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Marcinkiewicz Multipliers and Lipschitz
Spaces on Heisenberg Groups

Yanchang Han, Yongsheng Han, Ji Li, and Chaoqiang Tan

Abstract. _e Marcinkiewicz multipliers are Lp bounded for 1 < p < ∞ on the Heisenberg group
Hn

≃ Cn
× R (Müller, Ricci, and Stein). _is is surprising in the sense that these multipliers are

invariant under a two parameter group of dilations on Cn
× R, while there is no two parameter

group of automorphic dilations on Hn . _e purpose of this paper is to establish a theory of the �ag
Lipschitz space on the Heisenberg group Hn

≃ Cn
× R that is, in a sense, intermediate between

that of the classical Lipschitz space on the Heisenberg groupHn and the product Lipschitz space on
Cn

× R. We characterize this �ag Lipschitz space via the Littlewood–Paley theory and prove that
�ag singular integral operators, which include the Marcinkiewicz multipliers, are bounded on these
�ag Lipschitz spaces.

1 Introduction

Classical Calderón–Zygmund singular integrals commute with the one parameter
dilations on Rn , δ ⋅ x = (δx1 , . . . , δxn) for δ > 0, while the product Calderón–
Zygmund singular integrals commutewith themulti-parameter dilations onRn , δ⋅x =
(δ1x1 , . . . , δnxn) for δ = (δ1 , . . . , δn) ∈ Rn

+.
In the product Calderón–Zygmund theory, the product singular integral operators

are of the form T f = K∗ f , where K is homogeneous; that is, δ1 ⋅ ⋅ ⋅ δnK(δ ⋅x) = K(x),
or, more generally, K(x) and δ1 ⋅ ⋅ ⋅ δnK(δ ⋅ x) satisfy the same size, smoothness, and
cancellation conditions. Such operators have been studied for example in Gundy and
Stein [13], Feòerman and Stein [11], Feòerman [8–10], Chang [3], Chang and Feòer-
man [4–6], Journé [17, 18] and Pipher [29]. More precisely, Feòerman and Stein [11]
studied the Lp boundedness (1 < p < ∞) for the product convolution singular inte-
gral operators. Journé in [17, 19] introduced a non-convolution product singular in-
tegral operators and established the product T1 theorem and proved the L∞ → BMO
boundedness for such operators. _e product Hardy spaceHp(Rn×Rm)was ûrst in-
troduced by Gundy and Stein [13]. Chang and Feòerman [4–6] developed the theory
of atomic decomposition and established the dual space of Hardy spaceH1(Rn×Rm),
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namely the product BMO(Rn × Rm) space. Carleson [1] disproved by a counter-
example a conjecture that the product atomic Hardy space on Rn ×Rm could be de-
ûned by rectangle atoms. _is motivated Chang and R. Feòerman to replace the role
of cubes in the classical atomic decomposition of Hp(Rn) by arbitrary open sets of
ûnite measures in the product Hp(Rn × Rm). Subsequently, R. Feòerman in [9] es-
tablished the criterion of the Hp → Lp boundedness of singular integral operators
in Journé’s class by considering its action only on rectangle atoms via Journé lemma.
However, R. Feòerman’s criterion cannot be extended to three or more parameters
without further assumptions on the nature of T as shown in Journé [17, 19]. In fact,
Journé provided a counter-example in the three-parameter setting of singular integral
operators such that R. Feòerman’s criterion breaks down. Subsequently, the Hp to Lp

boundedness for Journé’s class of singular integral operators with arbitrary number of
parameters was established by J. Pipher [29] by considering directly the action of the
operator on (non-rectangle) atoms and an extension of Journé’s geometric lemma to
higher dimensions.

On the other hand, multi-parameter analysis has only recently been developed for
Lp theory with 1 < p < ∞ when the underlying multi-parameter structure is not ex-
plicit, but implicit, as in the �ag multi-parameter structure studied on the Heisenberg
groupHn by Müller, Ricci, and Stein in [23,24]. See also Phong and Stein in [28] and
Nagel, Ricci, and Stein in [25]. In [23, 24], the authors obtained the surprising result
that certain Marcinkiewicz multipliers, invariant under a two-parameter group of di-
lations on Cn × R, are bounded on Lp(Hn), despite the absence of a two-parameter
automorphic group of dilations onHn . To be precise, the Heisenberg groupHn is the
one consisting of the set

Cn ×R = {[z, t] ∶ z ∈ Cn , t ∈ R}
with the multiplication law

[z, t] ○ [z′ , t′] = [ z + z′ , t + t′ + 2Im(zz′)] ,

where identity is the origin [0,0] and the inverse is given by [z, t]−1 = [−z,−t].
In addition to the Heisenberg group multiplication law, nonisotropic dilations of

Hn are given by
δr ∶Hn Ð→ Hn , δr([z, t]) = [rz, r2 t].

A trivial computation shows that δr is an automorphism ofHn for every r > 0. How-
ever, the standard isotropic dilations of R2n+1 are not automorphisms ofHn .

_e “norm” function ρ on Hn is deûned by

ρ([z, t]) ∶= (∣z∣2 + ∣t∣)1/2 .

It is easy to see that ρ([z, t]−1) = ρ([−z,−t]) = ρ([z, t]), ρ(δr([z, t])) = rρ([z, t]),
ρ([z, t]) = 0 if and only if [z, t] = [0, 0], and ρ([z, t] ○ [z′ , t′]) ≤ γ( ρ([z, t]) +
ρ([z′ , t′])) , where γ > 1 is a constant.

_e Haar measure on Hn is known to coincide with the Lebesgue measure on
R2n+1. _e vector ûelds

T ∶= ∂
∂t
, X j ∶=

∂
∂x j

− 2y j
∂
∂t
, Yj ∶=

∂
∂y j

+ 2x j
∂
∂t
, j = 1, . . . , n,
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form a natural basis for the Lie algebra of le�-invariant vector ûelds onHn . _e stan-
dard sub-Laplacian L on the Heisenberg group is deûned by

L ≡ −
n

∑
j=1

(X2
j + Y 2

j ) .

_e operators L and T = ∂
∂t commute, and so do their spectral measures dE1(ξ) and

dE2(η). Given a bounded function m(ξ, η) onR+×R, deûne the multiplier operator
m(L, iT) on L2(Hn) by

m(L, iT) = ∫
R
∫
R+

m(ξ, η)dE1(ξ)dE2(η).

_en m(L, iT) is automatically bounded on L2(Hn), and if one imposes Marcin-
kiewicz conditions on the multiplier m(ξ, η), namely,

∣ (ξ∂ξ)α(η∂η)βm(ξ, η)∣ ≤ Cα ,β ,
for all ∣α∣ , β ≥ 0, then Müller, Ricci and Stein [23] proved that the Marcinkiewicz
multiplier operator m(L, iT) is a bounded operator on Lp(Hn) for 1 < p < ∞. _is
is surprising, since these multipliers are invariant under a two parameter group of
dilations on Cn ×R, while there is no two parameter group of automorphic dilations
on Hn . Moreover, they showed that Marcinkiewicz multiplier can be characterized
by convolution operator with the form f ∗ K where, however, K is a �ag convolution
kernel. A �ag convolution kernel on Hn = Cn × R is a distribution K on Hn which
coincides with a C∞ function away from the coordinate subspace {(0, u)} ⊂ Hn ,
where 0 ∈ Cn and u ∈ R, and satisûes the following.
● (Diòerential Inequalities) For any multi-indices α = (α1 , . . . , αn),

∣∂αz ∂
β
uK(z, u)∣ ≤ Cα ,β ∣z∣−2n−∣α∣ ⋅ (∣z∣2 + ∣u∣)

−1−β

for all (z, u) ∈ Hn with z /= 0 and all ∣α∣, β ≥ 0.
● (Cancellation Condition)

∣∫
R
∂αz K(z, u)ϕ1(δu)du∣ ≤ Cα ∣z∣−2n−∣α∣

for every multi-index α and every normalized bump function ϕ1 on R and every
δ > 0;

∣∫
Cn

∂βuK(z, u)ϕ2(δz)dz∣ ≤ Cγ ∣u∣−1−β

for every index β ≥ 0 and every normalized bump function ϕ2 on Cn and every
δ > 0; and

∣∫
Hn

K(z, u)ϕ3(δ1z, δ2u)dzdu∣ ≤ C

for every normalized bump function ϕ3 on Hn and every δ1 > 0 and δ2 > 0.
_ey also proved that �ag singular integral operators are bounded on Lp(Hn) for
1 < p < ∞. See [26] and [27] for more about �ag singular integral operators on
homogeneous groups.
At the endpoint estimates, it is natural to expect that the boundedness on Hardy

and BMO spaces are available. However, the lack of automorphic dilations underlies
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the failure of suchmultipliers to be in general bounded on the classicalHardy spaceH1

and also precludes a pure product Hardy space theory on the Heisenberg group. _is
was the original motivation in [14] to develop a theory of �ag Hardy spaces Hp

flag on
the Heisenberg group, 0 < p ≤ 1, that is, in a sense ‘intermediate’ between the classical
Hardy spaces Hp(Hn) and the product Hardy spaces Hp

product(Cn×R) (see A. Chang
and R. Feòerman [4, 5, 8–10]). _ey showed that singular integrals with �ag kernels,
which include the aforementioned Marcinkiewicz multipliers, are bounded on Hp

flag,
as well as from Hp

flag to Lp , for 0 < p ≤ 1. Moreover, they constructed a singular inte-
gral with a �ag kernel on the Heisenberg group that was not bounded on the classical
Hardy spaces H1(Hn). Since, as pointed out in [14], the �ag Hardy space Hp

flag(Hn)
is contained in the classical Hardy space Hp(Hn), this counterexample implies that
H1
flag(Hn) ⫋ H1(Hn).
A basic question arises: Can one establish the endpoint estimates of �ag singular

integral operators on the Lipschitz space? _e purpose of this paper is to answer this
question. More precisely, we will establish a theory of the �ag Lipschitz space on
Heisenberg group Hn ≃ Cn ×R that is, in a sense, intermediate between those of the
classical Lipschitz space on Heisenberg groupHn and the product Lipschitz space on
Cn ×R. For more about the classical Lipschitz spaces, see [2, 15, 16, 20–22, 30, 31].

We will characterize the �ag Lipschitz space via the Littlewood–Paley theory and
prove that �ag singular integral operators, which include theMarcinkiewicz multipli-
ers, are bounded on the �ag Lipschitz space on Heisenberg group Hn .

Now we introduce the following notation:

∆1
(u ,v)( f )(z, r) = f ((z, r) ○ (u, v)−1) − f (z, r),

∆1,Z
(u ,v)( f )(z, r) = f ((z, r) ○ (u, v)) + f ((z, r) ○ (u, v)

−1) − 2 f (z, r),

and

∆2
w( f )(z, r) = f (z, r −w) − f (z, r),

∆2,Z
w ( f )(z, r) = f (z, r +w) + f (z, r −w) − 2 f (z, r).

_e �ag Lipschitz space on Heisenberg group is deûned as follows.

Deûnition 1.1 A continuous function f (z, r) deûned on Hn belongs to the �ag
Lipschitz space Lipαflag, where α = (α1 , α2) and α1 , α2 > 0, if and only if

(i) when 0 < α1 , α2 < 1,

∣∆2
w∆

1
(u ,v)( f )(z, r)∣(1.1)

= ∣ f ((z, r) ○ (u, v +w)−1) − f ((z, r) ○ (u, v)−1)

− f ((z, r) ○ (0,w)−1) + f (z, r)∣
≤ C∣(u, v)∣α1 ∣w∣α2 ,

where ∣(u, v)∣2 = ∣u∣2 + ∣v∣;
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(ii) when α1 = 1, 0 < α2 < 1,

∣∆2
w∆

1,Z
(u ,v)( f )(z, r)∣(1.2)

= ∣ [ f ((z, r) ○ (u, v)) + f ((z, r) ○ (u, v)−1) − 2 f (z, r)]
− [ f ((z, r) ○ (u, v −w)) + f ((z, r) ○ (u, v +w)−1)

− 2 f ((z, r) ○ (0,w)−1)]∣
≤ C∣(u, v)∣∣w∣α2 ;

(iii) when 0 < α1 < 1, α2 = 1,

∣∆2,Z
w ∆1

(u ,v)( f )(z, r)∣(1.3)

= ∣ [ f ((z, r) ○ (0,w)) + f ((z, r) ○ (0,w)−1) − 2 f (z, r)]
− [ f ((z, r) ○ (u,−v +w)) + f ((z, r) ○ (u, v +w)−1)

− 2 f ((z, r) ○ (u, v)−1)]∣
≤ C∣(u, v)∣α1 ∣w∣;

(iv) when α1 = α2 = 1,

∣∆2,Z
w ∆1,Z

(u ,v)( f )(z, r)∣(1.4)

= ∣ [ f ((z, r) ○ (u, v +w)) + f ((z, r) ○ (u, v −w)−1)
− 2 f ((z, r) ○ (0,w))]

+ [ f ((z, r) ○ (u, v −w)) + f ((z, r) ○ (u, v +w)−1)
− 2 f ((z, r) ○ (0,w)−1)]

− 2[ f ((z, r) ○ (u, v)) + f ((z, r) ○ (u, v)−1) − 2 f (z, r))]∣
≤ C∣(u, v)∣∣w∣;

for all (z, r) and (u, v) ∈ Hn ,w ∈ R and the constant C is independent of (z, r), (u, v)
and w .

When α = (α1 , α2) with α1 , α2 > 1, we write α1 = m1 + r1 and α2 = m2 + r2 where
m1 ,m2 are integers and 0 < r1 , r2 ≤ 1. _en f (z, u) ∈ Lipαflag means that f (z, u) is a
Cm1+m2 function, modulo polynomials of degree not exceeding m1 +m2 , such that all
the partial derivatives ∂m1

z ∂m2
u f (z, u) belong to Lipr

flag with r = (r1 , r2).
If f ∈ Lipαflag, then ∥ f ∥Lipα

flag
, the norm of f , is deûned as the smallest constant C

such that (1.1) to (1.4) hold.

Note that the �ag structure is involved in the the deûnition of Lipαflag(Hn) with
α = (α1 , α2), and Zygmund conditions are used when α1 = 1 or α2 = 1, or both
α1 = α2 = 1.

In order to obtain the boundedness of �ag singular integral operators on the �ag
Lipschitz space Lipαflag, we characterize Lipαflag via the Littlewood–Paley theory. We
begin by recalling the standard Calderón reproducing formula on the Heisenberg
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group. Note that in [24], spectral theory was used in place of the Calderón repro-
ducing formula.

_eorem 1.2 ([12, Corollary 1]) _ere is a radial function ψ ∈ C∞(Hn) such that ψ ∈
S(Hn) and all moments of ψ vanish, and such that the following Calderón reproducing
formula holds, where ∗ is Heisenberg convolution and ψs(z, t) = s−2n−2ψ( z

s ,
t
s2 ) for

s > 0:

f = ∫
∞

0
ψs ∗ ψs ∗ f

ds
s
, f ∈ L2(Hn).

We now wish to extend this formula in two ways: (1) encompass the �ag structure
on theHeisenberg groupHn ; (2) converges in the distribution space. For this purpose,
following [24], we construct a Littlewood–Paley component function ψ deûned on
Hn ≃ Cn ×R, given by the partial convolution ∗2 in the second variable only,

ψ(z, u) = ψ(1) ∗2 ψ(2)(z, u) = ∫
R
ψ(1)(z, u − v)ψ(2)(v)dv , (z, u) ∈ Cn ×R,

where ψ(1) ∈ S(Hn) is as in _eorem 1.2, and ψ(2) is a real even function deûned in
S(R) that satisûes

∫
∞

0
∣ψ̂(2)(tη)∣2 dt

t
= 1

for all η ∈ R/{0}, along with the moment conditions

∫
Hn

zαuβψ(1)(z, u)dzdu = 0, ∣α∣, β ≥ 0,

∫
R
vγψ(2)(v)dv = 0, γ ≥ 0.

_us, we have

(1.5) f (z, u) = ∫
∞

0
∫

∞

0
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t
, f ∈ L2(Hn),

where the functions ψs ,t are given by

ψs ,t(z, u) = ψ(1)s ∗2 ψ(2)t (z, u),

with

ψ(1)s (z, u) = s−2n−2ψ(1)( z
s
, u
s2

) and ψ(2)t (v) = t−1ψ(2)( v
t
) ,

and where the integrals in (1.5) converge in L2(Hn). Indeed,

ψs ,t ∗Hn ψs ,t ∗Hn f (z, u)

= (ψ(1)s ∗2 ψ(2)t ) ∗Hn (ψ(1)s ∗2 ψ(2)t ) ∗Hn f (z, u)

= (ψ(1)s ∗Hn ψ(1)s ) ∗Hn ((ψ(2)t ∗R ψ(2)t ) ∗2 f (z, u))
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yields (1.5) upon invoking the standard Calderón reproducing formula onR and then
_eorem 1.2 on Hn :

∫
∞

0
∫

∞

0
ψs ,t ∗Hn ψs ,t ∗Hn f (z, u)ds

s
dt
t

= ∫
∞

0
ψ(1)s ∗Hn ψ(1)s ∗Hn { ∫

∞

0
ψ(2)t ∗R ψ(2)t ∗2 f (z, u)

dt
t
} ds

s

= ∫
∞

0
ψ(1)s ∗Hn ψ(1)s ∗Hn f (z, u)ds

s
= f (z, u).

Note that the Littlewood–Paley component function ψ satisûes the �ag moment con-
ditions, so-called because they include only half of the product moment conditions
associated with the product Cn ×R:

∫
R
uαψ(z, u)du = 0, for all α ≥ 0 and z ∈ Cn .

Indeed, with the change of variable u′ = u − v and the binomial theorem

(u′ + v)β = ∑
β=γ+δ

cγ ,δ(u′)γvδ ,

we have

∫
R
uαψ(z, u)du = ∫

R
uα{ ∫

R
ψ(2)(u − v)ψ(1)(z, v)dv}du

= ∫
R
{ ∫

R
(u′ + v)αψ(2)(u′)du}ψ(1)(z, v)dv

= ∑
α=γ+δ

cγ ,δ ∫
R
{ ∫

R
(u′)γψ(2)(u′)du′}vδψ(1)(z, v)dv

= ∑
α=γ+δ

cγ ,δ ∫
R
{0}vδψ(1)(z, v)dv = 0,

for all α ≥ 0 and each z ∈ Cn . Note that as a consequence, the full mo-
ments ∫Hn zαuβψ(z, u)dzdu all vanish, but that in general the partial moments
∫Cn zαψ(z, u)dz do not vanish.

In order to introduce the �ag test function space on the Heisenberg Hn , we ûrst
introduce the product test function space on Hn ×R as follows.

Deûnition 1.3 _e product test function space on Hn × R is the collection of all
Schwartz functions F on Hn ×R such that

∫
Hn

zαuβF(z, u, v)dzdu = 0

for all ∣α∣, β ≥ 0, v ∈ R and

∫
R
vγF(z, u, v)dv = 0

for all γ ≥ 0, (z, u) ∈ Hn .

If F is a product test function onHn ×R, we write F ∈ S∞(Hn ×R). _e norm of
F is deûned by the Schwartz norm of F on Hn ×R and is denoted by ∥F∥S∞ .
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Applying the projection π deûned on Hn as introduced in [23]:

f (z, u) = (πF)(z, u) ≡ ∫
R
F((z, u − v), v)dv ,

we now deûne the �ag test function space Sflag(Hn).

Deûnition 1.4 _e�ag test function spaceSflag(Hn) consists of all functions f (z, u)
deûned on Hn satisfying

f (z, u) = (πF)(z, u) ≡ ∫
R
F((z, u − v), v)dv

for some F ∈ S∞(Hn ×R). _e norm of f is deûned by

∥ f ∥Sflag = inf{∥F∥S∞ ∶ f = πF}.

_e distribution space, S′flag(Hn), is deûned by the dual of Sflag(Hn).
Observing that ψs ,t(z, u) = ψ(1)s ∗2 ψ(2)t (z, u) ∈ Sflag , we will show that the

Carlderón reproducing formula (1.5) also converges in both �ag test function space
Sflag(Hn) and distribution space S′flag(Hn) as follows.

_eorem 1.5 Let ψs ,t(z, u) = ψ(1)s ∗2 ψ(2)t (z, u). _en

(1.6) f (z, u) = ∫
∞

0
∫

∞

0
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t
,

where the integrals converge in both Sflag(Hn) and S′flag(Hn).

We characterize the �ag Lipschitz space Lipαflag by the following theorem.

_eorem 1.6 f ∈ Lipαflag with α = (α1 , α2), α1 , α2 > 0 if and only if f ∈ (Sflag)′(Hn)
and

sup
s ,t>0,(z ,u)∈Hn

s−α1 t−α2 ∣ψs ,t ∗ f (z, u)∣ ≤ C < ∞.

Moreover,
∥ f ∥Lipα

flag
∼ sup

s ,t>0,(z ,u)∈Hn
s−α1 t−α2 ∣ψs ,t ∗ f (z, u)∣.

_e main result of this paper is the following theorem.

_eorem 1.7 _e �ag singular integral operator T is bounded on Lipαflag with α =
(α1 , α2), α1 , α2 > 0. Moreover, ∥T f ∥Lipα

flag
≤ C∥ f ∥Lipα

flag
.

As a consequence, the Marcinkiewicz multipliers are bounded on the �ag Lischitz
space Lipαflag .

2 Proof of Theorem 1.5

Observe that for F1 , F2 ∈ S∞(Hn × R), then π(F1 ∗ F2) = (πF1) ∗ (πF2). Suppose
that f ∈ Sflag(Hn) and f (x , y) = π(F) with F ∈ S∞(Hn × R). Set Ψs ,t(z, u, r) =
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ψ(1)s (z, u)ψ(2)t (r) then ψs ,t = π(Ψs ,t). We rewrite the Calderón reproducing formula
in (1.6) as

(πF)(z, u) = ∫
∞

0
∫

∞

0
π(Ψs ,t) ∗ (πΨs ,t) ∗ (πF)(z, u)ds

s
dt
t
.

To show _eorem 1.5, it suõces to prove that for f ∈ Sflag(Hn),

∥π(F − ∫
N

N−1 ∫
N

N−1
Ψs ,t ∗Ψs ,t ∗ F

ds
s
dt
t
)∥

Sflag

Ð→ 0

as N tends to∞.
By the deûnition of the norm of Sflag(Hn), one only needs to show that

∥F − ∫
N

N−1 ∫
N

N−1
Ψs ,t ∗Ψs ,t ∗ F(z, u, r)

ds
s
dt
t
∥
S∞

Ð→ 0

as N tends to∞.
To do this, observe that

Ψs ,t ∗Hn×R Ψs ,t ∗Hn×R F((z, u), r)

= (ψ(1)s ψ(2)t ) ∗Hn×R (ψ(1)s ψ(2)t ) ∗Hn×R F((z, u), r)

= [(ψ(1)s ∗Hn ψ(1)s )(ψ(2)t ∗R ψ(2)t )] ∗Hn×R F((z, u), r)

yields

∫
∞

0
∫

∞

0
Ψs ,t ∗Hn×R Ψs ,t ∗Hn×R F((z, u), r)

ds
s
dt
t

= ∫
∞

0
ψ(1)s ∗Hn ψ(1)s ∗Hn { ∫

∞

0
ψ(2)t ∗R ψ(2)t ∗R F((z, u), r)

dt
t
} ds

s

= ∫
∞

0
ψ(1)s ∗Hn ψ(1)s ∗Hn F((z, u), r) ds

s
= F((z, u), r) .

Observe that

∣F − ∫
N

N−1 ∫
N

N−1
Ψs ,t ∗Ψs ,t ∗ F(z, u, r)

ds
s
dt
t
∣

≤ ∫
∞

0
∫

N−1

0
∣Ψs ,t ∗Ψs ,t ∗ F(z, u, r)∣

ds
s
dt
t

+ ∫
∞

0
∫

∞

N
∣Ψs ,t ∗Ψs ,t ∗ F(z, u, r)∣

ds
s
dt
t

+ ∫
N−1

0
∫

∞

0
∣Ψs ,t ∗Ψs ,t ∗ F(z, u, r)∣

ds
s
dt
t

+ ∫
∞

N
∫

∞

0
∣Ψs ,t ∗Ψs ,t ∗ F(z, u, r)∣

ds
s
dt
t

= I + II + III + IV .
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We claim that for N ≥ 1 and any given an positive integer L, there exists a constant CL
independent of N such that

I ≤ CL( 1 + ∣(z, u)∣2 + ∣r∣)−LN−1∥F∥S∞ .

To show the claim, we write

Ψs ,t ∗R×Hn Ψs ,t ∗Hn×R F((z, u), r)

= [(ψ(1)s ∗Hn ψ(1)s )(ψ(2)t ∗R ψ(2)t )] ∗Hn×R F((z, u), r)

= ∫
R×Hn

ψ1
s(z′ , u′)ψ2

t (r′)F((z, u) ○ (z′ , u′)−1 , r − r′)dz′du′dr′ ,

where ψ1
s = ψ(1)s ∗Hn ψ(1)s and ψ2

t = ψ(2)t ∗R ψ(2)t .
Considering the case where 0 < t ≤ 1 ûrst, the cancellation conditions on ψ1

s and
ψ2

t imply that

∫
R×Hn

ψ1
s(z′ , u′)ψ2

t (r′)F((z, u) ○ (z′ , u′)−1 , r − r′)dz′du′dr′(2.1)

= ∫
R×Hn

ψ1
s(z′ , u′)ψ2

t (r′)[F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′)

− F((z, u) ○ (z′ , u′)−1 , r) + F((z, u), r)]dz′du′dr′ .

Noting that ∣(z, u)∣2 = ∣z∣2 + ∣u∣ and applying the smoothness conditions on F, we
obtain the following estimates. For any given positive integer L there exists a constant
C such that

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′) − F((z, u) ○ (z′ , u′)−1 , r)
+ F((z, u), r)∣

(a)

≤ C ∣(z′ , u′)∣
(1 + ∣(z, u)∣)L+2n+2

∣r′∣
(1 + ∣r∣)L+1 ∥F∥S∞ ,

for ∣(z′ , u′)∣ ≤ 1
2γ (1 + ∣(z, u)∣) and ∣r′∣ ≤ 1

2 (1 + ∣r∣);

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′) − F((z, u) ○ (z′ , u′)−1 , r)
+ F((z, u), r)∣

(b)

≤ C ∣(z′ , u′)∣
(1 + ∣(z, u)∣)L+2n+2 [

1
(1 + ∣r − r′∣)L+1 +

1
(1 + ∣r∣)L+1 ]∥F∥S∞

for ∣(z′ , u′)∣ ≤ 1
2γ (1 + ∣(z, u)∣) and ∣r′∣ ≥ 1

2 (1 + ∣r∣);

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′) − F((z, u) ○ (z′ , u′)−1 , r)
+ F((z, u), r)∣

(c)

≤ C( 1
(1 + ∣(z, u) ○ (z′ , u′)−1∣)L+2n+2 +

1
(1 + ∣(z, u)∣)L+2n+2 )

∣r′∣
(1 + ∣r∣)L+1 ∥F∥S∞
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for ∣(z′ , u′)∣ ≥ 1
2γ (1 + ∣(z, u)∣) and ∣r′∣ ≤ 1

2 (1 + ∣r∣);

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′) − F((z, u) ○ (z′ , u′)−1 , r)
+ F((z, u), r)∣

(d)

≤ C( 1
(1 + ∣(z, u) ○ (z′ , u′)−1∣)L+2n+2 +

1
(1 + ∣(z, u)∣)L+2n+2 )

× ( 1
(1 + ∣r − r′∣)L+1 +

1
(1 + ∣r∣)L+1 )∥F∥S∞

for ∣(z′ , u′)∣ ≥ 1
2γ (1 + ∣(z, u)∣) and ∣r′∣ ≥ 1

2 (1 + ∣r∣).
Plugging the above estimates together with the size conditions

∣ψ1
s(z′ , u′)∣ ≤ Cs−2n−2 1

( 1 + ∣ z′s ∣2 + ∣ u′s2 ∣)
n+2+L ,

∣ψ2
t (r′)∣ ≤ Ct−1 1

( 1 + ∣ r′t ∣)
2+L

into (2.1) yields that whenever 0 < t ≤ 1,

∣ ∫
Hn×R

ψ1
s(z′ , u′)ψ2

t (r′)F((z, u) ○ (z′ , u′)−1 , r − r′)dz′du′dr′∣ ≤

Cst 1
(1 + ∣(z, u)∣2 + ∣r∣)L ∥F∥S∞ .

We now consider the case with 1 ≤ t < ∞. For this case, applying the cancellation
conditions on ψ1

s and F((z, u), r) with respect to the variable r, we write

∫
R×Hn

ψ1
s(z′ , u′)ψ2

t (r′)F((z, u) ○ (z′ , u′)−1 , r − r′)dz′du′dr′(2.2)

= ∫
R×Hn

ψ1
s(z′ , u′)[ψ2

t (r′) − ∑
j≤L
c j(ψ2

t )( j)(r)(r′ − r) j]

× [F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′)]dz′du′dr′ ,

where ∑ j≤L c j(ψ2
t )( j)(r)(r′ − r) j is the Taylor series of ψ2

t at r with the degree L.
Inserting estimates

∣ψ2
t (r′) − ∑

j≤L
c j(ψ2

t )( j)(r)(r′ − r) j ∣ ≤ C( ∣r − r′∣
t + ∣r∣ )

L tL

(t + ∣r∣)1+L

(a)

for ∣r − r′∣ ≤ 1
2 (t + ∣r∣);

∣ψ2
t (r′) − ∑

j≤L
c j(ψ2

t )( j)(r)(r′ − r) j ∣ ≤ C[ tL

(t + ∣r′∣)1+L + ∑
j≤L
c j

∣r′ − r∣ j
t j

tL

(t + ∣r∣)1+L ]

(b)
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for ∣r − r′∣ ≥ 1
2 (t + ∣r∣), together with

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′)∣ ≤
(c)

C ∣(z′ , u′)∣
(1 + ∣(z, u)∣)L+2n+2

1
(1 + ∣r − r′∣)L+2 ∥F∥S∞ ,

for ∣(z′ , u′)∣ ≤ 1
2γ (1 + ∣(z, u)∣);

∣F((z, u) ○ (z′ , u′)−1 , r − r′) − F((z, u), r − r′)∣ ≤
(d)

C( 1
(1 + ∣(z, u) ○ (z′ , u′)−1∣)L+2n+2 +

1
(1 + ∣(z, u)∣)L+2n+2 )

1
(1 + ∣r − r′∣)L+1 ∥F∥S∞

for ∣(z′ , u′)∣ ≥ 1
2γ (1 + ∣(z, u)∣) into (2.2) gives that if t ≥ 1,

∣ ∫
Hn×R

ψ1
s(z′ , u′)ψ2

t (r′)F((z, u) ○ (z′ , u′)−1 , r − r′)dz′du′dr′∣ ≤

C s
t

1
(1 + ∣(z, u)∣2 + ∣r∣)L ∥F∥S∞ .

_ese estimates imply the proof of the claim. Note that (∂αz ∂
β
u∂γ

r F) satisfy similar
regularity and cancellation conditions as F does, and

∂αz ∂
β
u∂γ

r Ψ̌s ,t ∗Hn×R Ψs ,t ∗Hn×R F((z, u), r) =

Ψ̌s ,t ∗Hn×R Ψs ,t ∗Hn×R (∂αz ∂
β
u∂γ

r F)((z, u), r) .
_ese facts yield that ∥I∥S∞ ≤ CN−1, and hence ∥I∥S∞ → 0 as N tends to ∞. _e
proofs for II, III, and IV are similar, and thus the proof of _eorem 1.5 is concluded.

3 Proof of Theorem 1.6

We ûrst show that if f ∈ Lipαflag with α = (α1 , α2), 0 < α1 , α2 < 1, then f ∈ S′flag . To see
this, for each g(z, u) ∈ Sflag where g = πG with G ∈ S∞ and ∥G∥S∞ = 1, we observe
that

⟨g , f ⟩ = ∫
Hn ∫R G((z, u − v), v) f (z, u)dvdzdu

= ∫
Hn ∫R G((z, u), v) f (z, u + v)dvdzdu.

Applying the cancellation conditions on G((z, u), v), we have

⟨g , f ⟩ = ∫
Hn ∫R G((z, u), v)[ f (z, u + v) − f (0, v) − f (z, u) + f (0, 0)]dvdzdu.

_e size conditions on G and the fact that f ∈ Lipαflag imply that

∣⟨g , f ⟩∣ ≤ C∥ f ∥Lipα
flag
,
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which shows that f ∈ (Sflag)′ .
Observe that

ψs ,t ∗ f (z, u) = ∫
Hn ∫R ψ(1)s (z′ , u′)ψ(2)t (v) f ((z, u) ○ (z′ , u′ + v)−1)dvdz′du′ .

Applying the cancellation conditions on ψ(1)s and ψ(2)t , we have

ψs ,t ∗ f (z, u) = ∫
Hn ∫R ψ(1)s (z′ , u′)ψ(2)t (v)[ f ((z, u) ○ (z′ , u′ + v)−1)

− f ((z, u) ○ (z′ , u′)−1) − f ((z, u) ○ (0, v)−1) + f (z, u)]dvdz′du′

= ∫
Hn ∫R ψ(1)s (z′ , u′)ψ(2)t (v)∆2

v∆
1
(z′ ,u′)( f )(z, u)dvdz′du′ .

_e size conditions on ψ(1)s and ψ(2)t and the fact that f ∈ Lipαflag yield that

∣ψs ,t ∗ f (z, u)∣ ≤ Csα1 tα2∥ f ∥Lipα
flag
,

which implies that s−α1 t−α2 ∣ψs ,t ∗ f (z, u)∣ ≤ C∥ f ∥Lipα
flag
for any s, t > 0, and (z, u) ∈

Hn .
When α = (α1 , α2)with α1 = 1, 0 < α2 < 1, noting ûrst that ψ(1)s is a radial function

and then applying the cancellation conditions on ψ(2)t , we have

ψs ,t ∗ f (z, u)

= 1
2 ∫Hn ∫R ψ(1)s (z′ , u′)ψ(2)t (v)[ f ((z, u) ○ (z′ , u′ − v))

+ f ((z, u) ○ (z′ , u′ + v)−1)]dz′du′dv

= 1
2 ∫Hn ∫R ψ(1)s (z′ , u′)ψ(2)t (v)[ f ((z, u) ○ (z′ , u′ − v))

+ f ((z, u) ○ (z′ , u′ + v)−1) − 2 f ((z, u) ○ (0, v)−1)]dz′du′dv

= 1
2 ∫ ∫ ψ(1)s (z′ , u′)ψ(2)t (v){[ f ((z, u) ○ (z′ , u′ − v))

+ f ((z, u) ○ (z′ , u′ + v)−1) − 2 f ((z, u) ○ (0, v)−1)]
− [ f ((z, u) ○ (z′ , u′)) + f ((z, u) ○ (z′ , u′)−1) − 2 f (z, u)]}dz′du′dv

= 1
2 ∫ ∫ ψ(1)s (z′ , u′)ψ(2)t (v)∆2

v∆
1,Z
(z′ ,u′)( f )(z, u)dz

′du′dv .

Applying the same proof gives the desired estimate for this case. All other cases α =
(α1 , α2) where 0 < α1 < 1, α2 = 1 or α1 = α2 = 1 can be handled similarly. For the case
where α = (α1 , α2)with α1 , α2 > 1, set ∂m1+m2 ψ̃(z, u) = ψ with s−m1 t−m2 ψ̃s ,t satisfying
the similar smoothness, size, and cancellation conditions as ψs ,t . _us, repeating the
same proof gives

∣ψs ,t ∗ f ∣ = ∣sm1 tm2(s−m1 t−m2 ψ̃s ,t) ∗ ∂m1+m2 f ∣ ≤ Csm1 tm2 sr1 tr2∥ f ∥Lipα
flag

= Csα1 tα2∥ f ∥Lipα
flag

.

_erefore, this case can be also handled similarly.
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Wenowprove the converse implication of_eorem 1.6. Suppose that f ∈ S′flag(Hn)
and ∣ψs ,t ∗ f (z, u)∣ ≤ Csα1 tα2 with α1 , α2 > 0. We ûrst show that f is a continuous
function on Hn . To do this, by _eorem 1.5,

f (z, u) = ∫
∞

0
∫

∞

0
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t
,

where the integral converges in S′flag(Hn). We split the above integral into the follow-
ing four cases:
(a) s, t < 1;
(b) s ≥ 1, t < 1;
(c) s < 1, t ≥ 1;
(d) s, t ≥ 1.
_en we write f = f1 + f2 + f3 + f4 in S′flag(Hn) according to the above four cases of s
and t. As for f1, observe that the fact ∣ψs ,t ∗ ψs ,t ∗ f (z, u)∣ ≤ Csα1 tα2 implies that the
integral

∫
1

0
∫

1

0
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t

converges uniformly and hence, f1 is a continuous function on Hn .
To see that f2 is continuous, for g ∈ Sflag ,

⟨ f2 , g⟩ = ∫
1

0
∫

∞

1
⟨ψs ,t ∗ ψs ,t ∗ f (z, u), g(z, u)⟩

ds
s
dt
t
.

Note that by the cancellation condition on g, for any ûxed positive integer N , we have

⟨ψs ,t ∗ ψs ,t ∗ f (z, u), g(z, u)⟩

= ⟨ ∫
Hn ∫R ψ(1)s ((z, u) ○ (z′ , u′ + v)−1)ψ(2)t (v)ψs ,t

∗ f (z′ , u′)dvdz′du′ , g(z, u)⟩

= ⟨ ∫
Hn ∫R [ψ(1)s ((z, u) ○ (z′ , u′ + v)−1)

− ∑
∣α∣+2β≤2N

cα ,β∂αz ∂
β
uψ(1)s ((z′ , u′ + v)−1)(z, u)α ,β]

× ψ(2)t (v)ψs ,t ∗ f (z′ , u′)dvdz′du′ , g(z, u)⟩ ,

which implies that

f2(z, u) = ∫
1

0
∫

∞

1
∫
Hn ∫R [ψ(1)s ((z, u) ○ (z′ , u′ + v)−1)

− ∑
∣α∣+2β≤2N

cα ,β∂αz ∂
β
uψ(1)s ((z′ , u′ + v)−1)(z, u)α ,β]ψ(2)t (v)ψs ,t

∗ f (z′ , u′)dvdz′du′ ds
s
dt
t

in the sense of S′flag(Hn).
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And hence,

∣ ∫
Hn ∫R [ψ(1)s ((z, u) ○ (z′ , u′ + v)−1)

− ∑
∣α∣+2β≤2N

cα ,β∂αz ∂
β
uψ(1)s ((z′ , u′ + v)−1)(z, u)α ,β]

× ψ(2)t (v)ψs ,t ∗ f (z′ , u′)dvdz′du′∣

≤ Cs−2N+α1 tα2 ∣(z, u)∣2N .

_e above estimate implies that for any given R > 0, the integral for f2 converges
uniformly for ∣(z, u)∣2N ≤ R, and thus f2 is a continuous function on any compact
subset in Hn .

Note that (z, u) ○ (z′ , u′ + v)−1 = (z,−u′) ○ (z′ ,−u + v)−1 . We write

⟨ψs ,t ∗ ψs ,t ∗ f (z, u), g(z, u)⟩

= ⟨ ∫
Hn ∫R ψ(1)s ((z,−u′) ○ (z′ ,−u + v)−1)ψ(2)t (v)ψs ,t

∗ f (z′ , u′)dvdz′du′ , g(z, u)⟩

= ⟨ ∫
Hn ∫R ψ(1)s ((z,−u′) ○ (z′ , v)−1)ψ(2)t (u + v)ψs ,t

∗ f (z′ , u′)dvdz′du′ , g(z, u)⟩

= ⟨ ∫
Hn ∫R ψ(1)s ((z,−u′) ○ (z′ , v)−1)[ψ(2)t (u + v) − ∑

γ≤2N
cγ
dγ

dvγ ψ
(2)
t (v)vγ]

× ψs ,t ∗ f (z′ , u′)dvdz′du′ , g(z, u)⟩ .

Similarly,

∣ ∫
Hn ∫R ψ(1)s ((z,−u′) ○ (z′ , v)−1)

× [ψ(2)t (u + v) − ∑
γ≤2N

cγ
dγ

dvγ ψ
(2)
t (v)vγ]ψs ,t ∗ f (z′ , u′)dvdz′du′∣

≤ Csα1 t−2N+α2 ∣u∣2N ,

and hence f3 is a continuous function on any compact subset in Hn .
Taking the geometric means of these two estimates shows that f4 is a continuous

function.
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Now we show that f ∈ Lipαflag . First, if α = (α1 , α2) with 0 < α1 , α2 < 1, then

∣∆2
w∆

1
(u ,v)( f )(z, r)∣

= ∣ f ((z, r) ○ (u, v +w)−1) − f ((z, r) ○ (u, v)−1)

− f ((z, r) ○ (0,w)−1) + f (z, r)∣

= ∣ ∫
∞

0
∫

∞

0
∫
Hn

[ψs ,t((z, r) ○ (u, v +w)−1 ○ (z′ , r′)−1)

− ψs ,t((z, r) ○ (u, v)−1 ○ (z′ , r′))

− ψs ,t((z, r) ○ (0,w)−1 ○ (z′ , r′)−1) + ψs ,t((z, r) ○ (z′ , r′))]ψs ,t

∗ f (z′ , r′)dz′dr′ ds
s
dt
t
∣ .

Observe that

ψs ,t((z, r) ○ (u, v +w)−1 ○ (z′ , r′)−1) − ψs ,t((z, r) ○ (u, v)−1 ○ (z′ , r′))
− ψs ,t((z, r) ○ (0,w)−1 ○ (z′ , r′)−1) + ψs ,t((z, r) ○ (z′ , r′))

= ∫
R
[ψ(1)s ((z, r) ○ (u, v)−1 ○ (z′ , v′ + r′)−1)

− ψ(1)s ((z, r) ○ (z′ , v′ + r′)−1)][ψ(2)t (v′ −w) − ψ(2)t (v′)]dv′ .

We have

A = ∫
Hn

[ψs ,t((z, r) ○ (u, v +w)−1 ○ (z′ , r′)−1) − ψs ,t((z, r) ○ (u, v)−1 ○ (z′ , r′))

− ψs ,t((z, r) ○ (0,w)−1 ○ (z′ , r′)−1)

+ ψs ,t((z, r) ○ (z′ , r′))]ψs ,t ∗ f (z′ , r′)dz′dr′

= ∫
Hn ∫R [ψ(1)s ((z, r) ○ (u, v)−1 ○ (z′ , v′ + r′)−1) − ψ(1)s ((z, r) ○ (z′ , v′ + r′)−1)]

× [ψ(2)t (v′ −w) − ψ(2)t (v′)]ψs ,t ∗ f (z′ , r′)dv′dz′dr′ .

We now choose t0 and s0 such that t0 ≤ ∣(u, v)∣ < 2t0 and s0 ≤ ∣w∣ < 2s0, and we split

∫
∞

0
∫

∞

0
A = ∫

s0

0
∫

t0

0
A+ ∫

∞

s0
∫

t0

0
A+ ∫

s0

0
∫

∞

t0
A+ ∫

∞

s0
∫

∞

t0
A

=∶ A1 + A2 + A3 + A4 .

To deal with A1 , applying the size conditions on both ψ(1)s and ψ(2)t yields

∣A∣ ≤ C∣ψs ,t ∗ f (z′ , r′)∣ ≤ Csα1 tα2 , for all s, t > 0,

and hence A1 is dominated by

C ∫
s0

0
∫

t0

0
sα1 tα2 ds

s
dt
t
≤ Csα1

0 tα20 ≤ C∣(u, v)∣α1 ∣w∣α2 .
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To estimate A2, applying the smoothness condition on ψ(1)s and the size condition
on ψ(k)t implies

∣A∣ ≲ ∣(u, v)∣
s

∣ψs ,t ∗ f (z′ , r′)∣ ≲ sα1−1 tα2 ∣(u, v)∣.

_is implies that A2 is bounded by

C ∫
∞

s0
∫

t0

0
sα1−1 tα2 ds

s
dt
t
∣(u, v)∣ ≤ Csα1−1

0 tα20 ∣(u, v)∣ ≤ C∣(u, v)∣α1 ∣w∣α2 .

_e estimate for A3 is similar to the estimate for A2. Finally, to handle A4, applying
the smoothness conditions on both ψ(1)s and ψ(k)t we obtain that

∣A∣ ≲ ∣(u, v)∣
s

⋅ ∣w∣
t

∣ψs ,t ∗ f (z′ , r′)∣ ≲ sα1−1 tα2−1∣(u, v)∣∣w∣.

Hence, this implies that A4 is dominated by

C ∫
∞

s0
∫

∞

t0
sα1−1 tα2−1 ds

s
dt
t
∣(u, v)∣∣w∣ ≤ Csα1−1

0 tα2−1
0 ∣(u, v)∣∣w∣ ≤ C∣(u, v)∣α1 ∣w∣α2 .

When α = (α1 , α2) with α1 = α2 = 1, observe that

∆2,Z
w ∆1,Z

(u ,v)( f )(z, r)

= [ f ((z, r) ○ (u, v +w)) + f ((z, r) ○ (u, v −w)−1) − 2 f ((z, r) ○ (0,w))]

+ [ f ((z, r) ○ (u, v −w))

+ f ((z, r) ○ (u, v +w)−1) − 2 f ((z, r) ○ (0,w)−1)]

− 2[ f ((z, r) ○ (u, v)) + f ((z, r) ○ (u, v)−1) − 2 f (z, r))]

= ∫
∞

0
∫

∞

0
∫
Hn ∫R [ψ(1)s ((z, r) ○ (u, v)−1 ○ (z′ , v′ + r′)−1)

+ ψ(1)s ((z, r) ○ (u, v) ○ (z′ , v′ + r′)−1)

− 2ψ(1)s ((z, r) ○ (z′ , v′ + r′)−1)]

× [ψ(2)t (v′ −w) + ψ(2)t (v′ +w) − 2ψ(2)t (v′)]ψ j,k ∗ f (ω)dzdω.

Repeating a similar calculation gives the desired result for this case. _e other two
cases, where α1 = 1, 0 < α2 < 1 and 0 < α1 < 1, α2 = 1, can be handled similarly. Lastly,
when α1 = m1 + r1 , α2 = m2 + r2 , note that

∂m1+m2 f ((z, r) ○ (u, v +w)−1) − ∂m1+m2 f ((z, r) ○ (u, v)−1)
− ∂m1+m2 f ((z, r) ○ (0,w)−1) + ∂m1+m2 f (z, r)

= ∫
Hn ∫R [∂m1ψ(1)s ((z, r) ○ (u, v)−1 ○ (z′ , v′ + r′)−1)

− ∂m1ψ(1)s ((z, r) ○ (z′ , v′ + r′)−1)]

× [∂m2ψ(2)t (v′ −w) − ∂m2ψ(2)t (v′)]ψs ,t ∗ f (z′ , r′)dv′dz′dr′ .
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Again observe that the properties of ∂m1ψ(1)s and ∂m2ψ(2)t are similar to s−m1ψ(1)s and
t−m2ψ(1)t , respectively, and hence the estimate for this case is the same as the proof for
the case where α = (α1 , α2)with 0 < α1 , α2 ≤ 1. We leave the details to the reader. _e
proof of _eorem 1.6 is concluded.

4 Proof of Theorem 1.7

We ûrst show that if f ∈ Lipαflag with α = (α1 , α2), α1 , α2 > 0, then there exists a
sequence { fn} such that fn ∈ L2 ∩ Lipαflag and fn converges to f in the distribution
sense. Moreover, ∥ fn∥Lipα

flag
≤ C∥ f ∥Lipα

flag
, where the constant C is independent of fn

and f . To do this, note that, by _eorem 1.5, for each f ∈ Lipαflag ,

f (z, u) = ∫
∞

0
∫

∞

0
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t
,

where the integral converges in S′flag(Hn). Set

fn = ∫
n

n−1 ∫
n

n−1
ψs ,t ∗ ψs ,t ∗ f (z, u)

ds
s
dt
t
.

Obviously, fn ∈ L2 and converges to f in the distribution sense. To see that fn ∈
Lipαcom , by _eorem 1.6,

∥ fn∥Lipα
flag

≤ C sup
s ,t>0
(z ,u)∈Hn

s−α1 t−α2 ∣ψs ,t ∗ fn(z, u)∣.

Note that

ψs ,t ∗ fn(x) = ∫
n

n−1 ∫
n

n−1
ψs ,t ∗ ψs′ ,t′ ∗ ψs′ ,t′ ∗ f (z, u)

ds′

s′
dt′

t′
.

By an estimate given in [14], that there exists a constant C = C(M) depending only
on M such that if (s ∨ s′)2 ≤ t ∨ t′ , then

∣ψs ,t ∗ ψs′ ,t′(z, u)∣ ≤

C( s
s′
∧ s′

s
)

2M
( t
t′
∧ t′

t
)

M (s ∨ s′)2M

(s ∨ s′+∣z∣)2n+2M
(t ∨ t′)M

(t ∨ t′+∣u∣)1+M ,

and if (s ∨ s′)2 ≥ t ∨ t′ , then

∣ψs ,tψs′ ,t′(z, u)∣ ≤

C( s
s′
∧ s′

s
)

M
( t
t′
∧ t′

t
)

M (s ∨ s′)M

(s ∨ s′+∣z∣)2n+M
(s ∨ s′)M

(s ∨ s′+
√

∣u∣)2+2M
.

_ese estimates imply that if M > α1 ∨ α2 ,
s−α1 t−α2 ∣ψs ,t ∗ fn(z, u)∣

≤ Cs−α1 t−α2 ∫
∞

0
∫

∞

0
( s
s′
∧ s′

s
)

M
( t
t′
∧ t′

t
)

M
(s′)α1(t′)α2 ds

′

s′
dt′

t′
∥ f ∥Lipflag

≤ C∥ f ∥Lipflag ,

which implies that ∥ fn∥Lipα
flag

≤ C∥ f ∥Lipα
flag

.
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Now we claim that if f ∈ L2 and T = K ∗ f is a �ag singular integral operator on
Hn with a �ag kernel K as given in [23], then

∥T( f )∥Lipα
flag

≲ ∥ f ∥Lipα
flag

.

Indeed, by _eorem 1.6,

∥T( f )∥Lipα
flag

≲ sup
s ,t>0
(z ,u)∈Hn

s−α1 t−α2 ∣ψs ,t ∗ T( f )(z, u)∣.

Observe that, by a result in [23], T is bounded on L2(Hn), and hence

ψs ,t ∗ T( f )(z, u) = ∫
∞

0
∫

∞

0
ψs ,t ∗ K ∗ ψs′ ,t′ ∗ ψs′ ,t′ ∗ f (z, u)

ds′

s′
dt′

t′
.

Again, By a result in [23], K(z, u) = ∫R K♯(z, u − v , v)dv , where K♯(z, u, v), (z, u) ∈
Hn , v ∈ R, is a product singular integral kernel on Hn ×R. Note that

ψs ,t ∗ K ∗ ψs′ ,t′(z, u) = ∫
R
Ψs ,t ∗Hn×R K♯ ∗Hn×R Ψs′ ,t′(z, u − v , v)dv ,

where πΨs ,t = ψs ,t .
Applying the classical almost orthogonal estimates with Ψs ,t ,K♯ and Ψs′ ,t′ on

Hn ×R, we have that for any positive integer M ,

∣Ψs ,t ∗Hn×R K♯ ∗Hn×R Ψs′ ,t′((z, u), v) ∣ ≲

C( s
s′
∧ s′

s
)

2M
( t
t′
∧ t′

t
)

M (s ∨ s′)4M

((s ∨ s′)2+∣z∣2 + ∣u∣)n+1+2M
(t ∨ t′)2M

(t ∨ t′+∣v∣)1+2M .

_us, we obtain that there exists a constant C = C(M) depending only on M such
that if (s ∨ s′)2 ≤ t ∨ t′ , then

∣ψs ,t ∗Hn ∗K ∗Hn ψs′ ,t′(z, u)∣ ≤

C( s
s′
∧ s′

s
)

2M
( t
t′
∧ t′

t
)

M (s ∨ s′)2M

(s ∨ s′+∣z∣)2n+2M
(t ∨ t′)M

(t ∨ t′+∣u∣)1+M ,

and if (s ∨ s′)2 ≥ t ∨ t′ , then

∣ψs ,t ∗Hn ∗K ∗Hn ψs′ ,t′(z, u)∣ ≤

C( s
s′
∧ s′

s
)

M
( t
t′
∧ t′

t
)

M (s ∨ s′)M

(s ∨ s′+∣z∣)2n+M
(s ∨ s′)M

(s ∨ s′+
√

∣u∣)2+2M
.

_ese estimates imply that if M > α1 ∨ α2 ,

s−α1 t−α2 ∣ψs ,t ∗ T( f )(z, u)∣

≤ Cs−α1 t−α2 ∫
∞

0
∫

∞

0
( s
s′
∧ s′

s
)

M
( t
t′
∧ t′

t
)

M
(s′)α1(t′)α2 ds

′

s′
dt′

t′
∥ f ∥Lipflag

≤ C∥ f ∥Lipflag ,

which yields the proof of the claim.
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We now extend T to Lipαflag as follows. First, if f ∈ Lipαflag, then, as mentioned
above, there exists a sequence { fn}n∈Z ∈ L2 ∩ Lipαflag such that fn converges to f in
the distribution sense and ∥ fn∥Lipα

flag
≤ C∥ f ∥Lipα

flag
. It follows from the claim that

∥T( fn) − T( fm)∥Lipα
flag

≤ C∥ fn − fm∥Lipα
flag
,

and hence T( fn) converges in the distribution sense. We now deûne

T( f ) = lim
n→∞

T( fn)

in the distribution sense. We obtain, by _eorem 1.6 and the above claim,

∥T( f )∥Lipα
flag

≲ sup
s ,t>0
(z ,u)∈Hn

s−α1 t−α2 ∣ψs ,t ∗ T( f )(z, u)∣

≲ sup
s ,t>0
(z ,u)∈Hn

s−α1 t−α2 ∣ lim
n→∞

ψs ,t ∗ T( fn)(z, u)∣

≲ lim inf
n→∞

sup
s ,t>0
(z ,u)∈Hn

s−α1 t−α2 ∣ψs ,t ∗ T( fn)(z, u)∣

≲ lim inf
n→∞

∥ fn∥Lipα
flag

≲ ∥ f ∥Lipα
flag

.

_e proof of _eorem 1.7 is concluded.
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