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To Ricuarp Brauer on his 60th birthday

1. Introduction

Let G be a finite group and let ¢ be an (ordinary) irreducible character
of a normal subgroup N. If ¢ extends to a character of G then ¢ is invariant
under G, but the converse is false. In section 3 it is shown that if ¢ extends
coherently to the intermediate groups A for which A/N is elementary, then ¢
extends to G. If N is a Hall subgroup, then in order for ¢ to extend to G it
is sufficient that ¢ be invariant under G. This leads to a conétruction of the
characters of G from the characters of N and the characters of the subgroups
of G/N in this case.

Let 1(H)s denote the character of G induced by the 1-character of the
w-Hall subgrbup H. If H is normal in G then the dégree of each irreducible
component of 1(H)¢ divides the index of H. In section 4, the converse is proved
in the case in which G is n-solvable and in the case in which G has a nilpotent

n'-Hall subgroup.

2. Notation and Preliminary Results

In w}hat follows, group means finite group. For a character ¢ of a subgroup
H of a group G, ¢¢ denotes the character of G induced by ¢ (for a definition,
see [1]). Induction has the following properties:

(1) If HC KCG, then (¢x)e = ¢a.

(ii) If X is a character of G, then (¢g, Xe= (¢, Xu.

If 7; and 7, are characters of G, then 7, € 7; means that there is a character
Y3 such that 7;=Y.+7. For example; ¢ € ¢e| H for each character ¢ of the
subgroup H of G. ’

The 1-character of G is denoted by 1(G).
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The degree of the representation with character / is denoted by f«. A
linear character is a character of degree 1.

If ¢ is a matrix representation, then det ¢ is a linear character. Equivalent
representations have the same determinant, so we may put det ¢ = N{Z), where
7 is the character of ¢. For each linear character w, we have Nlw/) = o " N().

If » is a set of prime numbers and f is a rational integer, then f/ divides =
means that each prime factor of fis in n. A =~-group is a group whose order
divides =. A group is n-solvable if each of its composition factors is either a
m-group or a z'-group, where 7' is the complimentary set of prime numbers.
A n-Hall subgroup of a group G is a n-subgroup whose index in G divides ='.

In what follows, character means irreducible character.

We will need the following results due to Clifford [3]:

TueoreMm 1. Let ¢ be a character of the normal subgroup N of G and let
T be the subgroup fixing ¢. Then for each character 7 € ¢g there is a wunique
character € of T such that (€ ¢r and 1 €Cs.  For this ¢, C\N=a) for some

positive integer a, and Cq = 7.

Proof. Given ¥ & ¢g, choose a character ¢ of T such that ¢ € ¢r and X € Ce.
Then ¢INE€ ¢z| N=(T:N)¢, so ¢| N =ap for some positive integer a.

For o& T, (¢, Ox=ax(¢?, P)x=0. Therefore (&z, Ca)a= (Ls, C)r
= FET(C”, Orar(T:TNT?) =1, It follows that o= 7.

Since 7| T =¢+¢,;, where ¢ & ¢ | N, the only character of T with the required

properties is ¢.
CoroLLARY. With the same hypotheses, (G:T)f, divides fx.

THEOREM 2. With the same hypotheses, if ¢ extends to a character ¢, of T,
then as w ranges ovey the characters of T/N, (w¢:)e ranges over distinct charac-
ters of G, and

(1 </fa=2fm‘(w¢'1)a
Proof. Both ¢r and >)f., * w¢; are 0 off N and restrict on N to (T:N)¢.

Therefore they are equal. Inducing to G, we have (1). From (1) it follows
that

(T:N) = (¢o, ¢)y= (¢e, ¢glo = 2,/”1-;/:»‘((“’(#1)6’ (o' ¢)e)e-
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The diagonal terms alone contribute at least >\ f% = (T: N), so the (w¢i)e are

irreducible and distinct.

CoroLLARY. If N is normal in G and 1 is a fixed extension of the character
¢ of N to G, then each extension of ¢ to G is uniquely of the form w¢: where
w is a lUnear character of G/N.

TaroreM 3. Let N be a normal subgroup of prime index p in G. Then

each invariant character of N extends to a character of G.

Proof. Let ¢ be an invariant character of V. Let 7 be a character in ¢g.
By Theorem 1, | N=a). For each character w of G/N, v/ is a character of
G and wX|N=a¢. The characters v/ are distinct. In fact, if w?=0w'Y for
w*w', then ¥ =0 off N,soa’ = (7, 1)v=p/, /)a=0p,a contradiction. Therefore

Za'wZE¢'G.

Since (¢a, ¢e)e = (¢a, ¢)n = p, this implies that e =1. Thus ¥ is an extension
of ¢ to G.

3. Extension of Characters from Normal Subgroups

An elementary group is a direct product of a cyclic group with a group of
prime-power order. According to a theorem of Brauer [1], each character of a
group G may be written in the form > a:£; where § ranges over all linear charac-
ters of all elementary subgroups H of G and the coefficients @: are rational in-
tegers. Using Brauer’s theorem we will find conditions under which an invariant
character of a normal subgroup can be extended toc a character of the whole

group.

TuEOREM 4. Let N be a nmormal subgroup of G and let ¢ be a character of
N. Suppose ihat for each intermediate group H for which H/N is elementary
¢ may be extended to a character $(H) of H in such a way that

(i) (A =¢(H*) (pEG),

(ii) ¢(H") =¢(H" H' (H'CH").
Then ¢ may be extended to a character of G.

Proof. By Brauer’s theorem we may write

(2) HG/N) =2la.%
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where & ranges over all linear characters of H/N, for all intermediate groups
H for which H/N is elementary, and the coefficients @, are rational integers.

Put
) 7 =>lax(&¢(H))e,

where H. is the group of which ¢ is a character. Then X is a generalized
character of G for which /|N = ¢.
From (2) and (3) we have

1= (1(G/N), 1{G/N))e = 2)a.a.(Es, £&)a,
and

(7» X)G = 20305’((5‘/)(11‘;))0» (5'¢(H§/) )0)0

We shall show that corresponding inner products in these two sums are equal,
proving that (7, X)e=1 and hence that ¥ or —X is a character, from which
since 7| N = ¢, it will follow that ¥ is a character.

For any two characters ¢ and ¢' of subgroups H and H' of G,

(o Ch)o= s, N = EH(CP, Nueng,(H' ' H'N H")™

p mod

Thus it is enough, in view of (i) and (ii), to show that for each intermediate
subgroup A for which H/N is elementary, and each pair of linear characters
o and o' of H/N,

(wy(H)}, o' ¢${H})a= (0, o)g.

This is true since by the corollary to Theorem 2, w¢(H) and w'¢(H ) are equal
only for w = w'.

As an application of Theorem 4, we will prove the following special result
which may also be proved using Schur’s lemma and factor sets.

THeOREM 5. Let N be a normal subgroup of G and let ¢ be a character
of N such that

(a) ¢ is invariant under G,

(b) N(¢) extends to a character £ of G,

(¢) f, is prime to (G: N).
Then there is a unique character ) of G such that X|N=¢ and N(}1) =¢.

Proof. 1f ¢ extends to a character of G, there is a unique extension ¥

such that N(X) =¢. In fact, all extensions are given by wX: where 7, is any
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one extension and w ranges over the linear characters of G/N. Since éN(¥;)™*
is a linear character of G/N and f, is prime to (G:N), there is a unique
linear character w of G/N for which /¥ =&N(/)7}, ie., for which N(w?;)
=" N =¢.

To prove the existence of an extension, suppose first that G/N is supersol-
vable. If G=N, put Y =¢. If G=N, let K/N be a normal subgroup of prime
order of G/N. Since ¢ is invariant under K, Theorem .3 shows that ¢ has an
extension to a character of K. By the last paragraph, ¢ has a unique extension
¢ for which N(¢;) =&|K. For each p€ G, ¢! is an extension of ¢ to K for
which N(¢f) =&{K. Thus ¢; is invariant under G. By induction, ¢, extends
to a character of G.

To complete the proof in the general case, we note that elementary sub-
groups are supersolvable. Hence there are unique extensions ¢(H) of ¢ to the
intermediate groups H for which H/N is elementary such that N(¢(H)) = £| H.
Properties (i) and (ii) of these extensions follow easily from this uniqueness

and the invariance of £ under conjugation.

Lemma 1. Let G=HN where H is a subgroup of G and N is a normal
subgroup of G and HNN=1. Then each linear character of N which is in-
variant under G extends to a character of G.

Proof. Let & be an invariant linear character of N. Put &(¢r) =0(r) for
s H reN. Then £|N =0 and ¢ is a linear character of G, since for a1, € H
and 71, 2 € N,

5(0'17.'10'21'2) = 5(01027?1'2) = 5(1';"1‘2)

=§(r{*) 0(r2) = 0(r1) 0(12) = &(ai71) E( 2 72).

THEOREM 6. If N is a normal Hall subgroup of G, then each invariant

character of N extends to a character of G.

Proof. Let ¢ be an invariant character of N. Since f, divides (N:1), f,
is prime to (G:N). By a theorem of Schur [5, p. 162], there is a subgroup
H such that G=HN and HNN=1. Therefore N(¢), which is also invariant,
extends to a linear character of G. Consequently ¢ extends to a character of
G, by Theorem 5.

Tueorem 7. Let N be a normal Hall subgroup of G. Pick a character ¢
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of N, let ¢ be an extension of ¢ to the group T fixing ¢, and let w be a
character of T/N. Then (w¢1)s is a character of G, and each character of G

is obtained in this way.

Proof. By Theorem 6, ¢, exists. By Theorem 2, each (w¢1)s is a character
of G and each character 7 € ¢ is obtained in this way. For each character
7 of G there is a ¢ such that ¥ € ¢¢ so 7 is of the form (w¢:)s for some ¢

and some w.

4. Conditions Implving a Hall Subgroup is Normal

It was proved by N. Ito [4] that if the degree of each character of a
solvable group is prime to p, then the group has an abelian normal p-Sylow
subgroup. In this section we prove an analogous.result in which the conclusion
is “G has a normal =-Hall subgroup” and the hypothesis “p +f«, for all characters
7" is replaced by

a: G has a wn-Hall subgroup A and the degree of each character in 1(H)g

divides /.
LemMma 2. If G satisifes a and N G, then N and G/N also satisfy a.

Proof. Let G satisfy « relative to the z-Hall subgroup H and let N<G.
Then HN N is a n-Hall subgroup of N and HN/N is a n-Hall subgroup of G/N.

Since ¢ € ¢¢! N for each character ¢ of N, ¢ € 1(HN N)y implies 1{HN N)
e¢|HNNE | HNN and hence

(¢, 1(H)e)n = (¢a, 1{H)@)e = (¢a, 1(H))g={(¢g, HWHNN))an(H: HNN) ' %0.

Therefore for each character ¢ € 1(HN N)y, there is a character 7 € 1(H)q
for which ¢ € Z|N and hence for which f, divides fx. By hypothesis, fx divides
', so f, also divides n'. Thus N satisfies « relative to H N N.

Since 1(AN) € 1(H)ux, we have

1(HN)es € (1(H) ax)e = 1(H)g.

If X is a character of G/N in 1(HN)g, then 7 is a character of G in 1(H)e.
By hypothesis fx divides n’. Thus G/N satisfies « relative to HN/N.

TueoreM 8. If G is a n-solvable group which satisfies «, then the n-Hall
subgroup H is normal in G.
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Proof. Let M be a minimal normal subgroup of G. Then G/M is also a
n-solvable group which satisfies «, so by induction G/M has. a normal =z-Hall
subgroup K/M.

I M is a 7-group, then K is a normal n-Hall subgroup of G.

If K=G, then K is a n-solvable group which satisfies «, so bby induction
K has a normal n-Hall subgroup, which is then a normal n-Hall subgroup of G.

Finally, suppose M is a n'-group and K=G. Then G=HMand HNM=1.
Consequently, 1{H)q| M= >f,¢, where ¢ ranges over the characters of M.
Let ¢ be a character of M. Then there is a character Y€ 1(H)e for which
¢p/IM. Let T be the subgroup fixing ¢. Then (G:T) divides f«. By the
hypothesis, fx divides =z, 56 (G:T) divides ='.

Since (G:T) divides (H:1), which divides =, (AG:T)?—‘I. Thus each
character ¢ of M is invariant under G. It follows that H, in its action on M
by conjugatioh, preserves the M-classes of M. By a theorem of Burnside
[2, p. 891, H centralizes M. Thus G=HxM, so HG.

LemMma 3. Let A be an cz_belz'cm group, B a subgroup of A, and Y a possibly
reducible character of A such that 7 =0 off B. Then (A:B) divides fx.

Proof. Let 7=)a(£)¢ be the decomposition of ¥ into linear characters.
For each character w of A/B, we have w/ =1, so a(wf) =a(g). Also, wf=0w'¢

only for w =w'. Hence

1= ;’G(E)Ew5= So2ad)s,

where the prime indicates that the summation is only over some £. It follows
that £y = (A: B)SYa(2).

For a character 7 of a group G, denote by Z(7) the normal subgroup on
which |Z]| =7%. Denote by Z(K) the center of a group K.

LemmMmA 4. Suppose that the group G has a Hall subgroup K and let 1 be a
character of G such that fy divides (K:1). Then (Z(K):Z(K)NZ(7)) divides

e
Proof. For ¢=Z(K), the centralizer of ¢ contains K, so the number of
elements in the class of o is prime to (K:1) and hence to fx. By a theorem
of Burnside [2, p. 322], either ¢ = Z(7) or 7(s¢)=0. Thus /|Z(K) is 0 off
Z(K) N Z(7), and the result now follows by Lemma 3.
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TaeoreM 9. If G satisfies a relative to a n-Hall subgroup H and G has a
nilpotent n'-Hall subgroup K, then H is normal in G.

Proof. It is enough by Theorem 8 to prove that G is =-solvable. Since
the hypotheses of Theorem 9 carry over to normal subgroups and factor groups,
it is enough to show that if G has no proper normal subgroups, then K = 1.

If G has no proper normal subgroups, then Z(Z) =1 for all characters 7
of G except 1(G). Lemma 4 then shows that (Z(K):1) divides fx for all
7€ 1(H)g except 1(G). Putting

1(H)e=1(G) + Xax,

we then have
(K:D=(G:H)=1+Xa«fx=1 mod (Z(K):1).

This implies that Z(K) =1. Since K is nilpotent, K = 1.
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