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Abstract

Gabardo and Nashed [‘Nonuniform multiresolution analyses and spectral pairs’, J. Funct. Anal. 158(1)
(1998), 209-241] have introduced the concept of nonuniform multiresolution analysis (NUMRA), based
on the theory of spectral pairs, in which the associated translated set A = {0, r/N} + 2Z is not necessarily
a discrete subgroup of R, and the translation factor is 2N. Here r is an odd integer with 1 < r < 2N —
1 such that » and N are relatively prime. The nonuniform wavelets associated with NUMRA can be
used in signal processing, sampling theory, speech recognition and various other areas, where instead
of integer shifts nonuniform shifts are needed. In order to further generalize this useful NUMRA, we
consider the set A ={0,r/N,r/N,...,r,/N}+ sZ, where s is an even integer, g € N, r; is an integer
such that 1 <r; <sN -1, (r;, N) = 1 for all i and N > 2. In this paper, we prove that the concept of
NUMRA with the translation set A is possible only if A is of the form {0, r/N} + sZ. Next we introduce
As-nonuniform multiresolution analysis (A;-NUMRA) for which the translation set is Ay = {0, r/N} + sZ
and the dilation factor is sN, where s is an even integer. Also, we characterize the scaling functions
associated with A;-NUMRA and we give necessary and sufficient conditions for wavelet filters associated
with A;-NUMRA.
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1. Introduction

A multiresolution analysis, with dilation factor 2 [2, 3, 7], is an increasing sequence
of closed subspaces {V}jez of L*(R) along with a ¢ € V, satisfying: {¢(- — k) : k € Z}
is an orthonormal basis for Vo, NjezV; = {0}, UjezV; = L*(R) and f € V; if and only if
f(2-) € Vi, for all j € Z. The function ¢ is called a scaling function. Multiresolution
analysis (MRA) is an important tool, which was introduced by Mallat and Meyer, in
constructing a wavelet ¢ € L*>(R) such that the collection {2/2y(2/x — k) : j, k € Z} is
an orthonormal basis for L?>(R). The concept of MRA has been extended in several
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ways in past years, like generalizing to L?(R"), allowing the subspaces of MRA to be
generated by a Riesz basis instead of an orthonormal basis, admitting a finite number
of scaling functions and replacing the dilation factor of two by an integer N > 2. All
these concepts were developed such that the translation set is always a subgroup of R.
Gabardo and Nashed [4] considered a generalization of Mallat’s classical theory of
multiresolution analysis to nonuniform multiresolution analysis (NUMRA) based on
the theory of spectral pairs, in which the associated translated set A = {0, (r/N)} + 2Z
is not necessarily a discrete subgroup of R. Here r is an odd integer with 1 < r <
2N — 1 such that r and N are relatively prime.

DEFINITION 1.1. Let N € N and r be an odd integer relatively prime to N such that
1<r<2N-1and A ={0,(r/N)} + 2Z. An associated nonuniform multiresolution
analysis NUMRA) is a collection {V;};cz of closed subspaces of L*(R) satisfying the
following conditions:

(i) there exists a ¢ € Vy, called a scaling function, such that {¢(- — 1) : 4 € A} is an
orthonormal basis for Vj;

(i) V;C Vi foralljeZ;

(iii) f € V;if and only if f(2N-) € Vj, for all j € Z;

(iv) UjezVj = LA(R);

(v) NjezV; = {0}

Note that if N =1, one obtains the standard definition of multiresolution analysis
with dyadic dilation 2. In [5], Gabardo and Yu have constructed wavelets associated
with nonuniform multiresolution analysis; these wavelets are called nonuniform
wavelets. The main activity in signal processing is that of recovering signals from the
samples, but the traditional methods assume that the samples are of uniform spacing;
recently, much research has been dedicated to the case of nonuniform spacing of
the data samples. The problem of signal reconstruction [4, 9] from nonuniformly
sampled data arises in many applications, including sampling systems with sampling
jitter, the design of irregularly spaced antenna arrays, reconstruction of signals from
noisy samples and the processing of geophysical data. Some fundamental results
for nonuniform wavelets and wavelet sets related to spectral pairs can be found
in [9]. The nonuniform wavelet construction from the NUMRA could be used in
signal processing, sampling theory, speech recognition and various other areas, where
nonuniform translations are needed. This motivates us to consider the nonuniform
translation set A = {0,r/N,r;/N,...,r,/N} + sZ, where s is an even integer, g € N,
ri is an integer such that 1 <r; <sN —1 and N > 2 instead of A = {0, (r/N)} + 2Z.
Now one can ask, is it possible to define a NUMRA with A as a translation set? In
this paper we prove that the concept of nonuniform multiresolution analysis with the
translation set A can be defined only if A is of the form {0, (r/N)} + sZ. Hence, we
replace the translation set A = {0, (r/N)} + 2Z by A; = {0, (r/N)} + sZ and the dilation
factor 2N by sN, where s is a positive even integer and r is an odd integer, to introduce
Ag-nonuniform multiresolution analysis with dilation factor sN. For a given ¢ € L*(R),
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we define
_ {span{¢(' -D:A1eA} ifj=0, (1-1)

TS F@NYT Y e Vo) ifjeZ\ (O}

We say that a function ¢ € L>(R) generates a NUMRA if the spaces in (1-1)
together with ¢ form a NUMRA. Recently, in [7], the authors have characterized
the scaling functions that generate a NUMRA. This also motivates us to look for a
characterization for scaling functions associated with A -nonuniform multiresolution
analysis. This characterization is useful for the construction of wavelets associated
with a A;-NUMRA.

2. NUMRA with translation set A,

In this section, we consider a set A= {ro/N,r1/N,r/N,...,rqy/N}+ sZ, where ry =
0, g,r, NeN,(ri, N =1,i=1,2,...,q and s EEN- We prove that the ngnuniform
multiresolution analysis with the translation set A can be defined only if A is of the
form {0, (r/N)} + sZ, where 1 <r <sN — 1 is an odd integer such that r and N are
relatively prime. We denote the dilation and translation operators on L*(R) by

(D)) = NYPf((sN)/x) and  (Taf)(x) = f(x = ),

respectively. For ¢ € L>(R), the following theorem gives a characterization for the
translation system {T¢ : A € A} to be an orthonormal system in L>(R).

THEOREM 2.1. For ¢ € L*(R),{T1¢ : A € K} is an orthonormal system if and only if
sN-1
Z ezﬂi(”/s)((’f_r/’)/N)w(f + l—)) =s0; a.e é€R,
p=0 s

where w(€) = Y ez Ia(f +kN)%, i,j€1{0,1,2,...,q}.

PROOF. Suppose that {T ¢ : 1 € K} is an orthonormal system. Then

810 = (T, Trh)
= (11, T,)

- [ Bepe e ag
R

Suppose that A = (r;/N) + sm and o = (r;/N) + sn, i,j € {0, 1,...,g}, m,n € Z. Then

6ij6mn — f|$(é-;)|Ze—2ni§(sm+(rj/N))eZnif(sn+(r,»/N)) dé‘:
R

- f (&) e 2mism=m) o= 2miE((ri=rIN)
R
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(k+1)N
= Z f (&) 2miEsm=m o =2mig (=1 IN) g
kez VAN

f Z [6( + kN2 e~ 2rinsm=m g=27in(=rd/N) gy,

keZ
sN—1

(p/s)+(1/s) sins(mn) 2t}
f w(n)e wins(m—n) ,=2min((rj=r; dn
pls

1/s sN-1
f Z we+ ) =2rigs(m=1) ,=2miE+(pIN(i=r)IN) g

sN-1

1/s
_ f &I N 2l (§+ )—27ri~fS(m—n) de.
0

p=0

Since {y/se~?"5! : | € Z} is an orthonormal basis for L2([0, 1/s)),

sN-1
&N N 2Pl ) (5 + )_ s6; ae.éeR.
p=0
Thus,
sN-1
D ek i) (§+ ): s6; ae fe€R
p=0 .
and so
sN—1
> ez”'@/““”—fﬂ/mw(g + 3) = 50; ae feR.
p=0 5
The converse of the proof follows by just retracing the steps. O

THEOREM 2.2. If {Th¢p: A€ K} is an orthonormal system in L*(R), then A=
{0,(r/N)} +sZ and 1 < r < sN — 1 is an odd integer.

PROOF. Suppose that {Tm:/lex} is an orthonormal system. Then, from

Theorem 2.1,
?p(g + 24 kN)
K

”2

2

27”'(17/-?)(0[*rj)/l\’) — stij- (2-1)

keZ

b
o
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Now let Cp(é) = Syez [$(€ + (p/$) + kN)%,0 < p < sN — 1. Then, by (2-1), for i = j,

sN-1
5=, Clé)
p=0
(sN/2)-1 sN-1
= D GO+ ), GE
p=0 p=(sN/2)
(sN/2)-1
= D (Cp& + Cnpyep(©). 2-2)
p=0
Again from (2-1), for i # j,
sN-1
0= Z FTWINC=INC ()
p=0
(sN/2)-1 sN-1
- Z FPINCTIINC (£) 4 Z TPIEINC (£)
p=0 p=(sN/2)
(sN/2)-1
= Z 2 PIIN(C, () + & oy p(©).
p=0
If ; — r; is even, then
(sN/2)—-1
Z eZm(p/s)((r,-—r,-)/N)(Cp(é:) + C(sN/2)+p(§)) =0.
p=0

Since {2 P/O=INY €140, 1,...,(sN/2) = 1}} is linearly independent in
Lz(ZsN/z), Cp(&) + Cisny2)4p(é) =0 for almost every (ae.) £€R and for all
p€{0,1,...,(sN/2) — 1}, that is a contradiction to (2-2). Thus, r; —r; is an odd
integer for all i # j and hence r; = r; — rp is an odd integer for all i = 1,2,. .., q. Using
the fact that r; and r; — rj,i #j,i = 1,2,...,4,j=0,1,...,q are odd integers, we can
observe that the cardinality of {r{, 72, ..., r,} is 1. Suppose not. Then there exist r,,, and
rn,m # n, such that r,,, r, and r,, — r,, are oc_lg integers, which is not possible. Thus,
the cardinality of {ry, rs,...,r,} is 1. Hence, A = {0, (r/N)} + sZ. O

DEFINITION 2.3. Let N € N, s be an even positive integer and 1 <r <sN —1 be
an odd integer relatively prime to N. An associated A -nonuniform multiresolution
analysis (A;-NUMRA) with dilation factor sN is a collection {V}}cz of closed
subspaces of L*(R) satisfying the following conditions:

(i) there exists a ¢ € V), called a scaling function, such that {T,¢ : 1 € A} is an
orthonormal basis for V,, where Ay = {0, (r/N)} + sZ;

(i) V;C Vi, foralljeZ;

(iii) f € V;if and only if f(sN-) € Vj, forall j € Z;
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(iv) NjezV; = {0}
V) UiV, = L*R).
When s = 2, it gives NUMRA and for N = 1 and s = 2 it gives classical MRA. The

following theorem gives an equivalent condition for a system {7T;¢ : 1 € A} to be an
orthonormal system in L*(R).

THEOREM 2.4. Let ¢ € L>(R), s€ 2N and 1 <r < sN — 1 be an odd integer. Then
{T1¢ : A € A} is an orthonormal system in L*(R) if and only if

(sN/2)-1 » 2
> Z&F(§+—+k1v)‘ =2 aesekr (2-3)
p=0 keZ §
PROOF. Suppose that {T)¢: 1€ Ay} is an orthonormal system. Then, from
Theorem 2.1,
sN—1 2
ZZ$(§+£+kN)’ —5 ac.feR (2-4)
p=0 keZ §
and
sN—1 2
3 e 315 Ny kN) —0 ac.feR (2-5)
p=0 keZ $

Let Gi(é) = Sez [BE + (i/5) + kN)P,0 < j < sN — 1. Then (&) = Conay(@) for 0 <
j < sN — 1. From (2-4),

sN-1 (sN/2)-1 sN-1
5= GO= Y GO+ Y C©
p=0 p=0 p=(sN/2)
(sN/2)—1
= D IC® + Conprp@). (2-6)
p=0
From (2-5),
sN—-1
0= Z e2m(P/S)(V/N)Cp(§)
p=0
(sN/2)-1 sN-1
— Z eZHI(P/S)(V/N)Cp(§)+ Z 62ﬂ1(17/5)(r/N)Cp(§)
=0 p=GN/2)
(sN/2)-1
_ Z e27r1(p/s)(r/N)Cp(§) 4 eZm(r/sN)((sN/2)+p)C(SN/2)+I)(§)
p=0
(sN/2)-1
= ), ETPVIC,E) + & Conppyip©)-
p=0
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Since r is an odd integer, say r = 2/ + 1,

(sN/2)-1

Z eZm'(p/s)Zl[Cp(é_-) _ C(sN/2)+p(§)] e2TiPIsN) _ 2-7)
p=0

Observe that the left-hand side of (2-7) is a discrete Fourier series on the group
Z/((sN/2)Z) and so

Cp(é:) = C(SN/2)+]7(§)'
Hence, from (2-6),

(sN/2)-1

By retracing the steps, we obtain the converse part and hence the proof is complete. O

5(§+§+kN)'2=% ae £€R.

3. Characterization of scaling functions for A;-NUMRA

In this section, we characterize the functions ¢ € L*(R) that generate A ,-nonuniform
multiresolution analysis. For ¢ € L*(R), define

3 {span{¢(- - e} ifj=0, G3-1)

TTWUS: f(sN)T ) e Vo) ifj£0.
Then it is clear that f € V; if and only if f(sN-) € V;, for all j € Z. One can observe

that, if {T1¢ : A € A} is an orthonormal basis for V, then {D/T ¢ : 1 € A} is an
orthonormal basis for V},j € Z.

DEFINITION 3.1. A function ¢ € L*(R) is said to generate a A,-NUMRA if the spaces
V; defined in (3-1) together with ¢ form a A;-NUMRA.

THEOREM 3.2. Let ¢ € L>(R) be such that {T ¢ : A € A} is an orthonormal system
and the spaces V; be as defined in (3-1). Then V; C V. for all j € Z if and only if there
exist (1/s)-periodic functions m(lJ and mg such that

BSNE) = (md(&) + m3(©e 7 ETMNYB(&)  ae £ €R.

PROOF. Suppose that V; C Vj, forallj € Z. Then, by (3-1), itis clear that f € V; if and
only if f(sN-) € Vj, for all j € Z. Since ¢ € Vo C Vi, ¢(-/sN) € Vo. As {T¢ : 1 € A}
is an orthonormal basis for V),

¢(%) = Z ap(x — Q).

AeA,
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Taking the Fourier transform on both sides,

— 1 — .
BsNE) = — > arg(@)e ™!

AeA,

1 - 1 o\~
— (W Z a/le—me/l + W Z a/le—2m§/l)¢(§)
SV dez SV detNy+sz
1 ) 1 . _
= (_ Z age E 4 Z o Nyst e—27rt§((r/N)+sl)) 5.

sN leZ sN leZ

Thus,
B(SNE) = (m(&) + mi(E)e T MNp(¢),

where  mj(€) = (1/sN) Yez age ™! and mi(&) = (1/sN) Xjez, agnyesie” ™ are
(1/s)-periodic functions in L*([0, 1/s)). By reversing the steps above, we get the
converse part. |

THEOREM 3.3. Let ¢ € L*>(R) be such that {¢(- — A) : A € A} is an orthonormal system
and the V; are the spaces as defined in (3-1). Then UjezV; = L*(R) if and only if
limje0 [BSN)TEN? = ¢, ¢ > 0, a.e. € € [~(1/25),(1/25)).

PROOF. Assume that lim;_,., B(sN)TEPR =¢, ¢>0.Let f € (UjezV))* and P; be the
orthogonal projection onto V;,j € Z. For € > 0, there exists a g € L>(R) withg € C.(R)
such that

If-sll<e (3-2)

Also note that ||P;g|| = ||[Pj(g — f)Il < eforall j € Z.
Let us take Ay = {ro/N,ri/N} + sZ, where ro =0 and r; = r, for simplicity. For
jEZ,

1Pl = ) Ke, DT

AeN;

= > 1@ DIT)P

AeNg

W

m=0 [eZ

—(/2ry e 2miEA(sN) T &
[swrorgaemen g ) de

2

2

~(i/2r g £ 27 (1 [ N)+D(SN) 7 i
oo o) e

Next, by changing the variable & = (sN)’7,

1
1Pl = (N > >

m=0 [€Z

2

f FUSNY ) neal) 25l g
R
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Since g has compact support, we can choose j large enough such that supp (g((sN)’-)) C
[(=1/25),(1/25)]. As {/se* ! : [ € Z} is an orthonormal basis for L>([-1/2s, 1/25)),

;1
1Pl = S

1/2s _ 2
f (SN €)e™mErnIN) ([se?™iEsl g &) g

m=0 IeZ 1/2s
N & U s
- [ mewysiner de
S Do Y-1/2s
2(s

N)/ _ o
) fR BN OFEP de.

By change of variable,

2 .
1Pl = > fR BOFN) IO de

9 [l/2s - ‘
-2 [ meweN ol de
S J-1/2s
Since lim;_, o, |$((SN)_*if)|2 =ca.e. &€ [-(1/2s),(1/2s)),
5 [l _ _
lim ||P;gl|* = lim = f [ZOS(sN) 7)1 dé
Jj—ooo jooo s ~1/2s

2 _
- = [
S Jr

Note that ||P;g||*> < € for all j and hence

2

S€
3P = ligll® < 5
C

Since ||f1l < € + |gll, we have ||f]| < € + € Vs/2c, which proves that f = 0 and hence
Ujez Vj = L*R).

Conversely, suppose that (Jjez V; = L*(R). Then ||f — Pif > = 0 as j — oo for all
f e L2R). If f € L*(R) is such that (&) = X115, (€): then [IfI? = |IfI* = 1/s. Thus
IP;fII> = IIfI* = 1/s as j — co. Now

PP = > KF. DT

AEN

D KFDITi)P

AEA,

2,

AeA,

= ~(/2) 2xiEA(sN) 3
| Fexsny e gl o) de

2
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2
_ (s~ 2TEN) f‘( ) dé
AEZA: f 1/25 (sN)/
2
- (N1 g2 N #sDGN) ,A( ) dg .
mz;)gz: f 1/2s (sN)/

By changing the variable £ = (sN)/n,

1
PP = NY Y >

m=0 leZ

2

1/2s(sN)/ ) J—
f eZmn(rm/N)e%m;slb\(n) d’7 )
—(1/2s(sN)7)

Forj > 0, Q; := [—(1/(2s(sN)’)), (1/(2s(sN)/))] € [-(1/2s), (1/25)]. Hence,

1P 1P = (sN)fZZ

1/2s
f Xa (é_-)eZmé(r,,,/N) 27rt$sl'\
m=0 [€Z

Since {\/se?™¢! : [ € Z} is an orthonormal basis for L>([—(1/2s), (1/25))),

(SN) 1/2s
PP = f 50| as
s
m=0
2 1/2s . )
== f [B((sN) )| dé.
S J-1/2s
Taking the limit as j — oo,
1 a2 -
— = lim - lp((sN)7E)|” dé
s joe s Joq/2s
and hence
1/2s - 1
lim [p((sN)VEI” dé = 3
jmoo Jo1/2s

From (2-3), and since f_ll//zzss((s/Z) - limj_, |$((SN)‘1§)|2) dé =0,

TN TAR = S L1
Jlim (SN &) = 5 a'e-fe[ 2s’2s)' "

THEOREM 3.4. Let ¢ € L*(R) and the Vi be as defined in (3-1). Then ¢ generates
Ag-nonuniform multiresolution analysis with dilation factor sN if and only if:

(1) SN Sz 16 + (p/s) + kN)P = 5/2 a.e. £ € R;
() limiL [p(N)TEOP = ¢, ¢>0, ae &e[~(1/25),1/25);
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(3) there exist (1/s)-periodic functions m(]) and m% such that

B(SNE) = (m(€) + mp(E)e ™ EYp(£),
The proof follows from Theorems 2.4, 3.2 and 3.3.

Next we construct an example of a A;-NUMRA with dilation factor sN using some
results of spectral pairs [4].

DEFINITION 3.5. Let A be a measurable subset of R and |A| the Lebesgue measure of
A such that 0 < |A| < co and A C R is a discrete set. Then the pair (A, A) is said to be
a spectral pair if the collection {|A|"1/2e*"1y (£) : A € A} is a complete orthonormal
system for L2, where Li is the subspace of L?(R) that consists of functions vanishing
outside of A almost everywhere.

PROPOSITION 3.6 [4]. Let Vy be a closed subspace of L>(R) and suppose that there
exist ¢ € Vo and a discrete set A C R such that {T ¢ : A € A} is an orthonormal
basis for V. Then, given a measurable set A C R with 0 < |A| < oo, the mapping F :
Vo — L3 defined by F(T ¢) = |AI"2e*™**y (&) is unitary if and only if the collection
{JA[7' 20 (&) : A € A} is an orthonormal basis for L.

The above proposition says that (A, A) is a spectral pair if and only if the mapping
F : Vo — L2 defined by F(T,¢) = |A["'2e>#%y (&) is unitary, where V; is the space
defined as in Proposition 3.6. The following result gives an equivalent condition for a
spectral pair.

THEOREM 3.7. Let A C R be discrete and A C R be measurable such that 0 < |A| < co.
Then (A, A) is a spectral pair if and only if

D RE- D =lAP VEER.
PN

For the proof, we refer to [4].
Let r be a positive odd integer and s = 2r. Let A = A; = {0, (r/N)} +sZ and A =
[0,1/s) U[N/s,(N + 1)/s). To show that (A, A) is a spectral pair, we have to prove that

DIR(E- VP =P VEER.

AEA

That is, we have to prove that
| r
Z v, (& = sn)l* + Z }/(A(f N sn)
nez nez

If g = x, *x,, where ,(x) = x,(—x), theng = [y, |* € L'(R).
Hence, by the Fourier inversion theorem, if g € L'(R) and b > 0, then

(F_l( Z/g\(é; _ bn)) - % Z g(g)én/b(f)-
nez nezZ

2
=|A” VéeR. (3-3)
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Using the above fact, we see that (3-3) is equivalent to
_ Z(l + ezm(r/N)("/S))(X *XA)( ) /s = |A| 8o.
nEZ

Since s = 2r,
1 ; —
= D+ N, 1 T)( 2 Jows = 1APSs, (3-4)
nez

Thus, we have to prove (3-4) for A = [0, 1/s) U [N/s, (N + 1)/s). Note that
X, *x)n/s) =1AN(A+(n/s) =0
for all n # 0, N, —=N. Next, for n = N, —N, we have 1 + ¢“/N) = 0. Thus,

—Z(He’”("/N))(x m)( )n/s— Z1Al60 = AP,

nez
Hence, (A, Ay) is a spectral pair.
EXAMPLE I. Let NeN and 1 <r<sN -1 be an odd integer such that r and
N are relatively prime, and s = 2r. Now define ¢ € L*(R) by ¢(&) = x,(£), where
B =[-(1/25),1/2s) U [(2N — 1)/2s,(2N + 1)/2s). Since B =A — (1/2s), (B, As) is a
spectral pair. Let

Vo = Spanig(- — ) : 1€ A},

where A, = {0, (v/N)} + sZ, and define the spaces V; as in (3-1). Since the Fourier
transform of ¢(- — A) is e~ >y (£) and (B, A,) is a spectral pair, {¢(x — 1) : 1 € A} is
an orthonormal system in Lz(R). Then, from Theorem 2.4,

(YN/Z) 1

A(§+—+kN)' :% ae.£€R.

p: kGZ
Now 1imj_eo [p((sN) ZEF = limj s [y, (SN)FE)P = limj e by, @) = 1 for all £ €
[—(1/25), (1/2s)). Next we find the (1/s)-periodic functions mj and m{ such that
B(sNE) = (m(&) + my(E)e ™M) g(£).
To compute ) and m7, we use the relation
B(NE) = x,(sNE) = x(£)
= (my(&) + my()e M)y, (&),

where C = [—(1/2s>N), 1/2s>N) U [(2N — 1)/2s*N, (2N + 1)/2s>N). Fixing &€
[—(1/2s>N), 1/25>N),

my(&) + my()e” 7N = (&)
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on the interval [-(1/2s>N), 1/2s*N). Note that

wele+ ) =x® €€~ 55 53m)

Hence, one can choose m(l)(f) =x.(é) and mg(f)zo so that m(l) and m(z) are

(1/s)-periodic functions such that m)(€) + mi(€)e /M) = y (&). Hence, from
Theorem 3.4, {V}, ¢}jcz is a A--NUMRA.

4. Condition for A;-NUMRA wavelet filters

Suppose that the closed subspaces {V;};ez of L*(R) form a A,-NUMRA with scaling
function ¢ € L>(R). Then there is a function m(&) of the form

mo(€) = my(€) + e N mi (&),

where mj, mj are (1/s)-periodic functions in L*([0, 1/s)) such that

B(SNE) = mo(£)(&).
Now define the functions ¢ € L>(R),k = 1,2,...,sN — 1, by
Ui(SNE) = m(E)(E), (4-1)
where
m(€) = my(é) + e Nmd(€),  k=1,2,...,sN—1. (4-2)

The functions m; and mi,k =1,2,...,sN — 1, are called A;-NUMRA wavelet fil-
ters. In this section, we prove the conditions on my,k=1,...,sN — 1 such that
{(N)Py((SN) - =) : k=1,2,...,sN — 1,j € Z, A € A} is an orthonormal basis for
LZ(R); we call the set of functions {; : k = 1,2,...,sN — 1} as A;-NUMRA wavelets.
Let us take ¢y = ¢ for notational simplicity. The following proposition gives the
equivalent conditions for the system {{;(- — ) : k=0,1,...,sN — 1,4 € A} to be an
orthonormal set in L>(R). When s = 2, these equivalent conditions coincide with the
conditions in [4, 5, 9]. Now we prove the following results using similar arguments as
in [4].

PROPOSITION 4.1. Let s € L2(]R),k =0,1,...,sN — 1. Then the system
Wi =) :k=0,1,....,sN— 1,1 € Ay}

is orthonormal if and only if

Z Wkl(f + ?) = 50i (4-3)
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where a = e "N and

Wal€) = ) UE+INWE +N), € €R.

JEZ

[14]

(4-4)

(4-5)

PROOF. Suppose that {{;(- =) : k=0,1,...,sN — 1,1 € A} is an orthonormal sys-

tem. Then
Oxidror = L‘/’k(x - DY(x — o) dx
= fR D OUE)e T EN) g

N -
=, f Yk = JNW(E = jN)e T ENIA g
jez Y0
N — = .
= f D UlE = jNE = jN)e 2 ED g
0 Yez
N
= [ e ag
0
s SN—1
) fl/ Z Wkl(f + E)e_zmg(,l—a—)e—2ni(p/b‘)(/1—l7') de.
0

N

Letting A = sm and o = sn,m,n € Z,

1/s sN-1 p ‘
5mn(5kl = f Z Wkl(f + ;)672nt§s(m7n) dé‘:
0
p=0

Since {y/se~?"5! : | € Z} is an orthonormal basis for L2([0, 1/s)),

sN—1 p
Z W]d(-f + —) = Sékl.
p=0 s

Letting A = (r/N) + sm and o = sn,m,n € Z,

sN-1

1/
0= f s o= 2ris(m=n) ,=2riér/N Z Wk/(f +P ) 21N g
0 =0 s
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Since {\se 25! : | € Z} is an orthonormal basis for L*([0, 1/s)),

sN-1 p
Z a"’wkl(§+ —) =0,
p=0 s
where @ = ¢~>""/N_ By reversing the steps above, we get the converse part. o

Now define an 2sN X 2sN matrix U(€) with entries Upy(€),0 < p,q < 2sN — 1,

defined by
P
mé(é:-pﬁ) 0<p<sN—-1, 0<g<sN—1,
) p—sN
mq(§+ — ) SN<p<2sN-1, 0<q<sN-l,
qu(é:): p
apm;_sN(é:'i‘m) OSPSSN_L SNSQSZSN_L
b 2 L PN N < <N 1 sN<a<2sN -1
a/mq_st N SN < p<2s , SN<g<2s .

The following proposition characterizes when {T ¢y : k =0,1,...,sN — 1,4 € A} is
an orthonormal system in terms of the matrix U(¢).

PROPOSITION 4.2. Let Yy € L*(R),k=0,1,...,sN — 1. Then the system
{(Tawp :k=0,1,...,sN-1,1€ Ay}
is orthonormal if and only if the matrix U(€) is unitary a.e. &£ € R.

PROOF. Using (4-1) and (4-5),

. . . 2
wuoNE) = 3 mife+ e+ LYofe+ 2
= s s s
By the (1/s)-periodicity of m}, m;,m; and m7,
2

e
-
4.

Wi(sNE) = (miE)ml (&) + m Em() ) |

jez

n m/i ( f)mlz ©) Z 2TiE+G[))r/N
Jje€zZ

+miEm](€) Y e mEUIIIN
Jje€Z
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By writingj = p + (sN)g,p € {0,1,...,sN—-1},qg € Z,

sN-1

W(sNE) = m(©m}(©) + m ) ) woolé + 2)
p=0

sN—-1

+ml@m@ Y o wle + )
p=0
sN-1

£t @m@ Y arwole+ L)
p=0

Next, using (4-3) and (4-4),
Wa(SNE) = S(mEm](E) + m M (E). (4-6)

From (4-3) and (4-6),

sN—1

Z(; (mk(f + ) (f + )+ mk(§ + pN)mlz(f + %)) = Sy, (4-7)

0 <k,l < sN — 1. From (4-4) and (4-6),

121 ap(mk(f + )ﬁ M (5 * pN )m’z(?szilv)) IR
0<kl<sN-L.

Conditions (4-7) and (4-8) together are equivalent to saying that the matrix U(€) is
unitary a.e. £ € R. It is easy to observe that {T ¢ : k =0,1,...,sN — 1,4 € A} is an
orthonormal system if and only if U(¢) is unitary a.e. £ € R. ]

The solvability of the system (4-7) and (4-8), given in [4] for the case s = 2, can
be extended for any even number s. The following theorem generalizes the result of
Gabardo and Nashed [4, Lemma 3.2].

THEOREM 4.3. If s =2r and {T)yy : k=0,1,...,sN — 1,4 € Ay} is an orthonormal
system, then {T ) : k=0,1,...,sN - 1,4 € As} is complete in V.

PROOF. Suppose that {T ¢, : k=0,1,...,sN — 1,4 € A;} is an orthonormal system.
Then, from Proposition 4.2, U(¢) is unitary for almost every ¢ € R. From condition
(iii) of Definition 2.3, it is enough to prove that

1
{—wk(i —/1) S AeAk=0.1..... sN— 1}
sN sN

is complete in Vi. For any f €V, there exists mp(&) = Y e, bae™ ™%, where
Sten, Ibal> < oo, such that f(&) = ms(£)¢(é). Let us define a map Vo — L2, where
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A=1[0,1/s)U[N/s,(N +1)/s), by f+ msy,. Then, by Proposition 3.6, the above
map is unitary. Hence, it is enough to prove that

S = {e Ny Ey (€)1 e A k=0,1,...,sN — 1}

is complete in L%. Let g € L% be such that g L S. Since {e”*y, (&) : A€ A} is an
orthonormal basis for L3,

g6 = ) we ™y, (@)

AeAg
= (g1(8) + g2(&)e™ N )y (&), (4-9)

where g1() = 3jez age™>™" and g2(€) = Yjez a,y,.,€ " are (1/s)-periodic func-
tions. As g L S, forany A € Ay and any k € {0, 1,...,sN — 1},

s L N+Dfs _
0= fo 2 NE Yy (25 @) di + f [ e
1/s
— —2ﬂl&Nf/l d
| (@@ + mile + = Jo(e + )} e

Using (4-2) and (4-9),

1s - - ) - )
fo e 2EN2m (£)g1(€) + m(€)g2()) + e Mm (£)g2(E)(1 + ™1y
+ @816 + )] dé = 0.

Since s = 2r and r is an odd integer,

() - S
[ el om @ + miem@ld =0, 10

Now taking h(&) = ml(£)g1(€) + m2(€)g2(€) and letting A = sm,m € Z,

sN—1

(G+1)/2N) »
f hk(f)efZIrlfS Nm dé_- =0.
(/s*N)

Next, by changing the variable,
1/s*N sN-1 ,
[ X e drne e ag o,
0
j=0

Since {e 27"Nm - 1 € 7} is an orthonormal basis for L2([0, 1/sN)),

sN-1

th(§+ 2N) 0 aec feR. (4-11)

Jj=0
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Similarly, by letting A = sm + (r/N) and using (4-10),

sN—1 .
> a/hk(g ; 2L) —0 ac.feR (4-12)
= s*N

Consider the vector u(¢) € C*V defined by

k

" g1(§+m) k=0,1,...,sN -1,

u =

k (§+k_SN) k=sN,sN+1,...,25N -1
81 N =SV, s yeeey 28 .

Thus, from (4-11) and (4-12),

U©u@) =0 ae. £€R.

As U(¢) is unitary for almost every &€ € R, we get u(¢) = 0 and hence g = 0. This proves
completeness. ]

Assume that s = 2r and let W, = VOl in Vy. Then V| = Vo, @ Wy. Writing V| =

V; @ W, where W, is the orthogonal complement of V; in V;, |, we obtain from (ii), (iv)
and (v) of Definition 2.3 that

[X(R) = @ W,

Jje€Z

Choose m},m;,k = 1,2,...,sN — 1, that satisfy (4-7) and (4-8) and define

Vi k=1,2,...,sN — 1,
as in (4-1). Then, by Proposition 4.2 and Theorem 4.3,

{(Tw:k=0,1,...,sN —1,1 € Ay}

is an orthonormal basis for V;. Since {T ¢ : A1 € Ay} is an orthonormal basis for Vj,
{Twyi:k=1,...,sN — 1,4 € A;} is an orthonormal basis for W,. Also, it is easy to
observe that, for every j € Z, {(sN)/?yy((sN)/ - =) :k=1,...,sN—1,1 € A} is an
orthonormal basis for W;. Hence,

(SN)PYi((SNY - =) i k=1,...,sN=1,j € Z, A € Ay}

is an orthonormal basis for L*(R).
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