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1. Introduction

All groups considered in this paper are finite. Within the framework of factorized groups,
products of totally permutable groups have been widely investigated (cf. [4,5,7,9]). We
recall that the subgroups H and K of a group G are totally permutable if every subgroup
of H permutes with every subgroup of K. Moreover, a group G is the totally permutable
product of the subgroups H and K if G = HK and H and K are totally permutable.
One of the leading questions in this context asks about properties of the factors which are
inherited by the whole group (and vice versa). This can be stated in the following way:
assume that £ is a class of groups and G = HK is the product of the totally permutable
subgroups H and K. We then have the following questions.

(1) Do H,K € L imply G € L?
(2) Does G € £ imply H, K € L?

These questions were answered positively for suitable formations £ containing the for-
mation U of all supersoluble groups. Moreover, the corresponding natural extensions for
products of finitely many pairwise totally permutable groups also hold. We refer to [1-3]
for details. For the dual type of classes, namely for Fitting classes containing U, the
questions mentioned above were considered in [9]. Although they remain open for an
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arbitrary Fitting class £ containing U, positive results were obtained for important types
of such Fitting classes, among them Fischer classes. In this paper we take this study fur-
ther by investigating the case of finitely many factors in the context of Fitting classes. It
turns out that whenever £ is a Fitting class containing ¢ and satisfying either (1) or (2),
then the respective extensions for products of finitely many pairwise totally permutable
groups hold.

We refer to [8] for the notation and basic results on classes of groups.

2. Preliminaries

In the next lemma we recall a fundamental property of totally permutable groups which
will be used often below.

Lemma 2.1 (see Theorem 1 in [5]). Assume that H and K are totally permutable
groups. Then H centralizes KV and K centralizes HY, where N denotes the class
of all nilpotent groups. In particular, HN and KV are both normal subgroups of the
product HK.

The following lemma is an extension of [5, Corollary 2] for products of pairwise totally
permutable groups.

Lemma 2.2. Let G = G1G5 - -G, be a group such that G1,Gs,...,G, are pairwise
totally permutable subgroups of G. Then [[[;.; Gi, HjeJ G,] is a nilpotent normal sub-
group of G, for any I,J C {1,2,...,r} such that {I,J} is a partition of {1,2,...,r}.

Proof. We denote by T; an AN-projector of G;, for each i € {1,2,...,r}. Then
G; = G?/Ti, for each ¢ € {1,2,...,7r}. Since the group G, centralizes Gé\/, for each
i,7€{1,2,...,r}, i #j, by Lemma 2.1, we have that

Mo 116)| = [Ievn o) = [T 100 < (T 10 7)

iel  jeJ iel jed iel  jeJ iel  jeJ

We notice that [];_, T; is a product of pairwise totally permutable nilpotent subgroups.
Then it is a supersoluble group by [6, Theorem 1], and so the result is clear. ([l

Lemma 2.3. Let T = (z){y) be a product of two permutable cyclic g-groups, with ¢
an odd prime. Assume that there exists a ¢'-group H acting on T by automorphisms such
that T = [H,T) and (z) and (y) are H-invariant groups. Then T is an abelian group.

Proof. According to [10, IIT Satz 11.5], T is metacyclic, that is, there exists a normal
subgroup A of T such that A and T/A are cyclic. We now deduce that T is an M-group,
that is, a group with modular subgroup lattice, by [11, Lemma 2.3.4]. Moreover, since ¢
is odd, T" does not involve @g, the quaternion group of order 8, and so 7" is an M *-group,
according to [11, p. 58].

Assume that T is non-abelian. Since T' is an M*-group, by [11, Theorem 2.3.23] there
exist characteristic subgroups R and S of T such that &(T) < S < R and [R, Aut(T)] <
S. Since T = [H,T], with H < Aut(T), it is clear that R < T. On the other hand,
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T/P(T) = Z, x Zy and so |T : R| = g and S = &(T). Consequently, [R, H] < &(T).
Moreover, R = [R, H|Cr(H) by coprime action and we know, by [11, Lemma 2.3.2],
that any two of the subgroups of T' permute. We may assume that (z) ¢ R. Then

T = Rla) = (T)Cr(H){x) = CalH) ().
So
T= [H7T] = [Hv CR(H)<x>] = [H7 <.%'>] < <x>7

a contradiction which proves the result. O

3. The results

Theorem 3.1. Let F be a Fitting class containing U and satisfying the following
property.

(¥) If a group G = HK is the product of the totally permutable subgroups H and K
such that H € F and K € F, then G € F.

Let the group G = G1Gs - - - G- be a product of the pairwise totally permutable subgroups
G1,Go,...,G.. If G; € F, for all i € {1,2,...,’!‘}, then G € F.

Proof. Assume that the result is false and let G = G1G> - - - G, be a counterexample
where Gy, Ga, . .., G, are pairwise totally permutable F-subgroups of G with |G|+ |G1|+
-+ + |G, | minimal. We split the proof into the following steps.

(1) We may assume that Go, ..., G, are nilpotent groups and that G is not nilpotent.
We denote H = G; and K = Gy - -+ G,.. Moreover, K € U and [K, HN] =1.

If G; € N for all i € {1,2,...,r}, then G € U C F, by [6, Theorem 1], which
is a contradiction. Assume now that there exist i,5 € {1,2,...,r}, i # j, such
that G; ¢ N and G; ¢ N. From Lemma 2.1 it follows that [Gy, G| = 1, for
all k,t € {1,2,...,r}, k # t. Then G; < Cc;(Gév) < G for every t # i, and
G: < CG(G';\/’) < @G for every t # j. Hence

Ca(GM) = (| | Gt) (GinCa(GY))
t=1
t£i

is a product of pairwise totally permutable subgroups in F, as Cg, (Gf/ )4 G; €F.
We conclude that Cq(GY) € F, by the choice of G. In a similar way, Cg(Gé-\/ ) e F.
Then

G = Cg(GN)Ca(GY) e Ng(F) = F,
a contradiction.

Consequently, there exists a unique i € {1,2,...,7} such that G; € N'. Without loss
of generality we may suppose ¢ = 1. Now the conclusion is clear, by [6, Theorem 1]
and Lemma 2.1.
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(2) KNHeNand K¢ elU.

Since [K, HN] = 1 we can deduce that K¢ N HY < Z(K¢NH) and so KSNH €
N. Finally, since K¢ = (K% N H)K is a product of pairwise totally permutable
nilpotent subgroups, then K& € U, by [6, Theorem 1].

(3) There exists a prime number p such that G = HNHPKG, with H, a Sylow p-
subgroup of H.
Since HNHqKG is a normal subgroup of G, for all primes ¢, where H, is a Sylow
g-subgroup of H, the result follows after taking into account the choice of G.

(4) For all primes g # p, HNHq [H, K] is a normal F-subgroup of G, where H, is a
Sylow ¢-subgroup of H.
We notice first that HNHq [H, K] is a normal subgroup of G = HK contained in
HN K& by (3). Then the result follows from (2) and this fact.

(5) HNHy[H,, K] ¢ F.

Suppose that HN H,[H,, K| € F. Since HN H,[H,, K] = (H" H,)¢ is a normal
subgroup of G, then

1 = A1, K] = (1 iy 1, K) T 7,108 ) € 50(5) = 7.
q#p
by (4). Consequently, G = HEKY € No(F) = F, a contradiction which proves
Step (5).
(6) G=HNH,K.
If HNHpK < @G, then HNHPK € F by the choice of G. But this contradicts
Step (5), since HNHp[Hp, K] is a normal subgroup of HNHpK.
(7) H/HV is a p-group.
This follows from (6) by the choice of (G1,...,G,).
(8) p < g for all primes ¢ dividing |K| and G = HNHprKpf, where K, is a Sylow

p-subgroup of K and K, is a Hall p’-subgroup of K. Moreover, K, is a normal
subgroup of G.

Suppose that p > ¢, for all primes ¢ dividing |K|. Since H,K is a supersoluble
group by [6, Theorem 1], we can deduce that H = H N H,, is a subnormal subgroup
of G = HNHPK. Hence, G = K“H € No(F) = F, a contradiction. Consequently,
there exists a prime ¢ dividing |K| with p < g.

Let

W(K) U{p} = {plaan"'vpt :papt+1a"'7pn}7
with p; <py <.+ <pr =p <prg1 <+ < P
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We let 7 = {p,pi41,...,pn} and @ = (7(K) U {p})\n. Since H,K is a super-
soluble group, K,/ normalizes H,K, where K, and K, are a Hall n’-subgroup
and the Hall m-subgroup of K, respectively. Hence HV H,K, is a normal sub-
group of G. Assume that HNHPK7T < G. We notice that K, = O (G3) - O(G,)
is a product of pairwise totally permutable nilpotent subgroups each of which is
totally permutable with H. It then follows that HNHPKW € F by the choice of G.
Therefore, G = (HN H,K,)KS € No(F) = F, a contradiction which implies that
G = HNHPKW. Now, by the choice of (Gy,...,G,), it follows that K = K, and
p < g for all primes ¢ € 7(K). Since H,K € U, it is clear that K,/ is a normal
subgroup of G = HNHprKpf and we are done.

(9) K is a normal p’-subgroup of G.

We notice that Ky = O (G2)---Op(Gy). If HKy < G, then HK,y € F by the
choice of G. Now, since HNKP/ is a normal subgroup of G and G/HNKpr is a p-
group by (8), it follows that H K, is a subnormal subgroup of G. This means that
G = (HK,)K® € No(F) = F, a contradiction. Hence G = HK,y and K = K,, by
the choice of (Gy,...,G;). By (8), K is normal in G.

(10) For all j € {2,...,7}, G; =[G}, H]. Moreover, [[,_, G}, = [[15—, Gy, H] for each
set of indices {j1,...,j5:} € {2,...,7}. In particular, HY = G and K = [H, K] is a
nilpotent group.

First, we remark that for every j € {2,...,7}, [G;, H] = [G,, Hp] < G; because
H = HNHP, [HN,K] =1 and H,K is a supersoluble group, with p the smallest
prime dividing its order. Now, since G; is a p’-group, by coprime action we know
that G =[G}, Hy|Cq, (Hp), for all j € {2,...,r}. Then we have that

j=2

Since HY = H (ITj=2[G;, Hy]) is a product of pairwise totally permutable sub-
groups in F, if we assume that H® < G, then by the choice of G we deduce that
H® ¢ F and G = KH® € No(F) = F, a contradiction. Hence

G=H"= H(H[GJ,HP])
j=2
By the choice of (Gi,...,G,) we conclude that G; = [G;, Hp] = [G;, H], for all
jef{2,...,r}
Now, if we take {j1,...,5:} € {2,...,r}, then we have that

t t t t
ij:H[ij’H]< [Hij’H:| <HG]k
k=1 k=1 k=1

In particular, K = [H, K] is a nilpotent group, by Lemma 2.2.

k=1
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(11) For all j € {2,...,r}, G, is an abelian group and, moreover, H normalizes each
subgroup of G ;.
Choose any j € {2,...,r}. We claim that H does not centralize any non-trivial
Sylow subgroup of G;. Assume that it does and let (G;)q # 1, a Sylow g-subgroup
of G}, for some prime ¢, such that [(G,),, H] = 1. Then HY < H([11£i4,Gi)(Gj)g
and, by (10), we deduce that G = H([],,;,;Gi)(G;)q. Now, by the choice of
(G1,...,G), we obtain that G; = (G;)y and (G;)q = 1, a contradiction.
Since H,(G), is a product of totally permutable subgroups and it is a supersoluble
group, it follows that H, normalizes each subgroup of (G;), but does not centralize
(Gj)g, for all primes ¢ € 7(G;). By [5, Lemma 1], (G,), is an abelian group, for all
primes ¢ € m(G;), and hence G, is an abelian group.
Again, since H,G; is a supersoluble group which is a product of two totally per-
mutable subgroups, and p is the smallest prime dividing its order, we deduce that
H,, normalizes each subgroup of G;. Now, since [H N, G;] = 1, the result follows

by (7).

(12) G, is a cyclic pj-group, for some prime p;, for all j € {2,...,7}.
Choose any j € {2,...,r}. Since G; is abelian by (11), it is a direct product of
cyclic subgroups of prime power orders. Let G; = x;T};, T}, = Z,o: for some primes
pi > 2 and some integers o; > 0 for each i. Then G = H([], .; Gi)(xT},) is a
product of pairwise totally permutable subgroups in F. Now,

Hl+ Y G+ 3T

15k i

unless Gj = Tj, for some index j;. It follows that each G is a cyclic p;-group, for
some prime p;, by the choice of (Gy,...,G,).

<|Gi|+ -+ |G+,

since

(13) K = G5 -+ -G, is an abelian group.

Since K is a nilpotent group by (10), it suffices to show that any Sylow g-subgroup
of K, for any prime ¢, is abelian. Take any pair of indices i,5 € {2,...,7} such
that G; and G, are g-groups and denote T;; = G;G;. By (10), T;; = [T;;, H] =
[T, Hp]. Moreover, by (12), T;; is the product of two permutable cyclic H-invariant
g-subgroups, where ¢ is an odd prime (we recall that p < ¢). Then T}; is an abelian
group by Lemma 2.3. This means that [G;, G;] = 1 for every pair of g-groups G; and
G;. Consequently, we deduce that any Sylow g-subgroup of K is abelian, by (12),
and the result follows.

(14) The final contradiction.

Since K = G5 --- G, is an abelian group and H normalizes each subgroup of G,
it is clear that HGs - -- G,_1 is totally permutable with G,.. If HGs---G,_1 is a
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proper subgroup of G, then it is an F-group by the choice of G. Consequently,
G = (HGy---G,_1)G, is a product of two totally permutable subgroups in F.
From our assumption we obtain that G € F, a contradiction. This implies that
G = HG2---G,_1. By the choice of (Gy,...,G,) we have that G € F, the final
contradiction.

O

Theorem 3.2. Let F be a Fitting class containing U and satisfying the following
property.

(xx) If a group G = HK is the product of the totally permutable subgroups H and K
such that G € F, then H € F and K € F.

Let the group G = G1Gs - - - G- be a product of the pairwise totally permutable subgroups
G1,Gs,...,G.. If G € F, then G; € F for alli € {1,2,...,r}.

Proof. Assume that the result is false and let G = G1G5---G, € F be a counter-

example where G1,Ga, ..., G, are pairwise totally permutable subgroups of G, not all of
them in F, with |G| + |G1| + --- + |G| minimal. We split the proof into the following
steps.

(1) We may assume that G, ..., G, are nilpotent groups and G is not nilpotent. We
denote H = G; and K = Gy - -+ G,.. Moreover, K € U and [K, HN] =1.

Obviously, not all G1,Gs,..., G, are nilpotent. If we assume that there exists
i,j € {1,2,...,r}, ¢ # j, such that G; ¢ N and G; ¢ N, we can deduce, as in
Theorem 3.1, Step (1), that Cq(G)) = (ITi=1, 12 GO(GiN Ca(GN)) is a proper
normal subgroup of G. By the choice of G, we obtain that G; € F, for all ¢ # i. In
a similar way, using G, we deduce that G; € F, for all [ # j. Then G}, € F for all
ke{1,2,...,r}, a contradiction.

Consequently, there exists a unique 7 € {1,2,...,7} such that G; ¢ N. Without

loss of generality we may assume that ¢ = 1. The conclusion is now clear by [6,
Theorem 1] and Lemma 2.1.

(2) KNHeN and K¢ elU.
We can argue as in Theorem 3.1, Step (2).

(3) There exists a prime number p such that G = HNH,,KG7 with H, a Sylow p-
subgroup of H.
Assume that HV H,K G < @G, for all primes ¢, where H, is a Sylow g-subgroup
of H. For every prime ¢, since HN H,K G is a normal subgroup of G, we have
that HNH,K® € s, (F) = F. But HNH,K¢ = HNH,(K% N H)K is a prod-
uct of pairwise totally permutable subgroups. By the choice of G we deduce that
HNH,(K® N H) € F. In particular, HN H, € 8,,(F) = F, for all primes g, and so
H € No(F) = F, a contradiction.
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(4) For all primes g # p, H NH ¢ € F, where H, is a Sylow g-subgroup of H. Moreover,
HNH, ¢ F.
We notice that HV H, is contained in HY (KN H) by (3). But HN (K¢ NH) € F
because it is the product of two normal F-subgroups of H. Then HN H, € s,,(F) =
F. Finally, if HN H, € F, then H € No(F) = F, a contradiction which proves (4).

(5) H/HN is a p-group, p < ¢ for all primes ¢ dividing |K| and G = HN H,K,K,,
where K, is a Sylow p-subgroup of K and K, is a Hall p’-subgroup of K. Moreover,
K, is a normal subgroup of G.

Since HNH,[H,, K] = (HNH,)® is a normal subgroup of G, we have that
HNH,[H, K] € F.

First we claim that there exists a prime ¢ dividing | K| with p < ¢. Otherwise, we
can obtain, as in Theorem 3.1, Step (8), that HNHp is a subnormal subgroup of
HN H,[H,, K]. Then HN H,, € s,,(F) = F, which contradicts Step (4).

Let

7T(K) U{p} = {plaan"'7pt :papt+1a"'7pn}7
with p1 <pe < - <pt=p<pry1 < -+ < Pn.

We let @ = {p,pt+1,---,0n} and @ = (7(K) U {p})\n. We recall that K =
Gy---G, = KK, is a supersoluble group, where K., € Hall,/(K) and K, €
Hall;(K). We may assume that K,/ = O/ (G2)--- O (G,) is a product of pair-
wise totally permutable nilpotent subgroups each of which is totally permutable
with H. Then H, K, is a supersoluble group by [6, Theorem 1]. Consequently, K/
normalizes both K and H, and so we have that

[Hva] = [HmKﬂ’HHvaTr] < Hp[HvaTr}~

Therefore, HN H,[H,, K] = HN H,[H,, K] is a normal F-subgroup of G. On the
other hand, arguing as above, we have that H,K, is also a supersoluble group.
This implies that K, is a subnormal subgroup of H,K,. Hence HN H,K, =
HNH,[H,, K;]K, € No(F) = F.

If HNHPKW < G, then HNHp € F, by the choice of G, which contradicts Step (4).
So we may assume that G = HNHPK,,. Now, by the choice of (Gy,...,G,), we can
deduce that H = HNH,,7 K = K, and p < ¢ for all primes ¢ € n(K). Moreover,
since H,K € U, it is clear that K,/ is a normal subgroup of G, and the result
follows.

(6) K is a normal p’-subgroup of G.

Since HNKp/ is a normal subgroup of G' and G/HNKP/ is a p-group by (5), then
HK, is a subnormal subgroup of G. In particular, HK, € 8,(F) =F. If HK,, <
G, then by the choice of G we can deduce that H € F, a contradiction. Hence
G = HK,, and K = K,/ by the choice of (Gy,...,G,).
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(7) Forall j € {2,...,7}, G; =[G4, H]. Moreover,

t t
H Gj, = {H ijvH}
k=1 k=1

for each set of indices {ji,...,5:} C {2,...,r}. In particular, H® = G and K =
[H, K] is a nilpotent group.

From (1), (5) and (6), we can argue as in Theorem 3.1, Step (10), to obtain that
G, H] =[G,,Hy] < Gj, for every j € {2,...,r}, and that

HE :H(ﬁ[Gj,Hp])

=2

In particular, HS is a normal subgroup of G € F, which is a product of pairwise
totally permutable subgroups. If H® < G, then H € F by the choice of G, a
contradiction. Consequently,

T

G=HY= H(H[Gj,Hp])

j=2
and, by the choice of (G1,...,G,), we conclude that G; = [G;, Hp] = [G;, H], for
all j € {2,...,7}.
The remainder follows easily as in Theorem 3.1, Step (10).

(8) For all j € {2,...,r}, G; is an abelian group and, moreover, H normalizes each
subgroup of Gj.
This follows by arguing as in Theorem 3.1, Step (11).

(9) Gj is a cyclic p;-group, for some prime pj;, for all j € {2,...,r}.

Arguing as in Theorem 3.1, Step (12), and with the same notation, we obtain that,
for any j € {2,...,7}, G = H([ [, 444; Gk)(x:T},) is a product of pairwise totally
permutable subgroups with

[H[+ > (Grl+ Y IT| < |Gil + -+ +G.l,
1£k#] i

unless G is a cyclic pj-subgroup, for some prime p;. Since H ¢ F, the result follows
analogously by the choice of (Gy,...,G;).

(10) K =G ---G, is an abelian group.

This follows from Lemma 2.3, Steps (7) and (9), arguing as in Theorem 3.1,
Step (13).
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(11) The final contradiction.

By Steps (8) and (10), it is clear that HGs - - - G,_1 is totally permutable with G...
Then we can apply our assumption on the group G = (HGs2---G,-1)G, € F to
obtain that HGy---G,_1 € F. By the choice of (G,G,...,G,) we can deduce
that H € F, which provides the final contradiction.

Final remarks

(1) If F is either a Fischer class containing U or the Fitting class product N H,

H being a Fitting class containing A, then F satisfies properties (x) and (%) in
Theorems 3.1 and 3.2 (see [9, Theorems 2 and 5]).

(2) If F is a Fitting class containing & and satisfying the property that G/N € F,

whenever G € F and N < Zy(G) (in particular, if F is a Q-closed Fitting class),
then F satisfies the property (*x) in Theorem 3.1 (see [9, Theorem 3]).

(3) If F is an Rog-closed Fitting class containing U, then F satisfies the property ()

in Theorem 3.2 (see [9, Theorem 4]).
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