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Hecke Operations and the Adams E,-Term
Based on Elliptic Cohomology

Andrew Baker

Abstract. Hecke operators are used to investigate part of the Ex-term of the Adams spectral sequence based
on elliptic homology. The main result is a derivation of Ext! which combines use of classical Hecke operators
and p-adic Hecke operators due to Serre.

Introduction

Elliptic cohomology (and its dual homology theory) potentially offers a setting in which
vp-periodic phenomena might be studied from a geometric (rather than purely homotopy
theoretic) perspective. Hence it is important to investigate the limits of what might be
achieved this way. The Adams spectral sequence based on elliptic (co)homology provides
the appropriate framework for studying stable homotopy. Clarke and Johnson [7] and
Laures [10], essentially determined the v;-periodic part of the E,-term of this spectral se-
quence for spheres. Here we rederive this result using stable operations related to the clas-
sical Hecke operators which were originally constructed in [2], [3] and discussed further
in [5], [6]. Hitherto, these operations appear to have lacked serious topological applica-
tions.

In stating our main result we use notation for Ext groups found in Adams [1] and
Switzer [13]. In particular,

B
m(n) = denom F",
where B,, denotes the n-th Bernoulli number. We will prove

Theorem
Z[1/6]/ m(n) ifn >0,
0

Exti2 , (ECC, E0L,) =
EL. eee( ) otherwise.

Our proof of this is modelled on one previously used in proving the analogous result in
K-theory,
ExtL? o (KU, KU,) = Z/m(Jn]) ifn 0.

This utilises carefully selected (stable) Adams operations to give bounds on the orders of el-
ements. In our case, we first use Hecke operations to show that only holomorphic modular
forms and hence nonnegative degrees can possibly yield nonvanishing groups, then we use
Adams operations in elliptic homology to bound the orders and realise these bounds with
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Eisenstein functions. Finally we use operations in a p-adic version of elliptic cohomology
to show that these indeed exhaust Ext?.

1 Hecke Operations and Cooperations

In [3] we showed that on finite CW complexes and spectra, there are families of stable
operations
T, VB () — EL[L/n]*().

which give rise to operations on the dual homology functors
Tn, YEElL () — EL[1/n]. ().

In [5] we described the cooperation algebra E¢¢,E£¢ which has the structure of a Hopf
algebroid over Z[1/6]. We now explain the relationship between comodule structures over
E¢¢,.El¢ and actions of Hecke operations. This discussion involves some reworking of our
earlier description which we leave to the interested reader.

First recall from [4] the ring EME(”) consisting of all modular forms for the (normal)
congruence subgroup

I'(n) = {A e SLy(2): A=1,(mod 2)} «SL,(2),

which are meromorphic at each cusp and have all their g-coefficients in Z[1/6n, ¢,] where
¢h = e¥M/" We may view EME(”) as a ring of functions on the space of modular points
(L, ), where « is the ordered pair

of basis vectors for the free Z/n-module (1/n)L/L with {w1,w;} C Lan oriented basis of L.
The extension (of integral domains) E¢¢X™ /E¢¢,[1/n] is Galois with group SL2(Z/n) =
SL,(2)/T(n). Following [4], [5] we interpret E£/C™ as a ring of functions on the space
V(n) = V/T'(n) which provides an analytic model for the space of modular points men-
tioned above, admitting an analytic principal fibre bundle

V(n) — V/SLy(2) = L

with group SL,(Z/n).
For each matrix

A= (a g) € My(n)

c

(the set of all 2 x 2 integer matrices of determinant n), there is a map

V) 2 ¢
sending each modular point (L, ) to the lattice

<aw1 + Cwy Cwy + dwo >

)

n n
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and only depending on the coset ASL,(Z) € My(n)/ SL2(Z). The map [A] induces a ring
homomorphism
[A]*E¢l, — EE™

extending to an E¢¢,.-algebra homomorphism
[A].ECC.EC0 — ECE™,
In particular, the matrix n 1, € M,(n?) provides homomorphisms

[n1,]°E€e, — ECEO),

[n1,].E€0,E00 — BN,
From [5], we know that there are E£Z,-linear maps
Ths, YR LEOLLELL — ELL[1/N]
which may be used to define stable operations
T, YR ELC"() — B ()[L/N]

in elliptic cohomology on finite CW complexes and in the dual homology theories. We
have the defining formulea
1
Tn* = ﬁ Z [A]*7

AMa(n)/SL2(2)

QZJEM* = [n IZ]*,

where the notation ‘AM,(n)/ SL,(Z)’ indicates that we sum over a complete set of repre-
sentatives of the left cosets of SL,(Z) in M, (n). Although by definition these take values in

E0"® and E€C™), they turn out to have images in E£¢[1/n]. and we view them as giving
EZ¢.-linear maps

Th. ECCLECC — ELL[1/N].,
ey JECCELL — ELL[1/N]..
Let M., be a right comodule over E¢¢, E£¢ with coproduct
WM, = M, @ ElLEL.
Ell,

Each operation © = T, or ¢, is obtained as a composite of the form

M, - M, ® ECCEC 25 M, ® E€0,[1/n] = M. [1/n].
Ell. Ell,

Proposition 1.1 Letx € Extgj}*m(EM*, M.). Then for r > 0 and a prime £, we have
Tox = (1+£7Yx,

VegX = X.

Proof By definition, ¢f,, has the coaction as a factor, and this sends x to x ® 1. Similiarly,
the operation T is 1/¢ times a sum of multiplicative operations, which must all act trivially
on x since they have the coaction as a factor. ]
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2 Hecke Operators and the Adams 1-Line

It is easy to show that

Q if(r,s) =(0,0),

EXtr’S EM*, Ege* =
Eee, eue Q) {0 otherwise.

By considering the exact sequence of E£Z,E£¢-comodules
0 — EN, — EH,.Q — EN.Q/Z—0
and its derived long exact sequence in Ext, we obtain an exact sequence
0 — Q/Z — ExtE, ¢ (EVL., ELL.Q/Z) — EXtgs, ¢(ECL., ELL) — 0.
Thus to compute Ext®* it suffices to compute
Ext®S(ELL,Q/Z) = Extgy, ¢, (ELL., ELL,Q/Z).

We will write elements of E£,Q /Z in the form

g — (1/d)F (mod Z[1/6]),

where F € E¢/, and 0 < d € Z is not divisible by 2 or 3. The g-expansion gives a series

@ — (1/d)F(q) (mod Z[1/61((q))).-

Note that % = 0ifand only if @ = 0. We begin with the following “Preparation Lemma”.

Lemma 2.1 LetF € E£Zy and suppose that

F(q) o Zroﬁrarqr
d d

(mod Z[1/6]((a))).
Then there is an F’ € E£¢, such that

F'() =) _afqf

rn<r

and

F’éq) _ @(mod Z[1/61((0))).

Proof Suppose that

F@) =) ac

50<s
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for sy < ro. Then a;,/d € Z[1/6]. We may choose a modular form Q?RPA® € Elly with
the property that

Q(q)*‘R(q)bA(q)C = g% + higher degree terms.

Then F — a, Q3R A° has g-expansion of the form Zsoﬂgs bsq° and also satisfies

_ apb AC
FraQRA _ ¥ (modzi1/e)(@).

Repeating this process we eventually obtain the desired F’. [ |

Now let § € Ext®*(E¢¢,Q/Z). By the Preparation Lemma 2.1, we can assume that

F(@ =) agq" and

ro<r
% % 0(mod Z[1/61((@)).

By Dirichlet’s Theorem on primes in arithmetic progressions, there is a prime £ satisfying
£+1=0(modd).
Suppose that ry < 0. Then from [3],

(TR@ =D aud + £ aq”

ro<r¢ rn<r

and so
T F (T/F)a)
— =t Y

d d #07

k—1 rol
since the leading g-expansion term is % Proposition 1.1 implies that

T, g =1+ e—l)g = 0(mod Z[1/61((%))),

giving a contradiction.

We can assume that F is holomorphic at the cusp and so k > 0. In the case k = 0 the only
holomorphic modular forms of weight zero are constants which all lie in Ext®°(E¢¢,Q /2),
thus we see that this group is isomorphic to Q /Z[1/6] with generators the elements é for
61d.

Now we may apply the operations ¢, where t is prime to d. We have

F Otk
t _ = —
VYew q

and the standard argument familiar from K-theory shows that d | m(k) since

m(k) = ged{tk — 1: (d,t) = 1}.
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In particular, since we are inverting the prime 2, we can only have a non-zero group if k is
even. For even k > 4, the Eisenstein function Ey, characterised by its g-expansion

2k
Ec(@) =1— B > o

r>1

is a modular form of weight k with rational g-expansion coefficients. By well known prop-
erties of the Bernoulli number By, Ei gives rise to an element (B /K)Ex € E£¢xQ which in

turn yields an element of E¢¢,Q /Z of the form %ﬁo with E] € E£¢,. Moreover,
’ Bk
E+(q) = numer ?Ek(q)(mod m(k)),

and so all of the Hecke operators Ty, 1, with (n, m(k)) = lannihilate % Indeed, this

element lies in Ext®?(E£¢,Q/Z) as noted in [7], [10]. Thus if k > 0, Ext®(E((,Q/Z)
contains a summand isomorphic to Z[1/6]/ m(k).

3 p-Adic Hecke Operators

In order to show that we have captured all of Ext®#(E¢¢,Q/Z) when k > 0 is even, we
will make use of a further modification of elliptic cohomology and its operations described
in[2].

From [2] we recall the following construction, which we discuss with modified notation.
Letp > 3beaprimeand A = E, 1 € EL[1]y,_1) e the (p — 1)-st Eisenstein function,
which agrees modulo p with the so called Hasse invariant of the p-reduction of the univer-
sal Weierstraf cubic. Setting Q = E4, R = Eg and A = (Q3 — R?)/1728, we define graded
rings

eM* = Z(p)[Q, R],
eEe[l]* = Z(p)[Q7 Ra Ail]a
ng[l]* = Z(p) [Qv R, A_la A_1] = (Ege*)(p) [A_l]'
The ring e¢¢,. is the subring of EZZ,. consisting of modular forms holomorphic at infinity,
and the level 1 elliptic genus MU ,, — E£/, takes values in efZ,. The induced genusMU , —
efl[1],. makes e£¢[1]. into an algebra over MU , satisfying the conditions of the Landweber
Exact Functor Theorem, hence there are multiplicative homology and cohomology theories

ell[1].() = etf[l]. ® MU.(),

el[1]"() = etd[1]" ® MU*(),

with the latter defined on finite CW complexes or spectra. On localizing with respect to
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powers of A, we find
eCe[1],()[A™] = Ece[1], & MU.()
= EH[1], ® EL.(),
ElC.
ell[1]1*O[A Y] = E¢e[1]” 2 MU*()

~Eul1], © E0C(),

at least on finite CW complexes and spectra.
We now form a sort of p-adic completion of eZ¢[1]*( ) and its dual homology theory.
For n > 1, there is a g-expansion modulo p",

enell[1]o — Z[[all/(p").

Following [2] which in turn depends on results of [11], [12] (see also [8]), we know that
for F € ell[1],, and G € el¢[1],, then

en(F) =en(G) = s—r=t(p—1)p"!forsomet e Z

In particular, we may use this to define an equivalence relation on e¢¢[1], /(p"), giving a
graded object e£¢[1]/ph indexed on the finite group Z/2(p — 1)p"~. We then set

el¢[L], = limee¢[1]/p]

which is naturally graded on the profinite group Z/2(p — 1) x Z; apart from the factor
of 2, this grading group is sometimes usefully interpreted as being the p-adic units Z;.
Note that for each n > 0, there are natural maps

ellx/(p") — ell[1]y/(p"),
elly — ell[1]o-

There is an additive operation of degree 0,
u p @mo - @mu

defined on g-expansions by

(UpF)(@) =) anpd”,
n
where F(q) = >, anq". By [2], U, extends to a stable cohomology operation

Up el?[1] () — elf[1] ().
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This operation is induced from an element of
HomMeg, (eﬁﬁ[l].(@m, ‘ﬂm.)

where
ell[1].e0l[1] = ell[1] .el[1] ?] ell[1],.
ell[1],

Let M, be aright e¢¢[1],.e¢¢[1]-comodule. Then the extended module

Mo =M. ® el/[1],
e([1],

is also graded on Z/2(p — 1) x Z,. For x € M, we will denote x ® 1 by x. The coaction
can be used to define the operation U, on M,, namely as the composite

M, 5 M, ® eff[i].e0f[1] ® etf[l]l, =M, © el¢[1].eCl[1]
edt[1], edt[1],, et([11,

“CY M, @ et[l], = M.
ete[1].

We now return to our discussion of Extgyy g/, (E£0s, E€(.Q /Z[1/6]). We have to show
that an element of the form 5 where F(q) = >, -, arq" for some ro > 0 must be zero. It
suffices to factorize d into its prime power factors and verify this for denominators of such
form; indeed, it is even sufficient to consider the case where

d=p and a, # 0(mod p).

Here the coaction agrees with the right unit nrE¢¢, — E£,EL and it is easy to verify that
for an element F € EZ¢, with holomorphic g-expansion

mw(F) € ell, ® MUMU ® el,.
MU .. MU ..

Hence
F € Bt g (E00L, ELL, /(D)) = F € EXtny cpuryg (6€OTA1.., e00[1], /(p")).
Proposition 3.1 Let F € el/[1]yp—1y: be a cusp form satisfying

T,F=(@1+¢Y)F(modp) forevery prime ¢  p,
Up F = F(mod p).

Then F = 0 (mod p).
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Proof Let F have g-expansion F(q) = ", ., a:q" where a; € Zy). By the first assumption
on F, we have for each prime £ # p, B

T,F= #F = (1 +¢~YF (mod p),

implying the following system of congruences modulo p:

ang = (L+0Ya, ifltn,

ane + 0ty = ang + P e, = L+ 0 Da, if .
By the second assumption, the following congruences are also true:
ap=a, (n>0).

As remarked in Serre [12, Section 2.3, Lemme 4], the general solution of these congruences
can be shown by induction on n to have the form

an = op_2(n)a; (mod p),

where

op_a(n) = Z mP=2 = Z m~* (mod p).

m|n min
Thus we must have
F(a) = a1p(a)

forsome a; € Z(,) and

op(@) = op_a(n)g".

1<n

But it is an important fact that ¢ (q) is not the reduction modulo p of the g-expansion of
amodular form over Z,, as is proved by Serre in [11, Section 2.2 Lemme], see also Lang’s
account in [9]. Thus a; = 0 and hence F = 0 modulo p. ]

This result completes the proof of the Theorem.
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