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REPRESENTING RANK COMPLETE
CONTINUOUS RINGS

DAVID HANDELMAN

Given a suitable regular ring R, we construct a sheaf-like representation for
R as a ring of continuous sections from a completely regular space to an appro-
priately toplogized disjoint union of factor rings corresponding to “‘extremal”’
pseudo-rank functions. Applied to rings which are complete with respect to a
rank function this representation is an isomorphism, the completely regular
space is extremally disconnected and compact, and the “‘stalks’” are the simple
factor rings. These factor rings are discrete exactly if they are artinian, so the
construction is not generally a sheaf. In particular, this yields an isomorphic
representation for continuous geometries complete with respect to a (lattice)
valuation, in terms of the simple homomorphic images.

Let R denote a (von Neumann) regular ring. A pseudo-rank function (6] N,
on R is a function NV : R — [0, 1], satisfying

N() =1
N(rs) = N(r), N(s)
N(e+f) = N(e) + N(f) ife, fare orthogonal idempotents.

As a consequence, if aR £ bR (for a, b € R, as right R-modules) then N(a) <
N(b); in general N(r + s) < N(r) + N(s), so N induces a uniform topology
given by the pseudo-metric dy, dy(x, y) = N(x — y). If {N} is a family of
pseudo-rank functions on R, we shall abuse our terminology and refer to the
uniform topology with gauge {dy}, as the topology induced by {N}.

A pseudo-rank function N is called a rank function if dy is a metric, i.e.
N(r) = 0 implies » = 0.

We denote by P(R), the collection of pseudo-rank functions on R. P(R) is a
subset of [0, 1]%. Endowed with the relative product topology (equivalently,
the point-open topology) P(R) becomes a compact, convex subset of [0, 1]%
([6, Lemma 7]). We denote by E(R) or E, the collection of extremal points of
P(R). If P(R) is non-empty, the Krein-Milman theorem tells us P(R) is the
closure of the convex hull of E(R), so in particular E(R) is non-empty.

If N € P(R), then ker N = {r € RIN(r) = 0} is a two-sided ideal (since
N(r+4+s) £ N@F) + N(s); N(rs) £ N(r), N(s)). We define Ry to be #/xen-
Then N induces a rank function on Ry ([6, Lemma 5]), which we shall also
call V.
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If R is a regular ring with a rank function N, the completion of R at N
(i.e. at the metric dy) is a regular ring ([8]). If N € P(R), N € E(R) if and
only if the completion of Ry at N is simple ([6, Corollary 20]).

Let us form the disjoint union 4 = UyerRy. Each 7 in R induces a function
?: E— A, defined by #(N) = r + ker N € Ry. We want to topologize A so
the relative topology on Ry is the N-induced topology, so Ry becomes a
topological ring in the relative topology, and so that ? is continuous. To do so,
we first define a (metric) topology on R.

Each 7 in R gives rise to a function 7 : P(R) — [0, 1], 7(IV) = N(r). Now
P(R) is compact, so it seems reasonable to impose the topology of uniform
convergence on R.

At this point, it is necessary to impose additional conditions on R.

1) R is unit-regular (for all r € R, there exists a unit # with rur = r; see
(8] for the effect this assumption has). In particular this gurantees
P(%/,) # 0 for any proper two-sided ideal M of R.

2) Given nonzero r in R, there exists N € P(R) with N(r) > 0. This is
equivalent to the map » — # being one to one; as we are planning to
represent R via A, this assumption is necessary. All known regular rings
satisfying 2) are unit regular.

Define the function N* : R — [0, 1] ([11]) by

N*(r) = Inf {m/n|n(rR) < mR,n > 0}

(we are using the convention that if M is a module, then nM denotes a direct
sum of n copies of M ;if M’ is another module M < M’ indicates M is isomor-
phic to a submodule of M’).

By [8, Lemma 3.1, Theorem 3.2], for all 7 in R, N*(r) = supyepmyN(7), and
there exists N, € P(R) with N,(r) = N*(r). It follows from the supremum
formula, that N*(r + s) £ N*(r) + N*(s), N*(rs) £ N*(r), N*(s), and
N*(1) = 1. Thus N* is a (pseudo-) lower rank function ([11]), and it induces a
pseudo-metric d*, with respect to which R becomes a topological ring,
a*(x,y) = N*(x — ).

A collection of pseudo-rank functions on R, U C P(R) is said to be a
Hausdorff famaly ([7]) if for all » nonzero in R, there exists N € U
with N(r) > 0. Obviously R satisfies assumption 2) above if and only P(R) is
itself a Hausdorff family. By [8, Theorem 5.1], unit regular R possesses a
Hausdorff family (equivalently, 2) is satisfied) if and only if N*(r) > 0 for
all nonzero 7 in R; i.e. d* is a metric.

LeMMA 1. Let R be a unit regular ring, and K a subset of P(R) that is also a
Hausdorff famaly.
(a) The topology of uniform convergence on K 1is the same as the topology of
uniform convergence on the closure of the convex hull of K.
(b) If K is compact, the function Ng* defined by Ng*(r) = supyexNV(r)
induces a metric dg, dg(x, v) = Ng*(x — v), which metrizes the topology
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of uniform convergence on K. Finally, given v in R, there exists N € K
with N(r) = Ng*(r).

(¢c) If K s both compact and convex, then if E(K) is the collection of extremal
points of K, Ng*(r) = supyera)N(r), and if E(K) is utself compact, for
all r € R there exists N € E(K) with N(r) = Ng*(r).

Proof. (a) is trivial.

(b) Each 7 in R induces 7 : K — [0, 1] continuous. So we have a collection
of functions in C(K, [0, 1]) topologized by uniform convergence. As is well-
known, this topology is the same as the sup-norm topology, which here is
re-interpreted as Ng*.

Choose r in R. The function 7: K — [0, 1], #(NV) = N(r) is a continuous
function from a compact space to [0, 1]. Thus the supremum is obtained, i.e.
there exists N, € K with #(N,) = supyex?(IV);i.e. N, (r) = Ng*(r).

(c) By the Krein-Milman Theorem, K is the closed convex hull of E(K).
Pick 7 in R. There exists N € K with N(r) = Ng*(r). If supyepayN(r) =
Ng*(r) — ¢, for some ¢ > 0, then for all M € cvx E(K), M(r) = Ng*¥(r) — e
Now V = {M € K|M(r) > N*r) — ¢/2} is a (relatively) open neighbour-
hood of NV in K, but VN cvx E(K) = @, contradicting the Krein-Milman
theorem. Thus supyczu) V() = Ng*(r) which by (b) gives equality. The final
statement is a consequence of the final statement of (b).

COROLLARY 2. If the regular ring R possesses a Hausdorf fumily of pseudo-
rank functions, then the topology of uniform convergence (us functions P(R) —
[0, 1]) s metrizable, and determined by the lower rank function N*.

It is clear that R is a topological ring in the N* metric. Finally, we may put
a topology on 4 = UnegmRy. There is a map

RxES 4
(r, N) >r + ker N € Ry.

Put the product topology on R X E, and the strong a topology on 4 (the
strongest topology on A which allows « to be continuous). It follows auto-
matically that for each 7 in R, the function E — A, N — r 4+ ker N is con-
tinuous, and for each N € E(R), themap R — A,r — r + ker N is continuous.
It is clear that the image of R under this latter map, Ry, has the N-induced
metric topology as its relative topology.

Let I' = T'(E, A) denote the ring of sections (i.e. continuous maps s : £ — A
such that s(N) € Ry for all N € E). The map R — T is continuous by the
topology on A. (r(N) = r + ker N € Ry).

COROLLARY 3. Let R be unit regular. The map R — T is one to one if and only
if R possesses a Hausdorff family of pseudorank functions.

We assume R does have a Hausdorff family, and identify R with a subring
of T.
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Now T is itself a topological ring: every N € E(R) extends uniquely to T
in the obvious manner y — v(N). We may define an N*-type norm on T,
namely

N*(y) = supyegy (V).

It is clear that this N* restricted to (the image of) R is just the original N*, so
there is no ambiguity in the notation.

Of course we want to determine when R = T. There are two difficulties: the
first is that £ need not be compact, and so the representation would not be very
satisfactory (however, it turns out that if R is N*-dense in I, and £ is totally
disconnected, then E is compact). In this case, some sort of representation is
available via the Stone-Cech compactification.

The second problem is that E(R) need not be totally disconnected. There is,
however, a situation where these problems are overcome.

Let R be a unit regular ring with a Hausdorff family of pseudo-rank func-
tions. Suppose R satisfies

(*) forall N, M € E(R), N # M, there exists a central element r in R with
r ¢ ker N, r € ker M.

This condition is satisfied, if for example, R is directly finite and self-injective,

or if R is strongly regular. We will show, if R satisfies (*), then E is compact,
totally disconnected, and R is N*-dense in T.

LEmMmA 4. (effectively in [7, Theorem 6.5]) Let R be a unit regular ring. Let
B(R) denote the (Boolean algebra of) central idempotents of R, and X = X (R)
the Stone space of B(R). Then there is a map

ER) L x@®)
N — ker NN B(R).

This map is continuous and onto. If E is compact, B is open.

Proof. Clearly ker NN B(R) is an ideal of B(R) (even though the ring
operations in B(R) are distinct from those of R). The map R — Ry = #/xery
induces a nonzero Boolean algebra map #® /io.v A sy — B(Ry). Now Ry is a
prime ring, so B(Ry) = {0, 1}, whence ker N M B(R) is maximal.

X has a basis of clopen sets of the form

U,={x € X|le ¢ X} (e € B(R)).

Then B~1(U,) = {N € E(R)|N(e) > 0} (observe that if e € B(R), then
e — 1 € Ry); this is open in the point-open topology, so 8 is continuous.

To show B is onto, choose a maximal ideal W of B(R). Then we may find a
maximal ideal M of R containing WR. As R is unit regular, #/,, is a simple unit
regular ring. By [8; Corollary 3.7] £/, has rank functions and therefore by the
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Krein-Milman Theorem, possesses an extremal pseudo-rank function N’. Since
R/, is simple, N’ is a rank function. Now the composition of the maps

R—*/ 0, 1),

gives a pseudo-rank function N with ker N = M. As N’ is extremal, it easily
follows that N is extremal. Obviously ker NN B(R) = M M B(R) = W.
The last statement is completely trivial.

To obtain results utilizing (*), we must recall some results from [8]. If R is
unit regular, the Grothendieck group of R, K((R), has the structure of partially
ordered abelian group, and pseudo-rank functions correspond to isotone
(order-preserving) group homomorphisms to the additive group of the reals,
sending [R] to 1, called functionals.

FP(R) willl denote the collecticn of finitely generated projective right
modules. If P ¢ FP(R), [P] will denote the image of P in Ky (R).
{[P]|P € FP(R)} is the positive cone of K(R).

A subgroup K of a partially ordered group G is convex if a, b € K, ¢ € G,
a = ¢ =bimplies ¢ € K. K is directed if for all « in K, there exist b, ¢ in the
positive cone of K witha = b — ¢.

Let 7 be a two-sided ideal of a unit regular ring. We define G; to be the
(directed) subgroup of Ky (R) having {> nfeR]le; = ¢ € I, n; > 0} as
positive cone. FP(I) will denote the collection of finitely generated projective
modules P with P >~ @ ¢;R, e¢; ¢ I. Obviously, the image of FP(I) is just the
positive cone of Gj.

The map R — £/, induces a map K (R) — K,(*/;) as partially ordered
abelian groups. We will show that ¥/, ~ Ky (%/;) (with the quotient
ordering on the left term).

LEMMA 5. Let e, f be idempotents in a unit regular ring R, and suppose for «
two-sided ideal I of R, eR @ ®/; >~ fR @ ®/; as right ®/; modules. Then there
extist idempolents my, ms in I with eR @ miR ~ fR @ mR.

Proof. Set T'= £/, and denote the image of » € R in 7" by 7. Since R is
regular, - 7'~ ¢R ® T. Since T is unit regular, and we have ¢7" ~ f7, there
exists a unit # in 7" with ueu=! = f, [10, Theorem 2]. The map from the units
of R to the units of £/, is onto, ([12]) so there exists invertible x € R with
& = u,and so xex™' — f = m € M. We have

mR + fR = mR + xex™'R.

Thus we may find idempotents m; € mR C I with
meR @ fR = miR @ xex 'R.

Now xex— 'R >~ ¢R, so we have the desired result.

COROLLARY 6. Let R be unit regular, I a two-sided 1ideal of R, und
P, Q € FP(R).
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@ IfPQ® %/ ~QQ® %/ as ®/;-modules, there exist A, Ay € FP(I) such
that P ® A1 >~Q ® A,.

MYIf PRE/H1S0OQE/ as B/;-modules, there exists A ¢ FP(I) with
PSS QoA

Proof. P, Q may be regarded as principal right ideals of AM,R for suitably
large n. As M,R is unit-regular [13], and there is a natural bijection between
ideals of R and those of M,R, Lemma & applies, and so (a) is proved. (b)
Given an idempotent z € T, there exists an idempotent ¢ in R with eR = z7.
Thus FP(R) — FP(%®/;) is onto, so there exists P’ € FP(R) such that

PoP)Qt,~PR")® (Pe*)~Q®"
Now apply (a).

ProrosiTION 7. Let R be a unit regular ring, and I a two-sided 1ideal. The map
R — B/ induces an 1somorphism (as partially ordered abelian groups)

Bo® /6, = Ko(®/1).
G 115 a convex directed group, and the ordering on ®0% /. is the quotient ordering.

Proof. The map

Ko(R) 5 Ko(® /1)
[Pl - [Q]—> [P ® T]— [Q® T

is onto, isotone, and a maps the positive cone of K,(R) onlo the positive cone
of Ky(%/;). Obviously G ; C ker a.

We now show G ; = kera, and G, is convex. Suppese [P] — [Q] € ker a.
Then P @ T~ Q ® T, so there exist (by Lemma 6) 4, 4’ in FP(I) with

PoA~Q@ 4.
Thus [P] + [4:] = [Q] + [4s], so [P] — [Q] = [4.] — [4.]. Thus kera C

G ;, so equality has been shown. Now if [P] — [Q] < [P.] — [Q:] = [P1] —
[04], and the left and right terms belong to ker «, we obtain

[A] = [4'] = [P2] — [Q:] = [44] — [4Y],
the A’s in FP(I). Thus 4 ® Q. < Py ® A’; tensoring with 7', we get
a[Q:] = a[Ps]. Using the other inequality, afPs] < «[Q:], so a[P3] = a[Q:].
Thus [P2] — [Q:] € ker a, so ker « is indeed convex, whence G ; is. Now apply

[3; Theorem 7, p. 21] (we have: « is an 0-epimorphism), so the isomorphism
holds as ordered groups (with the quotient ordering cn ¥o® /).

ProrositioN 8. Let R be a unit regular ring, and I be a two-sided ideal of R
generated by central elements. For an idempolent e in R, there exist funclionals on
Ko(R), f, g such that
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(a') q/Gp f/G[ = 0
(b) f([eR]) = Inf {m/nneR - E < m(ER), n > 0, some central E = E* ¢ I}
(c) g([eR]) = sup {m/n\mR - E £ neRE, n > 0, some central E = E?* ¢ I}.

This is similar to [7, Theorem 6.4]; however it requires more tedious com-
putation.

Proof. As in the proof of the Extension Lemma (8, Theorem 3.2, Lemma 3.1],
if suffices to show that f, g can be so defined on

Z-[R]+Z-[e]+Z-[FP(]ES Ko(R).

There exist functionals f, g on K¢(#/;) such that (cf. [8, Lemma 4.1])
f((eT)) = Inf {m/nlneT < mT, n > 0}
g([eT]) = sup {m/nlmT < nel,n > 0}.

We obtain functionals fy, gy on K(R) by composing

KolR) —™® /g ~ Ko /) L8, R, 4.
So 70/g, = 0, and

fo([eR]) = Inf {m/nn(eR ® T) < mT, n > 0}.
Clearly fo([eR]) < f(leR]). (E — 1 under R — £/;). Suppose n(eR @ */;) <
mk /. Then by Lemma 6, there exists 4 € FP(I) with n(eR) S mR @ A.
Now [ is generated by central idempotents, so there exists a central idempotent
1—EcI with 4 £p(1 — E)R, for suitable p. Thus AE = (0); as
1 — E € I, E ¢ I, and we have after tensoring with E - R, n(eR - ) S mRE.

Hence fo([eR]) = f([eR]). Thus such an f may be defined, and similarly with g.
This completes the proof.

Now 4 = U Ry has been topologized by the strong R X E 54 topology.
There is an obvious function

B:URy—[0,1]
ﬁ(’N) = N(”N) if ry € Ry.

Recall that a function g8 to [0, 1] is upper semicontinuous if =10, a) is open
for all a € (0, 1].

LemMa 9. The function B: A — [0, 1] defined by B(ry) = N(ry) is upper
semicontinuous.

Proof. 1t suffices to show Boa: E — [0, 1] is upper semi continuous. Now
(Ba)710,a) = {(r, N) € RxE|N(r) < a} = Ug say. Now R X E has the
relative topology from R X P(R). Define

U={({r N)€ERXPR)N() < al.
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Choose (r, N) € U. Then N(r) < a — e for some ¢ > 0. The set I defined by
V=1{t€RMr—t)<eforall M € P(R)}
XAMEPR)M(r) <a— ¢

is a product of open sets in R, P(R), so V' is open in R X P(R). Clearly
r, Ny e V.If ¢, M) €V,

M@E) S M@ —1t)+ M) < a,

so V.C U. Thus Uisopen,and as Uy = UM (R X E), Uy is open, so Ba is
upper semicontinuous. As 4 possesses the strong « topology, 8 is upper semi-
continuous.

Finally, we get to the main point.

THEOREM 10. Let R be a unit regular ring having a Hausdorff family of pseudo-
rank functions. For the following conditions we have (a) = (b) = (¢) = (d):
(@) for all N, M € E(R), N % M, there exists r central in R withr € ker N,
r ¢ ker M;
(b) the map E(R) — X (R) (= the Stone space of B(R)) is one to one;
(c) the map E(R) — X (R) is a homeomorphism;
(d) R is N*dense in T.

Proof. Obviously (a) = (b) (if » € R and eR = rR, where 7 is central and e
is an idempotent, then e is central, and N(r) = N(e) for any N € P(R)).

(b) = (c). We have E(R) — X (R) is continuous and onto by Lemma 4. It
suffices to show the map is open. Choose N € E(R); set x = ker N N B(R)
(x € X). By cne to oneness, N is the unique extremal pseudorank function
whose kernel contains x. Consider S = £/ ey and 7' = R/xR; S and T are
unit regular, and 7" — S is onto. If M, € E(T), then M, is induced by an M
in P(R), and clearly M € E(R). If M 5 N, ker M M B(R) ## ker NN B(R);
but x € ker M, so M must equal N, whence |E(T)| = 1. Thus, |P(T)| = 1, so
T has a unique pseudorank function NV, that induced by N. By Proposition 8,

N(r) = Inf {m/nlnrR - E < mER, n > 0,some E = E? € B(R) — «x}.

Now proceed as in the proof of openness in Theorem 6.5 of [7].

(¢) = (d). We have E(R) is homeomorphic to the cempact totally discon-
nected (Boolean) space X. Choose s € T, and ¢ > 0. For each N € E(R),
there exists 7V € R such that ¥¥(N) = s(N) (¥ (N) = V¥ + ker N; we have
identified R with its image in I') as R — Ry is onto. Define the function v to be
Bo (N —s): E— [0, 1], where 8 is the function of Lemma 9. As ¥ — s is
continuous, v is upper semi-continuous. Thus Uy = y7![0, €) is open, and
N € Uy. Now Uperm Uy is an open covering for E so by compactness and the
partition property of totally disconnected spaces, there exist finitely many U,
corresponding N;, and r' € R, and V, C U; V,; disjoint clopen and
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UV, = E(R). As V, is clopen, the function e; : E — 4,

1, Nev,
e’(N)‘{oN NV,

is continuous, and so e¢; € T. Because of the homeomorphism E < X, in fact
e; € R. The e; are central idempotents. Define t = > ez, Then t € R, and
(t —s)(N) < eforall N € E(R). Thus N*(t — 5) < ¢, so Ris N*-dense in T

Observe that if E is merely totally disconnected, then R ® ¢z C(T')(C() =
centre) is dense in T'. Is R ® C(T') regular? It suffices to show, if R is regular
with centre a field F, and K is an overfield of F, then R ® » K is regular.

For self-injective (directly finite) regular rings 10(c) was proven in (7,
Theorem 6.5].

LeEmMmA 11 [7, Theorem 6.4]. Let R be direcily finile regular and self-injective.
Then R satisfies condition (a) of Theorem 10.

Proof. By [10, Corollary 7] R is unit regular. Pick N € E(R). Then #/gen
has an extremal rank function, so is prime. Ry satisfies, therefore, comparability
[4; Lemma 5], so Ry is simple and has a unique rank function [11, Proposition
7]. Now choose M # N € E(R). If xy = (ker N) N\ B(R), #/,yr is prime
regular with its ideals totally ordered. In particular %/, z has exactly one
maximal ideal which must therefore be ker N. As M # N, and Ry has only
one pseudo-rank function, ker M # ker N, so ker N is the unigue maximal
ideal sitting atop xy.

CoROLLARY 12. If R is directly finite regular self-injective, then R is N*dense
in T.

LEMMA 13. Suppose R is a unit regular ring with a Hausdorff family of pseudo-
rank functions, and R is centained in T densely. Let K be a compact subset of
P(R) that is a Hausdorff family, and suppose R is the completion with the respect
to the metric

dg (%, y) = supyexN(x — ).
Then there is a unique uniformly continuous map T' — R such that

R—-T

L
R
commudtes.

Proof. If N is a pseudo-rank function, N* = N, and then N* = Ng*. This
is routine.

COROLLARY 14. Let R be a regular ring that is complete with respect to a rank
function. Then R = T, so R is isomorphic to the ring of continuous sections
E(R) —» U Ry, where E(R) is extremally disconnected, compact. Each Ry is a
right and left self-injective simple regular ring, with its rank-metric topology.
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Proof. R is right and left self-injective regular [6, Theorem 14], obviously
has a Hausdorff family of pseudo-rank functions ({ NV}, if NV is the rank func-
tion), and R is complete with respect to K = {N}, so by Lemma 13, R >~ T.
Now E(R) >~ X (R); as the centre of R is self-injective, it is complete, so X (R)
is extremally disconnected. Any simple factor ring of a self-injective ring is
self-injective, and it easily follows that Ry is complete.

In [2], Dauns and Hoffmann showed that every biregular ring (for all 7 in R,
there exists ¢ = ¢? € B(R) such that RrR = ¢R) is represented as a sheaf of
simple rings over a Boolean space, and every ring so represented is biregular.
Here we have a representation with ‘‘stalks” simple, but the thing is not a
sheaf: the map U Ry — E, ll(ry) = N, is not a local homeomorphism, i.e.
Ry is not (generally) discrete.

If R is already biregular, and the stalks are discrete, the N* topology is dis-
crete, so this representation yields the biregular representation. In particular
this applies to strongly regular rings.

The question arises, if R is right and left self-injective (regular),is R = T ?
It would suffice to show R is N* complete (Corollary 12) but I have not been
able to show this.

Given a regular ring R with a Hausdorff family of pseudo-rank functions,
the function N* induces a metric topology and by [11, Proposition 14], the
completion, R*, is regular, and of course N* extends to R* (same definition).
There is a strong relationship between P(R) and P(R*): they are affinely
homeomorphic, and so E(R) and E(R*) are homeomorphic. In particular, R*
possesses no ‘‘new’’ pseudo-rank functions.

ProrosiTiON 15. Let R be a regular ring with a Hausdorff family of pseudo-
rank functions, let R* denote the N* completion of R. Then R* is regular, and the
inclusion R — R* induces affine homeomorphisms

P(R) « P(R*)
E(R) « E(R*).

Proof. R* is regular by [11, Proposition 14]. The map R — R* induces the
restriction map P(R) « P(R*). This is continuous by [6], and is obviously
affine. If N € P(R), N £ N*, so N extends uniquely (and uniformly con-
tinuously) to a pseudorank function on P(R*), say N. Thus 8 is onto, and by
the uniqueness of the extension, 8 is also one to one. [t remains toshow Bis open;
but any onto, continuous map of a compact space to a Hausdorff space is open.

As the map is affine, the last statement also holds.

Now what is the relation between the stalks of R and those of R* ? Because
we need plenty of central idempotents to give a satisfactory answer, we change
the problem to the case of R dense in T. Let T' = T'(E, 4) for a specific regular
ring R (i.e. E = E(R), R is unit regular and has a Hausdorff family of pseudo-
rank functions). Now 4 = \U Ry. Denote by R the completion of Ry at N,
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its extremal rank function. Thus Ry is simple self-injective. Define
A* = U Ry with the topology to be determined shortly. We will see
I'* = T'(E, A*) if E has a basis of clopen sets.

Let B(T') denote the collection of central idempotents in T'; these correspond
to clopen sets in E(R).

LeEMMA 16. With the notation and conventions of the preceding two paragraphs,
if E = E(R) has a basis of clopen sets, then we have: given r,s € R, P ¢ E(R)
with P(r — s) < ¢, for some ¢ < O, there exist vy, s; belonging to the subring of T
generated by B(T) and R such that ri — v, sy — s belong to ker P, and
N*(ry — s1) < 2¢ (P, N* having been extended to T in the obvious manner).

Proof. Define U = {N € E(R)|[N(r — s) < ¢}. U is open in E(R), so there
exists a clopen K with P € K C U. Let e € B(T') be the central idempotent
corresponding to K, i.e. e(N) = 1y if N € K, e(N) = 0y if N ¢ K. Define
ry=-cer, sy=e. If N¢ K, Nir,—s1)=0; if NeK, N(ri—s1) =
N —s) <eas K C U. Thus

N*(ry — s1) = sup N@r —s) e < 2e
NEE(R)

ProPosITION 17. Suppose R is unit regular with « Hausdorff fumily of pseudo-
rank functions, and suppose E = E(R) has a basis of clopen sets and R is N*-
dense in T. Then we have:

(a) E, E(T), E(T*) are homeomorphic naturally;

(b) the stalks of T* are exactly {Ry)nerm:

(c) T* = T'(E, A*), where A* = UyermBy;

(d) E(R) is compact, and homeomorphic to the Stone space of B(T'*).

Proof. We already have E(T) ~ E(T'*). As R* = T'* (since R is N* dense
in T'), E(R) >~ E(T'*) again by 16.

(b) Identify E(R) with E(T*). Clearly Ry C (I'™*)y. If v 4 ker N € (T'*)y,
some vy € I'* there exists » in R with N*(r — v) <€ so N — v) < ¢,
whence Ry is N-dense in (I'*),. By Lemma 16, however, it is clear that (T'*)y
is already N-complete, whence (I'y)* = Ry.

(c) Follows from (a), (b).

(d) We show the map E(I'*) — X (T*) described in Theorem 10 is one to

one, whence, by that theorem, is a homeomorphism. Choose distinct IV, M in
E(T*). As E ~ E(I'*), there exist clopen disjoint neighbourhoods containing
N, M respectively; then the corresponding idempotents satisfy condition (a)
of Theorem 10.

The representation obtained in [14] for continuous rings is simply the usual
Pierce sheaf; the stalks are the prime factors corresponding to the minimal
prime ideals (in [14], ‘“local’” takes on the meaning of possessing a unique
maximal two-sided ideal).
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