.

Proof of properness. Let A be a nonsingular curve with a closed point 0 € A and let
A* = A\{0}. Let

(p:C* = C*, 8 L O, p.(S*Y) 5 (8)Y)
be a family of map-quotients over A*. By normalizing and possibly restricting A we may
assume that C* is smooth. By the properness of the moduli space of stable maps we can extend

085 08 > Q> 0to
08508 - Q-0

with @ flat over A. Let Cy be the (reducible) two-dimensional component of C contracted by p.
Let C' be the closure of the complement of Cy in C, p’ : C — C’ be the projection to €’ and S’
the restriction of S to C’. By the semistable reduction theorem and by possibly blowing up the
nodes of the central fiber we may assume that C’ is smooth. Without loss of generality we may
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assume that C’ does not have unstable fibers over A*. By the properness of the moduli space of
stable maps we have a family 0 —> S — O?T — Q — 0 over A. Restricting to C’ we obtain a
family of stable maps

0>8 > 07 -9 —o.
We have the exact sequence

0TS p(SV) S8 >0 (8)

where T is the torsion subsheaf of p/,(SY). By our assumption p’ = p over A*. This gives that
over A* we have a morphism

PACH S
As poi(T) = 0, the universal property of quotients gives that p factors (uniquely) through S'".
This gives a morphism of locally free sheaves

08" 5 8 9)

over A* which is an isomorphism on U*. Dualizing (9) and applying Lemma 2.20 we have that
S — &' gives a flat family of quotients over A* and by the properness of the Quot scheme we
have

0>8 -8 (10)

over C'. Dualizing again we have that
05858 5750 (11)

is a flat family of quotients which extends (9). As €’ is smooth and &’ ¥ Teflexive we obtain that
S is locally free. By (8) and (11) we have an exact sequence

p.SY — § 0 (12)

over C' which satisfies the conditions (i)—(iv) from Construction 3.1. Let us prove that it also
satisfies condition (v). Let 71,..., 7 be the irreducible components of 7 and Cy,...,Com be
the irreducible components of Cy. As length(r;) = deg(SY|c,,) over A* for all i we obtain that
length(r;) = deg(S"]c, ;) over A. This implies that condition (v) in Definition 3.1 is true for the
points z € C' N Cp.

We now contract the remaining unstable curves in the central fiber. Let p” : ¢’ — C” be the
contraction of one unstable rational tail C°, z the attachment point with the rest of the curve
and —d® = deg(S'|co). Let us show that we can find a vector bundle S” and a morphism of
sheaves

P& 5 8" (13)
on C' which satisfies the conditions (i)—(iv) from Definition 3.1 and such that if 7/ denotes the
quotient of p” we have that length(7,) = d". By Lemma 3.13 we have a bundle 7 with a morphism

T — &' which is an isomorphism away from C°. Dualizing and pushing forward we obtain a
morphism

4V
pUS") = pU(TY)
which is an isomorphism away from x. By construction 7 |p is trivial which implies that p?(7")

is a vector bundle. Let us take 8” = p/(T"). The fact that p” is an isomorphism away from x
and 8" is a vector bundle implies that length(7,) = d°. Repeating this procedure for all unstable
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rational tails we may assume that (13) holds for p” : ¢’ — C, which is the contraction of all
unstable rational tails. This means that p = p” op’. Take S = §” and by (12) we get a morphism
pipe(SY) > S
on C as in construction (3.1). In the end we contract —2 curves on which S and S are trivial.
COROLLARY 3.15. The stack MQ,, ,(G(k,r),d) is a proper DM stack.
Proof. By definition MQ,,,,(G(k,r),d) is a closed substack of P. As P is proper, we obtain that
M@, (G(k,r),d) is proper. O
PROPOSITION 3.16. Let us consider
ng(G(k‘, 7’), d) = @gﬂ’b(G(k’ 7'), d) X‘Bung,n(k,d) %ung,n(k, d)
Then we have the following commutative diagram.

MQy,(G(k,7),d)

i B

MQ,H(G(]{’ T)a d) QQ»H(G(]{:’ T)a d) —— @g,n(G(kv ’I”), d)
| |-
var Bun, , (k, d) —=— Bun,,,, (k, d)
Bung ,(k,d)

Proof. The definitions imply that the following diagram is commutative.

mg,n(G(k7 T)v d) - Qg,n(G(k’ T)v d)

| |

Bun, . (k, d) Bung  (k, d)

By the universal property of cartesian products we obtain a map
q: MQg’n(G(k,r),d) — Qg n(G(k,r),d). O

Remark 3.17. Let C be nodal curve, Cy be its rational tail and C' the rational tail free part of
C. For simplicity we assume that Cj is irreducible. Let moreover

0—> 8 —> O
be a stable map from C to G(k,r). Then the map ¢ forgets the map
Sle, — (987;.
More precisely, we have that the fiber of ¢ over the point
(p:C— C,8,08 — p.(SY) £ 8Y) € Q0 (G(k,7),d)

is included in the subspace of the space of sections of S|c, which agree with the sections
Ogr — (5’)" at the node. Here we denoted by S’ the vector bundle S|4. Note that (S)" is

isomorphic to the torsion free part of p.(SV).
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Let us finally remark that as we do not have a good description of %‘lg,n(k‘, d) we also do
not have a good description for Qg ,(G(k,r),d) or for the fibers of q.

3.3 Obstruction theories
Let us briefly recall a few basic facts about obstruction theories of moduli spaces of stable maps
to G(k,r) and stable quotients. Let

ev : Mg n(G(k,r),d) - My,
be the morphism that forgets the map (and does not stabilize the pointed curve) and
v Car = My n(G(k,r), d)

the universal curve over M, (G(k,r),d) and let ev denote the evaluation map ev : Mg p41
X (G(k,r),d) — G(k,r) (see [Beh97]). Let
0— Sy — 0F — Qu —0

Cum

be the universal sequence on Cps. We have that ev* T ,) ~ Qu ® S);. This shows that
° _ ° \2
B3ty @)y oy, = RO Qar @ Sy
is a dual obstruction theory for the morphism €ps (see [BF97]). We call
(Mg (G(k, ), d)]™ = enr'[My,n]

the virtual class of M ,,(G(k,r),d). Here €)' is the virtual pull-back associated to the obstruction

theory Eﬁg,n(G(k,r),d)/Wg,n defined in [Manl2a).

As the moduli space of stable maps, the moduli space of stable quotients Q,,(G(k,r),d)

has a morphism €g Qyn(G(k,r),d) — My nto the Artin stack of nodal curves. Let g : Co —
Qgn(G(k,r),d) be the universal curve over Qq,(G(k,7),d) and let

be the universal sequence on (fQ. Then the complex
B, | Gkryaym = fimQ RHom(Sq, Qq)

is a dual obstruction theory relative to eg. We call
[@g,n(G(k;a 7"), d)]Virt = EQ![mgm]
the virtual class of Q,,,(G(k,r), d).

Obstruction theories relative to moduli spaces of bundles. In the following we define obstruc-
tion theories relative to Bung ,(k,d). The map

vm 2 My (G(k,r),d) — Bung,(k, d)

induces a morphism between cotangent complexes and thus we obtain a distinguished triangle

Vit Lsung., (k,d) = L3z, o @or)d) ™ L0y (G ) d) /Bung () (14)
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Tensoring the tautological sequence on the universal curve over M, (G(k,r),d) with Sy, we
obtain an exact sequence

0SSy — (S))¥ = Qu eS8y, — 0
which induces a distinguished triangle
Remar(Sip)®" — R*mp.Qum @ Syp — Rmar.Su ® Syy[1].

If m: C — Bungy,(k,d) is the universal curve and S denotes the tautological bundle on C, then
the tangent complex Toyyy, , (k,q) 18 isomorphic to R*m,.S ® SV[1]. By the cohomology and base
change theorem we obtain that v} Tyun, (k) = R*TareSy @ Sy;[1]. This shows that we have
the following commutative diagram with the first row the dual of the exact triangle (14).

Tﬂgyn(G(k:T)vd)/sBung,n(kyd) Tﬂg,n(G(k,r),d) Vi Tssung, . (k,d)

| !

Remar. (Sy,)®" R, Qum @ Sy —— Remar. S @ SY,[1]

This shows that R'?TM*<S]\\/4)@T is a dual relative obstruction theory for vy;.

In a completely analogous manner we obtain that R*m M*(ch?)@r is a dual relative obstruction
theory for vq.
CONSTRUCTION 3.18. From the cartesian diagram in Proposition 3.16 we obtain that
B0, @ty By ) = T (S)
is a dual perfect obstruction for the map

vaQ : MQy,(G(k,r), d) — Bung,,(k, d).
By Lemma 2.27 sZfﬁ\u/ng,n(k,d) has pure dimension, which means that the obstruction theory
J.Vlng,n(G(k,r),d)/%g,n(k,d) gives rise to a virtual class

[MQ, ,(G(k,r),d)]"™ = (va10)' [Bung,u (K, d)].

4. Comparison of virtual fundamental classes
PrRoOPOSITION 4.1. The tautological morphism
p: P*(SMQ) - SZ\\/4Q
on MQ,,,(G(k,r),d) induces a morphism
iR A (SY)PT — C;R.’JTQ*(SCS)GBT.

Proof. By the construction of M@, ,,(G(k,7),d) we see that we have the following commutative
diagram with the right-down square cartesian.

(15)
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By cohomology and base change in the diagram

CMQ CM

WMQ\L lﬂM

C1

MQy(G(k,7),d) ——= Mg (G(k,7),d)

we have that ¢fR*my .Sy, ~ R*mag, ¢Sy, and by construction we have that ¢iSy, ~ S]Y/[Q.
Combining the two relations we obtain a canonical isomorphism

CTR.WM*S]\\/J ~ R.WMQ*S]\QQ. (16)
From the commutativity of diagram (15) we have that

and by the construction of MQ,, ,,(G(k,7),d) we have S‘MQ ~ 0’2*5’5 Now using cohomology and
base change in diagram (15) we obtain that

c’éR'wQ*Sé o~ R't*cé*s'c\s. (18)
By (16)—(18) we see that p : p. (SMQ) — Sy induces a morphism
AR T (Sy)®" — s R*mo, ( ACVQ)EBT. O
LEMMA 4.2. Let F' be the cone of the morphism
AR T (ST — R o, (ST
Then, F' is a perfect complex.

Proof. Let us consider
(C7p1) <oy Pn,y Ogr - Sv)

a stable map, p : C' — C the morphism contracting the rational tails and let x1,...,x, be the
gluing points of the rational tails C? with the rest of the curve. Then we need to show that the
morphism

HY(C,S8Y) > H'(C,SY)

is surjective. Since

HY(C,SY) = H'(C,p.(SY))

we need to show that R
HY(C,p.(8V)) = HY(C,SY)

is surjective. As the quotient of the morphism p.(SY) — SV is supported on points, it has no
higher cohomology. This shows that the above morphism is surjective. O

THEOREM 4.3. Let v1,...,vn € A*(G(k,7)). Then we have that

61)?)/1 S ev:ﬂ/n . [Mg,n(G(k, ’I”), d)]virt — evi‘fyl e 62);;’}/” . [@g,n(G(kp T), d)]virt‘
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Proof. From Costello’s push-forward formula [Cos06] applied to the cartesian diagram

MQ,,(G(k,r),d) —> Mg (G(k,7),d)
Bun, , (k, d) Bun,,, (k, d)
we obtain that _ o _
1 [MQ, ,(G(k,r),d)]""™ = [Myn(G(k,7),d)]"™, (19)

where [MQ, ,,(G(k,7), d)]V'* is the class from Construction 3.18.
Let us now show that co satisfies the virtual push-forward property. For this we analyze the
commutative diagram in which the lower rectangle is a cartesian diagram.

MQy(G(k,7),d) (20)

T

Qon(Glk,7),d) —— Qy (G (k,7),d)

o] im

Bun,,, (k, d) —2—> Bun,,,, (k, d)

Let us moreover remark that we have a commutative diagram

M@, (G(k,r),d)

qol \\\\\\53\\\Si

Q2 (G k1), d) —>Q, ,(G(k, 7). d)

where Q7 ,,(G(k,7),d) is the image of ¢ and ¢°, s° are the maps induced by ¢ and s. In the
following we show that s° is unobstructed. For this let us understand better the points of
Q5 ,(G(k,7),d). Let us note that to give a point (C,p1s- - pns S, Ogr - SV e Qyn(G(k,r),d)
means to give a rational map f : C --» G(k,r) with base points zi,...,z,. As f is defined
around the nodes of C we see that f extends to a morphism f : C — G(k,r). Then f determines
a vector bundle S’ on C' obtained by pulling back the tautological sequence on G(k,r) via f.
Let us show that S is the saturation of S in (’)gr. By definition, the saturation of S in Ogr is
defined by a commutative diagram with exact rows

.
|
0 S o Q 0
]
0 s/ o Q' 0
T
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where 7 is the torsion subsheaf of Q. As the morphisms S — (’)gr and S’ — Ogr agree away
from z1,...,2, and Q' is torsion free we have that S" — Ogr determines the unique morphism
f:C— G(k,r) which extends f : C--» G(k,r). Summarizing, we have that any stable quotient
O%" — SV determines uniquely a vector bundle S’ on C' together with a morphism S — S’ such
that the composition
0 gV - §v
C

gives the stable quotient we started with. This shows that to give a point in Qg , (G(k,7),d)
means to give a stable quotient (C’,pl, ey Pns S , OgT — SV), a curve C with rational tail free
part C and rational tails C . CO and a vector bundle S on C such that the restriction of S

to C is isomorphic to S’. More precisely, a point of Q0 ,(G (k,r),d) is a stable quotient on C
with additional markings x1,...,z, and p vector bundles S ce 52 on the (possibly reducible)
rational 1-pointed curves C¥, .. Cg with markings y1,...,9p together with identifications S|, ~
59, for alli € {1,...,p}.

Now let L be the complex on Qp ,,(G(k,r),d) whose fibers are

Exty(S,S) — Exté(S', S".

Let & C M,,, be the image of the morphism My, (G(k,7),d) — My, Let L o, be

the cotangent complex of the morphism p : & — mz;t; which contracts rational tails (see

Proposition 2.3), Lse the relative cotangent complexes of s°, and let € : Qp ,,(G(k,7),d) — & be
the forgetful morphism which sends a point (C, S, (’)gr — SV) € 9y ,(G(k,7),d) to C. The fiber

of s° over a point (C,p1,...,pn,5, Ogr — $Y) in Qyn(G(k,7),d) is isomorphic to the fiber of

the morphism Bung ,(k,d) — Bung,(k,d) which sends (C,S) to (C,S"). This shows that we
have a distinguished triangle
L — Lso —> E*LG/EDT?%'

Tensoring the normalization sequence

P
0—>S—>S'@@S?—>CP—>O
i=1

with SV and taking cohomology we obtain
P
0— H(C,S®SY) > HYC,8' @ (5)") e P H(C), 8) @ (5))") > CPe C
R P
—~ H'(C,5®8") » H'(C,8' @ ($)) e P H' (.S @ (5))") 0.
This shows that L has fibers
P
P EC), S ® EBC’“ & H'(CP,S) @ (S7)Y)

concentrated in [—1,0]. In particular s° is unobstructed and the normal cone of s° is a vector
bundle stack of rank 0. In the notation of Lemma 4.2 let F' be the cone of the morphism
G R T (S)®T — 5 R*mq,(S5)¥". By Lemma 4.2 we have that F is a perfect complex. The
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fact that s° is unobstructed together with the fact that the moduli space of stable quotients
is connected ([KPO1, Todll]) shows that we are under the hypothesis of Proposition 3.14
in [Man12b] which implies that

c2:[MQyn(G(k,r), )™ = [Qy n(G(k, 7), d)]"™". (21)

The conclusion follows from (19), (21) and the projection formula. O
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