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We investigate a reaction—diffusion problem in a two-component porous medium with a nonlinear
interface condition between the different components. One component is connected and the other
one is disconnected. The ratio between the microscopic pore scale and the size of the whole domain
is described by the small parameter €. On the interface between the components, we consider a
dynamic Wentzell-boundary condition, where the normal fluxes from the bulk domains are given
by a reaction—diffusion equation for the traces of the bulk solutions, including nonlinear reaction
kinetics depending on the solutions on both sides of the interface. Using two-scale techniques, we
pass to the limit € — 0 and derive macroscopic models, where we need homogenisation results for
surface diffusion. To cope with the nonlinear terms, we derive strong two-scale convergence results.
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1 Introduction

In this paper, we derive homogenised models for nonlinear reaction—diffusion problems with
dynamic Wentzell-boundary conditions in multi-component porous media. The domain consists
of two components Q! and Q2, where Q! is connected, and 2 is disconnected and consists of
periodically distributed inclusions. The small scaling parameter € represents the ratio between
the length of an inclusion and the size of the whole domain. At the interface I between the two
components, we assume a dynamic Wentzell-boundary condition, that is, the normal flux at the
surface is given by a reaction—diffusion equation on I'.. More precisely, this boundary/interface
condition describes processes like reactions, adsorption, desorption and diffusion at the interface
I"c. Further, it takes into account exchange of species between the different compartments, what
can be modelled by nonlinear reaction kinetics depending on the solutions on both sides of T,.
The aim is the derivation of macroscopic models with homogenised diffusion coefficients for
€ — 0, the solution of which is an approximation of the microscopic solution. An additional
focus of the paper is to provide general strong two-scale compactness results, which are based
on a priori estimates for the microscopic solution.
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Reaction—diffusion processes play an important role in many applications, and our model is
motivated by metabolic and regulatory processes in living cells. Here, an important example is
the carbohydrate metabolism in plant cells, where biochemical species are diffusing and react-
ing within the (connected) cytoplasm and the (disconnected) organelles (like chloroplasts and
mitochondria) and are exchanged between different cellular compartments. At the outer mito-
chondrial membrane takes place the process of metabolic channelling, where intermediates in
metabolic pathways are passed directly from enzyme to enzyme without equilibrating in the bulk-
solution phase of the cell [32]. This effect can be modelled by the dynamic Wentzell-boundary
condition, see [16, Chapter 4] for more details about the modelling and the derivation of these
boundary conditions, which can be derived by asymptotic analysis.

To pass to the limit € — 0 in the variational equation for the microscopic problem, we have to
cope with several difficulties. The main challenges are the coupled bulk-surface diffusion in the
perforated domains, as well as the treatment of the nonlinear terms, especially on the oscillating
surface I'.. To overcome these problems, we make use of the two-scale method in perforated
domains and on oscillating surfaces, where we need two-scale compactness results for diffusion
processes on surfaces. To pass to the limit in the nonlinear terms, we need strong convergence
results. Such results are quite standard for the connected domain, but the usual methods fail
for the disconnected domain. Here we make use of the unfolding method, which gives us a
characterisation for the two-scale convergence via functions defined on fixed domains, and a
Kolmogorov—Simon-type compactness result for Banach-valued function spaces. Additionally,
due to the nonlinear structure of the problem and the weak assumptions on the data, we have to
deal with low regularity for the time derivative.

There exists a large amount of papers dealing with homogenisation problems for parabolic
equations in multi-component porous media. However, results for the connected—disconnected
case for nonlinear problems, especially for nonlinear interface conditions, seem to be rare. In [20]
and [19], systems of reaction—diffusion problems are considered with nonlinear interface condi-
tions. In [20], surface concentration is included and an additional focus lies on the modelling
part of the carbohydrate metabolism and the specific structure of the nonlinear reaction kinetics.
In the present paper, we extend those models to problems including an additional surface diffu-
sion for the traces of the bulk solutions in ! and Q2. The stationary case for different scalings
with a continuous normal flux condition at the interface, given by a nonlinear monotone function
depending on the jump of the solutions on both sides, is treated in [14]. There, the nonlinear
terms in the disconnected domain only occur for particular scalings and it is not straightforward
to generalise those results to systems.

A double porosity model, where the diffusion inside the disconnected domain is of order €2, is
considered in [9, 29] for continuous transmission conditions at the interface for the solutions and
the normal fluxes. In [9], a nonlinear diffusion coefficient is considered, and the convergence of
the nonlinear term is obtained by using the Kirchhoff transformation and comparing the micro-
scopic and the macroscopic equation, where the last one was obtained by a formal asymptotic
expansion. Nonlinear reaction kinetics in the bulk domains and an additional ordinary differen-
tial equation on the interface are considered in [29], where the strong convergence is proved by
showing that the unfolded sequence of the microscopic solution is a Cauchy sequence. A simi-
lar model with different kind of interface conditions is considered in [25], where the method of
two-scale convergence is used and a variational principle to identify the limits of the nonlinear
terms.
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To pass to the limit in the diffusive terms on the interface I'c arising from the Wentzell-
boundary condition, compactness results for the surface gradient on an oscillating manifolds
are needed. For such kind of problems in [4, 22], two-scale compactness results are derived for
connected surfaces, where in [22] the method of unfolding is used. Compactness results for a
coupled bulk-surface problem when the evolution of the trace of the bulk solution on the surface
I'. is described by a diffusion equation are treated in [6, 17]. In [6], continuity of the traces
across the interface is assumed, where in [17] also jumps across the interface are allowed and
also compactness results for the disconnected domain 2 are derived. In [6], the convergence
results are applied to a linear problem with a dynamic Wentzell-interface condition. A reaction—
diffusion problem including dynamic Wentzell-boundary conditions and nonlinear reaction rates
in the bulk domain and on the surface is considered in [7] for a connected perforated domain.

In this paper, we start with the microscopic model and establish existence and unique-
ness of a weak solution. The appropriate function space for a weak solution is the space
of Sobolev functions of first order with H'-traces on the interface I., which we denote by
H,. for j=1,2. To pass to the limit € — 0, we make use of the method of two-scale con-
vergence for domains and surfaces, see [2, 3, 26, 28]. For the treatment of the diffusive
terms on the oscillating surface, we use the methods developed in [17] for the spaces ;..
Those two-scale compactness results are based on a priori estimates for the microscopic solu-
tion depending explicitly on €. However, to pass to the limit in the nonlinear terms, the
usual (weak) two-scale convergence is not enough and we need strong two-scale convergence,
what leads to difficulties especially in the disconnected domain Q2. The strong convergence
is obtained by applying the unfolding operator, see [12] for an overview of the unfolding
method, to the microscopic solution and uses a Kolmogorov—Simon-type compactness result
for the unfolded sequence. We derive a general strong two-scale compactness result that is
based only on a priori estimates and estimates for the difference between the solution and
discrete shifts (with respect to the microscopic cells) of the solution. Since we only take
into account linear shifts, which are not well defined for general surfaces, we use a Banach-
valued Kolmogorov—Simon-compactness result, see [18]. Further, for our microscopic model
we only obtain low regularity results for the time derivative (which is a functional on Hi,),
what leads to additional difficulties in the control of the time variable in the proof of the strong
convergence.

This paper is organised as follows: In Section 2, we introduce the geometrical setting and the
microscopic model. In Section 3, we show existence and uniqueness of a microscopic solution
and derive a priori estimates depending explicitly on €. In Section 4, we prove general strong
two-scale compactness results for the connected and disconnected domain. In Section 5, we
state the convergence results for the microscopic solution, formulate the macroscopic model and
show that the limit of the micro-solutions solves the macro-model. In the Appendix A, we repeat
the definition of the two-scale convergence and the unfolding operator and summarise some
well-known results from the literature.

2 The microscopic model

In this section, we introduce the microscopic problem. We start with the definition of the micro-
scopic domains ! and ©2, as well as the interface I'., and explain some geometrical properties.
Then we state the microscopic equation for given € and give the assumptions on the data.
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2.1 The microscopic geometry

Let Q C R” with Lipschitz boundary and € > 0 a sequence with ¢! € N. We define the unit
cube Y :=(0,1)" and ¥, C Y such that ¥, C Y, so Y, strictly included in Y. Further, we define
Y :=Y\7Y; and I' := 3Y,, and we suppose that I" € C"»'. We assume that Y| is connected and
for the sake of simplicity we also assume that Y, is connected. The general case of disconnected
Y, is easily obtained by considering the connected components of Y,, see also Remark 2. Now,
the microscopic domains 2! and ©? are defined by scaled and shifted reference elements Y; for
j=1L2.LetK.:={ke€Z" : e(k+Y) C 2} and define

Q=] e+h, Q:=Q\QL T.=0QL

€
keKe

Hence, I'. denotes the oscillating interface between 2! and ©2. Due to the assumptions on Y;
and Y, it holds that Q! is connected and ©? is disconnected, and I'. € C!! is not touching the
outer boundary 9€2.

2.2 The microscopic model

We are looking for a solution (ul, uﬁ) with u’E :(0,7) x Q]E — R for j =1, 2, such that it holds

that
at, — V- (DLV) =11 () in (0.7) x €,
(. — Vr, - (D, Vroul) — B (ul,u?))=—=D.Vu, v on(0,T)x I,
~D!Vu! -v=0 on(0,7)x 32,  (2.1)
w(0) =1, in 1,
wWlr (0) = ,r, on T,

where v denotes the outer unit normal (we neglect a subscript for the underlying domain, since
this should be clear from the context), and L/e Ir. denotes the trace of u’e on I'.. If it is clear from
the context, we use the same notation for a function and its trace, for example, we just write
L/; for u’e Ir.. The precise weak formulation of the micro-model above is stated in Section 3, see
(3.2), after introducing the necessary function spaces.

In the following, with 7,I" and 7\I'c for y € I" and x € I'c we denote the tangent spaces of I' at
yand I'¢ at x, respectively. The orthogonal projection Pr(y) : R” — 7,I" for y € T" is given by

Pr()§ =& — (& -vi()  for§ eR",

where v(y) denotes the outer unit normal at y € I'. Let us extend the unit normal Y-periodically.
Then, the orthogonal projection Pr (x) : R" — T,I'c forx € I'¢ is given by

Prws=6—(sv(Z))v(3) forsern

€
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Assumptions on the data:
In the following let j € {1, 2}.

(A1) For the bulk diffusion, we have D.(x):=D (%) with D/ e L, (V)" symmetric and

per
coercive, that is, there exits ¢y > 0 such that for almost every y € ¥;

D()E-&E>cole)?  forall &£ e R".

(A2) For the sqrface diffusion, we suppose D’fe (x):= D, (£) with D, € Log (™" symmet-
ric and DJ-(y)|z,r : T,T — T,T" for almost every y € I'. Further, we assume that Df. is

coercive, that is, there exists ¢y > 0 such that for almost every y € I’
Dh()E -& > colel>  forall& e T,T.

(A3) For the reaction rates in the bulk domains, we suppose that ﬂ t,x,z):=f (t, )ZC’Z) with
flel® ((0, T)x Y x ]R) is Y-periodic with respect to the second variable and uniformly
Lipschitz continuous with respect to the last variable, that is, there exists C > 0 such that
for all z, w € R and almost every (¢,y) € (0, T) x ¥; it holds that

Vj(t,y,Z) _f/(tays W)| < C|Z - W|

A4) For the reaction rates on the surface, we suppose that h]e t,x,z1,22) =W (t, X, 21, z,) with
pp €

W e L®((0, T) x I x R?)is Y-periodic with respect to the second variable and uniformly
Lipschitz continuous with respect to the last variable, that is, there exists C > 0 such that
for all z1, z;, wi, wy € R and almost every (¢, y) € (0, T) x I' it holds that

\W(t,p,21,22) — (8,3, wi, )| < C(lz1 — wi| + |22 — wal).
(A5) For the initial conditions, we assume u]“ el? (Q’e) and ”i,i,re € LX(T'.) with
4l o) + VN ir Nz < C.
Further, there exist uf),l. € L*(R) and ”{),i,r € L*(2) such that

u— uy, in the two-scale sense,

u,

Lir, = ”jo,i,r in the two-scale sense on .

Additionally, we assume that the sequences u?; and u? .r. converge strongly in the two-scale
sense. For the definition of the two-scale convergence see Section 4.

3 Existence of a weak solution and a priori estimates

The aim of this section is the investigation of the microscopic problem (2.1). We introduce appro-
priate function spaces and show existence and uniqueness of a microscopic solution. Further, we
derive a priori estimates for the solution depending explicitly on €. These estimates form the
basis for the derivation of the macroscopic problem (5.7) by using the compactness results from
Section 4.
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3.1 Function spaces

Due to the Laplace—Beltrami operator in the boundary condition in (2.1), it is not enough to

consider the usual Sobolev space H' (Q’G) as a solution space, because we need more regular

traces. This gives rise to deal with the following function spaces forj =1, 2:
Hje:={¢ e H'(2]) : ¢lIr. e H'(T)}, )
Hy:={p e (Y) : ¢lr e H'(D)},

with the inner products
(L, wi)Hj)e = (¢, Wi)Hl (<) + (4L, Wﬁ)H'(rE)’
(¢9 w)Hj = (¢9 Ip)Hl(Y/) + (¢9 Ip)Hl(l")

The associated norms are denoted by || - e, and || - llm;- Obviously, the spaces ;. and IH; are

separable Hilbert spaces and we have the dense embeddings C* (Q’E) CH,¢ and C* (7,) Cc Hj,
see [17, Proposition 5]. We also define the space

Lje:=L*(Q) x LX(Te),  L;j:=L*(¥;) x L*()

with inner products
(¢é’ I/fé)]l,j,e = (‘Pé’ I/fé)Lz (Q]E) + E(d’ wé)LZ(rs)’

(9, lﬂ)le = (9, ‘ﬁ)LZ(Yj) + (9, W)Lz(r),

and again denote the associated norms by || - ||, and || - ||r,. Obviously, we have
Hye = {(ue, ve) € H'(QL) x H'(T) © telr, = ve},

and a similar result for ;. Therefore, we have the following Gelfand triples:

Hj—>L,— H/,',e’ H— L~ ]HI}.
We will also make use for o € (3, 1] of the function space

HY :={p € H* (Y;) : ¢lr € H*()}
with inner product
(¢> I/I)Hja = (¢> I/I)HO‘(Yj) + (¢5 I/I)H‘)‘(l-)~

By definition, we have H; = Hj‘ Obviously, we have the compact embedding H; < H for « €

(3:1)-

3.2 Existence and uniqueness of a weak solution

A weak solution of Problem (2.1) is defined in the following way: The tuple (ul, u?) is a weak
solution of (2.1) if forj=1,2

u, € L*((0, 7), Hjc) NH'((0, T), H; ),
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i, and 1, |, fulfil the initial condition u.(0) = , and Wl |r, (0) = U, ;. and for all P e H . it
holds almost everywhere in (0,7)

(0 $l)ey s, + (DL, Vo) gy + (D, Ve, Vr dl)y,
= (7). o)) +eh (ues i) . #0)r -

Here (-, -)y stands for the inner product on L?>(U), for a suitable set U C R” and for a Banach
space X and its dual X’ we write (-, )y y for the duality pairing between X’ and X. The scaling
factor € for the time derivative in (2.1) is included in the duality pairing (-, )H/ . In fact, if
additionally it holds that d,u € L>((0, T), H' (%)) and 8l |r, € L*((0, T), H'(T.) ) w1th respect
to the Gelfand triples H' (Q’) S L2(§2’) — H! (Q’E) and H'(T',) — L*(T'.) — H'(T.), we get
for all ¢ € I

(3.2)

(Bue: el i, = (Pue. 82, (k) () T (e #elrel ey an oy

Proposition 1 There exists a unique weak solution u. = (ui,ug) of the microscopic prob-
lem (2.1).

Proof This is an easy consequence of the Galerkin method and the Leray—Schauder principle,
where we have to use similar estimates as in Proposition 2 below. The uniqueness follows from
standard energy estimates. For more details see [16]. g

3.3 A priori estimates

We derive a priori estimates for the microscopic solution depending explicitly on €. These esti-
mates are necessary for the application of the two-scale compactness results from Section 4 to
derive the macroscopic model. In a first step, we give estimates in the spaces L? ((0, 7), Hj,e) and
H' ((0, 7), IHI;E) Such kind of estimates is also needed to establish the existence of a weak solu-
tion via the Galerkin method. In a second step, we derive estimates for the difference of shifted
microscopic solution with respect to the macroscopic variable. These estimates are necessary for
strong two-scale compactness results in the disconnected domain.

The following trace inequality for perforated domains will be used frequently throughout the
paper and follows easily by a standard decomposition argument and the trace inequality on the
reference element Y}, see also [21, Theorem I1.4.1 and Exercise 11.4.1]: For every 6 > 0, there
exists a C(9) > 0 such that for every v, € H' (Q’E) it holds that

Velvell e, < C(9)|IvellL2(d;) +0¢€|| Ve IILZ(Q/;)- (3.3)

Proposition 2 The weak solution u, —( u,, e) of the microscopic problem (2.1) fulfils the
following a priori estimate

e | + ue]

2 ((o,T),Hj’.!E) L2 ((O,T),Hj’e) <G

for a constant C > 0 independent of €.
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Proof We choose 1/, as a test function in (3) (for j =1, 2) to obtain with the Assumptions (A3)
and (A4) on f7 and #/

1d, L : 4 4 A
Y 4 (DI Vi) + €D, il Vi),
= (R (l) 1) g + (e (e ug) )y,
112 2 2
<O (1 10 ey + el By + el s
2 2
<c(r+ullf,, +1el?,,) -
Using the coercivity of D, and D’fe from the Assumptions (Al) and (A2), we obtain for
j=12
d, i 12 12 2 2
DN, + 19 gy + el Py < € (0 [+ 12E,)
Summing over j = 1,2, integrating with respect to time, Assumption (AS) and the Gronwall

inequality implies the boundedness of . uniformly with respect to €.
2((0.1), )

It remains to check the bound for the time derivative d,u/.. As a test function in (3.2) we choose
¢t € Hj with |[¢.],, <1 to obtain (using the boundedness of the diffusion tensors and again
€

the growth condition for #/ and f7):
(0t #e)ey s, < C (e A P 1 A e (T P - e B

Squaring, integrating with respect to time and the boundedness of ul. for j =1, 2 already obtained
above imply the desired result. |

Next, we derive estimates for the difference of the shifted functions. First of all, we introduce
some additional notations. For 4 > 0 let us define

Qp={xeQ : dist(x, 902) > h},
Kep:={keZ" : e(Y +k)C )},

Q. = int U e(Y +k),

keKe

and the related perforated domains and the related surface

Q= e(Mm+h). Q,=Qu\Q2,, =092,
kGKE,h

For [ € Z" with |le| <h and G € {Qep, QL. 2, }, we define for an arbitrary function v, :
Ge.» — R the shifted function

Vl(x) = ve(x + le),
and the difference between the shifted function and the function itself

810 (x) 1= 8ve(x) := vi(x) — Ve(X) = Ve (x + l€) — ve(x). (3.4
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Here, in the writing §v. we neglect the dependence on / if it is clear from the context. Further,
we define Hj; . , in the same way as Hj;, in (3.1) by replacing . and T, with Qi,h and I'c .. In
the same way, we define ;. . Further, for any function ¢, € Hy . we write ¢, , for the zero
extension to ©22. Especially it holds that 563,, € Ha,, since Q2 is disconnected.

Proposition 3 Let 0 < h < 1, then for all | € 7" with |€l| < h, it holds that

|| (SMZ ||Loo ((O,T),]Lz,g,h) + “ V&Mz “L2 ((O,T)»]Lz,e,h)
€ (1)) 190 oy ).

for a constant C > 0 independent of h, €, and L.

I
Proof Let 0 < 4 < 1 and / € Z" with |el| < h, and we shortly write 1>/ := (uflgzh) , that is, the
shifts with respect to /e of the restriction uf|92h (we neglect the index /). In the same way,
we define u'. Let ¢ € Hyes. Then, for x € Q2 \ (222, + €l) it holds that x — e ¢ Q7 and

therefore agi(x) =0 and similar from x € I \ (Fe,h + el) it follows Egi(x) = 0. This implies for
all € C3°(0, T)

T
| )., v

T
= [ | [, dxriopocmde [
0o L Q2

€,h re,h

u(t, x + le)¢5,h(x)d0:| V' (H)dt

T
= / f uA(t, ) h(x)dx + € f ug(t,x)¢€_,ll(x)doj| V' (f)dt
0 | JeZ,+ie ’ Tepte ’
e
:/ / ug(t,x)q&g,ll(x)dx—i—e-/ uﬁ(t,x)¢€,ll(x)dg:| W/ (H)dt

0o LJo2 ’ Te ’

:/OT(“g’aﬂi)m,e k== /0T<3f“5»5e,i>H, R0

2,¢? 2.€

Hence, we have 8,12 € L*((0, T), Hj, ,) with
2,1 _ 2 -
(8;“6 ) ¢€’h>H/2,s,h’H2,€,h == <8tu€; ¢e,h>H,

almost everywhere in (0,7"). Using 55_2 e H,, as a test function in (3.2), we obtain using the
periodicity of D?, D%, f? and h?, by an elemental calculation

—
(002,92, = — (D2Vu2', Voes)gp — (D, Ve, Vr. bea)

+ (fg2 (u2!), ¢e,h>92 +e (hg (ult, ), ¢E’h)r
€,h

>H/2,e ’Hzﬁ €,h

€,h
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Subtracting the above equation for / = 0 and arbitrary [ € Z" with |el| < h we obtain

(082, Bl + (D2VOUE, Voen)op +€ <D§€ Vi 8u, Vi, ¢E’h>r

H
2,¢,h e

=( () =) 6ea) (R () =0 (i) 00

eh

Choosing ¢, := du? (more precisely we take the restriction of u? to th) we obtain with the
coercivity of D? and D}, as well as the Lipschitz continuity of /2 and 4>

L i, el vaitly, , < (1l ) +e 3 e g
j=1

2
<X (COs ey + 0l e )

for arbitrary 6 > 0, where we used the trace inequality (3.3). Choosing 6 small enough the gra-
dient term for j =2 can be absorbed from the left-hand side. Integrating with respect to time,
using the a priori estimates from Proposition 2 for the gradients of u!, as well as the Gronwall
inequality, we obtain the desired result. (]

4 Two-scale compactness results

In this section, we prove general strong two-scale compactness results for functions in the space
L*((0, T), H; ) N H'((0, T), H]{,é) for j € {1,2} based on suitable a priori estimates. These esti-
mates are fulfilled by the microscopic solution u. = (u!, u?) which fulfils Propositions 2 and 3,
but are not restricted to them. The connected and disconnected cases are completely different
and are therefore treated separately. These strong compactness results are enough to pass to the
limit in the nonlinear terms in the microscopic equation (3.2), in fact we have

Lemma 1 Let p € (1, 00).
(i) Forje({l,2}, let (u’e) crr ((0, T) x Q’e) be a sequence converging strongly in the two-

scale sense to u{) e LP((0,T) x Q@ x Y)). Further f:[0,T] x ¥; x R— R is continuous, Y-
periodic with respect to the second variable, and fulfils the growth condition

fEr. D <CA+ ) forall (t.y.2)€[0,T] x ¥ x R.
Then it holds up to a subsequence

f ( 2 ) —f ( tsys ) in the two-scale sense in LF.
€’

(i) Let (u.) CL? ((0,T) x I'c) be a sequence converging strongly in the two-scale sense on I,
to ug € IP((0,7) x Q x I'). Further, h:[0,T] x I' x R — R is continuous, Y-periodic with
respect to the second variable, and fulfils the growth condition

Ih(t,y,2)| < C( + |z|)  forall (t,y,2) €[0, T] x T" x R.
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Then it holds up to a subsequence
h (-,, 3, ue> — h(-, -y, Uo) in the two-scale sense on T, in 7.
€

We emphasise that for functions f and h uniformly Lipschitz continuous with respect to the last
variable, the growth conditions are fulfilled. For such Lipschitz-continuous functions we also
easily obtain the strong two-scale convergence of the whole sequence.

Proof We only prove (ii). The other statement follows the same way. Due to Lemma 6 in
the Appendix A, the sequence T.u. converges in LP((0,7) x Q x I') to up. Hence, up to a
subsequence, Tcu. — ug almost everywhere in (0, 7') x Q x I'. Further, we have

Te (h (-t, %, ug)) =h(Cny, Teue) = h(-4, -, 19)  ae.in(0,7) x QxT.

The growth condition on A implies 7¢ (A (-1, %, uc)) bounded in L7((0, T) x € x I'). Egorov’s
theorem (see also [24, Theorem 13.44]) implies

T. (h (-t, zu)) — B yttg)  weakly in Z7((0, T) x €2 x I).

Using again Lemma 6, we obtain the desired result. O

4.1 The connected domain Q!

Here we give a strong compactness result for a sequence in the connected domain 2! under
suitable a priori estimates. The case of a connected perforated domain can be treated more easily
than a disconnected domain, because we can extend a bounded sequence in H'(2,) to a bounded
sequence in H'(S2), due to [1, 13]. Hence, we can work in fixed Bochner spaces (not depending
on €) and use standard methods from functional analysis. For this we need control for the time
variable, which can be obtained from the uniform bound of the time derivative 8tui. However,
since d;u! is pointwise only an element in the space H . itis not clear if the time derivative of the
extension of ! exists and if it is bounded uniformly with respect to €. The following lemma gives
us an estimate for the difference of the shifts with respect to time for functions with generalised
time derivative. It is just an easy generalisation of [19, Lemma 9].

Lemma 2 Let V and H be Hilbert spaces and we assume that (V,H, V") is a Gelfand triple. Let
v e L*((0,7), V)NHY(0, T), V'). Then, for every ¢ € V and almost everyt € (0,T), s € (=T, T),
such that t + s € (0, T), we have

|0t +5) — v(0), P | < VIS N 101 2(1s5))-

Especially, it holds that
Jv(+ ) = v, < Vsl v+ 5) = O] 101 2000

Proof The proof follows the same lines as the proof of [19, Lemma 9], if we replace the Gelfand
triple (Hl (Qj), 1? (Qj‘), H! (Qj),) by the Gelfand triple (V, H, V’). O
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In the following, for v, € H' (Ql) we denote by 7. € H'(Q) the extension from [1, 13] with
el < Clvelagr)ys IV el < CUTvel 3 o).

with a constant C > 0 independent of €.

Proposition 4 Let (v.) C L*((0, 7), H; ) N H'((0, T), ]HI’LE) be a sequence with

||3tve||L2((0,T)’H/l,g) Hlvell o (o.1ym,,) S € (4.1)

There exists vy € L? ((0, T),Hl(Q)) such that for all B € (%, 1) up to a subsequence it holds
that

e —> v in L*((0, T), H* ().
Further, it holds that (up to a subsequence)

Teve —> vy in L* ((0,T) x S, H;) .

Proof Since o, is bounded in L2 ((0, T), HI(Q)) there exists vy € L? ((O, T), HI(Q)), such that up
to a subsequence v, converges weakly to v in L2 ((O, T, H l(Q)). Lemma 2 and inequality (4.1)
imply for0 <2 <0
T—h , T—h
fo e+ 4) = vellE, e < ORI 3y, ) [0 et + h) = vells, dt

< CVh.

Now, from the properties of the extension v, we obtain

4.2)

T—h T—h
= ~ 2 2
/0 19t + h) = Bell o gt < C/o lve(t + h) — ve ||L2(Qé)dt < CVh.

Since H'(Q)— HP(Q) is compact for g €(3,1) we can apply [30, Theorem 1] to ()
as a sequence in L*((0,7),H#(Q)) and obtain the strong convergence of 7. to vy in
L2((0, T), HF(S)).

Now we prove the convergence of Tcv.. It holds that

2 _ Ty — uoll?
”721}6 - vO”LZ((O,T)XQ,H|) = ||7;U6 UO”LZ((O,T)XQ,HI(Y”) + ||7;U€ UO”LZ((O,T)XQ,HI(F))'

We only prove the convergence to zero for the second term, since the first one can be treated in
a similar way. We obtain from the properties of the unfolding operator from Lemma 5, the trace
inequality and the inequality (4.1)

[ Teve — U0||L2((O,T)XQ,H1(F)) < C|[Teve — vO”LZ((O,T)xQxF) + C||Vl",y7zve||L2((0,T)><Qxl“)

3
<C <||7;Ue —voll2o.r)xaxy;) +€lVve ||Lz((0,T)XQé) +€2||Vr, ve”LZ((O,T)xI“E)>

<C <||Ue - U0||Lz((o’T)XQé) + 1Tevo = voll 20, ryxxry) + 5) :
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The first term converges to zero for € — 0, due to the strong convergence of v, to vy, and the
second term because of [12, Proposition 4.4]. This gives the desired result. O

4.2 The disconnected domain Q?

In this section, we give a strong two-scale compactness result for the disconnected domain Q2 of
Kolmogorov—Simon-type, that is, it is based on a priori estimates for the difference of discrete
shifts, see condition (ii) in Theorem 4.1. As already mentioned above, it is in general not possi-
ble to find an extension for a function in ' ($2?) to the whole domain £ which preserves the
a priori estimates. Hence, the method from Section 4.1 for the connected domain fails. Therefore,
we consider the unfolded sequence in the Bochner space 1/ (Q, L*((0,7), HE )) with B € (3, 1)
and p € (1, 2) and apply the Kolmogorov—Simon-compactness result from [18], which gives an
extension of [30, Theorem 1] to higher-dimensional domains of definition. Here, a crucial point
is the estimate for the shifts. An important reason to work here with general Bochner spaces, that
is, Banach-valued functions spaces, is that we are dealing with manifolds and therefore linear
shifts with respect to the space variable are not well defined.

In the following lemma, we estimate the shifts of the unfolded sequence with respect to the
macroscopic variable by the shifts of the function itself, see again Section 3.3 for the notations.

Lemma 3 Let v, € L2 ((o, T) x sz/;)forj € (1,2} and w, € L* (0, T) x T.). Then, for 0 < h < 1,
|z| < h, and € small enough it holds that

“zve(t,x‘i‘Z,y)_7;Ue||iz(0’r)><92hxyj)< Z ”fsve”iz

st ((O,T)xg}/é’h)a
||7;W6(t5x +Z:J’) - 7;W€ ||12,2(0,T)><92h><F) < € Z ||5W6 ”iz((O,T)XFE’h)’
ke{0,1)"

with 1 =I(e, z, k) = k + [£].

Proof The proof for a thin layer can be found in [27, p. 709] and can be easily extended to our
setting. See also [19] for more details. O
Theorem 4.1 Let v, € L* (0, T), Hy, ) NH' ((0, T), Hj ) with:
(i) It holds the estimate
l|ve ”Lz((O,T),Hz,e) all ”L2((0,T),H/2’€) <C.

(ii) For 0 <h < 1 andleZ" with |le| < h it holds that

el—0
— 0.

[I6vell Lz((o,r),L2 (Qih))

Then, there exists vy € L* ((O, T),Lz(Q)), such that for B € (%, l) and p € [1,2) it holds up to
a subsequence that

Tove vy in /(2 1(0, 7), HE) ).

Especially, v and v |r, converge strongly in the two-scale sense to vy (with respect to LP).
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Proof Our aim is to apply [18, Corollary 2.5] to (7. v.) as a sequence in L” (Q, L*((0, 7), Hf))
forpe[l,2)and B € (%, l). Hence, we have to check the following three conditions:

(K1) For every measurable set 4 C Q, the sequence {[, vedx} is relatively compact in
(0, 7), H),
(K2) forall 0 </ <« 1and |z| < A it holds that

silp lve(- +2) — UGHZP(Q;,,LZ((O,T),HQ)) -0 forz— 0,

(K3) for & > 0 it holds that sup, fQ\Qh [ve(x)|Pdx — 0 for h — 0.

We start with the condition (K1). Let 4 C Q2 be measurable and we define V.(¢,y):=
S, Teve(t, x,y)dx. To show the relative compactness of (V), we use again [30, Theorem 1] as
in the proof of Proposition 4. First of all, due to our assumptions on v, and the properties of the
unfolding operator, for ¢, #, € (0, T) it holds that

1]
IRz
4l

Due to the compact embedding H, < HY we obtain that ft? V.dt is relatively compact in HY.
Further, for 0 < s < 1 we obtain with the estimates for v, and the trace inequality (3.3)

<N Tevell 20, x2my) < C-
H,

“ Ve(t+s,y) = Ve ”LZ((O,T—S),HZ) < H7§v€(t +5,%,) — Teve ||L2((0,T—s)xQ,H2)

S Cllve( +5,x) — vel + Cel[Vue(t +5,%) = V||

2 ((O,T—s)xszz) 2 ((O,T—s)x QE)

3 4.3)
+ Ce2 || Vr ve(t + 5, %) = Vr Vel 120, 7—5)x1)

<C<s%+€>,

where for the last inequality we used Lemma 2 to estimate the first term in the line before by
using the same arguments as for the inequality (4.2) in the proof of Proposition 4. We show that
inequality (4.3) implies the convergence of the difference of the shifts to zero for s — 0 uniformly
with respect to €, see also [27, pp. 710-711] or [15, pp. 1476—1477] for the same argument. First
of all, from (4.3) we obtain for every 0 < p the existence of 0 < €, &y, such that for all € < €,
and s < Jy it holds that

” Ve(t+s,y) = Ve “LZ((O,Tfs),Hz) S P “44)

Since ! € N, there are only finitely many elements €, denoted by €; with i=1,. .., N, such
that €y < €;. For every ¢; there exists a 0 < §;, such that (4.4) is valid for € =¢; and all s < ;.
In fact, this follows directly from V¢, € L*((0, T), H,), see for example [5, Theorem 4.15] or use
the Kolmogorov—Simon-compactness theorem from [30, Theorem 1] applied to the function V,.
Choosing é := max;—o,_ . ~{6;}, we obtain for all s <6

sup || Ve(t+5,) — Ve ||L2((0,T75),H2) S P
€

Hence, [30, Theorem 1] implies that (V) is relatively compact in Lz((O, T), Hz’s), that is,
condition (K1).
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For (K2) we fix 0 < / < 1 and choose |z| < h. Lemma 3 with / =k + [ £] (see the definition of
the difference § in (3.4)), the conditions (i) and (ii), as well as the trace inequality (3.3) imply

” Teve(t,x +z,y) — Teve ||L2(92h,L2((0,T),H2))

3
<C ) (|8ve||L2 (ore2,) I8V Vel 2oz ) €2 16V vsan((o,nxpe,h))
ke{0,1}" ’

€,z—>0
—

sC Z ||8vf||L2((o,T)xQ§h)+E
kef0,1) ’

Again we obtain for every 0 < p the existence of 0 < €, 8, such that for all € < ¢ and |z] < &
it holds that

H7;U€(t9x + Z’y) - 721)6 ||L2(th,L2((O,T),H2)) < p- (45)

Arguing as above, this inequality is also valid for all (finitely many) € > € and |z| small enough.
This implies (K2). For the last condition (K3) we use the Holder inequality to obtain for p € [1, 2)
and0<h k1

P h—0

<lo\ |\Tv€||L2 <cnw =9,

” Teve “U’(Q\Qh 12((0,7)Hy)) ((0.7)xQ\Qp,Hy)

where we used again estimate (i). Now, [18, Corollary 2.5] implies the the strong convergence
of T.v. up to a subsequence in L (Q,L2 ((O, 7), ]HIZ'S )) to a limit function vy. Lemma 6 (see
Appendix A) implies the strong two-scale convergence of v, to the same limit. The fact vy €
L*((0, T), L*(R2)) follows from standard two-scale compactness results, see [2], based on the
estimate (i). O

Remark 1 Theorem 4.1 and its proof remain valid if we replace H, . and HP by H' (Qg) and
HF(Y5).

5 Derivation of the macroscopic model

The aim of this section is the derivation of the macroscopic model (5.7) from Theorem 5.1 for
€ — 0. Therefore, we make use of compactness results from Section 4 and the a priori estimates
from Section 3. In the following proposition, we collect the convergence results for the micro-
scopic solution u = (u,u?). Again we use the notation % for the extension of u! from [1, 13]

used in Section 4.1.
Proposition S Lef u, = (ue, ue) be the microscopic solution of the problem (2.1). There exist

uy € L*((0,7), H(Q)), uj € L*((0,T),H;/R), ujeL*((0,T) x Q),

such that up to a subsequence it holds for p €1, 2)
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~1 1

. — U strongly in the two-scale sense, (5.1a)

Vil — Vuy + Vyu, in the two-scale sense, (5.1b)
ullr, — u} strongly in the two-scale sense on T, (5.1¢c)
Vr, ul — Pr Vu(l) + Vr,yu% in the two-scale sense on T, (5.1d)
Xq2 ug — Xy, u(z) strongly in the two-scale sense in L7, (5.1e)
Xq2 Vug -0 in the two-scale sense, (5.19)
W, — u} strongly in the two-scale sense in I on T, (5.1g)
Vr. ug -0 in the two-scale sense on T.. (5.1h)

Proof The convergence results (5.1a)—(5.1d) follow immediately from Proposition 4, Lemma 4
(see Appendix A) and the a priori estimates in Proposition 2.

For (5.1e)~(5.1h) we first notice that due to Lemma 4 there exists u3 € L*((0, T) x ) and
u? € L*((0, T) x Q,H,/R), such that up to a subsequence

2 2 :
Xa2le = XryUj in the two-scale sense,
Xq2 Vi — xy, Vyui in the two-scale sense,
W, — uf) in the two-scale sense on I,
Vr, uz Ir, = Vpuf in the two-scale sense on I',.

For the strong two-scale convergence of u? and u?|r, we make use of Theorem 4.1, where
we have to check the conditions (i) and (ii). The first one is just the a priori estimate from
Proposition 2. For (ii), we use Proposition 3 to obtain for fixed 0 <k <« 1 and /€ Z" with
e|lll<h

H (Sl/lg HLZ ((O,T),LZ (Qg,h)) < c <H 8“2 HLZ ((0,T),L2 (Qih)) + H 8 (ug,i’ ug,i,re) ” Loen + 6) : (52)
For the first term on the right-hand side, we have

Jou | )) < I Teaete o) = Teat o

12 ((O,T ).L? (Qi,h (0,7)x Q2 x Yl) :

The right-hand side converges to zero for e/ — 0, due to the strong two-scale convergence of
ul, that is, the strong convergence of T;u! in L? ((0, T) x § x Y;) (see again Lemma 6 in the
Appendix A), and the standard Kolmogorov-compactness theorem. For the term including the
shifts of the initial values in (5.2) we argue in a similar way: We have

Tal,r, (4 le,y) — Tod ., (5.3)

ﬁHSuﬁ,i,n ”Lz(ré) < ‘ L2(QpI2(D))
Due to Assumption (AS5), the sequence “E,i,rg converges strongly in the two-scale sense on I,
which implies the strong convergence of Tu.r, in L? (Q, LZ(F)). Especially, the sequence
Teue 1, is relatively compact in L2 (Q,LZ(F)). Hence, we can apply the Kolmogorov—Simon-
compactness result from [18, Corollary 2.5] and obtain that the right-hand side in (5.3) converges
to zero for e/ — 0. In the same way, we can treat the term in (5.2) including (Suz,i. Hence, the
condition (ii) of Theorem 4.1 is proved and we obtain the strong two-scale convergence of u2
and its trace.

https://doi.org/10.1017/50956792522000195 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000195

Homogenisation for nonlinear dynamic Wentzell-interface conditions 633

To prove (5.1f) and (5.1h), we have to show that u? is constant with respect to y. Therefore,
we choose ¢c(t,x) :=€¢ (1,x,%) with ¢ € C3°((0, T) x 2 x Y3) (periodically extended in the
last variable) as a test function in (3.2) for j = 2 and integrate with respect to time to obtain

/O ' (002 9l i+ /O ' /Q g DV (evx¢ (t, %, ;-C) +V,0 (t,x, g)) dxdt

+e/OT FeD%erEu?(ePré Vi (tx >~|—Pr6 y¢( )) dod (5.4)

! X
— [ 2206 (10 T) i+ /O [ 8 2y o (1 )

For the first term on the left-hand side including the time derivative, we get by integration by

parts in time
T
/ <8tu5, ¢E >H/ = —€ f f 8[ zdxdt
0 Q2

—€ / / 8,(]) tx 2a’cm’t
Fe

The right-hand side is of order €, due to the estimates in Proposition 2. Hence, all terms in (5.4)
except the terms including the V, are of order € (again because of Proposition 2) and we obtain
fore -0

T
/ / D*(V)V,ii(t, x, ) - Vyb(t, x, y)dydxdt
0 QJY,

T
+ /O fQ fr DE(y)Vr i3 (t, X, ) - Vr (1, x, y)do,dxdt = 0.

Due to the density of C*(Y,) in Hj, see [17, Lemma 2.1], the equation above holds for all
¢ € L*((0, T) x 2, Hy). This implies u? = 0. The proposition is proved. O

We have the following representation of u}:

Corollary 1 Almost everywhere in (0, T) x Q x Y, it holds that

(1,5, 9) =Y dup(t, x)w) (), (5.5)

i=1
where w! € H; /R with Y-periodic boundary conditions is the unique weak solution of the
following cell problem (i=1,...,n)
—V, - (D'(V,w} +¢))=0 inYi,
—D"(V,w}! +¢;) - v=—Vr, - (DF(Vryw} + Vr,»)) onT, (5.6)
w} is Y-periodic and / wido =0.
r

Proof The procedure is quite standard, see, for example, [2], but for the sake of completeness
we give the main steps. We choose ¢ (7, x) = €¢ (t, X, ;‘) with ¢ € Ci° ((0 T)x Q, per(m) as
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a test function in (3.2) and integrate with respect to time to obtain (5.4) if we replace j =2 by
j = 1. From Proposition 5, we get for e — 0

T
0= / / / D) [Vatub(t %) + Va1, )] - Vb0, x, )l
0o JaJy

T
+ / / / DY) [PrO)Vatdh(t,3) + Vi ytdh (1, x,9)] - iy b0t x, y)do
0 QJI

Due to the Lax—Milgram lemma, this problem has a unique solution u} and due to its linearity
we easily obtain the representation (5.5). O

Now, we are able to formulate the macroscopic model. We show that uy = (u(l),u%) from

Proposition 5 is the unique weak solution (the definition of a weak solution is given below)
of the macro-model

Y1+ TNl — V- (D'Vul) = | £t y,ul)dy+ | h'(t,y,ul,u)do, in(0,T)x L,
0 0 ¥ 0 . 0> %0 y
1

(1] + T = / P26y, i) dy + / 12 (t,y,ub1d)do,  in (0,7) x
e r

—D'Vul-v=0 on (0, 7) x 9S2,
. Yl + T i),
u)(0) = M in Q,
BRI
(5.7)
where the homogenised diffusion coefficient D' € R is defined by (i,/=1,...,n)

(ﬁl)il ::/Y Dl(vywil +ei) : (Vywzl + e;)dy
1
+ / DII‘ (Vr,ywz! + VF,yyi) : (VF,yWII + Vr,yyz)da,
r

and w! € H /R (see Section 3.1 for the definition of this space) fori=1,. . ., n are the solutions
of the cell problems (5.6).
We say that 1y = (u('), u%) is a weak solution of the macroscopic model, if

uy € L*((0, T), H(Q)) N H' ((0, T), H'(Q)'),
ug € H'((0, T), L*(R)),

the equation for 9,3 in (5.7) is valid in L*((0, T) x ), and for all ¢ € H'(Q) it holds almost
everywhere in (0,7)

(I + |F|)<a’u(l)’¢)H‘(Q)/,HI(Q)+/QB]VM(I) - Vedx
= / I (v, ug) pdydix + / / h' (v, up, ug) ¢doydx,
QJ1 QJr

together with the initial conditions from (5.7).
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Theorem 5.1 The limit function uy = (ué, u(z)) from Proposition 5 is the unique solution of the
macroscopic problem (5.7).

Proof We illustrate the procedure for j =1 (the case j =2 follows by similar arguments, where
the diffusion terms vanish in the limit). As a test function in (3.2) for j=1 we choose ¢ €
C3e([0,T) x Q) and integrate with respect to time. By integration by parts in time, we obtain

T T
—/0 /Ql uiB,q&dxdt—e/ /r uld,pdodt

T
+ / D!Vu! - Vdxdi + € / / D}, Vru! - Vi, ¢dodt

f f £ (u})pdxdt + € / / 2) pdodt

+/Ql ug’i¢>dx+6/ “e,i,rﬂ’d(’-

€ €

Using the convergence results from Proposition 5, Corollary 1, and Lemma 1, as well as the
Assumption (A5) on the initial conditions, we obtain for € — 0

T T
—(|Y1|+|F|)/ /uga,¢dxdt+/ /51Vu(l)~v¢dxdt
0 Q 0 Q

T T
= / / I (o) peyexdt + / / / h! (), 13) pdor,dxdr
0o Jaly 0o JalJr

+ f |1 |ug ;(0)dx + f T |ug ;.- (0)dlx.
Q Q

Choosing ¢ with compact support in (0,7) we get d,uy € L*((0, T), H'(Q)') (see also Remark 2)

. Yilud AT . . . . .
with u(l)(O) = %, and by density we obtain that u(l) is a weak solution of the macro-
scopic equation for j =1 in (5.7). Following the same arguments as above, we obtain for all

¢ € C32(Q) and ¥ € C(0, T)

T T
[ [ovasa= [ oo [ Pesidar s [ #eradid)ao | safva
0 Jo o UX2+IT Ja Ly, r

By density, this result is valid for all ¢ € L*(2). Hence, the expression in the curly brack-
ets defines a linear functional on L?(2). This implies 9,u3 € L*((0, T) x Q). Uniqueness of the
macroscopic problem follows by standard energy estimates. 0

Remark 2

(i) We established the regularity for the time derivatives via the variational equations derived
in the proof of Theorem 5.1. However, we emphasise that some regularity is also a direct
consequence of the a priori estimates in Proposition 2. In fact, define for 0 < h < 1 and
v:(0,T) — X for a Banach space X the difference quotient for t € (0, T — h)

v(t+h) —v(f)

8thv(t) = )
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Then for all ¢ € C3°((0,T), C (Q)) it holds, due to Proposition 5 and the a priori estimates
for the time derivative in Proposition 2:

T—h
h, 1 _ h, 1
(000 )2 (0.0 rv2r) 2 (0.7-mri @) = /0 /Q 9/ uo@ddt

1 T—h
:éli_l)% m (/o /;zl Bthuitﬁdx—l-e/ 8thu;qbdodt>

1 T
—lim——— [ (3", ¢)., . dr.
AN /0 (0 ues By,

. h, 1
< !lg(l) TAFT 67w, HLz (o) Il (1))

<C ell_r)r(l) I3 ), (0, lell,, (0.1, )

< Clim [|¢] <Clol,,
e—0

L2((0,7),H, ¢ 0,1),H())’
( ) ( )

where at the end we used that Py is an orthogonal projection. By density and the reflexivity
of L? ((O, T —h),H' (Q)), we obtain the boundedness

370l 2 0.r-maney) < €

for a constant C independent of h. This implies 8,u(1) el? ((0, 7), HI(Q)’). A similar argu-
ment implies atu(z) el? ((0, T),HI(Q)’). However, the limit equation for u(z) even improves
the regularity of d,u3.

(ii) We can also consider the case of a connected—connected porous medium (for n >3 and a
domain Q which can be decomposed in microscopic cells, for example, a rectangle with
integer side length, and an additional boundary condition on 0T ¢ is needed). In this case,
both macroscopic solutions are described by a reaction—diffusion equation as for uj in
Theorem 5.1. The derivation of the macroscopic model for the connected—connected case
even gets simpler, because we only need the a priori estimates from Proposition 2 and the
convergence results for the connected domain in Section 4.1. The estimates for the shifts
in Proposition 3 are no longer necessary.

(iii) The results can be easily extended to systems, see [16] for more details.

6 Discussion

By the methods of two-scale convergence and the unfolding operator we derived a macroscopic
model for a reaction—diffusion equation in a connected—disconnected porous medium with a
nonlinear dynamic Wentzell-interface condition across the interface. The crucial point was to
pass to the limit in the nonlinear terms, especially on the interface. Therefore, we established
strong two-scale compactness results just depending on a priori estimates for the sequence of
solutions. We emphasise that the strong compactness result in Theorem 4.1 is not restricted
to our specific problem, but on the a priori estimates and the estimates for the shifts for the
sequence. Therefore, it can be easily applied to other problems. Especially, the results above can
be extended to systems in an obvious way.

The time derivative in the Wentzell-boundary condition on the interface I'. regularises
the problem and leads to a simple variational structure with respect to the Gelfand triple
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(Hje, Ly, HJ’-’G), see (3.2). Hence, the problem seems to be more complex regarding stationary
interface conditions (neglecting the time derivative). On the other hand, neglecting the diffusion
term on the surface leads to an ordinary differential equation on the surface and we loose spatial

regularity on the surface. Hence, we have to replace H;, by H ! (Q’e) and it could be expected
that the methods in this paper can be adapted to that case.
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Appendix A. Two-scale convergence and unfolding operator

We repeat the definition of the two-scale convergence and the unfolding operator and summarise
some well-known properties and compactness results.

A.1 Two-scale convergence

In the following, unless stated otherwise, we assume that p € (1, 00) and p’ is the dual exponent
of p. We start with the definition of the two-scale convergence, see [2, 28].

Definition A.1 We say the sequence u, € L7((0, T) x $2) converges in the two-scale sense (in L)
to a limit function uy € LP((0, T) x Y), if for all ¢ € L' ((O, T) x €, Cger(Y)) it holds that

T x T
lim/ /ue(t,x)Qb (t,x, —) dxdt:f / /uo(t,x,y)¢(t,x,y)dxdydt.
«=0Jo Jo € 0o JalJr
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We say the sequence converges strongly in the two-scale sense (in L7), if it holds that
lim [Jue |l zr(0,r)x2) = o llzr 0,1y x2x 1)-
e—0

Remark 3

(i) For sequences in L7 ((0, T) x Q’g) on the perforated domain, we also use the designation
‘two-scale convergence’. The definition is also valid for such functions by extension by
zero (or with the extension operator from [1]), and considering suitable test functions.

(ii) The two-scale convergence introduced above should actually be referred to as ‘weak two-
scale convergence’. However, in accordance with the definition in [2] we neglect the word
‘weak’ and only use ‘strong’ to highlight the ‘strong two-scale convergence’.

(iii) For the ‘two-scale convergence in L*’ we just write ‘two-scale convergence’.
Next, we give the definition of the two-scale convergence on oscillating surfaces, see [3, 26].
Definition A.2 We say the sequence u. € L” ((0, T) x I'¢) converges in the two-scale sense (in

I?) to a limit function uy € LP((0,T) x 2 x I'), if for all ¢ € CO([O, T] x R, Cger(F)) it holds
that

T ¥ T
lim € f / uc(t, x)¢ (t, X, —) dodt = / / / uo(t, x, y)¢(t, x, y)do,dxdt.
e—0 0 Ie € 0 QJT

We say the sequence converges strongly in the two-scale sense, if it holds that
. 1
lim €7 [|ue |20 (0,7)xre) = lltoll e 0,r)x 2xT)-
e—0

In accordance with Remark 3, we proceed analogously for the two-scale convergence on I'. and
neglect the word ‘weak’ and the addition ‘L?’.

To pass to the limit € — 0 in the diffusion terms in the bulk domain Q. and the surface . in
the microscopic equation (3.2) we need compactness results for the spaces Hj . In the following
lemma, we summarise some weak two-scale compactness results for such functions, which can
be found in [17]:

Lemma 4 Forj € {1,2} let i € 12 ((0, 7), Hj,e) be a sequence with

A 12078 ) s¢

Then it holds:

(i) For j=1 there exists an extension u. € L* ((0, T), HI(Q)) of ul (see Section 4.1 for more
details), and u(l) el? ((0, T),Hl(Q)) and a Y-periodic function u% e L*((0,T) x Q, H, /R),
such that up to a subsequence
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~1 1

. — U in the two-scale sense,

Vil — Vg + Vyouy in the two-scale sense,
ullr, — u) in the two-scale sense on T,
Vr. ul Ir., = Pr Vu(l) + Vru} Ir in the two-scale sense on T'..

(ii) For j=2 there exist u(z) € L*((0,T) x Q) and u? € L*((0, T) x Q,H,/R) such that up to a

subsequence
W — xy,ul in the two-scale sense
X2l Xr Uy >
X2 Vi — xy, Vyui in the two-scale sense,
W, — uj in the two-scale sense on I',
Vr. u§|r€ — Vpuf in the two-scale sense on I',.

A.2 The unfolding operator

In the following, we give the definition of the unfolding operator and summarise some well-
known properties, see the monograph [12] for an overview about this topic, and also [8-11,
31]. In the following, we consider the tuple (G, G) € {(%2, Y), (Qi, Yl), (Qg, Yz), (I'e, T)} and
we define

@e::intUe(@—i—k), AG::Q\a_G.
keKe

Then, for p € (1, o) we define the unfolding operator
Te . LP((0,T) x Go)— LP((0,T) x Q2 x G),
with

o (te [X] +ey) forxe G.,

7;(¢e)(tvx’y) = {0 forx € A..

We emphasise that we use the same notation for the unfolding operator for the different choices
of the tuple (G, G). It should be clear from the context in which sense it has to be understood.
Further, we mention that unfolding operator commutes with the trace operator in the following

sense: For ¢ € LP((0, T), W'*(2)) forj € {1, 2} it holds that
Te(delr.) = (Te(@o))Ir.

Lemma 5

(@) For(Ge,G)e{(Q,Y), (2L 1), (R Y2)} we have:
(i) For ¢. € LP((0,T) x G¢) it holds that

I Tedellro.ryx2x6) = 1Bell Lo (0,7)x G-
(ii) For ¢. € L7 ((0, 7), WI’P(GE)) it holds that
Vyﬁqse = €T V.
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(b) For the unfolding operator on the surface, we have
(i) For ¢ € IF ((0,T) x ') it holds that
1
1 TePell o 0,1y @xT) = €7 [Pl 20,7y xTe) -
(ii) For ¢. € LP((0, T), W'¥(T.)) it holds that

VI‘,y,];(be = 67;Vr€ Qe.
Proof For (a) and (b)(i) see [12]. A proof for (b)(ii) can be found in [23]. O

In the following lemma, we give an equivalent relation between the unfolding operator and
the two-scale convergence. For a proof see for example [9, 10, 12].

Lemma 6 Let p € (1, 00).

(a) For (G.,G)e {(Q, Y), (Ql, Yl), (Qz, Yz)} and a sequence u. € LP((0, T) x G,), the follow-
ing statements are equivalent:
(a) ue — ug weakly/strongly in the two-scale sense in L7,

(b) Teue — ug weakly/strongly in IP((0, T) x Q x G).

1
(b) For a sequence u. € L ((0,T) x I'c) with €? |luc||po,rxre) < C, the following statements
are equivalent:

(a) ue — ug weakly/strongly in the two-scale sense on I'¢ in L7,
(b) Teue — ug weakly/strongly in LP((0, T) x Q x I').
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