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Abstract

A graph is called k-critical if its chromatic number is k but every proper subgraph has chromatic number
less than k. An old and important problem in graph theory asks to determine the maximum number
of edges in an n-vertex k-critical graph. This is widely open for every integer k > 4. Using a structural
characterisation of Greenwell and Lovasz and an extremal result of Simonovits, Stiebitz proved in 1987
that for k > 4 and sufficiently large », this maximum number is less than the number of edges in the
n-vertex balanced complete (k — 2)-partite graph. In this paper, we obtain the first improvement in the
above result in the past 35 years. Our proofs combine arguments from extremal graph theory as well as
some structural analysis. A key lemma we use indicates a partial structure in dense k-critical graphs, which
may be of independent interest.
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1. Introduction

All graphs we consider are finite and simple. A graph G is k-colorable if we can assign k colours to
its vertices such that no adjacent vertices receive the same colour. We say a graph G is k-chromatic
if it is k-colorable but not (k — 1)-colorable. A graph G is called k-critical if G is k-chromatic but
each of its proper subgraphs is (k — 1)-colorable. For k € {1,2} the only k-critical graph is K,
and the family of 3-critical graphs is precisely the family of odd cycles. In this paper, we consider
k-critical graphs for k > 4.

A central problem in graph theory asks to determine the maximum number of edges fx(n) in
an n-vertex k-critical graph (see [6]). Before we discuss the literature on fi(n), we point out a
relevant yet easy fact that the Turdn graph Ti(n) (that is, the n-vertex balanced complete k-partite
graph) has the maximum number of edges among all n-vertex k-chromatic graphs. Dirac [2] gave
fe(n) > %nz + n by considering the graphs obtained by joining two vertex-disjoint odd cycles with
the same number of vertices. Toft [12] proved that for every k > 4, there exists a positive constant
¢k such that fi(n) > cxn? holds for all integers n > k (except n =k + 1). In the most basic and
interesting cases k = 4, 5, the constants are given by

4

1
¢4 > — =0.0625 and ¢5 > — > 0.129.
16 31
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In the general case when k > 6, explicit constructions in [12] show that there exist infinitely many
values of 7 such that

1 3 X
Je(n) = (2 2k—8k> n’,
where 8, =0 if k=0 (mod 3), 8y =8/7 if k=1 (mod 3), and 8y =44/23 if k=2 (mod 3). To
our best knowledge, no construction for giving better constants f;(n)/n> has been found since.
It is also an open question if lim,_, % exists for each k> 4. In 2013, Pegden [8] consid-
ered dense triangle-free k-critical graphs. He constructed infinitely many n-vertex triangle-free
4-critical graphs with at least (1—16 —o(1)) n* edges, triangle-free 5-critical graphs with at least
(% — 0(1)) n* edges, and triangle-free k-critical graphs with at least (i — 0(1)) n* edges for every
k > 6. The last bound is asymptotically best possible by Turdn’s theorem. He also showed the exis-
tence of dense k-critical graphs without any odd cycle of length at most £ for any ¢, which is again
asymptotically tight for k > 6.

Turning to the upper bound of fi(n), since any n-vertex k-critical graph with n > k does not
contain K} as a subgraph, by Turdn’s theorem one can easily obtain that fi.(n) < e(Ty_;(n)) for any
n > k > 4. Using a characterisation of Greenwell and Lovasz [5] for subgraphs of k-critical graphs
and a classical theorem of Simonovits [10], Stiebitz [11] improved this trivial bound in 1987 by
showing that

fr(n) < e(Tx_,(n)) for sufficiently large integer n. (1)

It has been 35 years since then and as far as we are aware, this remains the best upper bound.

There is a natural relation between f;(n) and the problem of determining the maximum num-
ber of copies of Ki_; in k-critical graphs. Abbott and Zhou [1] generalised an earlier result of
Stiebitz [11] on 4-critical graphs and showed that for each k > 4 every k-critical graph on n ver-
tices contains at most n copies of Ki_;. The bound was further improved in [7]. Recently, Gao and
Ma [4] proved a sharp result that for each n > k > 4, every k-critical graph on n vertices contains
at most #n — k + 3 copies of Ki_;. If we delete one edge for every Ki_; in a k-critical graph on n
vertices, then this can result in a graph without containing Kj_;. Using Turdn’s theorem and the
above result of [4], we can derive that

fi(n) <e(Ty_p(n)) +n—k+3foranyn> k> 4.

In this paper, we focus on the upper bound of f;(n). Our first result improves the long-standing
upper bound (1) of Stiebitz [11].

Theorem 1.1. For every integer k > 4 there exist constants ny and ¢, > m such that if n > ny,
then fi(n) < e(Ty_»(n)) — cyn®.

Our second result considers 4-critical graphs. A better upper bound for f4(n) than Theorem 1.1
is obtained in the following.

Theorem 1.2. There exists a constant ng such that if n > ny then f4(n) < 0.164n%

The proofs of both theorems rely on arguments from extremal graph theory (such as the sta-
bility lemma of Fiiredi [3]) and a structural lemma (Lemma 2.1) given in the coming section.
Lemma 2.1 indicates a partial structure in dense critical graphs (under certain constraints), which
can be witnessed in many classical constructions of dense critical graphs (see the discussion at
the beginning of Section 2). For that, we would like to give a full construction for the well-known
Toft graph (see Figure 1 or [12]). The vertex set of the Toft graph is formed by 4 disjoint sets
A, B, C, D with the same odd size, where A and D are odd cycles, B and C are independent sets,
the edges between B and C form a complete bipartite graph, and both of the edges in (A4, B) and in
(C, D) form perfect matchings. It is easy to check that the n-vertex Toft graph is 4-critical and has
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A B c D

Figure 1. Toft graph: |A|=|B|=|C| =|D| =5.

u w w’

Figure 2. The red shading indicates W C N(x1) N ... N N(x,_3), and the blue shading indicates W C N(u). Note that W’ and W
may intersect when |W| < 2.

%nz + n edges. We remark that the Toft graph remains the best construction for dense 4-critical

graphs.

We use standard notation in graph theory. Let G denote the complement of the graph G. For
a vertex v in a graph G, let Ng(v) denote the neighbourhood of v in G, and let dg(v) := |[Ng(v)|
denote the degree of v in G. When G is clear from the context, we often drop the subscript. Let
d(G) denote the average degree of the graph G. Also, for any S C V(G), let G[S] denote the induced
subgraph of G on the vertex set S. For any disjoint sets A, B C V(G), let G[A, B] denote the induced
bipartite subgraph of G with bipartition (A, B).

The rest of the paper is organised as follows. In Section 2, we prove a lemma which is key for
the coming proofs. Then we prove Theorem 1.1 in Section 3 and Theorem 1.2 in Section 4.

2. Key lemma

In this section, we prove our key lemma, which roughly says that if a k-critical graph G contains
certain t copies of Kj_, sharing k — 3 common vertices, then there exists an “induced” matching
of size t in G which are connected to these cliques (see Figure 2). This indicates a substructure
similar to the Toft graph (and many other examples of k-critical graphs). In particular, it reveals
that the structure of k-critical graphs cannot be close to the Turdn graph Ty_,(n) and thus the
inequality (1) should not be tight.

Lemma 2.1. Let k> 4 and let G be a k-critical graph. Suppose that G [{x1, %, . ..,xk_3}] forms
a copy of Ki_3 and there exists a set W S N(x1)N...NNQxx_3) N N(u) for some vertex u ¢
{x1,%2, ..., xx_3}. Then there exist a set W' and a bijection ¢ : W — W' such that N(p(w)) N W =
{w} and N(w) N W’ = {@(w)} hold for each w € W. Moreover, if [W| > 3, then W is an independent
setin G, and W NW=4@.

Proof. For each vertex w € W, by deleting the edge uw from the k-critical graph G, we can get a
(k — 1)-chromatic graph G'. We denote the colour classes of G' by C1,Cz, . . ., Cr_1. It is easy to see
the vertices u and w are in the same colour class. Since G[{x1, x2, . . ., X;_3, w}] is a (k — 2)-clique,
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we can assume x1 € C1, x5 € Cp,. . ., Xk—3 € Cr—3, and u, w € Cy_,. The fact WC N(x;)N...N
N(x;_3) N N(u) tells us that the set W\{w} (if not empty) must be contained in C;_1, and thus
W\{w} is an independent set in G. We claim N(w) N Cx_; must contain a vertex, say ¢(w). Since
otherwise Cy, . . ., Cx—3, Cx—2 — {w}, Cx—1 U {w} can be a (k — 1)-coloring of G, which contradicts
the fact that G is k-critical. Besides, {¢(w)} U (W\{w}) C Cx_; tells us that N(¢(w)) N W = {w}.
Now we define W’ := {p(w) : w € W}. As we have shown that N(¢(w)) N W = {w} holds for each
we W, it is easy to see |[W'| = W[, ¢ : W — W' is a bijection, and N(w) N W’ = {¢(w)} holds for
eachwe W.

Moreover, if | W| > 3, then W is an independent set in G (since W\{v} is an independent set in
G for each vertex v € W). By the fact that the edges between W’ and W precisely form a matching,
we can see W' N W = {J in this case. O

It would be very interesting to see if this lemma (or its proof) can be extended further.

3. The general case: k-critical

Providing a simple and new proof of the stability for the Turan number ex(n, K;41), Fiiredi [3]
showed that if an n-vertex graph G is K,y -free and has at least e(T(n)) — ¢ edges where 0 <t <
e(T,(n)) < n?, then there exists a partition Vi, ..., V, of V(G) such that Zle e(G[V;]) <t. The
statement following Corollary 3 in [3] also suggests that the partition V7, .. ., V, is approximately
balanced. We summarise this observation in the following lemma.

Lemma 3.1 (Firedi [3]). Suppose that G is an n-vertex K,y 1-free graph with e(G) > e(T,(n)) — t
where 0 < t < e(T,(n)) < n2. Then there exists a complete r-chromatic graph K := K(V1,...,V})
with V(K) = V(G) such that

|[E(K)\E(G)| < 2t,

and

2’: (|Vi| — ;)2 < 4t + o(n?).

i=1
We are ready to use Lemmas 2.1 and 3.1 to prove Theorem 1.1.

Proof of Theorem 1.1.Fix k>4 andlet C= Let G be a k-critical graph on n vertices with

e
e(G) > e(Tx_»(n)) — Cn?. In the rest of the proof, we will always assume that # is large enough,
and we denote V(G) by V for convenience. The result in [1] tells us the number of copies of Ki_;
in G is at most n. So by deleting at most n edges in G, we obtain a spanning subgraph G’ which is
Kj._1-free. Obviously we have e(G') > e(G) — n > e(Ty_,(n)) — (Cn® +n).

With the application of Lemma 3.1, we get a partition Vo, Vi, ..., Vix_3 of V and a complete
(k — 2)-chromatic graph K := K(Vy, . .., Vi_3) such that [E(K)\E(G')| < 2(Cn? + n) and

"V”_anz’ </4Cn? + o(n?) < 3(kn_ D + o(n) foreach 0 <i <k — 3.

Without loss of generality, we assume |Vy|>...> |Vi_3|. Thus |Vy|>n/(k —2), and |V;| >
i ﬁ — o(n) for each 0 <i <k — 3. We call the edges in E(K)\E(G') missing edges. And
the number of missing edges incident to the vertex v in K is called the missing degree of v. For each
0 <i <k — 3, we define B; to be the set of ’VL] vertices in V; satisfying that there exists some

3(k—1)
m; such that the missing degree of any vertex in B; is at least m;, and the missing degree of any
vertex in U; := V; — B; is at most m;. Note that m; is unique, while B; may be not. Since there are
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at most 2(Cn? + n) missing edges in total, we have Z{:(? m;|Bj| < 4(Cn* + n), and thus we can
get

k-3

. 2 n n ~
;mz<4(Cn +n)/ [3(k—1)—‘53(k_1)+12(k 1).

And we can check that for each 0 <i < k — 3, we have

k-3
U= Vil = 1Bl > 75 = 505~ 30mm—°" > 30=3) Lom+z @
Fix an arbitrary vertex xo € Up and let Y := N¢ (xp)\ Vo. It is clear that
[Y[>n—[Vo| — m.
Next, we want to find a copy of Kx_3 in G’ on vertices x1,x3,...,%¢_3 with x; e UyNY =

Ui N N (x0) by greedily choosing the vertex x; € U; N Ng/(x0) N... N Ngr(xj—1) for 1 <i<k—3
one by one. By the definition of Uj, we know each vertex x € U; has at most m; missing degree,
which means [S\Ng (x)| < m; forany S € V\\ V}. Then in the i'th iteration, we have |U; N Ng(x0) N

..NNg(xi_1)| > |Ui| — Z]l;é |U\Ng (x))| = |Uj| — ZJI;}) m;j > 2 choices of x;, where the last
inequality comes from (2). Thus this algorithm will give us a copy of Kj._5 as desired.

Then, since |U;| — my_, > |U;| — Zi-:g m; > 2 holds for each 1 <i<k—3 by (2), we can

find a vertex u € Uj, NY distinct from x1,x2, ..., xt_3, where we choose iy such that m;, =
min{my, ..., mg_3}. Let W:= Ng(x1)N...NNg(xx_3) N Ng(u) N Vi_,. We can see W > x,
WNY =0, and

k-3

1= Vit = 3=z i - (14 £25) S

i=1

Then by using Lemma 2.1, we get a set W’ with |W’| = |W| such that [Ng(w) N W'| =1 for each
we W, and |[W' N W| < 2. Note that all vertices in Y are adjacent to the vertex xo € Win G C G,
sowecansee |[W NY|<1.

As WNY=¢, IWNW|<2, IWNY|<I, and |W'|=|W|, we get n>|WUYUW'| >
2|W|+ Y| — 3. Thus

2IWI+ Y| =n+3.

But on the other hand, we can check that

k-3
2wl +1v1 =2 [ 1Vl - (1 n —) Sy |+ 01— 1Vl = mo)
j=1
k-3
Zn+|Vo|—2< 3) m;
j=0
n n
2n+m—2(1+ k—3) (3(k— ) +12(k—1)) >n+43.
This derives a contradiction. So we have f(n) < e(Tx_,(n)) — Cn? forn sufficiently large. O
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We would like to remark that the above proof relies on the existence of Ki_,. (Recall that in
Lemma 2.1, G[{w, x1, X2, . . ., Xx_3}] forms a copy of Ki_, for each vertex w € W.) So using this
approach, we will not be able to improve the upper bound to the following

n2

e(G) < ex(n, Ki—2) = e(Ti—3(n)) < e(Tx—2(n)) — D3

that says we are not able to obtain a constant ¢ better than the order of magnitude k2.

4. The 4-critical case

In this section, we consider 4-critical graphs and prove Theorem 1.2.

Before presenting the proof of Theorem 1.2, we give a short proof of a slightly weaker bound
(see Theorem 4.1) than Theorem 1.2 to illustrate the proof ideas. In doing this, we study certain
local structure based on 2-paths (i.e., a path of length two) in the proof of Theorem 4.1, while we
consider 4-cycles (i.e., a cycle of length four) in place of 2-paths in the proof of Theorem 1.2.

4.1 A weaker upper bound
We first show the following result.

Theorem 4.1. For any integer n > 4, it holds that f4(n) < énz + 101 < 0.167n% + 10n.

We also need two lemmas as follows. For a graph G, we let £(G) be the number of triangles in
G. Note that Stiebitz [11] found out that

t(G) < n holds for every 4-critical graph G on n vertices. (3)

For a vertex v, let tg(v) be the number of triangles containing the vertex v in G. When G is clear,
we often drop the subscript.

Lemma 4.2. Suppose G has at most n triangles and minimum degree of at least 3. Then G contains
a 2-path xyz such that

6e(G)  9n?
dx) + d(y) +d(z) — 31(x) — 31() = 24D O
e(G)
Proof. For some vertex v € V(G), write N(v) = {v1, V2, . . ., ¥s} for some s > 3. Let
Pyi= {vivva, ..., Vs_1VVs, Vs¥V1}

be a family of 2-paths with centre v. We have |P,| = d(v), and

> ([d@)+dy) +d@)=dw)’ +2 Y dw),

xyzePy ueN(v)

Yo @+t =2 Y Hw.

xyzePy ueN(v)

Thenlet P := {J,cy(g) Pv- We have

Pl= ) d(v)=2eQG).

veV(G)
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Using Jensen’s inequality, we get

D@ +dy) +d@)= Y dw’+2 Y dw= D) dw)’+2 Y dw)

xyzeP veV(G) veV(G),ueN(v) veV(G) ueV(G),veN(u)
= > dw’+2 Y dw)’=3 Y dw)’=12eG)’/n.
veV(G) ueV(G) veV(G)

Since every vertex in G has degree at most n — 1 and ) _ .y t(1) = 3t(G) < 3n, we get
Yo+t =2 Y > tw=2 Y dwtw)<2n Y Hu)<6n’.
xyzeP veV(G) ueN(v) ueV(G) ueV(G)
So by picking a 2-path xyz in P uniformly and randomly, we see

12¢(G)*/n—18n* _ 6e(G)  9n’

E[d(x) + d(y) + d(z) — 3t(x) — 3t(z)] > P " e(G)

Thus, we can find a 2-path xyz as desired. U
Lemma 4.3. For any 2-path xyz in a 4-critical graph G, we have

d(x) +d(y) + d(z) — 3t(x) — 3t(z) <n+ 1.
Proof. Let X:= N(x), Y:= N(y), Z:= N(z),and W:= XNZ. If uc XN Y, uxy is a triangle. So
X NY]| < t(x). Similarly, [ZN Y| < t(z). Then we have
XUYUZ| = [X|+ Y|+ |Z] - [XNY[—[ZNY[ = |XNZ]
> d(x) + d(y) + d(z) — t(x) — t(z) — |[W].

By Lemma 2.1, we can find a set W C V(G) and a bijection ¢ : W — W’ such that W' =
{o(w) : w € W'}, and for each w € W, we have both N(¢(w)) N W = {w} and N(w) N W’ = {p(w)}.

We consider the size of W N (X U Y U Z). Since both N(¢(w)) N W = {w} and N(w) N W/ =
{¢(w)} hold for each w € W, and we know y € W, we cansee [W' N Y| <|W N N(y)| < 1. Suppose

v/ € W N X. There is a vertex v € W such that vV is an edge. Then we see xvV/ is a triangle. So
[W' N X| < 2t(x). Similarly, |W' N Z| < 2{(z). Totally, we have

WNXUYUZ)|<|WNX|+|WNY|+|WNZ| <2t(x)+2t(z) + 1.
Finally, we get
n>|XUYUZUW |=XUYUZl+ |W |- |WNXUYUZ)
> (d(x) + d(y) + d(z) — t(x) — t(z) — |W]) + |W| — (2t(x) + 2t(z) + 1)
=d(x) + d(y) + d(2) — 3t(x) — 3t(z) — 1,
completing the proof of this lemma. U
Now we can finish the proof of this subsection.

Proof of Theorem 4.1. Let G be an n-vertex 4-critical graph. It is easy to see that the minimum
degree of G is at least 3. By (3), G contains at most n copies of triangles, so we can apply Lemma 4.2
to G and get a 2-path xyz with

6e(G)  9In?

d(x) + d(y) + d(z) — 3t(x) — 3t(z) > 20
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Together with Lemma 4.3, we have
6e(G)  9n?
n e(G)
This implies that e(G) < n%/6 + 10n. O

<n+1.

4.2 The proof of Theorem 1.2

To show Theorem 1.2, we need some new lemmas. The coming lemma can be easily obtained by
averaging, which says that every graph contains an edge such that the sum of the degrees of its two
endpoints is at least twice the average degree of the graph.

Lemma 4.4. Any graph G contains an edge xy such that
d(x) + d(y) = 2d(G).

Proof. By Jensen’s inequality, we can get

> (dx) +dp) =Y dw)* = nd(G)*.

xy€E veV

Note that [E| = (nd(G)) /2. Thus there exists an edge xy € E such that
nd(G)?

(nd(G)) /2

proving the lemma. O

d(x) +d(y) > =2d(G),

We now give the following lemma about 4-cycles, which can be viewed as a generalisation of
the previous lemma. Recall the well-known result of Reiman [9] that any n-vertex graph without

containing 4-cycles has at most 7 (1 4 +/4n — 3) < n3 edges.

Lemma 4.5. Any n-vertex graph G with e(G) > %(1 + «/4n — 3) contains a 4-cycle vivyv3vy such
that

d(v1) + d(v2) + d(vs) + d(v) = 4d(G) — O(n?).

Proof. Fix ¢ := 9n~ 4. Note that G must contain 4-cycles by the result of Reiman [9]. Suppose to
the contrary that any 4-cycle v;v2v3vy in G satisfies d(v1) + d(v2) + d(v3) + d(v4) < 4d(G) — 4en.
Let A:= {ve V:d(v) <d(G)} and B:= {ve V:d(v) > d(G)}. Then AU B forms a partition of
V(G) such that G[B] does not contain any 4-cycle.

Foreach1 <i<d(G)/en,let Aj:= {ve V:d(G) —ien < d(v) < d(G) — (i — 1)en}. Then these
A’s form a partition of A. For each 1 <i < (n — d(G)) Jen,let Bi:= {ve V:d(G)+ (i — 1)en <
d(v) < d(G) + ien}. Then these B;’s form a partition of B. It is not hard to check that G[A;] does
not contain any 4-cycle, and for each 1 <i < (n—d(G)) /en, G [U]’:i Aj,B,] does not contain
any 4-cycle.

We delete all edges in G[B], G[A;] and G [U]’i} Aj, B,-] foreach1 <i< (n - d(G)) /€n to get
a spanning subgraph G’ of G. By the result of Reiman [9], we can obtain

1 19
e(G)=e(G) — (2+ (n—d(G)) /en) n: > e(G) — w3 — 511% > e(G) — ?n%.
Thus we have

d(G) = d(G) -

©| 8
w
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V4 V3

Figure 3. Note that V; U V3 and V, U V4 may intersect in Lemma 4.6. However, in the proof of Theorem 1.2, we only consider
the case where they are disjoint. Additionally, it is important to note that X and Y may also intersect.

Note that any edge of G’ is either contained in A, or between A; and B; for some j > i 4 2; more-
over, e(G'[A1]) =0. Let xy be an edge in G. If x,y € A, as e(G'[A;]) =0, we can assume that
y € A\A;, which tells us dg (y) <d(G) — en, so we have dg (x) +dg(y) <d(G) +d(G) —en=
2d(G) — en.If x € Aj, y € B; for some j > i + 2, then we have dg (x) + dg (y) <d(G) — (j — 1)en +
d(G) + ien < 2d(G) — en. Thus, as n is large enough, for any edge xy in G,

do(x) + dg (y) < 2d(G) — en =2d(G) — Ini < 2d(G).

This contradicts Lemma 4.4, thus proving Lemma 4.5. U

The following lemma is derived from Lemma 2.1, which provides an essential structure to the
proof of Theorem 1.2. To enhance comprehension of the lemma, referencing Figure 3 can be
particularly helpful in gaining a better understanding of the concepts involved.

Lemma 4.6. Let G be a 4-critical graph. Suppose vivov3vy is a 4-cycle in G, and Vi, V,, V3, Vy
are four sets such that {vs,vs) € Vi SN(v), {v1,v3} € V2 S N(v2), {v2,v4} € V3 S N(v3), and
(v, v3) S V4 C N(vy). Let X=V1 N V3 and Y =V, N V4. Then there exist sets X" and Y such
that

« X'N(VTUVLUVZUVY)=0=Y"N(ViUV,UV3UVy),
« e(GIX",X]) < |X| and e(G[Y", Y]) < |Y|, and
o X" = |X| = 2t6(v1) = 2tG(v3) — 2 and |Y"| > |Y] = 2tG(v2) — 2tG(va) — 2.

Proof. As X € N(v;) N N(v3), by Lemma 2.1 for k =4, there exists a set X’ C V(G) and a bijec-
tion ¢ : X — X’ such that X’ = {¢(x) : x € X}, and for each x € X, we have both N(p(x)) N X =
{x} and N(x) N X = {p(x)}. We define X" := X'\ (V1 UV, U V3U Vy), then obviously X" N
(ViU VL, UV3UVy)=0@and e(G[X”,X]) < |X].

As Y C N(v2) N N(v4), by Lemma 2.1 for k=4, there exists a set Y' C V(G) and a bijec-
tion ¢: Y — Y’ such that Y = {¢(y):y € Y}, and for each y € Y, we have both N(¢(y))NY =
{y} and NO)NY' ={p(»)}. We define Y":= Y'\ (V1 UV, U V3U Vy), then obviously YN
(V1UV,UV3UVy)=0@and e(G[Y”, Y]) < |Y].

Then we want to show the last property.

All vertices in V5 are adjacent to the vertex v, € X. Then we have | X' N V;| <1 since [N(x) N
X'| =1 for each x € X. Similarly, we have [ X' N V4| < 1,|YNVi| <1l,and |Y N V3| < 1.

All vertices in V; are adjacent to the vertex v;. Since each vertex in X’ has a neighbour in
X C N(v1), we can check that |X’ N V| < 2¢(v1). Similarly, we have | X' N V3| < 2¢(v3), [Y N V3| <
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2t(vy), |Y' N V4| < 2t(vy). Therefore,
X" = 1X'| = 1X'N (ViU VU V53U Vy) | > [X] = 2t(v1) — 2t(v3) — 2,
and
Y| =Y [ =Y N(ViUVaUV3UVy) | = [Y] = 2t(v2) — 2t(vg) — 2,
completing the proof. O

Now we are ready to prove Theorem 1.2. It said that f4(n) < 0.164n2 for n > ny, where ny is a
constant.

Proof of Theorem 1.2. Throughout this proof, we assume that » is sufficiently large, and the
subscripts of the notation such as v;’s and V;’s are under module 4. Suppose for a contradic-
tion that there exists an n-vertex 4-critical graph G with e(G) > 0.164n>. By (3), t(G) <n. Let
Vo:= {ve€ V(G): tg(v) > /n}. Then clearly we have |Vy| < 3./n. Let G’ := G[V(G) — Vp]. It is
not hard to see e(G') > e(G) — n|Vo| > e(G) — 3n2 > 0.164n% — o(n?). Note that #(G') < £(G) < n.
Therefore, by deleting at most n edges from G, we can get a subgraph G” C G’ such that
t(G") =0,e(G") > e(G') — n > 0.164n* — o(n?), and tg(v) < /nforeachve V(G") = V(G) — V.
By applying Lemma 4.5 to G”, we can get a 4-cycle v;v,v3v4 in G” such that

IVil + | V2| + | V3| + | V4| > 8e(G") /n — o(n) > 1.312n — o(n), (4)

where V;:= Ngr(v;) for each 1 <i<4. Note that for each 1 <i <4, every vertex in V; N Vi
must form a triangle with the vertices v;, viy1 in G”, which contradicts the fact {(G”) = 0. So it is
clear that

ViNnViyi=0@foreach1 <i<4.

Also it is easy to check that {v;_1, viy1} € V; € Ng(v;) for each 1 <i < 4. Define X = V; N V3 and
Y =V, N V4. Applying Lemma 4.6, we can get two sets X", Y satisfying the three properties of
Lemma 4.6. Note that X" and Y” are disjoint from ViU V, U V35UV, ViNV3 =X, V, NV =Y,
and V; N V31 =@ for each 1 <i < 4. So we can see that

Vil + V2l + V3| + V4] = [X] = [Y] + X" U Y| <n. (5)
Besides, by using the last property in Lemma 4.6, we have

X"+ 1Y"] _ 1X]+1Y]
>

X" UY"| > max{|X"],|Y"]} > > z—— - O(/n). (6)
By substituting inequalities (4) and (6) into inequality (5), we get
X|+1Y
PUEDY S il 1Val 4 131+ [Vl = n— O/ = 0.3120 — o(n). %

Then we consider the non-edges of the graph G, i.e., the edges of the graph G. First, since
Vi= Ng(v;) € Ng(v;) and v; € V(G"), we can see e(G[V;]) < tg(v;) < /nforeach1 <i<4.So

_ Vi 1
e(G[V;]) = <| 21|) —o(n*) = 5|Vi|2 —o(n?) foreach 1 <i<4.

Thus by noting ViN V3 =X, VN Vy=Y,and V; N Vip; =0 for each 1 <i <4, we can get

4 . X Y 4
> e(GlVi]) - ('2') — ('2') z% (Z Vil = 1XP? - |Y|2> —o(n?). (8)
i=1

i=1

4
JEGIviD)
i=1
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Next, since any m-vertex triangle-free graph has at most imz edges, we can see e(G[X" U Y"]) <
11X UY”> + nby (3), and thus

— 1
e(GIX"UY") = X" U Y'|? — o(n?). ©9)
By properties of X”, Y” ensured by Lemma 4.6, we can obtain
e(GIX", X) 2 IX"|1X] — |X] = |X]* — o(r), (10)
e(GLY", YD) = [Y"||Y] = Y| = |Y]* = o(r?). (11)

So we can deduce that

4
n — n 1 1
G) = —e(G) < _ = V'Z—XZ—YZ __X//UY//2_X2_Y2 2
e(G) (2> e()_(z) z(;"' 1X| ||> 7! 2 — X2 = Y)? + o(n?)

1 1 1 /1X]+Y]\? IX| + Y]\ ?
<—ﬂ2——(|V1|+|V2|+|V3|+|V4|)2——(— —(=——=—) +o(n?

=2 8 4 2 2
1 1 5
< Enz - g(1.312n)2 - 1(0.312;1)2 + o(n?) < 0.1632n% + o(n?).

The inequalities are derived as follows: the first inequality is obtained from inequalities (8) to
(11); the second inequality is derived from inequality (6) and the convexity of the square; and the
third inequality is based on inequalities (4) and (7). This contradicts the assumption that e(G) >
0.164n, completing the proof of Theorem 1.2. U

Our understanding of the functions f;(n) is generally poor, and it is not even known if

fa(n) < f5(n) holds for sufficiently large integers n. (12)

So it seems to be a natural next step to pursue the question of whether f;(1) < cn? holds for some
constant ¢ < ;il and sufficiently large n. Note that if this is true, then it would imply (12).
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