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Abstract Let M, and T, denote the nth Motzkin number and the nth central trinomial coefficient
respectively. We prove that for any prime p > 5,

p—1
S Mi=(3)2-6p) (modp?),
k=0
p—1
Sokmi=(2)op—1) (modp?),
k=0

S =2 (B)+2(1-0(2)) woard)

where (—) is the Legendre symbol. These results confirm three supercongruences conjectured by Z.-W.
Sun in 2010.
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1. Introduction

The Motzkin numbers {M,}5>, = 1,1,2,4,9,21,51,127,... first appeared in [6] in a
circle chording setting, which count the number of ways of connecting a subset of n
points on a circle by nonintersecting chords. The Motzkin number M,, also counts the
number of lattice paths on the upper right quadrant of a grid from (0, 0) to (n,0) if one is
allowed to move by using only steps (1,1),(1,0) and (1,—1) but forbidden from dipping
below the y =0 axis.

The Motzkin numbers are named after Theodore Motzkin and naturally appear in
various combinatorial objects. Fourteen different manifestations of Motzkin numbers in
different branches of mathematics were enumerated by Donaghey and Shapiro [2] in
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their survey of Motzkin numbers. The interested readers may refer to [11] for further
information on Motzkin numbers.

The famous Catalan numbers C,, = (*") /(n+1) are closely related to Motzkin numbers.
The Motzkin numbers can be expressed in terms of Catalan numbers:

[n/2] n
M, =Y <2k)ck,

k=0

and inversely,

Cn+1 = Z (Z)Mkv

k=0

where |z] denotes the integral part of real z.

Another sequence closely related to Motzkin numbers are the central trinomial coeffi-
cients. For n € N, the central trinomial coefficient T}, is given by the constant term in
the expansion of (1+x+2~1)", which can be expressed in terms of binomial coefficients:

W2 2k
me 3 () (5)
k=0
Note that {T},}52, =1,1,3,7,19,51,141,393,.... We remark that the central trinomial
coefficient T, counts the number of lattice paths from (0, 0) to (n,0) if one is allowed to
move by using only steps (1,1),(1,0) and (1, —1).
Although Catalan numbers, Motzkin numbers and central trinomial coefficients

naturally arise in combinatorics, they also possess rich arithmetic properties.
Throughout the paper, let p > 5 be a prime. Sun and Tauraso [16] showed that

Sa=3()-3 tonrn)

where (—) denotes the Legendre symbol.
In 2014, Sun [12] proved that

By the telescoping method for double summations developed by Chen, Hou and Mu [1],
Sun [14] recently established the following interesting supercongruence:

p—1

3 @k + 1)ME=12p (g) (mod p?). (1.1)
k=0
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The motivation of the paper is the following three conjectural supercongruences of Sun
[12, Conjecture 1.1):

5 M} = (g) (2—6p) (mod p?), (1.2)
k=0
N kM2 = (g) Op—1) (mod p?), (1.3)
k=0

Z_Z(l)TkMk = % (%’) + 163 (1 —9 (g)) (mod p?). (1.4)

‘The three supercongruences look curious and challenging’, as described by Sun [14] in his
recent paper. Although the three supercongruence conjectures were officially announced
by Sun [12] in 2014, they first appeared in arXiv version of Sun’s paper in 2010 (see
https://arxiv.org/abs/1008.3887).

Note that (1.3) follows immediately from (1.1) and (1.2). In this paper, we aim to
prove (1.2) and (1.4).

Theorem 1.1. The supercongruences (1.2)—(1.4) are true.
We remark that both Motzkin numbers and central trinomial coefficients have many

different expressions (see A001006 and A002426 in [10]). The following two expressions
will be used in the proof of Theorem 1.1:

M, = i(—l)"““ <Z> Crr,s (1.5)
T, = i(A)”*’“ (Z) (2]5) (1.6)

The rest of the paper is organized as follows. Section2 is devoted to proving some
preliminary results. In § 3, we establish three congruences for triple sums which play an
important role in the proof of Theorem 1.1. We show (1.2) in §4, whereas (1.4) is proved
in §5.

2. Preliminaries

Let p > 5 be a prime. In the proof of Theorem 1.1, we will frequently use Wolstenholme’s

theorem [19]:
2p—1 3
(p—l) 1 (mod p°), (2.1)
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which is equivalent to

2 .

( p) =2 (mod p?), (2.2)
p
and Lehmer’s congruences [5]:

_ _ 3

Hip) = Hispjo) = —24p(2) = 54p(3)  (mod p), (2.3)
3

Hips) = Hzp/s) = —54p(3)  (mod p), (2.4)
Hipj2) = —2¢(2) (mod p), (2.5)

where ¢,(a) denotes the Fermat quotient (a?~! —1)/p.
In addition, we require some congruences related to central binomial coefficients and
Catalan numbers.

Lemma 2.1. For any prime p > 5, we have

2(2:)5(’;) (mod p2), 26)
Sa=3()- e
6 g (mod o, (25

=
k:k(g,f)zi () (mod ?), 29)
S s =a(5) 1 ap e

=0

Proof. Congruences (2.6)-(2.8) were proved by Sun and Tauraso (see [16, (1.7) and
(1.9)] and [15, Theorem 1.3]). It is easily proved by induction on n that

n—1
2k 2n
Z(3k+2)<k)n(n>. (2.11)
k=0
Letting n=p in (2.11) and using (2.2) gives
p—1

k
(3k +2) =2p (mod p*). (2.12)
k=0 ( ) g oer
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Then the proof of (2.9) follows from (2.6) and (2.12).
From the following identity:

2k \ _ 1(/2k+2\ (2
k+1) 2\k+1 k)’

we deduce that

L) 1) 2,
Ic:Okﬂi»1 2k:1 k k=0
_ 1 3/p
=3-3(3) 7o
_ L 3/m
:—5—§<§) (mod p), (2.13)

where we have used (2.7) and (2.8).
By (2.7), (2.13) and the identity Cy = (Zkk) —( 2k ), we have

k+1
= (Qkk) _ If Ck: o If (szl)
2kt 12 - TN
=3 (g) +1 (mod p),
as desired. .

We also need some congruences involving harmonic numbers H, = }_ 1/k.

Lemma 2.2 For any prime p > 5, we have

Iil <2:> Hy, = - (g) 4p(3)  (mod p), (2.14)

+2¢,(3) - 1) (mod p), (2.15)
ap(3)  (mod p). (2.16)

Proof. Congruence (2.14) is a known result. We begin with the following congruence
due to Tauraso [17, (9)]:

p—1

(2:) Hya* = —(1— 4x)% pz_:l (2;)?5 (mod p), (217)

k=0 j=1

https://doi.org/10.1017/50013091524000610 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000610

6 J. Liu

where y = —x/(1 —4x). Letting =1 in (2.17) and using the congruence [15, (1.13)], we
arrive at

5 (2= ()=

which is (2.14).
By using the software package Sigma developed by Schneider [9], we can automatically
discover and prove the following three combinatorial identities:

> (=) (Z) Hy, = (=3)" <Hn -3 k(_lg)k> , (2.18)

k=0 k=1
n n 1—(—3) dn(—3)" n 1
kz-(J(_LL)kk(k)H’“: (3 = (3) (Hn_;k(—?))k)’ (2.19)
and
~ (—4)* (n
; k+1 (k:)Hk
_ [ N n(—3)k
RETCEE) (( 1+3(=3)")Hy, — 3(=3) ;k(—3)k+; : ) (2.20)
By (2.18), we can rewrite (2.19) and (2.20) as
kZ:o <k> i 3 3 kz:% (k) k
and
~ (—4)* (n
k1 (k:)H’“
1 3((=3)"+1) x~, ,k(n
4(n+1)< (=3)" kZ:;J( 4) (k)Hk>
1 " 1 (=3
* 4n+1) (3; k(—3)F +kZ:1 A _4Hn> ~ (2.22)

Using Fermat’s little theorem, we obtain

(p—l)/2 (73)’6 (p_l)/2

1
D R ]; k(—3)k

k=1

https://doi.org/10.1017/50013091524000610 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000610

Supercongruences involving motzkin numbers and central trinomial Coefficients 7

(p—1)/2 (_3)k N (p—1)/2 ( 3)p—k

Pl

k=1 k=1
p—1 (_
= Z (mod p).
k=1

From Granville’s congruence [4]:

= (mOd p)7
i=1 P
we deduce that
pfl
k =3¢p(3) — 84p(2) (mod p),
k=1

which was also mentioned in the proof of [13, Lemma 3.3]. Thus,

/2 g 012
+3 Z e =3¢,(3) — 8¢,(2) (mod p). (2.23)

k=1

Finally, letting n = (p—1)/2 in (2.21)—(2.22) and using (2.5), (2.14), (2.23) and the facts
that H,_; =0 (mod p?) and

(=) 2= (L) (mod p),

(mod p),

((p - 1>/2) _ ()

k (—4)F

(2:)50 (mod p) for (p+1)/2<k<p-1,

we arrive at the desired congruences (2.15) and (2.16). O
For an assertion A, we set

1 if A holds,

[A] = ,
0 otherwise.

The following two known congruences play important roles in the proof of Theorem 1.1
(see [7, Theorem 1.2]).
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Lemma 2.3. Let p > 5 be a prime. For 1 < k < p, we have

?:Q+%>E(pgk> (mod p), (2.24)

Z 1+’f = *1 (mod p), (2.25)

where a(k) = 2(—=1)* +3[3 | p— k]).

Based on Lemma 2.3, we establish the following result which seems to be crude but
useful in the proof of Theorem 1.1.

Lemma 2.4. Let p > 5 be a prime. For 1 <k < p, we have

21 -1 .
DI 3 = o+ 5 ¢ ) S+ ZB Z B(Z)Zf 2 (modp),  (226)
i=1 i=1

where B(i) = (=1)*(3[3 | p—i] — 1).
Proof. By Pascal’s formula () = (”71) + (”71)7 we have

m m—1
2i+2 \ [ 2i+1 N 2i+1
i+1+k) \i+1+4+k i+k
B 2i Lo 2i N 2i
i+ 1+k i+k i+k—1)

It follows that

MRS GRS W B =Y fv)
i1+ i+ i+k—1/ i+
Z;z+1 Z;r+1+zgi+1 _tﬂ i (2.27)
Let
p—2 (‘27,')
_ (_1\k i+k
k) = (=1) izom’

We rewrite (2.27) as
F(k)—F(k—-1) =g(k). (2.28)
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From (2.28), we deduce that

and so
k—1 1
=3 9(j) + kF(0) + £(0)
=1 j=1
k—1
= J)+kf(1)+ (1= k)f(0). (2:29)

By (13-11) = (2;) - (23)/(2 + 1), we have

kf(1) + (1= k)f(0)

p—2 (,Qi ) p—2 /2
_ 7]{ 1+1 1—
; 1+1 * =
p—2 p—2 (2;)

1-—2k  + k L

( );c,+ ;(Hm

3 /p 1

= (g) +5 (modp), (2.30)
where we have used (2.7) and (2.10) in the last step.
Combining (2.25), (2.29) and (2.30) gives
p—2 (
1 k 2
27
i=1
k—1 ; . k—1
133 |p—i—-1)+2 , 3 3
E—kz( JBBlp=id=D+2 (—1)’(3[3|p—i]—1)+2k:+§(g) -
i=1 ! i=1
k—1 k=1 ..
_ 3/p\ 3 . B(i) + 2
as desired. O
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3. Three key triple sums

The main idea in the proof of Theorem 1.1 is to translate the left-hand sides of (1.2) and
(1.4) into three triple sums, which can be determined modulo p by using Lemmas 2.3
and 2.4. The three congruences for triple sums are stated as follows.

Lemma 3.1. For any prime p > 5, we have

p—2p—2p—1 )k (J > k) (l ilk) — (g) (1-¢p(3)) =1 (mod p). (3.1)

kljlzl

Proof. Substituting (2.25) and (2.26) into the left-hand side of (3.1) gives
1

(IS
kl 1] 1]+kz1li+k

Jj=

p—2 k=1 ,/. p—2 _
=5"(1 - ak) M+Z%Zﬁ(i)
k=1 =1 k=1 i=1
23 (atk) — 1)+ (g (%) - 2) % (mod p). (3.2)
k=1 k=1

We shall only prove the case p = 1 (mod 3) of (3.1). The proof of the case p = 2
(mod 3) runs analogously, and we omit the details.

Suppose that p = 1 (mod 3). Let n = [p/6]. Then n = —1/6 (mod p). Since the
sequences {a(k)}ren and {B(k)}ren both have a period of 6, it is easy to check that

0 fork=0,1 (mod 6),
& for k=2 (mod 6),
= Z (a(i) —1)=4 -2 for k=3 (mod 6),
=l 2 fork=4 (mod 6),
—1 fork=5 (mod 6),

and

1 fork=0 (mod6),
h1 0 fork=1,5 (mod6),

(a(k) =1) ) B(i)=9-2 fork=2 (mod 6),

. 9 fork=3 (mod 6),

—8 fork=4 (mod 6).
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It follows that

Qp—2) = —1, (3.3)

and

”?
&)
»
L
3
|
—
3

a(k) -1 1 .1 "1 "1
Zﬁ 21_2;61974—'_9];%73_8;%72' (3-4)

=~
Il
-
.
Il
—

TT
|

—
|

Furthermore, we have

where we have used (3.3) in the last step. It is also easy to check that

1 fori=0 (mod6),
0 fori=1,5 (mod 6),
(BA)+2)(1+Q)) =42 fori=2 (mod 6),
-3 fori=3 (mod 6),
12 fori=4 (mod 6),

and so

Bi) +2
(1-a() Y} 22
k=1 =1
n—1 1 n 1 n 1 n 1
- 67k+1226k—27326k—3+226k—4 (3.5)
k=1 k=1 k=1 k=1
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Substituting (3.3)—(3.5) into the right-hand side of (3.2) gives

Efgfgfz k(j?k)(ifk)

k=1j=1 i=1

—
[N}

1
= -1y — §H2n — §H3n —|— H4n (mod p) (36)

Finally, noting that for p = 1 (mod 3), 2n = |p/3],3n = |p/2],4n = [2p/3] and
applying (2.3)—(2.5) to the right-hand side of (3.6), we arrive at the desired result:

SES () =0 o,

k=1j=1i=1

which is the case p =1 (mod 3) of (3.1). O

Lemma 3.2. For any prime p > 5, we have

LSS = e wan. e

k=1i=1 j=0

Proof. By (2.24) and (2.25), we have

S BHI)E () -E TG () wetn 00

We shall only prove the case p = 1 (mod 3), and the proof of the case p = 2 (mod 3)
runs similarly and the details are omitted.

Suppose that p = 1 (mod 3). Let n = |p/6]. Then n = —1/6 (mod p). It is easy to
check that

1 fork=0 (mod6),
0 fork=1,4 (mod6),
(=1)*(a(k) — 1) (p R k) =4-1 fork=2 (mod 6),
3 fork=3 (mod 6),
-3 fork=5 (mod 6).
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It follows that

() ()

j+k

It
B
(@)
w"“
|
o
s
N
(@)
=~
N

"1 "1
326kz—37326k—1
k=1 k=1

k=1
1 (1 <« - 1 1
_6< ko Zk Zk+3n_32k:+n>
k=1 k=1 k=1 k=1
1

Finally, noting that for p = 1 (mod 3), 2n = |p/3],3n = |p/2],4n = |2p/3],5n =
|5p/6] and applying (2.3)—(2.5) to the right-hand side of (3.9), we obtain

p—1lp—1p—1

SYES IR (P) 2w mean.

k=1 i=1 j=0 gtk

which is the case p =1 (mod 3) of (3.7).

Lemma 3.3. For any prime p > 5, we have

p—1p—2p— 1 . .
S (D) = e (Baw) wean o

k= =(

=

Proof. By (2.24) and (2.26), we have

p—1 p—2 1 p—1
k
k=1 ;Z+1<Z+k>J_O<]+k>
p—1 k—1 k1
= P 3/p 3\ (p—k
B (k Zﬂ()+2k+2(3)_2><3>
k=1 =1 i=1
p—l1 k—1 p—1
k( ) : Z(p k)Zﬁ
k=1 =1 =
p—1 p—1
pfk 3 p 3 p*k
+2;k(3>+(2 (3) 2) 2 (3) (mod p). (3.11)
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Similarly, we only prove the case p = 1 (mod 3). Suppose that p = 1 (mod 3). It is
easy to check that

L k- for k=0 (mod 3),
k<p3 ) =40 fork=1 (mod 3),
—k for k=2 (mod 3),

and

1 fork=0 (mod 6),
<p—k;> k_lﬁ(z)_ 0 fork=1,4,5 (mod 6),
3 im1 2  fork=2 (mod 6),

-3 for k=3 (mod 6).

It follows that

k=1
Lm/3] L(m+1)/3]
= 3k— > (k-1 (3.12)
k=1 k=1
1
_ {m; J —(m+1)3|m—-2,
and
p—1 k—1
3y (psk> B(i) = 0. (3.13)
k=1 i=1
From (3.12), we deduce that
1
Up—1)= ~3 (mod p). (3.14)

Furthermore, we have

k=1 i=1
p—2 p—1
B B(i) +2 p—k
2 2k
=1 k=i+1
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p—2 .
=3 202 w1y - w)

p—2 .
:_Ejﬂuy+2<;+wgo (mod p), (3.15)

5 1
=1

where we have used (3.14) in the last step. It is easy to check that

1 fori=0 (mod 6),
0 fori=1 (mod 6),
1 — 2+l for i = 2 d6
(B0 +2) (3+um) =4 Pri=? e (3.16)
3 i+1 fori=3 (mod 6),
4 fori=4 (mod 6),
—(2i4+1) fori=5 (mod 6).
Combining (3.15) and (3.16) yields
p—1 k—1 .
p—k Bi) +2
k
("5 =™
k=1 i=1
n—1 n n n
1 61+ 1 1 120 — 7 61 — 2 1 127 — 1
-3 6i +3§:6r—4_§:&—3_3§: z:&—l
=1 i=1 =1 =1 i=
Il 1 1 1 1 1 1
=3 mtire i e ste 1titimm
=1 =1 =1 =1
U R R T N B D
- 1812 i 184~ i+4n 6Z_ i1+3n 6 i+n
= L (2H, 4 Mot Hyy — SHa + 2 H
- 6 3 n 2n 3n 3 4n 3 5n
1
= 20,(3) (mod p), (3.17)

where we have used the fact that 2n = |p/3],3n = |p/2],4n = |2p/3],5n = |5p/6] for
p=1 (mod 3) and (2.3)—(2.5) in the last step.
Finally, substituting (3.13), (3.14) and (3.17) into the right-hand side of (3.11) gives

SESE(EN(Y ) =L wm 2 o

k=1 i=1 j=0

which is the case p =1 (mod 3) of (3.10). O
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4. Proof of (1.2)
By (1.5), we have

p—1 p—1 k k ok k
ME=3 % > (-1 < ) ( .)C¢+1Cj+1
k=0 k=0 i=0 =0 v J
p—1p—1 p—1 k k
S e S () w
=0 j=0 k=0 J

From the identity [8, (9), page 15]:

BE-5005)

SHO-S(08E)
B io <Hl>< )(z‘+]z3+ 1)’ (42)

where we have utilized the hockey-stick identity in the last step. Letting | — k — ¢ on the
right-hand side of (4.2), we rewrite (4.2) as

SO0 S 062)0)

Note that (];)(kj_l)EO (modp) for 0<i<p—1,0<j<p—landp<k<2p-—2

and
p (p—1\ _ p(-1)*
1<;+1( k )Z IE:+)1 (mod p*)

we deduce that

for 0 < k < p— 1. It follows that

Z_: (k> @ - p; (ki):f (f) (k ! ) (mod p?). (4.3)

Recall the following partial fraction decomposition:

i ki <k> (kj ) — hlz); (4.4)

= vtk \J —1 (T)itj+1
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where (z)g =1 and (z)y =x(x+1) - (x+k—1) for k > 1. Letting =1 in (4.4) gives

itJ . o
CORRy(9 YL D
g—‘;k’“(J)<k—i>_(z’+j+1)(i;j)' (4.5)
It follows from (4.3) and (4.5) that
PN /K _ ﬂ —_
,;](Z> (J) - (z’—|—j+1)(i§j) (mod p°). (4.6)

Combining (4.1) and (4.6) gives

pP—

pz_: = 1)2: Z+1C]+11+J (mod p?). (4.7)
k=0 —0 j=0 +3+1( )
Let
)
S(i,7) = (plr]) :

From the identity due to Von Szily [18] (see also [3, (3.38)]):

si =0 (20 (7)) 19)

we deduce that S(i,7) is an integer. It is easy to verify that the numbers S(i, j) satisfy
the recurrence:

45(i,7) =S+ 1,5) + S(i,5 + 1). (4.9)
Note that

CinaCiy1  _ (i4+j+2)5G+1,j+1)
(+i+D()  G+DE+DE+2)G+2)

(4.10)

It follows from (4.7) and (4.10) that

p—1 —1p—
5 _ Z+]+2S(Z+1]+1)
;M*§§ TDG+2+2)
p p Z"‘j )
pzzz (4 1)( j+1)

=1 j=1
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e I GY)
_2p;;z(z+1)(3+1)
p p S(i, p p S,
2p§§z(j(+]1)>2 ;j§<i+1(><f)+1> mod w41y

where we have used the symmetry with respect to ¢ and j in the third step.
By (4.9), we have

21’22;(@“ )G+ 1)

i=1
P

P P S(i+1,5) 4+ S(,j+1)
222 GG

PS>+ 1,7)
Z(i+1)(]+1)

S(p+1,75)
(p+1 (G+1)

(4.12)

M'@
S
FIS

+

k]

”Mﬁ

C2p(2p+1) (2P & ()
- (p+1)? (p> Z (j+ 1)(p+}+j)

)

(p+1)? = (G+1)("")

(mod p?).

For 1 < j < p—2, we have (p+]1,+j) =j+1 (mod p). It follows that

_ L2 2(2p+1) 4p
YL G @1 1y
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_ p 2
=12 (g) ~2-2p (mod p?), (4.13)

where we have used (2.10) in the last step.
On the other hand, we have

j=1 j=1
p—2 25
i 2 2p—1 2 2
9 S I L
S E+D? 2p—1\p-1/) (p+1?\p
_6p(3) 2 (mod p?), (4.14)

where we have used (2.1), (2.2) and (2.10) in the last step.
It follows from (4.12), (4.13) and (4.14) that

Sy S6.9) S$Gd) _ o (o (P )
w3 e Py =2 ((5) 1) tmeds) @)

pi M2 = pZP:Z Z,qu(i’rjl)) — 2 (3 (g) - 1) (mod p?). (4.16)

5(1,4) +ZS-(p’j) . S(M;—D N ;{(gp(ipf)’ (4.17)

0 (mod p?), (4.18)

=
i
+

=
~

where we have used (2.2), (2.8) and the fact that (p;.*'i) =1 (modp)for1 <i<p-1.
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For 1 <i<p—1, we have p/ (i (Hp 1)) =1-pH; ; (mod p?), and so

piSw—l p (219— )pz:l 4(25')
i=1 2p—1\p-1 i=1 i(zﬂz)'_l)

p—1 . p— .
2 2
=—(2p+1) (;) +p <;)Hi—1
i—1 i=1

=—(2p+ 1)%1 (2;> +P1§ <2j) H; —ppi (j)

i=1

where we have used (2.1), (2.6), (2.8) and (2.14).
For 1 < j < p—1, we have (p;”) =1+ pH; (mod p?), and so

s 5 _ ) +(2p>”21 )
oatl o el p jzl(j+1)(1’;”)
p—1
=2-2p+2> C;(1-pH))
j=1

= 3p (g) —2p—1 (mod p?),

where we have used (2.2), (2.7) and (2.16).
It follows from (4.17)—(4.20) that

Combining (4.16) and (4.21) gives

p—1p—2

ZMk_

(g) (31’_1 —4p) +2p (mod p?).
i=1 j= 1

By (4.8), we have

o) _Qi <z+k> (g?k) i (2;) <2yj)
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It follows that

2 8(3,9)
pgz G+ 1)

21

= QPJSIS% ZEQ_JIF)];) (z izk) (j ijk) (mod 7), (4.24)

k=11i=1 j=1

where we have used (2.8) in the last step.
Finally, combining (4.22) and (4.24) yields

S (22
k:17,1j1 i+ k) \Jj+Ek

42 (g) (371 —4p) +2p (mod p?). (4.25)

Then the proof of (1.2) follows from (3.1) and (4.25).

5. Proof of (1.4)
By (1.5) and (1.6), we have

p—1 p—1 k k ke i 2]
ZTkMk - ZZZ(_UH] ( ) < ) ( . )CiJrl
k=0 k=0 i=0 j=0 NN
p—1lp—1 p—1
2 K\ (k
>y (Feny (5)()
i=0 j=0 =0 J
Applying (4.6) to the right-hand side of (5.1), we obtain
= i+1
Ty M, = ¢ mod p?).
Z k k=D ; ]ZO ’L + ] + 1 (7,4»]) ( p )
Noting that
(ij)ciﬂ S+ 1,5)

(i+i+D(F)  G+16E+2)
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we have
p—1p—1
+1 j
ZTkMk_pZZ z—l—l (i+2)
=0 j= 0
_pzp:p_l S(i,4)
== i(i+1)
p p—1 p p—1
S(i, j S(i, 7)
SOMIETLETO DET T
i=1 j=0 i=1 j=0
Note that
p p—1 p—1p—1 p—1
S(i, j) S(i, )
>3 oY > T Y S)
i=1j=0 i=1 j=0 =0
and

%_1S(p,j) _ <2p) p—1 (2{)

where we have used (2.2), (2.6) and (2.14).
By (5.5), we have

=p ;0 =2 (g) (mod p?).

Jj=0

By (2.1) and p/(er;:*l) =j(1 —pH;_1) (mod p?) for 1 < j < p—1, we have

= . -1\ (%)
ZS(p—l,]) - 2p]il (;1>Z (j+p71)
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;—2p+1pi1 ( )+p2 ( )

m

-1

~(2p+1) §]< > S <2J>H - jz_;@)

— P 2P\ 2
= 3+3(3)3 (mod p?), (5.7)
where we have used (2.6), (2.9) and (2.15) in the last step.

It follows from (5.2)—(5.7) that

-1

e R =)
kZ:OT’“M’“EpZZ D) D

i=1 j=0 i=1 j=0
p P\ , 4P\ op1 2
+5-2p (g) +3 (g) 3*~1  (mod p?). (5.8)
By (4.23), we have
p—1p— 1
DI
=1 j=0
p—lp—li p— lpz:l (2J)
DY)
i=1 7=0 k=1 itk i=1 =0
p—1lp—1p—1 k . .
-1 2 2
EZpZZZ( Z) <7,+Zk) <jJZk> (mod p?), (5.9)
k=11i=1 j=0

where we have used (2.8) in the last step.
On the other hand, we have

i=1 j=0
:22’]:2:;222(:); (zizk) <y+k) Pipzl 2:1])
= 2p§§§ (¢_+1)1k (Z f:k> <3 iﬂk> +2 (3 - (g)) (mod p?), (5.10)

where we have used (2.6), (2.7) and C,_1 = —1 (mod p) in the last step.
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It follows from (5.8)—(5.10) that
p—1
> T M
k=0
p—1lp—1p—1 k . ]
(-1) 2 27
=232 > |, |
he1iz1j=0 ° 1+ k)\Jj+k
p—1p—2p—1 L . )
(-1) 2 2j
=233 i) U
k:li:lj:oz+1 i+k)\J+Ek
7p 3p D 4 D 1 )
6 2 (3) *3 (3) 3 (mod p7). (5.11)

Then the proof of (1.4) follows from (3.7), (3.10) and (5.11).
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