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BIFURCATIONS OF SECOND ORDER PROBLEMS WITH
JUMPING NONLINEARITIES

PAVEL DRABEK AND MILAN IKUCERA

In this paper we deal with nonlinear second order boundary value problems for ordinary
differential equations including the case of jumping nonlinearities. The set of generalised
eigenvalues in the case of nonconstant coeflicients is described. It is proved that these gen-
eralised eigenvalues are simultaneously bifurcation points of the problem with coefficients
also depending on the solution u = u(z).

In this paper, we study the global structure of the set A_;(r) of all pairs (g, v) € R®

for which the nonlinear boundary value problem

(1) -—(a(:c,u)'u.')’ — pe(z,u)u” + ve(z,u)u” =0 on [0, 7],
(2) w(0) = u(r) =0

has a solution ||ullc1 = r (for a given » > 0). First, we shall give a characterisation of

this set A_; for the problem
(3) —(af{z)u') — pe(z)u™ + ve(z)u™ =0 on (0,7

with the boundary conditions (2). (In this case A_; does not depend on r > 0). Note
that in the case of constant coeflicients, the set A_; of generalised eigenvalues can be
descrived explicitly (see Fuéik) {4], Dancer [2,3]). Further, by using the characterisation
of A_; for (3), (2) with a(z), c(z) replaced by a(z,w(z)), c(z,w(z)) and applying
a fixed point method we shall obtain information about the character of A_;(r) for
any r > 0. Particularly, A_;(r) tends to A;(0) (the set A_; corresponding to (3),
(2) with a(z) = a(z,0), c(z) = c(z,0) ) in a certain sense. Any (u,v) € A_,(0) is a
bifurcation point of (1), (2) (with respect to the line of trivial solutions). Note that the
idea concerning using the fixed point method for finding eigenvalues and eigenfunctions
of nonlinear problems is the same as in Boccardo [1], where a different problem is

studied.

Received 10 April 1987

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/88 $A2.00+4-0.00.

179

https://doi.org/10.1017/5000497270002671X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002671X

180 P. Drabek and M. Kucéera [2]

1 GENERALISED EIGENVALUES IN THE CASE OF NONCONSTANT COEFFICIENTS

In this section we shall consider the boundary value problem (3), (2). We suppose
that a € C'([0,7]), c € C([0,7]), ¢(z) >0, m < a(x) < M for any z € [0,n], where
0O<m< M. Forany £ =1,2,..., write

Zr = {u € C'([0,7]); u has precisely k — 1 simple zeros in (0,7)},
ZF = {u € Zx; w'(0) >0}, Z; = {u€ Z; u'(0) <0}

(By a simple zero, we mean = such that u(z) =0, u'(z) #£0.)

Remark 1. Let us consider the eigenvalue problem

(4) —(a(z)u')’ = A(z)u = 0 on [0, 7],
(2) u(0) = u(w) = 0.

Recall that all the eigenvalues of (4), (2) are simple and form a sequence {},,}2,,
0< A < Ag,..., lim A, = co. Further, v, € Z, for the eigenvalues v,, corresponding

to A, . Hence the eigenfunctions corresponding to the first eigenvalue A; do not change
sign on (0,7); for n = 2k, the eigenfunction v, corresponding to A, consists of k
positive and k negative semi-waves; for n = 2k + 1, there is an eigenfunction v, € Z;

consisting of k + 1 positive and k negative semi-waves.

Remark 2. Consider the initial-value problem

(5) —(a(z)u") - pe(z)ut + ve(z)u™ =0 on [0,00),
(6) u(0) =0, u'(0)=1.

If a, 3 are two successive zeros of a solution of (5), (6) then on, |{a,(], (5) reads either

as
(7) —(a(z)u') = pe(z)u™ =0,

or as

(8) —(a(z)w')’ +ve(z)u™ =0,

where ut = u or u~ = —u, respectively. The following assertions give information

about how the distance between zeros of the solution of (5), (6) depend on 1, v.
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LEMMA 1. For o >0, v > 0 set

dt(p) = sup{la — B|; @, B are successive zeros of u, u satisfies (7) on e, ]},

d™(v) = sup{|a — B|; a, B are successive zeros of u, u satisfies (8) on {a, 5]}
Then d*(u) — 0 or d~(v) — 0 if and only if 4 — +00 or v — 400, respectively.

Remark 3. Let us write d¥ (p) instead of d*(u) in Lemma 1 in order to emphasise
the dependence on the coefficients in (7) or (8). Then the convergence df .(u) — 0
for p — oo and d; (v) — 0 for v — +oo is uniform with respect to a, c satisfying
m < a(lz) KM, clz) 2 co (withsome 0 <m < M, ¢o > 0 fixed).

LEMMA 2. (1) Let us suppose that u; satisfy
(9) —(a(z)u) — pic(z)uf =0,

ui{®) > 0 on (,f) C(0,7), 1 = 1,2, ui(a) = u1(B) = 0, uz(a) +uz(B) > 0. Then

Mz < pg.
(2) Let u; satisfy

(10) —(a(z)ut) + vic(z)uy =0,

u,'(:c) < 0 on (a)ﬁ) - (0,77)7 = 1,2, ul(a) = ul(ﬁ) =0, u2(a) +
uz(f) < 0. Then v < vy.

The proofs of Leminas 1,2 and Remark 3 follow directly from the Sturm comparison
Theorem (see Kamke [5]).

LEMMA 3. Let us suppose that

(11) —(a(z)ul)' — pic(z)uf + vic(z)uy =0 on [0,n],
(12) ui(0) = uy(m) =0,

1= 1,2. If signu{(0) = signuy(0) (# 0) and py < pa, v1 € vy, with at least one
strict inequality sign then uy; and u; cannot have the same nonzero number of zeros
in (0,7).

PROOF: Let us suppose that u;, u; € Z;} for some n = 2,3,... and p; < p2,
v € vz with at least one strict inequality sign. Elementary considerations give the
existence on an interval (a,) C (0,7) such that uy(a) = u1(B8) =0, |uz(@)|+|uz(8)} >
0 and u;(z)-us(z) > 0 on (a,B). But this contradicts Lemma 2. ]
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LEMMA 4. Let u € Z, be the solution of (3), (2).
(i) Ifn=2k, k=1,2,..., then pu > A, v > v}
(i) fn=2k+1, k=1,2,..., then either pp > Apy1, v > A (in the case
w'(0)>0)or > A, v> Ay (in the case of u'(0) < 0).

PROOF: Let n = 2k + 1, «'(0) > 0. Elementary considerations, together
with Remark 1, imply that there exist intervals (oy,Bk), (k+1,0k41) and eigen-
functions v, vgt1 of (4), (2) corresponding to A, Aggq; respectively, such that
u(ar) = u(Be) = 0, vi(akr) +ve(Be) <0, u(z) < 0, ve(z) < 0 for z € (ak,P),
and u(ags;) = u(Br+1) =0, Vet1{r+1) +Fvat1(Br+1) > 0, u(z) > 0, veyi(z) > 0 for
z € (ak+1,0k+1). The assertion follows from Lemma 2. The other cases can be treated

similarly. 1

Introduce the sets

A_; ={(g,v) € R%* (3), (2) has a nontrivial solution},
At ={(g,v) € R?; (3), (2) has a solution in Z}},
AZ; ={(p,v) € R% (3), (2) has a solution in Z;}, n=1,2,....

THEOREM 1.

oo
A, = U [A-: U Azl

n

{

A (—u
AL = {(w
AL ={(p

,v) € R%; p = )\, v is arbitrary},
); v=falp)}, n=2.3,...,

yV
) (vp)e AFY, n=1,2,...,

i

where f,, are continuous decreasing functions such that:

(i) if n =2k, k=1,2,..., then f, is defined on (Ay,0), lm f.(p) =

u—rt
+oo, lim f,(n) = Ar and fo(A) = Ay
p—00
(i) if n = 2k +1, k = 1,2,... then f, is defined on (Ags1,+00),
lim  fa(p) =400, lm folp) = Ap and f.(A,) = A,
p— 00

PrOOF: The first equality follows from the fact that any nontrivial solution of (3),
(2) has a finite number of simple zeros, by the uniqueness of solutions to the initial value
problem for ODE’s. The second equality is clear because u is a positive or negative
solution of (3), (2) if and only if it is the eigenfunction of (4), (2) corresponding to the
first eigenvalue. Further let n = 2k 4+ 1 for some k£ = 1,2,.... Let u € (Ag41,°0) be
arbitrary but fixed. Denote by wu, . the solution of the initial value problem (5), (6)
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and by z%" the n-th zero of u,, in (0,00). Lemmas 1, 2, together with Remark 1,
imply that =#* < 7 if v is large enough. On the other hand, z4* > 7 for v small by
the Strum comparison Theorem (see [5}). Hence, there exists at least one v > 0 such
that z4*¥ = 7 according to the continuous dependence of u,, on the parameters u,
v. For this v, u,, is the solution of the boundary value problem (3), (2), u,,. € Z;}.
Lemma 4 (ii) implies that v € (Ag, ) and Lemuma 3 ensures the uniqueness of v.
Hence, for any g € (Ag41,00) we can set fn,(u) = v where v is such that (3), (2) has a
solution u,, € Z}. In the same way as above, we can prove that for any v € (A, o0)
there exists exactly one p € (Ag41,00) such that (3), (2) has a nontrivial solution
wuw € Z;7 . Hence, f, maps (Ar41,00) onto (A, 00) and it is decreasing by Lemma
3. Tt follows that f, is also continuous and lim fa(r) = +o0, lim fo(p) = Ax.
“_'}‘:+1 poheo
Since (3), (2) has no solution u € Z} if u < Agy; according to Lemma 2, the assertion
concerning A}, with n = 2k+1 is proved. Analogously for A;; . The proof for n = 2k,
k=1,2,..., can be performed in a similar way. [

2 GENERAL CASE, BIFURCATIONS

Let us suppose that a(z,s) € C1([0,7] x R), ¢(z,s) € C([0,7] x R), m < a(z,s) <
M, ¢(z,s) >0 forall z, s € [0,7] x R with some M >m > 0. Set C' = C!([0,n]),
¢t = {u € C*([0,7]); u(0) = u(m) = 0} and denote by || - ||; the usual norm in
Ci([0,7]). If w € C! then a,(z) := a(z,w(z)), cu(z) := c(z,w(z)) satisfy all the
assumptions imposed on @ and ¢ at the begining of Section 1. Further ¢, (z) > v(r)
for any z € [0,7] and w € C!, |lwl|ls < 7 with some v(r) > 0 depending only on r.

Remark 4. Let us denote by A, (w) the n-th eigenvalue of (4), (2) where a and ¢

are replaced by a,, and ¢, . Set
Al(r) = inf{Aa(w); llwlls <7}, AR(r) = sup{Aa(w); ffwlls < 7},

1t follows from the continuous dependence of the eigenvalues of (4), (2) on the coefficients
that lil(l)l+ AM@py = liré1+ Ar(r) = An(0). The variational characterisation of An(w)
ensures that AM < AM(z), A™ < A7(r) for all 7 > 0 with some A™ > AM > ¢,
Remark 5. Let A¥(w), n =1,2,..., be sets from Theorem 1 for (3), (2) with q,,
cw instead of a, ¢c. If n = 2k, w € C', JJwl; < r and g € (AP(r),+oc) Then
there is precisely one v4 and v_ such that (p,v;) € Af(w) and (p,v_) € A7 (w). If
n=2k+1, we C?, |lw|l; <7 and p € (AP(r),+00) or u € (AT, ,(r), +00) then there

is precisely one v; or v_ such that (u,v;) € Af(w) or (p,v_) € A;(w), respectively
(see Theorem 1). In any case, the set

{v € R; (p,v) € A} (w) for some w € C?, |jwlj; <7}
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is bounded for any » > 0 and p fixed from the corresponding interval just described.
Analogously for A, (w). The last assertion follows from Lemma 1 and Remark 3.

LEMMA 5. Let z, € C? satisfy

—(a(z,wn)2p)" = fn,

and z € Cg be the solution of

—(a(z,w)z') = f.
Suppose that w, — w in Cy and f, — f in C((0,x]). Then z, — z in CZ.

PRrOOF: Put
La(v) = —(a(z,w.0"), L(v) = —(a,(z,w)')"

Since w,, — w in C'([0,7]) we have L,(v) — L(v) in C(]0,7]), for any v € CZ.
Hence
Nzn — zllz = 1LZ7(Fa) = L (Dl
SNLZ (fn) = L7 Oz + 127 (Ln = L)L)

< c(llfn = Fllo + 1(Ln = L)L) o),

with ¢ > 0 independently of n. (The boundedness of L. follows by elementary con-

siderations.) 1

THEOREM 2. Let r > 0 be arbitrary but fixed

(i) If n =2k, k = 1,2,..., then for any p € (A\J*(r),00) we can find
v € (AM(r),00) such that (1), (2) has a solution u € Z;}, ||ull; = ». The
same holds for Z_ .

(ii) fn=2k+1, k=1,2,... then for any u € (/\;c"+l('r),oo) we can find
u()\fc"(r),oo) such that (1), (2) has a solution v € Z}, [|lull; = r and for
any p € (A2(r),o0) we can find v € (/\%_l(r),oo) such that (1), (2) has
a solution w € Z7, ||lull = .

(ili) If n =1 then there exists u, € [\M(r), A*(r)] such that thereis uw € Z;
satisfying (1), (2) with u = p, and any v, ||lujl; = r, and there exists
ve € [AM(r), A (r)] such that there is w € Zy satisfying (1), (2) with

any p and v =v,., |uljy = 7.

PROOF: Suppose that n = 2k for some k ='1,2,..., and that g € (AP*(r),0).
For some w € C', ||w|ly < r, there is a unique vy, € (Au(r),00) such that (,v,,) €
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A} (w) (see Theorem 1). Denote by B, the closed ball in C' with the radius 7 centred
at the origin. Define the mapping S : B, — B, which associates with any fixed w € B,

the function v satisfying

(14) —(a(z,w)') — pe(z,w)vt + vye(z,w)v™ =0 on (0,7,

(15) o(0) =v(r) =0, veZ, [oll=r.

Theorem 1, positive homogeneity of (14) (with respect to v ) and the uniqueness theorem
for second order ODE’s imply that S is well-defined. Let us prove that S is a continuous
mapping from C! into C?. Suppose that w, — w in C' and set v, = S(wwm),
v = S(w), Vpm = Vy,, - The Arsela-Ascoli theorem and Remark 5 imply that there are
subsequences (denoted again by {v,}, {vs}) such that v, — @ in C([0,7]), v, = P €
[AM(r),00) . Hence

pe(z, wp ot — vpe(e, wp)v, — pe(z, w)st — pe(z,w)s™ in C([0, 7).

It follows from Lemma 5 that v, — o in C?, that is, ¥ satisfies (14). Further,
¥ € Z} because v, € Z}. (In the opposite case ¥ would have a double zero which
is impossible with respect to the uniqueness of solutions to the initial value problem
for ODE’s.) Theorem 1 ensures that there are unique v,, and v satisfying (14), (15).
This implies v = ¥, v, — % = v for the whole sequence {v,} and the continuity of
S : B, — C? is proved. Now, we can apply the Schauder fixed point theorem in B, .
Hence, for any p € (AJ*(r),00) we get v € (AM(r),00), u € Z} satisfying (1), (2) and
ully =

The proof of (ii) can be performed in the same way. If n = 1 then for r > 0
fixed we define the mapping S : B, — B, which associates with any fixed w € H the

solution of

(16) —(a(z,w)v") = A (w)e(z,w)v = 0 on[0, 7],
(17) v(0) = v(7) =0, v >0in(0,n), ”vlll =T

In the same way as above we prove the continuity of S from C' into CZ. The fixed
point u of § is the positive solution of (1}, (2) with u = Ay(u) satisfying |ju|l; = . If
we replace 4 by v and v > 0 by v <0 we get the second part of assertion (iii). [}

THEOREM 3. Let (po,v9) € A}(0) be fixed. Then for any v > 0 sufficiently
small, there exist u,, v, such that u, is the solution of (1), (2) with p =pe, v=v,,

up € Z}, |lurlls = 7. Moreover, v, — vq, —u (if r — 04+ ) where u € Z} isa

Up
llwrls
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solution to (3), (2) with a(z) = a(z,0), c(z) = ¢(=,0), p = po, v =15, and |uly = 1.
The same assertion holds for A;(0) (with Z} replaced by Z7 ).

PROOF: If 7 > 0 is sufficiently small, then po > A%, (r) (see Theorem 1 and

Remark 4). Theorem 2 ensures the existance of u,, v, with the presented properties.

Uy
flurfls

— v in C([0,7]) for some v and we can suppose v, — v for some v € R by

Put v, = Since |[vn||y = 1 thereis some sequence {rx}, 7 — 0+ such that

Uy,

Remark 5. We pass to the limit as £ — o0 in

!
—-(a(z,urk)v',k) - poc(a:,u,.k)vfk + u,kc(:c,u,.k)v:k = 0.
The last equation and Lemma 5 imply that v,, — v in C? and we obtain

(18) —(a(:c,O)v')’ — poc(z,0)vt + ve(z,0)v™ = 0 on [0, 7],
(19) v(0) =v(m) =0, veZl, |v|=1.

Since v and v satisfying (18), (19) (with po given) are determined uniquely, we obtain
v, = v in CF, v, — v = vy (see Theorem 1). ]

Remark 8. Theorem 3 (together with Theorem 1) ensures that any (uo,29) € A_1(0)
is a bifurcation point of (1), (2). Note that the following more detailed assertion can
be proved analoguously to Theorem 3:

THEOREM 4. Let (pg,v9) € Af(0), let T' be a curve in R? containing (uo,v)
and transversal to A}(0). Then for any r > 0 small enough there exist (p,,v,) € T
and a solution u, € Z} of (1), (2) with p = pr, v = vy, |[uslls = r. Moreover,
(rsvr) = (Ho,10), ”—:r—r“—] — u for r — 0+ where u € Z7} is a solution to (3), (2)

with a(z) = a(z,0), c¢(z) = ¢(z,0), 4 = po, v = vy and ||ully = 1. Analogously for
A (0).

Remark 7. Our result contained in Theorem 2 (iii) concerning strictly positive solu-
tions of (1), (2) is a special case of the result of Boccardo [1].
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