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Abstract

In this paper we study the mixing time of certain adaptive Markov chain Monte Carlo
(MCMC) algorithms. Under some regularity conditions, we show that the convergence
rate of importance resampling MCMC algorithms, measured in terms of the total variation
distance, is O (n~"). By means of an example, we establish that, in general, this algorithm
does not converge at a faster rate. We also study the interacting tempering algorithm,
a simplified version of the equi-energy sampler, and establish that its mixing time is of
order O(n_1/2).
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1. Introduction

Constructing Markov chain Monte Carlo (MCMC) transition kernels to sample efficiently
from a given distribution m, say, is a difficult task in practice as it requires a careful choice
and tuning of the kernel. The development of adaptive MCMC (AMCMC) methods is partly
motivated by the need of overcoming this difficulty. Instead of having a fixed Markov kernel P,
at each round n an AMCMC algorithm selects a kernel P from a family of Markov kernels
{Pp}oco, where the value (parameter) 6, is computed based on possibly all the samples
generated up to time n, so that the transition kernel is automatically self-adapted; see, for
example, the recent survey [6] and the references therein.

In this paper we investigate the convergence rates of two AMCMC algorithms: the impor-
tance resampling MCMC (IRMCMC) algorithm introduced by Atchadé [4], and the equi-energy
(EE) sampler by Kou et al. [12]. The IRMCMC algorithm is also referred to as the interacting
annealing algorithm [7]. For the EE sampler, we actually focus on a simplified version, which
is sometimes referred to as the interacting tempering (IT) algorithm [10].

Throughoutthe paper we denote by { X}, },en the random process generated by either of these
algorithms. Limit theorems, notably convergence of marginal distributions and the law of large
numbers have been known; see, for example, [2]- [5], and [9]. Central limit theorems for such
AMCMC algorithms have been considered only recently by Fort et al. [10] and Bercu et al. [7].
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In short, introducing the auxiliary chain makes the stochastic process no longer Markov, which
raises considerable technical difficulties.

In this paper we study the convergence rate (or mixing time) of the IRMCMC and IT
algorithms. That is, we provide upper bounds on the distances between L, (the distribution
of X,,) and the target distribution. Such mixing time results provide information on the burn-
in time of the algorithm. There are few results in the literature on the mixing rates of the
AMCMC. Andrieu and Atchadé [1] considered an AMCMC with a finite-dimensional parameter.
Related results have been obtained by Schmidler and Woodard [14] and Woodard et al. [16] on
convergence rates of AMCMC and related algorithms, although with a different point of view
from ours: they focused on the lower bound in terms of the problem size, not the simulation
rounds.

We show that the IRMCMC algorithm has convergence rate of order O (n~"). In particular,
we also provide a simple example, for which the convergence rate has lower bound 1/n. We
also show that for an m-tuple IRMCMC algorithm (to be defined in Section 2.4), the mixing
time is within O(n~'(logn)™~1). For the IT algorithm, under some regularity conditions,
we show that the rate of convergence is O(n~!/?) in terms of a slightly weaker norm than
the total variation distance. These results do not automatically lead to a precise method for
selecting burn-in periods because the constants in the derived bounds are hard to compute in
most practical cases. However, from a practical viewpoint, this analysis can be viewed as a
cautionary tale, suggesting that AMCMC samplers based on auxiliary chains typically require
longer burn-in periods than standard, well-behaved MCMC samplers.

The rest of the paper is organized as follows. In the remainder of the introduction we
provide a general description of the algorithms considered in the paper and introduce some
notation. Section 2 is devoted to the IRMCMC algorithm. The convergence rate is established
in Section 2.1, and for multiple IRMCMC algorithms in Section 2.4. Section 3 is devoted to
the IT algorithm.

1.1. Notation

We assume that the state space X is a Polish space equipped with a metric d, and B is the
associated Borel o-algebra. In addition, (X, B) is a measure space with a reference o -finite
measure, which we denote for short by dx. Let w and 7y be probability measures on (X, B).
We assume that 77 and 7y are both absolutely continuous with respect to dx and with a little
abuse of notation, we also use 7 and 7y to denote the density, respectively. That is, we write
7 (dx) = 7 (x)dx and similarly for ry. For a transition kernel Q, a measure v and a function #,
we shall write vO(-) £ [1(dz)Q(z, ), and Qh(-) £ [ Q(:, d2)h(2).

In this paper, an AMCMC algorithm is a stochastic process {(X,,, ¥, )}n>01n X x X, designed
such that the main chain X, converges to the target distribution 7 in a certain sense to be
described precisely later. We also assume that the auxiliary chain {¥,},>0 converges to my.
For the two algorithms analyzed in this paper, we assume that the evolution of the auxiliary
chain is independent of the main chain. The auxiliary chain is not necessarily Markov. Write
Fn=0Xo,..., X, Yo,..., V).

We denote by 7y, , the empirical measure associated to the auxiliary chain {Y,},cn defined
by 7Ty.n (- £ 1/n) Z?:l 3y, (+). For functions f: X — R, we write

Ty n(f) & Ty a(f) — v (f).

We avoid writing f for the centered version of £, as it would be unclear with respect to which
measure f is centered, especially in the setup of multiple chains. We let C denote general
constants that do not depend on 7, but may change from line to line.

https://doi.org/10.1239/jap/1445543848 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1445543848

Adaptive Markov chain Monte Carlo algorithms 813

2. The IRMCMC
We consider the IRMCMC method described in Atchadé [4].

Algorithm 1. (The IRMCMC.) Fix ¢ € (0, 1). Pick arbitrary X¢o = xo and Yo = yo. Let P
be an arbitrary Markov kernel with invariant distribution . At each round n, X, and Y,, are
conditionally independent given #,,_1, and (with w.p. meaning with probability)

|7 P(Xn-1,) wp.1-—c¢,
Xl Py Bu1() Ww.p. &,

where ), is the (randomly) weighted empirical distribution defined by

W(Y;) [ W(2)7y n(dz)
9,1 = )= =
()= Z Z} L W(Y; ) n0) S W(2)7y,n(dz)

with w(y) « 7w (y)/my(y) =: w(y), and @) = §y,. Recall that y is the limiting distribution of
the auxiliary chain {Y},},>0. We assume that |w|e = Sup,cx lw(x)| < oo.

For all probability measures 6 on X, we introduce
Py(x,-) = (1 —&)P(x,-) +e6(). (D

In this way, for any bounded function f: X — R, E(f(Xp+1) | Fn) = Py f(X,) almost
surely, where E is the expectation.

Remark 1. The assumption on the boundedness of w is not too restrictive. Indeed, very often
in practice, we have 7, the unnormalized density function of 7 as a bounded function, and set
the auxiliary chain with stationary distribution 7y o< 7y obtained by Ty = 7! with T € (0, 1).
In this case, w = 7 /7y is bounded and thus so is w.

2.1. Convergence rate of the IRMCMC

The following equivalent representation of Algorithm 1 is useful. Let {Z,},>0 be a sequence
of independent and identically distributed random variables with P(Z1 = 1) = 1 — P(Z; =
0) = &, where PP is the probability measure. Assume that {Z,},>0 and {Y},},,>0 are independent
and foreachn > 1, Z, and #,_; are independent. Then, at round n, we can introduce Z,,, and
write the conditional distribution of X,, given Z,,, ,_1 as

P(X,_1,- if Z, =0,
X, | Foit Z (Xp—1,-) 1if Z,

Opr() i Z, =1
Define
70 =0, 741 =min{k > 1;: Z; = 1}, n* = max{k: 7 <n}.
Observe that at each time 75 > 0, conditioningon Yy, Y1, ..., Yy —1, Xy, is sampled from é\'fk—l’
independent of Xy, ..., Xy, 1. Furthermore, Yy, ..., Y, are independent from 7, ..., 7,*.

Therefore, we first focus on

M 2P(Xpy1 €| Znp1 =1) =E6,(), neNl.
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We first obtain a bound on the total variation distance ||, — 7 ||Tv. Recall that, given two prob-
ability distributions p and v, the total variation distance ||u — v||Tv is defined by || — v|Ty =
% SUP| f|.<I () — v(f)|. For convenience, write

By 2wl sup Emy,(f)+wll sup E@y.(f)%  neN

| floo=<1 |floo=1
Recall that throughout, we assume that |w|., < 00.
Lemma 1. Foralln €N, ||n, — 7||tv < B,.

The proof of Lemma 1 is postponed to Section 2.2. Lemma 1 yields a bound on the rate of
convergence of L, towards m in the total variation norm, as shown in the following theorem.
Weset B = B_| = 1.

Theorem 1. Consider {X,},eN generated from Algorithm 1. Then,

n
lLx, —mlry <Y (1 —&)" “Be1. )
£=0

Furthermore, for any bounded measurable function f,

1 & 2
E(ﬁ ;j(f(xo - n(f)))
2

80e2| £|2, s , (12
< 2 6+ 1 ﬁzwk neN. 3)
k=0

The proof of Theorem 1 is postponed to Section 2.2.

Remark 2. In Theorem 1, we do not assume any ergodicity assumption on the kernel P. In
the case that P is geometrically ergodic, one can improve (2) quantitatively by bounding the
term |k P" % — ||ty more effectively. For example, if P is uniformly ergodic with rate p,
then (2) would become || Lx, — wllTv < ZZ:O[P(I — )" *By_;. A similar improvement
can be formulated for (3). However, these improvements do not change the rate but only the
constant in the corollary below. Besides, such improvements will not be easily available if P
is subgeometrically ergodic.

Now, as a corollary, we obtain an upper bound on the convergence rate of the IRMCMC
algorithm, under the following assumption.

Assumption 1. There exists a finite constant C such that for all measurable functions f: X —

= C = C
Ezv.(f) < —,  E@y.(f)> < —.
n n

Remark 3. Since E(7y,,(f))? = n’lE(n’]/ZZ;‘zl (f(Y;) — wy (f)))?, the second equation
of Assumption 1 simply requires the finiteness of asymptotic variance under {Y}, },en Which is
also a very desirable property in practice. This is a fairly mild assumption that holds for many
processes with short-range dependence; see, for example, Hiaggstrom and Rosenthal [11] for
further discussion when {Y}, },,en is a Markov chain.

The first equation of Assumption 1 is also a fairly mild ergodicity assumption.
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Corollary 1. Consider the IRMCMC (Algorithm 1). If Assumption 1 holds then there exists a
finite constant C such that

C
lLx, — 7Ty < p

Furthermore, for any bounded measurable function f,
1 < 2
E X:) — <CIf|*., e N.
<ﬁ ;m ) n(f))) <Clflr

Proof. Under Assumption 1, (2) yields

(/2]
I:Z(l 8)" K + Z g)" 14 j|

t=[n/2)+1

¢ [(1 — )" + 1%]

| /\

lLx, — mlTv

| /\

This proves the first conclusion. The proof of the second is staightforward and is thus omitted.

2.2. Proofs of Lemma 1 and Theorem 1
Proof of Lemma 1. Rewrite n,(f) as

2 w(Y)) )
2(f)=E L f(Y;
i) (; S )
1 & w(Y; )f(Y))
=E(- Y)F(Y; - - Y;
(n;w( DI ,)+( Z ( ))ZZZ s
= E@y.n(wf) — Ryn(@)6, (1)),

where in the third equality above, we use the fact that 7y (w) = 1. Since n(f) = ay(wf),
= 7llvy = sup s <1 5 (1 (f) — 7(f)) is bounded by

1 .~ — 1 ~

5 sup EJTY,n(wf)‘FE sup E@yn(w)6n(f))
[floo=<1 [floo=<1

~ — 1 ~

<~ sup ETFY,n(wf)‘FE sup E@y (w)my (wf))

[floo=1 [fleo=1

1 ~
+ - |fslup 1IE(?T\Y,,I(w)(é‘n(f) —my(wf))).

| =

Observe that

sup E@y,n()my(wf)) = sup w(f)ERy,, W) < [wleo sup Tyn(f)

[floo=1 [floo=1 [floo=1

and |w|so > 1. Therefore,

~ = 1 ~
12 =l < leoo‘fslup 1 Exya(f)+5 ‘fslup 1 E@yn()(0,(f) —y(wf))). (4)
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By the Cauchy—Schwarz inequality,

sup 1E<fy,n(w>@<f> — 7y (wf)))

< [E@y.. @)% sup [E@,(f) — 7y (wf))*1V2. (5)

[floo=1

The first term is bounded by |w]|c sup, Floo<1 [E(ﬁy,n(?))z]l/ 2. For the second term, observe
that

E@,(f) — my (wf))? < 2E@n(f) — Ry n(wf))? + 2E@y 0 (wf) — my(wf))?,  (6)

and

B~ et (3 DD 1
G = Fratwl? =B\ w5

=E((1 — Zy.a(w)?62(f))
< E(rry (w) — Ry (w))?

<|wlk sup E@y.(2)%
|g|oofl

n 2
w(Yj)f(Yj)>
j=1

and the above calculation holds for all f: | f|o < 1. So, (6) can be expressed as

e E@,(f) — my(wf))? < 4wl Sup E@y.q(F))> (7)

Combining (4), (5), and the above inequality yields the desired result.

Proof of Theorem 1. We recall that 7, is the last time k before n that the main chain is
sampled from 6;_;. Now, we can write

1 n
l£Lx, — wlltv = sup 2 ZE(f(Xn) g =k}) — N(f)‘
[floo=<1 k=0
l n
= 5w 5 Y Pty = OIE(f (Xa) | T = k) — 7(H)]],
o=l =li—p

where 1 is the indicator function. Thus,
n
1
Lx, —mltv < ZP(W =k) fsup ElE(f(Xn) | Tox = k) —w(f)l. (8)
k=0 [floo=<1

Observe that the conditional distribution of X, given that t,» = k > 1, is nk,lP”_k (set
1o = 8y,). Then,

1 1
sup = |E(f(Xp) | T =k) = ()l = sup =|mk—1 P"X(f) — m(f)l
|floo<1 2 | floo<1 2

—k
= m—1 P" " —7|1v.
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By the fact that 7 P = 7, we have ||nx—1 P" % — 7|ltv < |lmk—1 — 7|Tv < Bi—1 by Lemma 1.
Also, P(t,» = k) = e(1 —e)* K fork = 1,...,n and P(r,» = 0) = (1 — &)". Thus, (8) can
be expressed as (2).

To establish (3), we show that the partial sum ) ;_, (f(Xx) — 7 (f)) admits a well-behaved
martingale approximation. For a probability measure 6 on X, define

7o (A) = 52(1 — &)l P4, A€ B.
Jj=0

Clearly, my is a probability measure on (X, 8B), and one can verify that 7y Py = mp, and,
moreover, that for any bounded measurable function f, andn > 1,

Ppfx) —mo(f) = —e)"P"f(x)—e Y (1—e) OP)f. )

Jj=n

Indeed, the n = 1 case follows from the definition of Py in (1). For n > 1, by induction,
Py f(x) — ma(f) = P (Po f)(x) — ma(Py f) equals

(=& P () + (1= )"ebf —e ) (1 =)/ @PHI1 — &) Pf + 6f]

j=n
0 . .
= - P ) +e Y (1—e) (OP))f.
j=n+1
It follows from (9) that || P (x, -) — mgllTv < 2(1 — €)", and, consequently, the function

go(x) = Y (P] f(x) = mo(f)) (10)

Jj=0
86(x) — Pogo(x) = f(x) —mo(f), x € X. 1D

In particular, we have f(X;) — T, (f) = 8, (X)) — P@Hg@H (Xk) almost surely. Using
this, we write

is well defined with |gg|eo < 267 !| f|oo, and satisfies Poisson’s equation,

Y X —m(f) =Y (m5 () =7+ D _(FXe) =75 (f)
k=1 k=1 k=1

with
DX =75 ()= (g5, (X0) — Py &, (Xe—1) (12)
k=1 k=1
+ Z(P@_lg@_l (Xk—1) — Pg,85,(X©)
k=1
+ 3 (P85,(X0) — P 85, (Xi)). (13)
k=1
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From the definition of 7y, note that we can write
n n
D g () =m(f) =D b (fe —m(f)).
k=1 k=1

where f;(x) = £)_72(1 — &)/ P/ f(x). Thus,

n 2 n 2 n—1 2
E(Z@T@l(f)—ﬂ(f))) = <Z(]E5;3_1(fs—ﬂ(fs)))”2) s|f|§o(ZJB_k> :
k=1 k=0

k=1

where in the last equality, we use the fact that SUP| £|o<1 Eé;f( f —m(f)) < By, established
in (7) in the proof of Lemma 1.

We now bound the three sums on the right-hand side of (13). By (9), (10), and (11) for any
probability measures 6, 6, and x € X,

Pygo(x) — Py gy (x) = / 0 — 6)(dz) (s Y ja—eypi f(z)>.
j=0

This implies that
2(1

<208 g
£

> (P85, (X0) — Py 85, (Xk))‘ = ‘(50 — @)(e > j—eipi f)
k=1

j=0

Next, observe that

n
> (P 85, (Xk-1) — Py g, (Xk»‘ = |P;,85,(X0) — Py 85, (X))
k=1

< 187, loc + 185, oo
<457 floo-

Finally, we also note that ) " _, (85, X = Pj,_ 85, (Xk—1)) = Y i—; Dy isamartingale
with respect to {F,}, whence E(}_}_; Dy)? = Y} ED? < 4nsupy gl < 16672| f[2n.
Using all the above, we obtain (3).

2.3. An example on the lower bound
We provide an example where O (n~ 1) is also the lower bound of the rate for both ||, — 7 || v

and ||Lx, — m|lTv. This shows that the rate in our upper bound in Corollary 1 is optimal.

Example 1. Consider the simple case when X = {*1} and m = 7y. In this case, the weight
function is uniform (w = 1). Suppose that the auxiliary chain {Y,},>¢ has transition matrix

1—a a .
Py:( b l—b) witha, b € (0, 1).

The corresponding Markov chain has stationary distribution 7y = (a + b)~' (b, a) and eigen-
values A1 = 1 and A» = 1 —a — b. Suppose that a + b # 1 and the chain starts at Yo = —1.
By straightforward calculation, P(Y,, = —1) = a/(a + b) + b/(a + b)2;, and

~ 1 A —)\”+1
Ery,((—1]) — my((=1}) = (aib)(2)< 21_)\22 )

It then follows from the definition that ||n, — 7 |tv > C/n.
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Furthermore, in (1) set P(x,-) = m(-). That is, P is the best kernel we can put into the
algorithm, in the sense that it takes one step to arrive at the stationary distribution (although
this is too ideal to be practical). Now,

P(Xy =1 —n({-1}) = A —eym({—1}) + eEmy.({—1}) — 7 ({—1})
= e(Exyn({—1}) — my (—1}).

It then follows that ||Lx, — |ty > C/n.

2.4. The multiple IRMCMC

We discuss a multiple chain IRMCMC algorithm and establish a similar convergence rate
as in Section 2.1 by a repeated application of Theorem 1. Form > 1 and £ € {0, ..., m}, let
7© be a probability measure on X, and Py a Markov kernel with invariant distribution 7 ©)
such that 7™ = 7.

Algorithm 2. (The multiple IRMCMC.) Choose (X, ..., X)) = (¥, ..., x{™) and fix
e € (0,1). Given F, = o{(X(O),.. ,X(m)),O < k < n}: sample independently X,(fgl ~
Po(Xy”, ), and for 1 < € <m, X\ ~ P, se-n(Xy". ) with

- " (D)
Pro(x, ) = (1 —¢&)Pe(x,-) +6(), 6, ()= E @D Oxe-n (),
o1 2 m W (X5 )

with we(x) = me(x)/me—1(x), x € X.

To bound ||L£ — m¢||Tv, it suffices to control

X

B2 sup Emye,(f)+ sup E@yen,(f)?  neN,
[floo=<1 [ floo<1

where this time TL’X(z) n (f) & JTX(Z) 2 (f) — me(f). In fact, it suffices to control B(O) which is
the purpose of the followmg assumption.

Assumption 2. As n — 0o, the initial Markov chain {X,(,O)}nzo satisfies B,(,O) <C/n.

Theorem 2. Consider the multiple IRMCMC (Algorithm 2) for which Assumption 2 holds and

maxe=1,..m|Weloo < 00. Then, for £ =1, , m, there exists a finite constant C such that,
forn > 12,
C(log n)t-1
£ yo —melly < ——,
n n

and for any bounded measurable function f,
n 2
E(i S ) - ﬂe(f))) <c.
ﬁ i=1 l B

Proof. This follows easily from a repeated application of Theorem 1.
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3. IT algorithm

In this section we consider the IT algorithm as follows. Recall that the auxiliary chain
{Yn}n>0 evolves independently from the main chain {X,},>0.

Algorithm 3. (The IT algorithm.) Fix ¢ € (0, 1). Start at Xo = xo and Yy = yg. Ateach
round n, generate

P(X,—1,) w.p. 1 —e¢,
X, ~
KﬁY,nfl(Xn—lv ) W.p. &,

where @l = Ty, is the empirical measure associated to {¥,},>0 and Kj is defined by

Ko(x, A) =14(x) +/ <1 A Ty ()

x 7 (x)7ry (2)

)(IA(Z) — 14(x))0(dz).

In other words, for all nonnegative functions 7: X — Randn € N,
Ey(h(Xn+1) | Fu) = Pry,h(X,) almost surely,
where for any probability measure 6 on X, Py is defined as
Po(x,A) =(1—¢)P(x,A) +eKg(x, A).
Recall that, we write 77 (dx) = 7 (x)dx and similarly for ry with a little abuse of notation, and
w(x) = mw(x)/my(x). We assume that |w|s < 00.

The kernel K, is the independent Metropolis kernel with target v and proposal ry. Itis well
known that under the assumption |w|s < oo (recall Remark 1), the kernel K, is uniformly
ergodic [13], and this property is inherited by Py, . That is, there exists Co < oo, p € (0, 1)
such that

1P, (x,) = () lltv < Cop”, n=0. (14)
3.1. Convergence rate of the IT algorithm

We make the following assumptions.

Assumption 3. There exists a finite universal constant C such that for any measurable function
f:X =R with|fleo <1,

x2
) =conl- g )

l n
sgp]P’(‘ﬁ j=1(f(Yj) — 7y (f))

where 02(f) £ varg, (f).

Assumption 4. The function w: X — R is continuous (with respect to the metric on X), and

¢ (x)
sup ———

e w2 (1)

where ¢ (x) £ my({z: w(z) < wl)}).

Assumption 5. The kernel P is such that if f: X — R is continuous, then Pf is also
continuous.
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Remark 4. The deviation bound appears naturally in the proof of Assumption 3 although these
types of bound are not widely available for Markov chains. A continuous-time version appeared
in [8, Proposition 1.2] but extension to discrete-time Markov chains along the same arguments
is apparently not straightforward.

Remark 5. Assumption 4 can be difficult to check in practice, but is not overly restrictive. For
example, consider X = R and 7y = 7T with some T € (0, 1). For the sake of simplicity,
we focus on x € R, and define ¢, (x) £ 7my({z > 0: w(z) < w(x)}). Suppose that the
density 7 (x) decays asymptotically as x* for @ > 1 as x — oo. Then, my(x) ~ x~ /¢
and w(x) ~ xT=De  Here and below, we write a(x) ~ b(x) if limy_, o a(x)/b(x) =
Furthermore, assume that T > 1. Then, ¢4 (x) ~ (Ta — 1)~ 'x!=7% and ¢, (x)/w?(x) ~
1/(Ta — 1)x'+2¢=3T« Therefore, (15) holds if T > (1 + 2a)/(3).

Theorem 3. Consider the IT algorithm described above and suppose that Assumptions 3-5
hold. Then there exists a constant C such that for all continuous bounded functions f: X — R
andn € N,

Clf o
ECF(Xn) — ()] < Sl

Proof. Fixn>2and 1 < g <n. Fix f: XX - R with | f|sc = 1. Then write
Ey f(Xn) = Py, f(x) = Ex(Py, 1 f(Xg) — Py, f (X)) — Ex (Py, ? f(Xg) — [ (Xn)).

For the first term, we can use (14) to obtain |E (Pgy, ¢ f(X4) — Pl f(x))] < Cp"~ for some
finite constant C that does not depend on f. For the second term, we write
n—1
C(PIOF(Xy) — f(Xn)) = X<Z<P;,ff<x,~> - P,’:,“f(X,-H)))
J=q

n—1
= B (PR F(X)) = B (PR F(X 1) | F9)

=Y B (P} f(X)) = Py, PR/ f(X)))

n—1

= Cop" /T By (Pry — Pay )in (X)), (16)
j=q

where in the last line, we write

Xl l(f(x)—ny(f))
Cop"~ j—1

Cn,j(x) = X e X,

with Co and p chosen as in (14). As a consequence of (14), we have [, jloo < 1. Itis also

continuous by the continuity of f and Assumption 5.
To simplify the notation, for any function g: X — R, define

Hg(x,2) £ a(x, 2)(g(z) — g(x)), x,z€X, (17)
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where

w(z)

O{(X,Z) ZIAM

Thus, we can write
Ppg(x) — Pryg(x) = E/Hg(x, 2)(0(dz) — 7y (dz)).

For any g: X — R, we introduce the class of functions F, £ {z = Hg(x,2): x € X}, and
the empirical process

1 n
Gu(h) & —= Y (h(Y)) —7y(h)),  heF.
Vi
Therefore, the expectation term in (16) can be written as

E((Pry — Pay )on (X)) = 6Ex ( f Hy, (X}, 2)(y (d2) — 7y, ,-(dz)))

L J
= —SEX<FZH¢M. (X, Ye) — /x H;n.j(Xj,Z)JTy(dZ))

=1
£
= _ﬁ]Ex (Gj(Hy, (X, ),
whence,
B n-1 Cop" !
Ex (P9 f(Xg) = FXa)] = ey =BG (Hy, (X )
i=q
n—1 pn_j_l
< [ .
< Coé B (hes;{;:’j o0}

In Lemma 2 below, we prove that for any continuous function g: X — R such that |g|cc < 1,

Ex (supj,c 7 |G, (h)|) < C for some constant C that does not depend on n nor g. We conclude
that

n—1
_ |
B (PR 9 f(Xg) = fFXa)| < C Y —=p" 7L,
Jj=q
Thus, forany 1 < g <n,

n—j—1

n—1
(£ (X)) = 7y ()] < c{pn b ey P

} < cn~1/?
J=q

Vi
by choosing g =n — |—logn/2log p].
We rely on the following technical result on the auxiliary chain {Y,},>0.

Lemma 2. Suppose that Assumptions 3 and 4 hold. Then there exists a constant C such that,
for all continuous functions g: X — R such that |gleo < 1,

supIEx<sup |Gn(h)|> <cC.
neN  “heF,
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Proof. Throughout the proof n > 1 is fixed. Assumption 3 suggests the following metric
on Fg:

1/2
(1, h2) = o (hy — ha) = (/x(hlm - hz(x))zny(dm) "
which has the following properties. For x1, xo € X, it is easy to check that
[Hg(x1,2) — Hg(x2, 2)| < 2|ee(x1, 2) — ax2, 2)| + [g(x1) — g(x2)]. (18)
It follows that

d(Hg(-xlv ')» Hg(x29 ))

< V2lg(x1) — gx)| + Zﬁ\// loe(x1, 2) — ee(x2, 2)[*7y (d2). 19)

This implies that the diameter of F, is bounded by §(F;) = 44/2. Tt also implies that with
respect to d, the empirical process {G, (h), h € Fg} is separable. Indeed, for x € X arbitrary
and i = Hg(x, -), using the Polish assumption, we can find a sequence x,, € X (x;, belongstoa
countable subset of X)) such that x,,, — x asm — 00. Setting h,, = Hg (X, -), it follows from
(19) and the continuity of g and w that h,, — h in (Fg, d), and from (18) it is easy to show that
G (hm) =G (h) = n=" 230 (Hg (x, Yo) — Hg (¥, Y0)) +/nty (Hg (x, ) = Hg (X, -) = O
as m — oo for all realizations of {Yq, ..., Y,}.
For any h1, hy € ¥, Assumption 3 implies that for any x > 0,

x2
Py (|G, (1) — Gy (h =C T2 )
(1Gn(h1) (h2)| > x) < exp( cdz(h],hz))

Here, the constant C above is universal for all g such that |g|o, < 1. Indeed, (17) implies

that for such a function g, h € F, implies || < 2. Then, we apply [15, Corollary 2.2.8] to
conclude that for kg ; € Fg, there exists a constant C independent of g such that

§(Fy)
v ((sup 16 (1)) < ErlGolho )] + c/ ©J1+ logDe. F. oy de < oo,
heFy 0

where D(e, ¥, d) is the packing number of ¥, with respect to d. Since all elements of 5, have
a sup-norm of at most 2, Assumption 3 implies that sup, .y Ex|G, (ho,g)| < C < oo, where
C does not depend on g. To control the entropy number, we further bound the right-hand side
of (19).

Without loss of generality, assume that x1, x; € X and w(x1) < w(x2). fw(x)) Vw(xy) <
w(z) then a(x1, z) —a(x2,z) =0. If w(z) < w(x) then
wi@  w@) [

2
wx))  wx) (w(x2) —w(x1))”.

la(x1, 2) — a(x2, Z)|2 = ‘ ~ w(x)?

If w(x;) < w(z) < w(xy) then
B w(z) 2
w(x2)

le(x1,2) — a2, 2)[* = ‘1 S (w(x) — w(x))*.

~ w(xy)
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Thus,

/muhm—awzwﬁwmms(¢”” ¢“”)wuﬁ—wunf
wx))?  w(x)?

< C(w(x2) — w(x1))?

where ¢ (x) L 7y ({z: w(z) < w(x)}), and the last inequality follows from Assumption 4.
Together with (19), we conclude from this bound that there exists a constant C¢ independent
of g such that

d(Hg (x1, ), Hg(x2, ) = Co(lg(x1) — g(x2)| + [w(x2) — w(x1))). (20)

Since |gloo < 1 and w(x) € [0, [w|x], this implies that the e-packing number of (¥, d) is
at most of order £~2, independent of %7 A detailed proof is provided below. It follows that
w/1 +1logD(e, ¥, d)de < C]O ./1 + log(1/¢) de < oo, which proves the lemma.

To complete the proof, we show that the e-packing number of (¥, d) is at most of order
¢2, independent of g. That is, the cardinality of any e-separate set is at most of order s>
(recall that a set is an e-separate set if any two points of this set have distance larger than ¢).
Note that the functions in F; are indexed by x € X.

Firstly, one can divide the set X( into N = |2/¢ | 4+ 1 disjoint subsets S(1), ..., S(N), so that
for every two points x, y within the same S(i), |g(x) — g(y)| < €. Note that N does not depend
on g. For example, consider g_l([—l, —1+¢)), g‘l((—l + e, —1+42¢]),..., g‘l((—l +

(N — De, 1)).

Secondly, for each set S(i), one can again divide it into N’ = ||w|so/€] + 1 disjoint
subsets, denoted by S(i, j),j = 1,..., N’, so that within each S(i, j) for every two points
X, y, lwkx) —w®)| <e.

Finally, {S(i, j)}i=1,...n, j=1,..,n” forms a disjoint partition of X. The construction and (20)

requires that any 2Cpe-separate set contains at most one point in each S(i, j). Therefore, the
e-packing number is at most of order 1/¢.
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