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THE HEAT FLOWS AND HARMONIC MAPS FROM
COMPLETE MANIFOLDS INTO REGULAR BALLS

JiAYU L1 AND SILEI WANG

We generalise the existence result for harmonic maps obtained by Hildebrandt-Kaul-
Widman to the case where the domain manifold is complete noncompact.

1. INTRODUCTION

Let M and N be two Riemannian manifolds of dimension m and n. Suppose their
metrics are given by ds3, = g;;dz*dz? and ds%, = hapdu®duP. The energy density function
of u is given by
i3 0u® 0P

8zt O

ew) = g has = [Vul?.

The total energy is defined by
E(u) = /M e(u)dz.

A mapping u : M — N is called a harmonic map if it is a classical solution of the
Euler-Lagrange equation of E(u), which can be written as

uf Ou .
o = (1) = 802(s) + T, (u(2) 20 22—

where 7(u) is called the tension field of u. The corresponding parabolic system with
initial data ue(z), known as the the heat equation for harmonic maps, is as follows

Oou _
(1.2) a7 =W
U(SL', 0) = UO(I)

If M is a compact Riemannian manifold with boundary M, then we may consider
the following Dirichlet problems:

(1.3) { T(u) =0

ulaar = ho
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and
% =1(u)
(1.4) u(z,0) = uo(z)

u(-, t)|anr = hol-)

where ug € C*(M, N), hyg € CY(OM, N), uolars = he.

When M and N are compact without boundary and N has nonpositive sectional
curvature, Eells-Sampson [10] proved that any C! map from M into N can be deformed
to a harmonic map, by solving (1.2). The analogous version for compact manifolds with
boundary was proved by Hamilton [12], who solved the equation (1.4).

Hildebrandt-Kaul-Widman [15] solved the equation (1.3) when ho(8M) is contained
in a regular ball. Later Jost [16] reproved the result by the heat flow method. In (1]
Avilés-Choi-Micallef considered the case where the domain manifold M is complete and
simply connected with sectional curvature K satisfying —b? < Kp < —a® < 0. They
proved that the Dirichlet problem at infinity for harmonic maps from M into a regular
ball has a solution, by using the continuity method.

Ding-Lin [8] showed that if M and N are compact without boundary and the uni-
versal covering of N admits a strictly convex function with quadratic growth then the
result of Eells-Sampson holds.

When M is a complete noncompact Riemannian manifold and N is a complete
Riemannian manifold with nonpositive sectional curvature, Li-Tam [22] proved the long
time existence result for the initial value problem of (1.2), provided the initial data
up has bounded energy density. If we impose some conditions on M and uy we can
have the convergence of the heat flow u(z,t) to a harmonic map from M into N (see
[9, 20, 22, 23]), which generalises the result of Eells-Sampson to the noncompact case.

But, it is well-known that the conclusion of Eells-Sampson can not be generally
achieved and one has to pose some assumptions on N to draw such a conclusion because
the solution of (1.2) and the solution of (1.4) may blow up in finite time (see [5, 6, 7]).

In this paper, we assume that M is a complete noncompact Riemannian manifold.

To state our conclusions we introduce some definitions.

DEFINITION 1.1: Let N be a Riemannian manifold and 2 a bounded open subset
of N. We say Q satisfies condition (B) if there exists a positive function f € C%(Q)
satisfying

=V f = fKa(y)h 2 Co(Q)h
0 <m(R) € fly) € ma() < o0

and
|V F )] <ms() < 0
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for all y € Q, where K,(y) = sup{K(y, m),0 | K{y,n) is the sectional curvature of a two
plane = € TyN}, and Cy(2) > 0.

DEFINITION 1.2: If Q satisfies condition (B) and there is a nonnegative convex
function f* on € such that Q = ( f‘)_l([o, 1')), we call Q a generalised regular ball.

EXAMPLE 1.3. Suppose NV is a Riemannian manifold with nonpositive sectional cur-
vature. If Q@ C N is a open bounded subset and there is a point y3 € N such that
QN Cut(yy) = 0, then § satisfies condition (B). B,(yo) is a generalised regular ball if
B, (y0) N Cut(yo) = 0.
ExAMPLE 1.4. Suppose N is a Riemannian manifold, B, (y,) is a regular ball (see [13]),
that is Cut(yo) N Br(v0) = 0, and vVKr < 7/2 where K > 0 is an upper bound of the
sectional curvature of N on B, (y,), then B,.(yo) is a generalised regular ball.

In this paper we mainly consider the heat flows and harmonic maps from a complete
noncompact Riemannian manifold into a regular ball.

For the heat flows we prove

THEOREM 1.5. Let M be a complete noncompact Riemannian manifold. Sup-
pose that Q) is a regular ball. Assume that ug € C'(M,Q). Then (1.2) has a smooth
solution u(z,t) satisfying u(BH(:co) x [0, T)) CCQforallR>0andT > 0.

Such a solution is unique if M is compact or if there exists a point x; € M and a
positive constant 3 such that VOl(BR(.’L‘l)) < ezp(ﬂ(l + R2))for allR > 0.

For the convergence of the heat flow, we prove

THEOREM 1.6. Let M be a complete noncompact Riemannian manifold. Let
be a regular ball. Assume that ug € C'(M, ), and E(uy) < co. Then (1.2) has a smooth
solution u(z,t) satisfying that u(BR(zo) X [O,T)) cCcQforal R>0and T > 0 and
that there exists a subsequence t, — oo such that u(z,t,) — uw(z), and u(z) is a
harmonic map.

REMARK 1.7. If M is a complete noncompact Riemannian manifold which admits a
compact convex exhaustion {;} (8 is convex). Then by applying the existence theorem
in [21] instead of using Jost’s result in the proof of Theorem 3.1, we can prove the
condition in Theorem 1.5 and Theorem 1.6 that € is a regular ball can be replaced by
the assumption that € is a generalised regular ball.

The main idea in the proof of our theorems is using the gradient estimates for the heat
flow of harmonic maps derived in section 2 which can be seen as the parabolic version of
Cheng’s result [3] and Jost’s result [17]. The estimates are of interest in their own right.
And as a consequence we can derive a Liouville theorem for harmonic maps which is
similar to a result of Hildebrandt-Jost-Widman [14] and generalise the results of Cheng
(3], Choi [4] and Yu [25] (also see [18]).

In this paper C,, denotes various constants which depends only on m; similarly C
denotes various universal constants.
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2. GRADIENT ESTIMATES

In this section we derive some gradient estimates for the heat flow of harmonic maps,
which are essential in the proof of our main results. At the end of this section, we shall
prove a Liouville theorem for harmonic maps.

THEOREM 2.1. Let M and N be Riemannian manifolds. Let 1o € M and 7(z)
be the distance function from zy, and let Bp(zg) = {:c € M| r(z) R}. Suppose
that Q C N satisfies condition (B) and assume that the Ricci curvature of M on Bg(zg)
is bounded from below by —K; < 0. If u(z,t) is a solution of the equation (1.2) on
Br(zo) x [0,Th), u(BR(a:O) x [0, Tl))'C Q2 and Bgr(zo)NOM = 0 then

my Kl 1 mMeoMmyg 1 mo 1
2.1) su u(z, )| K Cn——|yKi+{/—=—+=]|+C — 4 —
( ) Ba/z(go)lv ( )I \'% Com,y ( ! R R) mCo R~ 2Cym \/E

and
(2.2)
MoMms 1

ma ma K1 1
su u(z,t)] < == sup |Vu(z,0)|+ Cn—me= | VK1 +{/ > + 5 | +C 2z
Bg/gg:o)|V( )I\m1 BR(EO)IV( )l m\/Coml( ! R R) Comu R
forall0 <t <Ty.

To prove the theorem we introduce

_ Ivu(=z, )F
‘Po(% t) = f2(u(:c, t))

0 . . .
and estimate (A - &) wo. A straightforward computation gives

_vlivel® _,vflvaf

(23) V$o = f2 f3
2 2 2 2 2
Doy = A|v2u| _ G fvlvel L Afvul | (S vy
f f? f? fe
and

d 2 Of 2
%zalvul _2§|VU|.

ot f? f2
We therefore have

(A - 2)(,00 _ (A - gt—) Ivul® ) (A - %)f(u(z, t)) [vul

ot F? £
2 2 2
(2.4) i vfivul +6|vf|flvul _
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Using the Weitzenbdck formula we have
1o} 2
(A - a) Ivu(x, t)| = 2|vduf’-2Y (RN(du(e.-),du(ej))du(e,-),du(ej)>
i.j

+2Y <du(RicM(e,-)), du(e.))

where e, €3, - -, e, is a local orthonormal frame field. Computing directly [3], one has
9 2

(A - a)f(uu, 0) = (v

Since 2 satisfies condition (B}, by substituting {2.3) and the last two identities into (2.4)

we have
i} |vul® lvul* | |vdul?
(A at)(po —2K, 72 +2C, 73 +2 72
u 2 2
(2.5) V- %Iv ° +2Ivf|flvul _QV%,va_

The Hoélder’s inequality implies

vauf 19fFIvul | ,lvdullvullv/|

2 7 2R 7

and
|V [vul’| < 2|vdul |7l

Substituting the last two inequalities into (2.5), we have

f

Now we prove Theorem 2.1. For this purpose we introduce F(z,t) = tyo(z,t). We

5]
(2.6) (A - a) wo = 2Com105 — 2 o - vi_ 2K;0.

obviously have from (2.6)

2

7] F vf
. . 2 —_—
(2.7) (A 5 )F 2m,Cy ; (21{1 + )F 2w F- 7

Let ¥(r) be a C? function on [0, c0) such that

_J 1 ifrefo,1/2]
1/’(T)“{o if r € [1,00),

0 ¥(r) <L, ¥(r) <0, ¢'(r) 2 —C and |1/)’(r)|2/(¢(7')) £ C where C is an absolute
constant. Let g(z) = ¥(r(z)/R).
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Assume that (z;,t;) is the point where gF achieves its maximum in Bg(zo) X
[0,T] (0 <T < Ty). By using the argument of Calabi 2], we may assume g(z) to be
smooth at ;. And we may also assume (gF)(z;,%) > 0. By the maximum principle, at
(z1,t1) we have

(2.8) V(gF) =0,

0

at(gF)
and

AgF) <0
Hence
2.9) A-2\r<o
( . ot gr s U

Applying the Laplacian comparison theorem [11] we have
rAr £ Cp{l+ Kyr).

So,
vl Cn CnK
<= >_Zm ,
g R2’ 9>~ "R
By (2.9) and the last two inequalities we have

0> _(c,,, . Onki

(2.10) R

)F+2vng+g<A - %)F

Substituting (2.7) and (2.8) into (2.10) we have

o;—(c +C'"K1)F ZIV;|F+ ( 3>F

R R 5t
Cn  CnKi 1,
2—(R2 + 7 )F+2mlCotlgF
(2.11) (2Kl + ) gF - gl/v%yllﬂ (F)12F
1

where we have used Iv f (u(z t))l m3 |vu. Multiplying through (2.11) by g and using
0 < g <1, we have

1 5 (Cm . Cuky 1 gF\"*
S 1 _
0/2m1cot1(9F) (Rz R )gF Cm 3R(t1) 9F
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Using the quadratic formula one obtains
(g)‘” < Cm; +\/ 1 (2K 1 C Cm K)
t 2m;CoR 2m,Cy R
Cm:nci; +Cn——+ L ( ) \/T_—
(wz f R)fc s

(gF)*(z1,t1) <

So

sup t1/2IVu z,t) | I(z t) € Brya(zo) % [0, T]}

K 1 MM, \/— m
<Cn—r2 VK +4/ 2 + 5 | VT + 0228 2
G \/mICo ( 1t R + R) \/_+ mlCo R T G, 2m100

and so
\/_ Kl mzma \/— m
sup TY?|gu(z,T A Y 7 +—2
BR/zgo) vl )I ICO v R R mICO R 2m1Cy

(2.1) follows.
To prove (2.2) we set F(x,t) = po(z,t). If gF achieves its maximum in Bgr/(zo) X
[0,T] for 0 < T < T} at (z,0), then we have

(2.12) sup
BRry2(zo)

vu(z,8)| < == sup |vu(s,0)]

M1 Bgr(zo)

If gF achieves its maximum at (z;,t;) (¢; > 0), then by an argument similar to the one
used in the proof of (2.1) we have

mso Kl 1 moms3 1
2.13 su u(z,t)| €« Cn—==| VK +‘/—+— +C———
( ) Bnlzgm)lv ( )| vVmiCo ( ' R R) m1Cy R’

(2.2) follows from (2.12) and (2.13).
If instead of considering the function of gF' we consider F' directly, we have the
following theorems.

THEOREM 2.2. Let M be a compact Riemannian manifold, let N be a Rieman-
nian manifold, and let Q C Nsatisfy condition (B). If u(z,t) is a solution of the equation
(1.2) on M x [0,T}) and u(M x [0, Tl)) C § then

TnQ\/Kl mo 1

(2.14) |vu(z.9)| < Cm Tl e
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and

mz\/ITl

" VComy

for all (z,t) € M x (0,T1), where —K < 0 is the lower bound of the Ricci curvature of
M.

(2.15) |VU z, t)| —sup|v'u(:1: 0)] + Cn

For harmonic maps, as corollaries of Theorem 2.1 and Theorem 2.2 we have the
following gradient estimates.

THEOREM 2.3. Suppose that M, N, Bg(z,), 2 satisfy the hypotheses of Theo-
rem 2.1. If u(z) is a harmonic map from Bg(z,) into ) then

ma K 1 maomsg 1
su u\z)| = m— K+ + +C =-
Bngo)lv | Comy ( '""VRr R) m;Cy R

THEOREM 2.4. Suppose that M, N, Q satisfy the hypotheses of Theorem 2.2.
If u(z) is a harmonic map from M into Q then

Mo/ Kl
AV Com1

By applying Theorem 2.3 we can obtain a Liouville theorem for harmonic maps.

skllplvu(r)l < Cn

THEOREM 2.5. Let M be a complete Riemannian manifold with nonnegative
Ricci curvature, and let N be a Riemannian manifold. Suppose that Q C N satisfies
condition (B). If u(x) is a harmonic map from M into Q, then u is constant.

3. HeaT FLows

In this section we consider the global existence of the heat flow of harmonic maps
from complete noncompact manifolds into regular balls.

THEOREM 3.1. Let M be a complete noncompact Riemannian manifold. Sup-
pose that Q is a regular ball. Assume ug € C'(M, Q). Then (1.2) has a smooth solution
u defined on M x [0, 00) satisfying the properties

(a) u(BR Zo) X [0,T ) ccQ

(b) sup |Vul<ooforallR>0andT > 0.
Br(z0)x[0,T)
Such a solution is unique if there exists a point £y € M and a positive constant 3

such that Vol(Br(zo)) < ezp(B(1 + R?)) for all R > 0.

Proor: Choose a sequence of compact smooth domains €}; such that ; C Q,,, for
alli=1,2...and B;(zo) C S for some fixed point zo € M. By Jost’s result [16] we can
get a solution u;(z,t) of the following equation for each i.

Ou;

i 7(u;)

ui(z, 0) = uo(x)
w;i(+,t) = uo(-)|gn, for all t > 0
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satisfying u; (Q x [0, T)) cC Qand sup |v u;)| < oo for alliand T > 0.

Q;x[0,T)
For any R > 0, there exists an integer i(R) > 0 such that Byg(ze) C Q; for all
i 2 ¢(R). Theorem 2.1 yields

ma /Kl 1 moma 1
su ui(z,t — su ug| + Con——=| VK1 + + o —
BR(zo)g[O,T]|v * )l my an(go |v 0| \/Coml ( ! R R) Com1 R

for all i 2 ¢(R) and T > 0, where —K; < 0 is the lower bound of the Ricci curvature of
M on Bsg(zo).

By standard interior estimates for the equation (1.2) and the diagonal subsequence
argument, there exists a subsequence u; and u € Cz"(M x [0, 00), Q) such that u; — u

in C*! (BR(zo) x [0, R, Q)for any R > 0. Clearly u(z,t) is a solution of (1.2) satisfying
(a) and (b), and tli_x}nou(z, t) = up(z) uniformly in Bg(z,) for any R > 0.

If v is another solution of (1.2) satisfying (a), then we consider the distance function
d(u,v). We set ¢(z,t) = d*(u,v). Clearly [24] ¢(z,t) is smooth on M x [0,00) and
satisfies (A - % ¢ > —Ky¢ where Ky = sup K,(y). By the maximum principle [19]

yeN
we know that ¢(z,t) < eX?'¢(z,0) = 0 if there exists a point z; € M and a positive
constant 8 such that Vol (BR(zl)) < exp(ﬂ(l + RZ)) for all R > 0. This establishes the
theorem. 0

4. HARMONIC MAPS

In this section we consider the convergence of the heat flow to a harmonic map from
a complete noncompact Riemannian manifold to a generalised regular ball.

THEOREM 4.1. Let M be a complete Riemannian manifold. Let § be a gener-
alised regular ball. Suppose that ug € C'(M, ) and E(uy) < co. If u(x,t) is a solution
of the equation (1.2) satisfying u(BR(zo) X [O,T)) CQ forall R>0and T > 0, then

there exists a subsequence t, — 0o such that u(z,t,) — ux(z) in C? (BR(zo), Q) for
any o € M, R > 0, and us(z) is a harmonic map.

PROOF: It is clear that u(z,t) satisfies

E(u(-t)) +2 /0 ‘ /M u|? dzdt < E(uo)

/ / 2dzdt < E(uo).

Therefore there exists a subsequence ¢, — oo such that

which yields that

(4.1) w(z,t,) — 0
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weakly in L2(M). Theorem 2.1 yields

(4.2) sup |vul < C(m, R, M, Q, u).

BRr(zo0)%[0,00)
By (4.2), and standard interior estimates for the equation (1.1) we may assume
(4.3) u(Z,ty) — Uoo

in C? (BR(.’EQ),Q) for any zo € M,R > 0.
(4.1) and (4.3) imply that us, is a weak harmonic map. Since ue € C%(M, ), Uy
is a harmonic map. 0
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