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Abstract

We consider parallel single-server queues in heavy traffic with randomly split Hawkes
arrival processes. The service times are assumed to be independent and identically
distributed (i.i.d.) in each queue and are independent in different queues. In the crit-
ically loaded regime at each queue, it is shown that the diffusion-scaled queueing
and workload processes converge to a multidimensional reflected Brownian motion
in the non-negative orthant with orthonormal reflections. For the model with aban-
donment, we also show that the corresponding limit is a multidimensional reflected
Ornstein—Uhlenbeck diffusion in the non-negative orthant.
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1. Introduction

Single-server queues are fundamental models in applied probability and queueing theory,
and heavy-traffic limits have been well studied; see the recent surveys in [7], [31], and [32], and
the recent work on the model with abandonment in [28] and [30]. In these studies, the arrival
processes are usually assumed to be Poisson or renewal processes. Recently, to account for
the excessive burstiness, clustering effects, and path-dependence, other point processes such
as Hawkes and Pélya processes have been used to model arrivals in queueing models. They
can be used to model, for example, internet/social media traffic flows, patient flows during
a pandemic, neuron interaction processes, and high-frequency transaction processes in limit
order books. Queues with Hawkes input are studied in [8], [11], [16], [22], and [26], and
single-server queues with Pélya arrival processes are considered in [14] and [15]. On the other
hand, many systems have parallel servers, such as data centers and internet processors, and
various randomized routeing schemes have been developed in the literature (see e.g. the recent
survey [12]). A simple scheme is to send incoming jobs/customers randomly to any of the
servers upon arrival.
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In this paper we consider parallel single-server queues in heavy traffic, where the arrival
process for each queue is randomly split from one Hawkes process. That is, upon each arrival,
a customer or job is randomly assigned to one of the queues. The service times in the different
queues are mutually independent and may have different distributions, and within a queue the
service times are assumed to be independent and identically distributed (i.i.d.). The service
discipline in each queue is first-come first-served (FCFS). We assume that each queue is crit-
ically loaded in heavy traffic, that is, the traffic intensity gets close to one. We also consider
the queueing model with abandonment, where customers joining each queue may abandon the
system while waiting in the queue and before receiving service. We focus on the joint queue
length and workload processes, and prove the functional central limit theorem (FCLT) for the
associated diffusion-scaled processes.

Randomly split Hawkes processes have recently been studied by the present authors [23].
Unlike Poisson processes, the split Hawkes processes become a multivariate Hawkes pro-
cess with a particular dependence structure (see the covariance function of scaling limits in
Proposition 2.1). As a consequence, the vector of queueing (workload) processes of the paral-
lel server queues will be correlated. In contrast, in the case of randomly split Poisson processes,
because of the independence property of Poisson thinning/sampling, the queues at the paral-
lel servers are mutually independent and each queue can be analyzed as an M/G/1 queue.
However, our model becomes more challenging to analyze directly. This is in a similar fla-
vor to the open problem recently posed by Mandjes [24] about multivariate M/G/1 queues
with coupled input and parallel service. Our model presents another example of multivari-
ate single-server queues with correlated input, and our results provide heavy-traffic diffusion
approximations for such a system.

For the queueing models without abandonment, the queueing limit process is a multidi-
mensional reflected Brownian motion (RBM) in the non-negative orthant with orthonormal
reflections. In many queueing networks, RBMs arise as the heavy-traffic limits of the queueing
and workload processes; see e.g. the recent surveys [10] and [34]. In the very original article by
Harrison [17], as a diffusion approximation for a pair of single-server queues in series, a two-
dimensional RBM in the non-negative quadrant was introduced, which has a normal reflection
at one axis and a tangential reflection at the other axis. On the other hand, our model with two
queues provides an example of RBMs in the non-negative quadrant with normal reflections
at both axes. A multidimensional RBM limit with orthonormal reflections was derived for a
network of parallel single-server queues with Markov-modulated service speeds in [13]. This
work contributes to the literature of queueing network scaling limits by providing a concrete
example of RBMs in a non-negative orthant with orthonormal reflections.

Although the correlation structure of the split Hawkes processes can be explicitly char-
acterized (as can the Brownian motion without reflection), it is challenging to compute the
covariance functions for the limiting RBM in the parallel server queueing model. Moreover,
one can check that the conditions of Propositions 8 and 9 in [9] (see also [33]) are not satisfied
so that the limit process does not possess a product-form stationary distribution. Fortunately,
the numerical approach developed in [9] to compute the stationary distribution can be used
for the limiting RBM in our model. We implement that algorithm in a two-queue example to
illustrate how the parameters in the Hawkes process and the splitting probabilities as well as
the heavy-traffic scalings affect the correlation between the steady state of the two queues in
the limit (see Section 3.1).

For the queueing models with abandonment, the queueing limit process is a multidi-
mensional reflected Ornstein—Uhlenbeck (OU) diffusion in the non-negative orthant with
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orthonormal reflections. This extends the one-dimensional results in [30]. This result is of
interest in two respects. First, there is a very limited result in the queueing network literature
that gives a multidimensional reflected OU limit. Huang and Zhang [20] study open Jackson
networks with reneging, and obtain a multidimensional reflected OU diffusion limit with a
reflection being characterized via the routeing probability matrix (extending the RBM approx-
imations for open Jackson networks without abandonment in [25]). The reflection is very
complex in that model, but the reflections in the limits of our model are orthonormal, which is
of interest in its own right. It is worth noting that in the studies of dynamic scheduling in mul-
ticlass GI/GI/14-GI queues [1, 21], although the queueing processes are multidimensional, the
Brownian control problem is solved via the so-called workload process as a one-dimensional
controlled OU process with reflection. Second, there have been studies of the stationary dis-
tributions and ergodic properties of reflected OU processes in one dimension; see e.g. [29]
and [35]. However, such results beyond one dimension are wide open. Our limit process pro-
vides a concrete example for which an explicit characterization of the stationary distribution
could potentially be obtained. We leave this as an open problem for future work. (We also refer
the readers to a relevant article [2] for the recurrence properties of multidimensional reflected
diffusions in convex polyhedral cones.) It would also be interesting to explore whether the
numerical scheme in [9] could be further developed for the multidimensional reflected OU
processes such as those arising from our model.

The proof for the model without abandonment uses the continuous mapping approach for
the multidimensional reflection maps (see [31]). This is standard, but the particular scaling
involved in the Hawkes process and its splitting scheme must be taken into account. For the
queueing models with abandonment, we adapt the approach in [30] by comparing with the
model without abandonment. It is therefore also important to first study the model without
abandonment. In the meantime, the comparison approach is non-trivial, since this requires us
to use the martingale representations for the Hawkes process and the randomly split Hawkes
processes [3, 23], as well as some martingale inequalities and properties.

We also discuss two related models in which the arrival processes for the parallel servers
come from a multivariate Hawkes process in Section 5. The limits for the models with and with-
out abandonment are of the same type with orthonormal reflections but the driving Brownian
motions have a different covariance function. Although the split Hawkes process is also a mul-
tivariate Hawkes process, the splitting scheme introduces a particular structure together with
only one self-exciting function. On the other hand, a general multivariate Hawkes process has
a matrix of self-exciting functions. This is yet another example of the open problems posed in
[24], and also complements the parallel server queueing model with correlated services due to
Markov modulation in [13]. The limits for these models will also be of interest in their own
right.

1.1. Organization of the paper

In Section 2 we discuss random splitting of Hawkes processes and review the FCLT results.
In Section 3 we present the parallel single-server queueing model with split Hawkes arrival
processes and the FCLT on the joint queueing and workload processes. A numerical example is
provided in Section 3.1 to illustrate the stationary distribution of the limiting queueing process
in a model with two queues. In Section 4 we discuss the model with abandonment and state
the corresponding FCLT. In Section 5 we consider the parallel server queueing model with a
general multivariate Hawkes process and state the corresponding scaling limits. The proofs for
these models are given in Section 6 and the Appendix.
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1.2. Notation

All random variables and processes are defined in a common complete probability space
(2, F, {Ft}t>0, P). Throughout the paper, N denotes the set of natural numbers. Rd(Ri)
denotes the space of d-dimensional real (non-negative) vectors; we write R(R;) when d = 1.
Let DY = D4R, R?) denote the space of R4-valued cadlag functions on R... (D, J1) denotes
the space D equipped with Skorokhod J; topology (see [4]), which is complete and separa-
ble. D¢ denotes the space of R?-valued cadlag functions endowed with the weak Skorokhod
J1 topology [32], for which we write (ID)d, J1). For an integrable function f: R — R, its L
norm is denoted by ||f||;. Notations — and = mean convergence of real numbers and con-
vergence in distribution, respectively. For a vector a, diag(a) denotes the diagonal matrix
with the elements of vector a on the main diagonal. For two vectors a = (ax)r and b = (by)x,
ab = (arby)r = diag(a)b denotes their elementwise product. We use ¢ to denote the identity
function e(#) = ¢ for t € R.. Additional notation is introduced in the paper whenever necessary.

2. Random splitting of Hawkes processes

A one-dimensional Hawkes process, N = {N(¢), t > 0}, is a simple counting process with
conditional intensity
N(@) f
M=ho+ Y Ht—1)=h+ / H(t — 5) dN(s), (2.1)
‘ 0
J=1

where Ag > 0 is a constant, called the baseline intensity, H : Ry — Ry is the self-exciting
function, and 7; denotes the jth event time of N.

We consider the randomly split Hawkes processes Ny = {Ny(¢), t >0}, k=1, ..., d, defined
as follows:

Ne@) =) 1=k 5 <),
j=1
where {&;,j>1} is a sequence of i.i.d. random variables, independent of N, with the
distribution

d

Pt =k)=py€(0,1) and Zpkz 1.
k=1

It is shown in [23] that the splitting Hawkes process (Ny)x is a multivariate Hawkes process
with conditional intensity

d ot
Ai(t) = piA(t) = prho + Z /0 (PeH(t — 5)) AN,/ (). (22)
K¥=1

Notice that the split processes Ny are not independent.

We consider a sequence of Hawkes processes indexed by #, that is, N is a Hawkes process
for the nth system with intensity process A(-) whose baseline intensity in (2.1) is AE)”) while
the self-exciting function H stays the same. The splitting variables are denoted by {gj(") ,j=>1}

with distribution (p{" ;.
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Define the LLN and CLT-scaled processes for the splitting (N,E")) . by
— 1 ~ — _
NS 0= NG and N0 = V/n(N @) ~ E[N0)]). (2.3)
respectively. It is easy to see (see e.g. [3]) that
_ t
E[N" (0] = 23"p\” /0 (14 ¢ * e(ns)) ds, (2.4)

where ¢ =) =11 * is the renewal function of H,

frgx)= /0 Seglx —y)dy

denotes the convolution of f and g on R, and ¢ is the identity function.
The following FCLT for the splitting processes (N/((n)) « is proved in [23].

Proposition 2.1. Suppose that
o0
W ho and  (p") = (px asn— oo and |H| = / H(Hdte 0, 1). (2.5)
0

We have
(N™), = M in (@9, 1) asn— oo,

where (Ny)y is a d-dimensional Brownian motion with mean zero and covariance matrix

N ~ A 8,0 — Pt A /
cov i, Ny () = (1 A5)- ( 0Pk(S — Py) 0PKD}; >

1 —H| (I—[1HI)3
where 8., =1 ifk =k and §,,, =0 ifk #k'.

The process Ny admits the representations

1/2 1/2
“ A Ay TIIH I
Ny = 0—\/17ka 2
A —H|IDY? (A —|H|1)*?
12 2172

+ Dk (2.6)

0 Q 0
= Sk W’
(1= [HD'? (1 —1H[1)?

where (W) is a standard d-dimensional Brownian motion, W = ZZ:] JPiWr, and S’k =
DiWi — piW.

The condition ||H|; € (0, 1) is referred to as the stability condition in the literature
of Hawkes processes, under which a stationary version of Hawkes process exists and
@ xe(t)— ||H||1/(1 —||H]|1)as t — oo. The first representation in (2.6) is a direct consequence
of [3, Theorem 2] for the vector-valued Hawkes process (N,E")) r characterized by (2.2), while

the second representation follows from [32, Chapter 9.5], where S is also a d-dimensional
Brownian motion, independent of W, with covariance function

CcoV(Sk(1), Sy (5)) = (S, — P )t A 5).

It is necessary that Y_, §; = 0.
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In our study of parallel server queues with a split Hawkes process as arrivals, we will
also need the following alternative diffusion-scaled process by replacing the centering term
E[N{"(1)] in (2.3) with a linear function:

. _ )\.(n)p(n)t
N eq&(N,i”)(n - %) r0. 2.7)
- 1

The proof of the proposition is given in the Appendix.

Proposition 2.2. Under the conditions in Proposition 2.1, if, in addition,

o
t1/2/ H(s)ds— 0 ast— oo, (2.8)
t
then
(M), = Bk in(DJy) asn— oo, (2.9)

where (Nk)k is the same limit as given in Proposition 2.1.

3. Parallel single-server queues with split Hawkes arrival processes

In this model, there are d parallel servers and each server has its own queue. Arrivals in
each queue come from the randomly split Hawkes process and are served in the FCFS dis-
cipline. Let {N(7) : t > 0} be the Hawkes process, arriving in the system, and let (Ni)x be the
splitting Hawkes arrival processes with the splitting mechanism as described in Section 2.
Recall the baseline rate A, splitting probability (p)x, and self-exciting function H. For every
k=1,2,...,d,let{n;}; represent the service times of customers in the kth queue. We assume
that {nj «}; are i.i.d. with finite mean my and variance o, and are independent of the Hawkes
arrival process and the random splitting process. Denote the service rate of the kth queue by

Wk = 1/my, and write p = (g)k.

We now give a definition of the model. Forevery k=1, ..., d, let
m
Vie(m) = Z M)k
j=1

be the partial sum with the i.i.d. service times, and let Ui(¢) := sup{m > 0: Vi(m) <t} be its
right-continuous inverse. Then Uj(f) is a renewal process representing the number of jobs
that the server k can potentially complete by time ¢. Let Z = (Zy); be the workload processes,
and let QO = (Q)x be the queue length processes, with Q(0) = (Qr(0))x being the number of
initial jobs in each queue. Under our assumptions, the processes N and (V, U) are independent,
and we further assume that Q(0) is independent of the new arrivals N = (Ny)x and the service
processes. Then we have the following flow-balance equations for the dynamics at each queue:
fork=1,...,d,
Zi(t) = Vi(Qx(0) + Ni(1)) — B (1),

Oi(t) = Qk(0) + Ni(1) — Ur(Bi (1)),

3.1)

where
t

t
Bi(t) = / 1(Ok(s) > 0)ds = / 1(Zk(s) > 0)ds
0 0

https://doi.org/10.1017/jpr.2023.50 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.50

496 B. LI AND G. D. PANG

is the busy-time process, and its paired idle-time process is given by
' t
Ii(t) =1 — By(1) 2/ 1(Qk(s) =0) ds:/ 1(Zi(s) = 0) ds.
0 0

The processes (Qk, Zx )i take values in the non-negative orthant R2“, and can be characterized
by the following version of reflection maps (see [32, Chapter 14.2]).

Definition 3.1. For any x € D4 and any reflection matrix, i.e. a matrix with Q;; > 0 and Zi Q; =<
1 such that (Q)" — 0 as n — o0, let the feasible regulator set be

\IIQ(x)E{we]D)ﬁf x4 (T —Q)sz},

where T is the identity matrix and D¢ is the subset of functions in D¢ that are non-decreasing
and non-negative in each coordinate. Then the reflection mapping is defined as

@)= (bo. Yo)) : DY — D>,
where y is called the regulator component, given by
y:i= Yox) := inf Wo(x) =inf{w: w e Wp(x)},
that is, for all i and ¢,
yi(®) := inf{w;(1) e R: w € Wp(x)},
and where z is called the content component, given by
7=po(x) =x+ (I — Q)y.

In the definition above, the matrix I — Q is the direction of reflection (see [9, 18]), that
is, whenever the boundary face {z € Ri :zj =0} is hit for some j, the process w; increases
and causes an instantaneous displacement of z in the direction given by col;(T — Q), the jth
column of (I —Q); y =1 is the minimal element in Wy such that z> 0. Moreover, the
complementarity property holds ([32, Theorem 14.2.3]), that is,

o0
/ zidy; =0 forall i,
0

which also characterizes the regulator uniquely. It is proved in [32, Theorems 14.2.5 and
14.2.7] that v is well-defined and Lipschitz under both the uniform norm and the Skorokhod
J1 topology.

In particular, if the reflection matrix Q = 0, then the angle of reflection is 0 (see [19]), and
the reflection direction is orthogonal to the boundary, which is the case in our paper. Thus the
reflection is also referred to as orthonormal. Letting (¢, V) = (¢po, o) denote the operator in
this case, and recalling that ¢(#) = ¢ is the identity function on R, we can rewrite the processes
in (3.1) in terms of Definition 3.1 as follows:

Z, D= (¢, ¥)(Vo(Q0)+N)—e), (3.2)

and the queue length process can be rewritten similarly.
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We consider a sequence of such queueing systems in heavy traffic and indexed by the
parameter n with n — oo. The traffic intensity for the kth queue is given by

)»(") (n)
n) _ _
o= k=1,....d (3.3)
(T = 11H )y,

Define the following scaled processes:

VO (f) = v<">([m]) U™ @) = U(”)(nt) 1'9(")(;):%3(")(”;),

(3.4)
V) = /n(VO) — m™), U™ = /n(T™ () — 1n™),
and
Q(")(t) — LQ(")(nt) Z(")(I) — Lz(n)(m) t>0.
ﬁ b ﬁ b p—
We assume the following conditions on the service processes.
Assumption 3.1. Assume that the service times {nj i}j fork=1,2, ..., d, satisfy
(n) (n) () _ (n)
my, —E[nl k] —>my = ,uk and o} var(r]1 k) — O asn— 0o, 3.5)

and letting F,((") be the cumulative distribution function (CDF) of ng'?,)(, we have for every € > 0

/ y2 dF,({")(y) —0 asn— oo. 3.6)
y>+/ne
The traffic intensity at each queue satisfies the following: fork=1,...,d,

V(1 - ,0,((")) - >0 asn— oo. 3.7

Observe that by the definition in (3.3), under (3.7), we have
Aopk
Aoprmg=——=1—|H|; foreachk=1,2,...,d. (3.8)
Ik

Remark 3.1. Condition (3.6) is known as Lindeberg’s condition for the triangular array
{’7]('511()}]’16 (see [5, Theorem 27.2]), under which one can show that as n — oo,

sup — ) = 0,
j<n \/— j k

and the processes in (3.4) satisfies
(\7("), (_J(”)) — (u~', we uwo.c. in probability,
. A o (3.9
(VD 0") = (v, U) in (D™, Jy),

where u.o.c. is short for ‘uniformly on every compact set on R;’, V is a d-dimensional
Brownian motion with mean zero and covariance matrix

cov(Vi(®), Vi () = (t A )08,

and Ui(r) = — pr Vie(uit) for t > 0.
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Remark 3.2. In addition to (3.5), if we assume
V(o =2") = hoo (e — ") = i, n(pre—p") = b
for some A, [k, Pk € R, as n — 0o, where py is given in (2.5), then (3.7) holds with

L o Pk
pr=""+ -
A Pk Mk

The process limits remain the same.
We have the following FCLT for the diffusion-scaled processes (O, Z™).

Theorem 3;1. Suppose that Assumption 3.1 and the conditions in (2.5) and (2.8) hold, and that
0"™(0) = Q(0) > 0. Then

(0™, ZM) = (0,2) in(D*,J1) asn— oo, (3.10)
with the limit
0=¢(QO) + W —be) and Z=mQ=(mQpx,
where
0= up = (upox
with pi in (3.7), and W is a d-dimensional Brownian motion with covariance function
cov(Wi(®), W ()= (tAs) Ry,

2 Aopipy Aopkpy
/= —
A= D)3 1= Hh

2.2
+ k(w08 G.11)
Py 2 2 )
=ur| ———— —ps + (1 +uic?)s, /|
((1—||H||1>2 o (s

3.1. The stationary distribution of Q
Observe that Q in Theorem 3.1 is a reflected Brownian motion on the orthant Ri with drift

vector é, covariance matrix IAQ, and reflection matrix I. Since ék >(0foreveryk=1,2,...,d,
there exists a unique stationary distribution of Q.
Recall that a probability measure 7 on Ri is called a stationary distribution for the reflected

Brownian motion Q if, for every bounded Borel function f on R‘i and every 7 > 0,

[, o= [ swm,
w

RY

It is shown in [18] and [33] that the stationary distribution for a reflected Brownian motion in
the orthant is equivalent to Lebesgue measure on ]Rfi, and the occupation measures on faces
are absolutely continuous with respect to the (d — 1)-dimensional Lebesgue measure vi(-) on
the face Fy:= {z € Ri : 7k = 0}, that is,

t
m(dx)=qgo(x)dx and Eg [/ 14(Q(s) df/k(S)} = %t/ gk vi(dy) forall A € AB(Fy).
0 A
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TABLE 1. A numerical example to illustrate the stationary distribution of the limiting queueing process
in a model with two queues.

p1 | E[Q1(c0)] E[Q2(00)] Corr-of-Q | E[Q1(c0)] E[Qa(c0)] Corr-of-Q | Corr-of-W

0.1 1.87415 299150  0.05862 0.56224 1.19660 0.06673 0.15541
0.3 | 2.49320 2.27381 0.10852 0.74796 0.90952 0.12338 0.23608
0.5 3.38435 1.69218 0.12530 1.01531 0.67687 0.14123 0.25628
0.7 | 4.54762 1.24660  0.12126 1.36429 0.49864 0.13438 0.23608
09| 5.98299 0.93707 0.08832 1.79490 0.37483 0.08906 0.15541

(61, p2)=(03,0, 6) (p1, p2) =(1, L.5)

Furthermore, (qo; g1, - - - , qq) in this paper jointly satisfy the basic adjoint relationship (BAR):

1 ~ 9%f(x) A 8f(x)
/M (5;“% ] Ok )qo(x)dx-l- Z/ —(X)Qk(X)Vk(dX)

forall f € C[% (Ri). It can be checked that the coefficients for Q do not satisfy the conditions of
Propositions 8 and 9 in [9] (see also [33]) which means the stationary density cannot be a prod-
uct function. The numerical approach developed in [9] to compute the stationary distribution
is applicable to our model.

Noticing that the marginal distribution Qk(oo) for each k is exponentially distributed from
the one-dimensional reflected Brownian motion results, we readily obtain

A

o Ry Rkk 2
E[Qu(00)] = — and  var(Qk(00)) = ( ) -
20 29/{

We apply the numerical algorithm in [9] to a model with two queues and compute some
characteristics of the stationary distribution. Similar to [9], we compute the mean of the queue-
ing limit and the correlation coefficients of (Wl, Wz) and (Ql(oo), Qz(oo)), and examine the
effect of the splitting probability parameter py. We fix Ag=1, 01 =02 =1, ||H||; = 0.3, and
change the values of p;. Observe that by equation (3.8), the value of u; changes accordingly
as pi changes. We also consider two scenarios of (01, 02), taking values (0.3, 0.6) and (1, 1.5).
Notice that the correlation of (Wl, Wz) from (3.11) is independent of the choice of (o1, 02) by
definition. Table 1 shows how the splitting probability p; and the parameters (01, p) affect the
correlation of (Ql(oo), Qz(oo)).

4. Parallel single-server queues with split Hawkes arrival processes and abandonment

In this section we consider the parallel single-server queues as described in the previous
section but with an additional feature of abandonment, that is, each customer joining the queue
has a patience time and will leave the queue if the patience time runs out before entering
service. The arrival and service processes are modeled in the same way as the previous section.
Patience times are assumed to be independent of the arrival and service processes as well
as the splitting process. Let {¥}j « p}jez represent the patience times for every customers with
CDF Gi, k=1, ..., d. The dependence on k may be interpreted as the impact of each queue
upon patience, since their services may have different distributions. Of course, one may also
consider the homogeneous scenario with patience times having the same distribution in all the
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queues. In this model, variables and processes will be indexed with an additional subscript p
to distinguish from the model in the previous section whenever necessary.

To give a rigorous definition of the model, we adapt the definition from [30] and introduce
the offered workload process

Zp(8) = Op p(QkO) + Y i d(wik <1, Zip(Tik =) < Vjikp) — Brp(®) (4.1)
Jjz1

for t > 0, where {7 : j > 1} are the arrival times of the split Hawkes process Ng(?),
Okp() = Ok p( — 1) + 1—j s 1Ok p( — 1) <P—jr,p) forj=>1,

with ®; ,(0) = 0 representing the waiting time for the (j + 1)th customers initially in the kth
queue. Note that Zk, »(0) = O ,(0r(0)). The cumulative busy-time process is defined by

t
Bip() = / 1(Zy p(s) > 0) ds. (4.2)
0
Different from the offered workload process, the observed workload process is defined by

Zip®)=Zip(t) + Y 0l < Ok(0), Opp(f — 1) =D _jxp > 1)
Jj=1

+ ) 0k Zip(Tik =) = Djp >t — Tk = 0), (4.3)
Jj=1

which retrospectively counts both the workload from customers that eventually receive service,
Zk,p, and from those that are currently in a queue but eventually renege, 1(- > 9, > ), in
contrast to the prospective definition for Z; in (3.1).

Similarly, we define the observed queue length process as follows:

0r(0)
Orp() = Z (1O p(— 1) < V—jkps 1 < Opp()) + WOk p( — 1) = V_j i p > 1))
=1
Ni (1) _ _ _
+ Z(l(Zk,p(fj,k =) <Wkps 1 < Zip(Ti0) + W Ziep(Tjk — ) = Djkp > 1 — Tik)),
j=1

which counts the number of customers currently in the queue. Observe that the busy-time
process in (4.2) also satisfies

t t t
Bi,(H) = /0 1(Zy p(s) > 0) ds = fo 1(Zy p(s) > 0)ds = /0 1(Qx p(5) > 0) ds

and the idle-time process is given by

t t
Lp(t):= 1 — By p(0) = /0 1(Qx p(s) = 0) ds = /O 1(Zs p(s) = 0) ds.

We also need the following definition generalizing the multidimensional reflection mapping
in Definition 3.1, which is adapted from Appendix A.1 in [30].
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Definition 4.1. Let I" be a d x d matrix of real entries and let Q be a reflection matrix in
Definition 3.1. Then, for each x € D¢ with x(0) >0, let (z,y) € D* be a unique pair satisfying

() z(t) =x(t) — [y Tz(s)ds + (I — Q)y(1) > 0 for all t > 0,
(ii) y(0)=0,ye D[Tl and [ zx(t) dyk(r) = 0 for every k.

Furthermore, let u# be the unique solution to the integral equation
t
u(t) + / Tu(s) ds = x(). 4.4
0

Define the mapping Mr : D? — D? by Mr(x) = u. Then
(Zs y) = (¢Qv 1/IQ)(j\/ll—‘(-x))v

where ¢g and Vg are the content and reflection operators, respectively, in Definition 3.1.
By [30, Lemma 3], Mr is Lipschitz-continuous with respect to uniform topology on every
compact set. One can find from the integral equation (4.4) that

u(t) = Mrx)()
t

=x(0) + f el 67D x(ds)
0

t
=x(1)—T / e Dx(s) ds
0

=x(1) — Z | R (= )] / (t — sYx(s) ds.

Jj=0

In our model, I' = diag(y) is a diagonal matrix with y = (y)r € R? on the diagonal, and we
have

t
wm=mm—nfemHMmm
0

for each coordinate process. In this case, we simply write u = M,, (x). If x(¢) = xo + at + o B(¢)
in Definition 4.1, where B is a d-dimensional standard Brownian motion, a € R and o € R9*4,
then u = M, (x) is the unique strong solution to the stochastic differential equation

du(t)=(a— yu(@®))dt+o0 dB; = —yu(t)dt + (adt + o0 dB;), u(0)=xp.

This is well-defined and called an Ornstein—-Uhlenbeck (OU) process. Moreover,
z=¢(M, (x)) is the regulated (reflected) OU process. Recall that ¢ = ¢o with the matrix
Q=0.

As in the previous section, let (Q(”), Z(”)) (Q(") Z(")) be the associated observed queue
length and workload processes for the nth queueing system We are interested in the diffusion-
scaled observed processes in the heavy—trafﬁc regime, and define

O (1) = QWMaMZWo Z" ().

ik f

We make the following assumption on G,((") for the variables 19/(’,? .

Assumption 4.1. Assume that G,({”) is continuous, and for some yy > 0,

(A;zn)(t) = \/EG,(C")(\/ﬁt) — yt asn—> 0o,

where the convergence holds uniformly on compacts (u.o.c.) over Ry.
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Note that in the case 19;'2 = 1% Uk p, that is, G,((")(t) = G(t/n) for some common CDF
Gy, the assumption above is equivalent to Gy, being differentiable at O with y; = G'4(0). This is
the so-called critical case studied in [30].

Theorem 4.1. Suppose that Assumptions 3.1-4.1 and the conditions in (2.5) and (2.8) hold,
and that Q™ (0) = Q(0) > 0. Then

(Q("), Z[(,")) = (Q,,, Z,) in(D*,Jy) asn— oo,
with the limit
Op = ¢M(QO) + W —0e)) and Z,=p""'0).
where § and W are as given in Theorem 3.1.

Here Qp is a d-dimensional reflected OU process with initial value Q(O). Although the limit
in Theorem 4.1 formally reduces to that in Theorem 3.1 if y = 0 in Assumption 4.1, it is worth
mentioning that the proof of Theorem 4.1 relies on Theorem 3.1, and in the case y > 0,

(Zp, Ip) # (@, YI)M,, (Vo (Q0) + N) —¢)),

in contrast to (Z, I) in (3.2).

5. A parallel server model with multivariate Hawkes arrivals

As noted in Section 2, a splitting Hawkes process is a multivariate Hawkes process with a
particular conditional intensity process given by (2.2). In this section we present the limits for
a parallel server model with a multivariate Hawkes arrival process, defined as a simple point
process with conditional intensity process given by

d ot

)»i(l)=)»i,o+§:/ Hyt =) dNiGs), i=1,....d, =0,
: 0
J=1

where Ao = (;,0); is the baseline intensity vector, and H = (H;;);; is the kernel matrix function
with H;; : Ry — Ry. The non-explosion criterion in [3] is given by fot Hjj(s) ds < oo, for all
t > 0, under which the point process is well-defined. Given the multivariate Hawkes process as
arrivals and the service process as defined in Section 3 in the parallel single-server queues, the
queue length process and workload process can be defined in the same way.

We consider a sequence of such queueing systems in heavy traffic with index n, where the
baseline intensity is A" and the kernel function is H.

Assumption 5.1. Suppose the following conditions hold:
(i) )Lgl) — Ao as n— oo,

(i) fy° Hyj(t)dr < o0 and the spectral radius of the matrix ||H||y = (fy° Hy(t) dt)l.j is less
than 1,

(iii) limi— oo v/7 [ Hij(s) ds =0 for every i and j.

We note in particular that the notation differs from Section 3: Ag is a vector and H is a
matrix.
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Under Assumption 5.1, it is shown (see [3, Theorem 2] and also Proposition 2.2) that
v — o L, o or ! <
N (1) =+/n nN (nt) = (T = |HII1)" Ayt ) = N() (5.1)

in (D4, J;), where N is a d-dimensional Brownian motion with covariance function
cov(Ni(1), Nj(s) = (t A's) - enty (T — [|H[|1)~" - diag((T — [H|I1)”"20) - (T = IH])7")

for ¢, s > 0, where the superscript T denotes the transpose of a matrix, comparing it with
Proposition 2.1 Note that in this model setup, the kernel matrix H is assumed to be inde-
pendent of n. The traffic intensity for the kth queue in the nth system is given by (compare with
(3.3)

p” =ent (T — IHID™'26") /11"

The heavy-traffic condition will then imply that
(T~ [HI) " ho = p.

_ Under Assumptions 3.1 and 5.1 together with the new traffic intensity above, and 0™(0) =
0(0) > 0, we obtain

(O™, 2")=(0.2) in (>, 1) asn— oo,

with the limit A . . . .
0=p(QO)+W—00) and Z=p""'0=(11;' Ok,
where

6 = wp = (b,

and W is a d-dimensional Brownian motion with the following covariance function: for
t,s>0,
cov(W(r), W(s)=(tAs)- R,
(5.2)
Ry =T — HIID™" - diag(u) - (T~ 1HI]) ™ + diag(u’0?).

For the parallel server queueing model with abandonment as described in Section 4, suppose
the arrival process is also a multivariate Hawkes process as described above. Let QI(,") and ZI(,")
be the queue length process and the workload process for the model, respectively, and suppose
that Assumptions 3.1, 4.1, and 5.1 hold, and that Q(")(O) = Q(O) > 0; then

(O, Z") = (Qp. Zp) in (D, J)) asn— oo, (5.3)
with the limit
0p = (M, (QO0)+W —8e¢)) and Z,=pn"'0,,

where W is as given in (5.2).

We remark that the proofs for both models follow similar arguments by adapting those with
a split Hawkes process, which we omit for brevity. However, we note that the split Hawkes
processes as arrivals to the parallel server queues have a particular structure due to the splitting
mechanism, while the multivariate Hawkes process has a matrix kernel H = (H;;) (independent
of n). It is important to highlight that the limit processes in both parallel server queueing models
with a split Hawkes arrival process and a general multivariate Hawkes process are essentially
of the same nature (with orthonormal reflections), except that the driving Brownian motions
have different covariance functions (comparing (3.11) and (5.2)).
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6. Proofs

6.1. Proof of Theorem 3.1

The proof follows from some modification of the arguments for the heavy-traffic conver-
gence in single-server queues; see e.g. [7, Chapter 6]. We highlight the differences here for the
parallel single-server queueing model.

Recall the diffusion-scaled processes Q;C") and Z,({n) for the nth system from (3.1):

2 = %Zﬁ")(m) = Vn(V{" (0”0 + N 0) — B 1),

0" (1) = IQ(’”(m):f n(01©0) + N 1) — U (B (1)),

6.1)

where
0" (0) = Q(")(O)

and N,((") is the process in (2.3). We will apply the FCLT established for the split Hawkes pro-
cesses and renewal process, Proposition 2.2 and Remark 3.1 respectively, and the continuous
mapping approach to the multidimensional reflection mapping; see e.g. [7, Theorems 6.1 and
7.2] and [32, Chapter 14.2]. The following lemma is a modification of the so-called random
change of time result from [4, page 151], which is also called the continuity of composition
in [32, Theorem 13.2.2]. In this version, each sub-counting process has a different time scal-
ing, and all the limit processes are assumed to have continuous sample paths. The conditions
are slightly different from those in [32, Chapter 14.2]. Recall that C¢ = C? N DtTi’ where C¢

denotes the space of R%-valued continuous functions.

Lemma 6.1. Let (x("), X(n)) — (xl((")’ X}Eﬂ))k e D x ]D‘% and (x, x) = (k. xik € C4 x (C‘%. If

(x(”), X(")) —(x, x) inM* J)) asn— oo,

then

X o x ™ = (x](:l) o X;ﬁ"))k — (Xp o Xk =XO0X uU.o.c. asn— oo.

Proof of Theorem 3.1. We have from (6.1), forevery k=1, 2, ...,d,
o ) o) x'py”
(1) = /n0,"(0) + " J_(—(") 1>t
(T = HIl1)py,
(n) (n)

_ Ay'D =
+/n <N,§”)(t) - %) — /() = 1"5) | _gon,

+ (e = B @)
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where
0" = n(1=p™) and 1"(0) = /n(r — B @),

(n) is defined in (3.3), and N, (n)(t) is defined in (2.7). Observe that what differs from a single-

server queue is that the N,E")(t) are correlated Hawkes processes, which introduces dependence
among the different queueing processes.
By the definition of Z" in (6.1) and (V, U™) in (3.4), we also obtain

200 — QM = O o (HW(0) + NW) 4 m® G o B, 6.2)

We now consider the convergence of various components in these representations.

Under Assumption 3.1 and the conditions in Proposition 2.2 for Hawkes processes,
from (2.9) for N®, (3.9) for (V™, ™) and their independences, we have the joint weak
convergence

(N0, V0 G = W, V,0) in (@, 01) asn— oo,

where N is the Brownian motion in Proposition 2.1, (\7, f]) is the Brownian motion in (3.9)
and independent of N.
Moreover, it is easy to see that

ook

Q(n)(()), N(n)’ BM) <0
( ) 1—|H ||

)—(0 ue,e) u.o.c., (6.3)

in probability as n — oo, where the identity (3.8) is used in the equality, and abusing notation,
¢ is a vector of identity functions.

Thus, applying the continuous mapping theorem and the composition mapping
(Lemma 6.1), we obtain the joint convergence

(N, V(000 + M), U (B)), = (Ve Vil ), T, (6.4)

in (D3, Jy) as n — oo.

Now, applying the continuous mapping theorem to the multi-dimensional reflection map-
ping in Definition 3.1 and using the convergence results in (6.3) and (6.4), together with the
fact Ux(t) = — i Vie(uit) from (3.9), we obtain the joint convergence of (Q("), Z(")) in (3.10).

Finally, since N and U are independent, it is easy to check that W = N — U is a Brownian
motion with the covariance function given in (3.11). This completes the proof. (]

6.2. Proof of Theorem 4.1

We adapt the proof idea in [30] and highlight the main differences in the proof. For the
system indexed by n, recall that the diffusion-scaled processes are defined by

O (0= —=0" ). 200 = =2, 200 = —=2 ),

N N NI

and
150 = /n(t = B ).

Theorem 4.1 is proved following the procedure from [30], where we start from the analysis
of the offered workload process in (4.1). Specifically, the proof proceeds in the following steps.
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Step 1. The weak convergence of the diffusion-scaled process (Z,(,"), i ) in Theorem 6.1, by
relating to (Z(”), 1 (”)) in the corresponding model without abandonment.

Step 2. The following asymptotic equivalence properties: for every 7' > 0 and k, as n — oo,
we have

sup|Z(")(t) - (n) (t)\ =0 and sup|Z(")(t) - ")Q(") (t)| =0.

t<T t<T
They follow the same procedure as [30], so their proofs are given in the Appendix for
completeness.

Step 3. Completing the proof: given the convergence results in the two steps, the joint
convergence in Theorem 4.1 follows immediately.

Therefore we focus only on the proof of the following theorem.

Theorem 6.1. Under the assumptions of Theorem 4.1,
(2. 1) = (2. 1,) in(@*, 1)) asn— oo, (6.5)
with the limit
(Zp, 1) := ($0, YOIMy(Z +1) = m (o, Y)M, (Q0) + W —bo)
where W and 0 are as given in Theorem 3.1.

The proof of Theorem 6.1 uses the following two lemmas. In the proof we need

Theorem 3.1, and it helps to rewrite Z,(C") () in (3.1) in the corresponding queueing model
without abandonment as

j>1

with
7= 1" 1(j < 0" ).
Jj=1

The diffusion-scaled process Z™ is defined in the same way. The corresponding convergence
results for (Q("), Z(")) in Theorem 3.1 will be used.

Define
M ()= TM(”) () and B ()= o Ly )
with
m
(n) _ (n) ( ) (n)
Mknp 1(m)_Z(nj’;< n)l(ﬁjip —= )|u Z(")( ,('/l‘) )
j=1

m
M 20 =3 (157, <) = G w) iz
= T,
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Lemma 6.2. For every T > 0 and every k,

sug!Mi’f[)ﬂ(lﬂ =0 and sug‘AA/[,(("';’z(t)} =0 asn— oo. (6.6)
1< 1<

Proof. Tt is easy to see that {M,(("; ((m)}, _, is an {ﬁf("z),m}
martingale, where for m > 1 B

ms1 -adapted square-integrable

n) (n) ) om _(n) (n)
%c,p, _Z (O)VU{n]k’ﬁ]kp ]k}lgjfmva{ m+1k}

Applying Doob’s maximal inequality [27, Theorem VII.3.3], we have

E[sup(M(”) ) } <4E[(F?) ()]

t<T

[nT]
= Lvar(”) ZE (G (0 ("))

54var(17k )[nnT] (ﬁ (n)(K )+IP’( sup Z(")(t) > KO>>

NP 0<T
for every T and K. Together with Proposition 2.2 for N, the fact that
0< Z,ﬁ";(t) <z () < 2" forallr>0 6.7)

and Theorem 3.1 is established for Z,((”), we can establish the weak convergence result:

sup,ST|M,(”Z 1(t)\ =0 as n — oo. A similar procedure can be used to prove the convergence
r(1)

for M kp,2° O

Recall the following martingale representations associated with Hawkes processes [3, 23]:
t t
X"(1):= N () — / A(s)ds and  X{(1):= N (1) — / Ws)ds  (6.8)
0 0
are martingales adapted to the filtrations generated by N and N 2 respectively. Denote
o) Lon o) Y0 vy Ly
X ()= =X (nt)=N,"(t) — | A, (s)ds and X"(t)=—-X"(nt).
n 0 n
Lemma 6.3. For every T > 0 and every k,

sup =0 asn— oo.

t<T

[ 6@ )i o - 2w o)

Proof. Using the martingales in (6.8), the integral in the lemma can be split into two mar-
tingale integrals and a third component with bounded variation, and we show that each term
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converges to 0 uniformly on [0, T']. Specifically, we have
t 2 -
/0 G (2(s =) (dN{"(s) — E[A{" ()] ds)

_ e ™y (qx® ™ (5005 _ E[1M(s)]) d

=, G (25 (s =)(AX () +p” (A" () = E[A™(5)]) ds)
t N B r_ N 2

- /0 G (200 =) dX ) +pf” /0 dx<"><r>(n | 6@ -y ds)

r

t A

= [ 6@ ) @K+l 0X)

t t A N 2
p /0 dX(n)(s)<,, / GO (20 =))g(n(r — ) dr—G;">(z;f';(s—))||<o||1),
(6.9)

where we make use of (2.2) and the following identity from [3]:

t
K00 —E[x" (0] = / p(t = 5) dX"Gs),
0
and recall thatp =3 . | H*" is the renewal function of H.

Since X,(C"), X™ are martingales with quadratic variation N ,g") and N, respectively, we have
from Doob’s maximal inequality that

t . 2
IE|: sup ( [) G,({") (Z]((fl;(_v - )) d)_(,((")(s)> ]

te[0,71]
" em 3m o VT2 4l [T e 5o 230
541}3[(/0 G2 (s —)) dX; (s)> }:ZE[/O (G (2 =)) % (s)ds]

4 . T _ T B A
< —(G,(C")(Ko))zE[/ )»,(C")(s) ds:| +4E |:/ A;cn)(s) ds; sup Z,i",),(s) > Ko:|
n 0 0 '

s<T

for every Ko > 0, where G,(C") (z) < 4/n by definition. Given (6.7), we have

t A~
sup / G,((") (Z,E")(s -)) d)_(,((") ()| =0 asn— oco.
t<T|J0 P

One can prove the uniform convergence of the second term in (6.9) similarly.
For the last i_ntegral in (6.9), notice that np(n(s — r)) ds degenerates to a Dirac measure at r
as n — oo and X" has bounded variation on [0, T]. For arbitrary §, > 0, if t — s > §,,, we have

t A A
n f G (200 =)t — 9) dr — G (Z{(s =) el
e () (5(m) 2(n) (5n)
5nf |G, (Zk,p(r— )) — G}, (Zk’p(s =) e — ) dr
N
N o0
+ 2 sup G;C") (Z,E"[Z(u)) / ne(n(r —s))dr
s+68,

u<T

A A A o
< s [G(E0w) = GEENW) el + 25w 6 (E0w) [ g
O<v<u<T u<T né,

u—v=<dy
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On the other hand, if r — s < §,,, we have
n / G2 =) pn(r = s) dr — G280 (s =) lplh < sup G(")( ) - llglh.-
s

Plugging these into the last integral in (6.9), we obtain the following bound:

T
sup |G (20 w) — G (Z0)| - el - /O (N(ds) + 10 (ds))

O<v<u<T

u—v=<s,

+2 / - o(u) - sup G\ (Z(")(u)) f (N™(ds) + 2™(ds))
ndy,

A u
+sup G (Z}(’?)(u)) el - sup (\N(’”(u) ~N"w)| + / A (s) ds).
u<T O<v<u<T v

u—v=<g,
We next need the following result. For every T > 0 and §,, — 0 with 1/n8,, — 0, we have for

every k
sup |Z (”)(t) —Z(”)(s)| =0 asn— oo. (6.10)

O<s<t<T

t—s<8y

It follows from their definitions that
1Z00) — 209)] < |28) — Z0(9)| + 248,

for every t > s > 0 with t — s < §,,. Therefore the convergence of Z,((") in Theorem 3.1 and the

fact that Z,E") € C can be applied to show the convergence property in (6.10).
Now we continue with the last integral in (6.9), taking 8, =n"2/3 and then \/n8, — 0,
né, — 00, by (6.10); we prove the uniform convergence of the last piece and finish the proof.
Now we are ready to prove Theorem 6.1 by making use of Lemmas 6.2 and 6.3.

Proof of Theorem 6.1. We claim that as n — oo,
270 - 1) - (%,ﬁ’f;(t) + 7 / Z(")(s) ds — I(")(t)> =0 uo.c. 6.11)

for every k. The claim can also be rephrased as

A t,
Z0 (1) + diag(y) /0 Z0(s)ds = (Z"@) — 1) + 807(0) + 11(1), (6.12)
where i ™ s the regulator of Z,()") satisfying the conditions of Definition 4.1 with the reflection

matrix Q =0, and & (") is the error term which converges weakly to 0 u.o.c. In other words,

(20, 1) = (o, Yo) (M, (2 — 1 +2)).
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We have shown in Section 6.1 that Z™ — J™ = m(Q(O) — e+ W). By Theorem 3.1 we obtain
joint convergence in (6.5).
To obtain (6.11), denote

N 1
(ny ._ (n) ; (n) (n) (n) -
Mipo= Y o=, 9", <O (i —1).
j=1
A simple calculation gives
1 NG 3N
D7 (1) (n) (n) Z(n) (_(n) 7(n)
LHS of (6.11) :Mk’p’o + % Z r/j’kl(ﬁj’k’p < Zk,p(rj,k —)) — Yk /0 Zk’P(s) ds
j=1

A SO
=M, 0+ M, (NS O) + M, (N (@)
t ~
o [0 G ) @ - B ] )
0
r, 2 o0
_ )\gl)ml(cn)pl((n) /0 G]((ﬂ) (Zl(cnl)?(s)) (/ o(u) du) ds
ns

t
+ /0 (0" GV () — yt) | ds, (6.13)

u:Z,(:; (s)

where Xg{n)(t) = Af{n)(nt) and we use the expression of E[X,({”)(t)] in (2.4). It is thus sufficient to
show that all terms on the right-hand side of (6.13) converge weakly to 0 u.o.c.
For the term AA/I,({'Z’O, since @,82)(/) < Z]((")(O) for all j < Q](C")(O), we have

E[M) 4: 2" ©0) = Ko | 0" (0] = 0" 0" G (Ko) (6.14)

for every Ko > 0. The Markov inequality can be applied to show that AA/I,(('TI)LO =0asn— oo.

Now, given Theorem 3.1 for 2,((") and (6.7), the desired convergences of the last two
terms in (6.13) can be checked directly. Further, applying Lemma 6.2, Lemma 6.3, and
Proposition 2.1, we can prove the remaining terms and finish the proof. (|

Appendix A. Additional proofs

A.1 Proofs for the asymptotic equivalence properties

This section is dedicated to the proofs of the asymptotic equivalence properties in Step 2
of the proof of Theorem 4.1. The arguments adapt those in [30] with slight modifications to
illustrate the role of the split Hawkes processes. We provide the details for completeness.

Lemma A.1. For every T > 0, we have for every k

sup|2,((";(t) - Z,E";(t)| =0 asn— oo.
t<T ’
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Proof. Considering the difference between 7 [)7 and Z,({n), we show that the associated
additional terms in (4.3) converge weakly to 0 u.o.c. For every 7 > 0, observe that

(n) ™). @™ (i ) (n)
Zn_"]kl(;<Q”(0),@k’fp(] D=9 =) <M .

J>1

Thus, using (6.14), we can show that the first term on the initial quantities converges to zero.

On the other hand, for every T, Ko >0, on the set {sup,_y Z,((”)(t) <Ko} we have for every
t<T,

Z 77<’n) Z(") <n) )= ﬁ(mp o onf— t )>0)
J>1

Z W1 <Z" (D)1 =< > ni — /iKo)
J>1

< (M () = M ) +m” (91" ) — B ()

(n) ()
+m" G (Ko)(u — v))|u=N£n>(t)’v=N£,,)(t_K0 1 iy

Lemma 6.2 together with Proposition 2.1 proves the convergence. U

Lemma A.2. For every T > 0 and every k,

sup|Z,(("I))(t) (" Q(") (t)| =0 asn— oo.
t<T

Proof. Let gkn)(t) be the right-continuous increasing version of the arrival time of the cus-
tomer in service at time ¢ if the server is busy and gk")(t) =t if the server is idle. By the
same argument as in [30], it can be shown that (1 — ,E")(t)) = 0 for the nth system, where
—(")(t)zn—l (")(nt)

On the set {gkn)(t) > O}

70— ml 0 (1)

= X0 - el < <

j=1
D) + 7 — - (P = <)
=1
(n) (") (n) (n) (n) ~>(n) (_(n)
_Z ]k_mk (5k,p(t)<5k =605, S (]k -))
=1

) o 50 (o ) 4 5
m” > (s <y <09 <70 (R-) <+,

Jj=1
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where the last term is the number of customers currently in a queue and eventually abandoning
the system without receiving service, which is less than

31048, <20 <o <)
j=1

t

= [ (M @)+ G0 —) AN
S‘k’p(f)

We thus have for the nth system, fort < T,

250 =m0y
=770 = VP Gw) + (B0 NP EGw) s 6P
Z<supyy Z,(C'Z(s)
+ im(k") + sup Ln(”k) +2 sup |M]((n) 1(S)|
v jziP VT

)

+2m§:’) sup ]M,((ill),’z(t)
s<N(T)

where f/,in) is the process in (3.4). Given Lemma 6.2 and the fact that V,i") and N](C") both have
continuous limits, the lemma is proved. O

A.2 Proof of Proposition 2.2

Proof. For every k > 1, given (2.4) and the fact ||¢||; + 1 =1/(1 — ||H||1), it is sufficient to
show that

t nu t o0
ﬁ( t _/ <1+/ (p(v)dv) du) zﬁ/ / o(v)dvdu— 0. (A.1)
I—1Hlh Jo 0 0 Jnu

For every € € (0, (1 — ||H]|1)/2), denote
Hy(t):= H)+e(1 +H~3? forallt>0

and let @, be the associated renewal function, so ||H|1 = ||[H||1 + 2¢ € (0, 1). Moreover, given
(2.8),

o
H () > H(), ¢:(t)>¢@) and /2 / H,(s)ds — 2¢ ast— oo.
t
Thus we have from Karamata’s Tauberian theorem (see [6, Theorem 1.7.1]) that

1 N e o0 1
~(I1He It — He(2)) =f e‘”(/ He(s) ds> dr~2r(§)ez—1/2 as z— 0+,
Z 0 t

where

H(z) = / - e “H,(t)dt
0
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denotes the Laplace transform of H,. It also follows that

/00 e ¥ (/00 ©e(8) ds) dr
0 t

1
= —(leelli — ¢(2))
Z

=1< L1 )21 VAelh =A@ 200/ _yp
\1—H:lli  1-H.(2) Z(1— |He | — Ho(z)) (1= |IHell)?

as z — 0+. Then monotone density theory (see [6, Theorem 1.7.2]) can be applied to show
that

t1/2/°o (5)ds — 2¢e
@e(s) ds P ——
.o (1 — | Hell1)?

Therefore, for every 6 > 0, applying the uniform convergence theorem (see [6, Theorem

1.5.1]),
N 2eu”!/? 2 [
lim sup |¢ / @e(s)ds — —— | =0 and supt f @e(5)ds < 00,
=0yl Ju (1 — [|He]11)? =0 Ji

which gives

! o0 U 2eu=1/2d 2e(1 — /8
lim <n1/2/ @ (V) dv) du:/ cu u2 = &( \/_) 5
n—>00 Js it s (L—=1|lHellD)= (A =lH|1—2¢8)

S oo o0
/ ul/z((nu)l/zf Pe(v) dv) du < /5 x sup tl/z/ @e(s) ds.
0 n !

u t>0

Passing § — 0 and making use of the fact ¢ < ¢, proves the limit in (A.1). ]
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