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Abstract

There are several factors that can cause the excessive accumulation of biofluid in human
tissue, such as pregnancy, local traumas, allergic responses or the use of certain thera-
peutic medications. This study aims to further investigate the shear-dependent peristaltic
flow of Phan–Thien–Tanner (PTT) fluid within a planar channel by incorporating the
phenomenon of electro-osmosis. This research is driven by the potential biomedical
applications of this knowledge. The non-Newtonian fluid features of the PTT fluid
model are considered as physiological fluid in a symmetric planar channel. This study is
significant, as it demonstrates that the chyme in the small intestine can be modelled as
a PTT fluid. The governing equations for the flow of the ionic liquid, thermal radiation
and heat transfer, along with the Poisson–Boltzmann equation within the electrical
double layer, are discussed. The long-wavelength (δ � 1) and low-Reynolds-number
approximations (Re→ 0) are used to simplify the simultaneous equations. The solutions
analyse the Debye electronic length parameter, Helmholtz–Smoluchowski velocity,
Prandtl number and thermal radiation. Additionally, streamlines are used to examine
the phenomenon of entrapment. Graphs are used to explain the influence of different
parameters on the flow and temperature. The findings of the current model have
practical implications in the design of microfluidic devices for different particle
transport phenomena at the micro level. Additionally, the noteworthy results highlight
the advantages of electro-osmosis in controlling both flow and heat transfer. Ultimately,
our objective is to use these findings as a guide for the advancement of lab-on-a-chip
systems.
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1. Introduction

Peristalsis is the term used to describe the rhythmic, wave-like movement of chyme
through the small intestine. Conversely, segmentation refers to the contraction of
circular smooth muscles, which causes pinching and aids in mechanical digestion.
This process is responsible for the movement of fluid in a flexible tube. Peristalsis
is one of the main physiological processes involved in fluid movement. It can be
found in both animal and human bodies, facilitating the transport of urine from
the kidney to the bladder, vasomotion in tiny blood vessels, the passage of chyme
through the gastrointestinal system and the movement of sanitary fluids, among other
functions. Latham, in 1966 [22], conducted a significant theoretical investigation on
peristalsis, marking a milestone in understanding this phenomenon. Several studies
have been reported on the peristaltic flow of both Newtonian and non-Newtonian
fluids in different geometrical configurations [1, 3, 5, 23, 25, 27]. These recent contri-
butions from various authors have greatly advanced our understanding of peristaltic
transport, considering the impact of diverse physical features across different flow
geometries.

Modern fluid mechanics has witnessed a significant growth in the field of
electro-kinetic transfer. This area of study focuses on the interaction between
electrolytic fluids and external electric fields, whether they are static or alternating.
Researchers explore these phenomena through experimental methods and analysis,
uncovering a range of intricate and captivating observations. These include the
distribution of charges, behaviour of wetted surfaces, zeta potentials and electric
double layers. Additionally, the field of electro-kinetics encompasses other phenomena
such as electro-osmosis, electrophoresis and diffusiophoresis, which are particularly
relevant when considering chemical gradients. Specifically, electro-osmosis occurs
when a fluid flows, while a solid surface remains stationary in the presence of an
electric field. This phenomenon is commonly observed in various diseases, cellular
abnormalities, drug delivery test kits based on cells, sickle cell disease and other
medical conditions. The electro-kinetic phenomena known as electro-osmotic flow or
electro-osmosis were first described by Reuss [32] in 1809. It refers to the movement
of fluid in a conduit, such as a capillary tube or microchannel, when a strong
external electric field is applied. When a charged solid surface comes into contact
with water or a watery solution, negative charges will appear on the surface. The
positive ions in the liquid will then be attracted to the surface, while the negative
ions will resist it. This creates a thin layer called the electrical double layer (EDL)
with an imbalanced charge. When the electric field is parallel to the solid surface, the
positively charged EDL will move in the direction of the electric field. Haung et al.
[18] described the electro-osmotic flow in capillaries using a monitoring technique.
Gravesen et al. [14] conducted a comprehensive review on the various applications
of microfluidics. Haswell [15] focused on the progressive aspects of micro-flows
in relation to electro-osmotic flow. There is now a wealth of literature available on
electro-osmosis in different flow patterns [4, 20, 41].
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In recent years, there has been significant growth in the mathematical modelling
of electro-osmotic phenomena due to peristaltic activity. This growth is driven by
the clinical and commercial synthesis of electro-osmotic devices, as simulation plays
a crucial role in advancing this field. Chakraborty [9] was the first to elucidate the
peristalsis phenomenon in electro-osmotic flow. Through this approach, investigations
have made valuable contributions to our understanding of the peristaltic transport
of non-Newtonian fluids in different fluid models [6, 13, 24, 33, 36, 37, 40]. The
reliability of a non-Newtonian fluid model depends on the power or applied stress.
Unlike Newtonian fluids, non-Newtonian fluids cannot be characterized by a single
constant viscosity due to their complex nature. They can include liquid polymer ions,
colours, blood and other polymer configurations. In these fluids, there is a nonlinear
relationship between strain rate and shear pressure, which can be time-dependent.
Consequently, it is not possible to establish a constant coefficient of thickness.
Understanding the behaviour of non-Newtonian fluids is crucial in various mechanical
and design processes, such as oil penetration, paper manufacture, glass blowing, plastic
sheet development, food handling, formation of organic liquids, heat pipes, vapour
distribution and active cooling.

For studying the rheological behaviour of fluids, the Pan–Thien–Tanner (PTT)
liquid model is considered to be the most appropriate. The PTT liquid model
is a unique model that demonstrates both shear thinning and viscoelasticity. The
PTT constitutive equation accurately predicts the rheology of concentrated polymer
solutions. Recent advancements have resulted in significant practical applications for
studying peristaltic transport using PTT liquid in various geometrical shapes across
multiple industries and physiological fields. This mechanism is used in the medical and
physiological sectors to develop artificial heart-lung machines, and ensure the secure
disposal of hazardous liquids by nuclear companies, among other applications. Abd El
Naby [2] discussed the peristaltic propulsion of PTT fluid in creeping flow, considering
the constraints of long wavelength. Hayat et al. [16] conducted an analysis on peristaltic
activity in a planar channel using PTT fluid. Prakash and Tripathi [29] studied the flow
of PTT fluid under the influence of peristalsis in an asymmetric channel. Vajravelu
et al. [39] simulated peristaltic flow and heat transfer of a conductive PTT fluid in
an asymmetric channel, mimicking the movement of chyme in the small intestine.
Hussain et al. [19] examined the effects of the peripheral layer and electro-osmotic
force on the peristaltic flow of the PTT fluid. Mahadev and Mohanta [23] explored the
impact of thermal radiation on the PTT liquid model, considering peristaltic activity
and cilia waves. Butt et al. [7] discussed the analysis of heat transfer in peristaltic
flow caused by cilia’s metachronal wave in a PTT fluid. Heat transfer has recently
garnered attention due to its potential applications in physiology, engineering and
business. Specifically, the flow of blood, heat conduction in tissue, convective heat
conduction through blood movement within tissue and the diffusion of nutrients
from the blood are all crucial components of peristaltic processes that rely on heat
transmission. Relevant courses on heat transport in peristalsis include haemodialysis
and oxygenation. In recent times, there has been extensive research on peristalsis with
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heat transmission, and many of these studies are accessible. Channakote and Asha
[10] examined the peristaltic motion of fractional second-grade fluid regulated by
electro-osmosis. Rathod and Mahadev [31] discussed heat transfer in the peristaltic
flow of fractional second-grade fluid. Channakote and Kalse [12] investigated the
effects of convective and viscous dissipation on peristaltic flow of Ellis fluid in a
nonuniform tube. They also [11] explored the peristaltic flow of Rabinowitsch fluid
in a channel with a permeable wall under the influence of heat transfer. Several other
notable studies in this area can be found in the literature [8, 26, 28, 34].

Radiation and conduction are the primary prerequisite mechanisms in the heat
transfer process. Due to the pool of thermal radiation energy, which all matter
accumulates and has a temperature of zero, thermal radiation is a powerful energy
that is amplified by matter as magnetic waves. However, in certain situations, the
amount of heat exchanged through radiation may be a very small fraction of the
total, and therefore can be disregarded. The relative importance of different heat
transport mechanisms varies greatly with temperature. Conduction and convectional
heat transmission are primarily influenced by the temperature difference and are
not significantly affected by the surrounding temperature. In contrast, radiation does
not require an intermediary medium for heat transmission, unlike conduction and
convection. The amount of thermal radiation emitted by a human body is influenced by
its surface condition and temperature. When a body is heated, it emits radiant energy
that extends slightly beyond the apparent range of wavelengths. This phenomenon
has been studied in various applications such as nuclear power plants, boilers, engine
cooling processes, and furnaces. Kothandapani and Prakash [21] discussed the effects
of heat radiation on peristaltic transportation. Rafiq and Abbas [30] examined the
impact of thermal radiation and viscous dissipation on the peristaltic flow of the
Rabinowitsch viscoelastic fluid in a nonuniform inclined tube. Sunitha and Asha [35]
investigated the influence of heat radiation on the peristaltic blood motion of a Jeffrey
liquid containing double diffusion with gold nanoparticles. Hayat et al. [17] provided
insights into the magneto nanofluid flow in a porous channel with the combination of
radiative peristaltic flow and thermal radiation.

The aim of this study is to use the PTT fluid model in a two-dimensional symmetric
channel with electro-osmotic phenomenon in peristalsis, inspired by the efficiency
of the aforementioned effects. The study focuses on the effects of heat transfer and
thermal radiation on peristaltic transport. It is important to note that the PTT liquid has
consequences for shear thickening, shear thinning and time relaxation properties. The
main focus of the study is to analyse the liquid rheology, Helmholtz–Smoluchowski
velocity (Uhs) effects and Debye length effects in the complex flow structure. The
resulting equations are quantitatively determined using MATHEMATICA software. The
effects of various parameters on velocity, temperature, pressure rise and trapping
phenomenon are discussed in the graph. This research has significant implications
for lab-on-chip systems used for diagnostics, where fluids are studied and their transit
may be stimulated by an external electric field. Electro-osmotic pumps provide high
pressure and flow without the need for mechanical components. The model and
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the obtained results are associated with the pumping phenomenon in organs and
vessels.

2. Constitutive equations

The behaviour of an extra stress tensor for the linear PTT fluid model is (as seen in
[16, 39])

T = −pI + τ,

f (tr(τ))τ + Kτ∇ = 2μD,

τ∇ =
dτ
dt
− τ.L′ − L.τ,

f (tr(τ)) = 1 +
εκ

μ
tr(τ),

where L = grad V .
In the above equations, p is the pressure, I is the identity tensor, μ is the dynamic

viscosity, τ is the extra stress tensor,D is the deformation rate tensor, K is the relaxation
time, τ∇ denotes Oldroyds’s upper convected derivative, d/dt is the material time
derivative, tr is the trace, V is the velocity vector and prime indicates the transpose.
It is significant to note that when the extensional parameter is zero, the PTT model
simplifies to an upper convicted Maxwell model.

3. Mathematical formulation

The geometric model of the electro-osmotic peristaltic flow of incompressible
viscoelastic fluid in the current study is illustrated in Figure 1. We choose
the electro-osmotic flow of a PTT (aqueous ionic solution) fluid through a
two-dimensional channel of finite length (L) and uniform thickness of (2a), with
wavelength λ and wave speed C. The Cartesian coordinate system (x, y) is used
in such a way that propagation of the wave is along the x-axis, and the y-axis is
considered perpendicular to the direction of the flow. Motion is generated due to
propagation of an infinite wave train travelling along the channel wall with speed C.
The electro-osmotic flow occurs by the applied external electric field Ex that flows
parallel to the channel walls. As a result, the channel experiences electro-osmotic flow
as the positive (cations) and negative (anions) ions form the EDL.

The simulation involves the geometry of deforming channel walls:

h(x̄, t̄) = a + b sin
(2π
λ

(X̄ − Ct̄)
)
. (3.1)

Here, b, C, a and t stand for wave amplitude, wave velocity, half-width of the channel
and time, respectively.
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FIGURE 1. Geometry of the problem.

The motion is unsteady because of the moving boundary in the stationary frame
(X̄, Ȳ). However, it can be viewed as steady in the moving frame (x̄, ȳ). As a result, we
can represent the transformations between the fixed and wave frames:

x̄ = X̄ − Ct̄, ȳ = Ȳ , ū(x̄, ȳ) = Ū − C, v̄(x̄, ȳ) = v̄, p̄(x̄) = P̄(X̄, t̄).

The fundamental equations of continuity, momentum equations with temperature and
thermal radiation may be constructed in accordance with the aforementioned [16, 39].

The equations, which can govern the present flow circumstances, are as follows:

∂ū
∂x̄
+
∂v̄
∂ȳ
= 0, (3.2)

ρ
(
ū
∂ū
∂x̄
+ v̄

∂ū
∂ȳ

)
= −∂p̄

∂x̄
+
∂τ̄xx

∂x̄
+
∂τ̄xy

∂ȳ
+ ρ̄eĒx, (3.3)

ρ
(
ū
∂v̄
∂x̄
+ v̄

∂v̄
∂ȳ

)
= −∂p̄

∂ȳ
+
∂τ̄yx

∂x̄
+
∂τ̄yy

∂ȳ
+ ρ̄eĒy, (3.4)

ρcp

(
ū
∂T̄
∂x̄
+ v̄

∂T̄
∂ȳ

)
= k
(
∂2T̄
∂x̄2 +

∂2T̄
∂ȳ2

)
+ τ̄xx

∂ū
∂x̄
+ τ̄yy

∂v̄
∂ȳ
+ τ̄xy

(
∂ū
∂ȳ
+
∂v̄
∂x̄

)
+
∂

∂ȳ
(q̄r), (3.5)

f τ̄xx + k
(
ū
∂τ̄xx

∂x̄
+ v̄

∂τ̄xx

∂ȳ
− 2

∂ū
∂x̄
τ̄xx − 2

∂ū
∂ȳ
τ̄xy

)
= 2μ

∂ū
∂x̄

, (3.6)

f τ̄yy + k
(
ū
∂τ̄yy

∂x̄
+ v̄

∂τ̄yy

∂ȳ
− 2

∂v̄
∂x̄
τ̄yx − 2

∂v̄
∂ȳ
τ̄yy

)
= 2μ

∂ū
∂ȳ

, (3.7)

f τ̄zz + k
(
ū
∂τ̄zz

∂x̄
+ v̄

∂τ̄zz

∂ȳ

)
= 0, (3.8)
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f τ̄xy + k
(
ū
∂τ̄xy

∂x̄
+ v̄

∂τ̄xy

∂ȳ
− ∂v̄
∂x̄
τ̄xx −

∂ū
∂x̄
τ̄xy −

∂ū
∂ȳ
τ̄yy

)
= μ
(
∂ū
∂ȳ
+
∂v̄
∂x̄

)
, (3.9)

f = 1 +
εk
μ

(τ̄xx + τ̄yy + τ̄zz). (3.10)

Here, ρ̄eĒx represents the electro-kinetic body force, p̄ represents the pressure, ε is
the PTT fluid parameter, τ̄ is the stress tensor, T̄ is the temperature, k denotes the
thermal conductivity, ū, v̄ are the respective velocity components in the radial y- and
axial x-directions, cp is the specific heat constant at pressure, μ is the viscosity, and ρ
is the density of the fluid.

Using Rosseland’s approximation [39], the radiative heat flux (qr) is defined as

qr =
−4σ̄
3k̄

∂T̄∗

∂ȳ
and q = −κ∇T . (3.11)

Here σ, k and q stand for the Stefan–Boltzman constant, thermal conductivity and
vector of local heat flux, respectively. We also suppose that the temperature of the fluid
within the flow region is sufficiently small. By expanding T4 about T0 and ignoring
the higher order term obtained,

T4
0 = 4T3

0 T − 3T4
0 , (3.12)

and the above appearance and equation (3.11) now yield

qr = −
16σT̄3

3κμcf

∂T̄
∂ȳ

. (3.13)

From the Gauss law,

∇.Ē =
ρ̄e

ε
, (3.14)

where

Ē = −∇Φ. (3.15)

Using equation (3.14) in equation (3.15) gives the equation for electrical potential
distribution as

∇2Φ = − ρ̄e

ε
, (3.16)

in which ρ̄e and ε are the density of the total ionic energy and electric permittivity,
respectively. The ions and counter-ions have the equal charge valance z+ = z− = z for
a symmetric electrolyte.

Thus, the total density of the ionic charge is given by

ρ̄e = ez(n̄+ − n̄−), (3.17)

where e and z stands for elementary charge and charge balance, respectively. The
cations (positive) n̄+ and anions (negative) n̄− have bulk concentration (number
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density). The charge number density must be determined to establish the potential
distribution. The Nernst–Plank equation is used to define the distribution of ions inside
the fluid as given by Tripathi et al. [38]:

∂n̄±
∂t̄
+ ū

∂n̄±
∂x̄
+ v̄

∂n̄±
∂ȳ
= D
(
∂2n̄±
∂x̄2 + v̄

∂2n̄±
∂ȳ2

)
± Dez

TeKB

[
∂

∂x̄

(
n̄±
∂Φ̄

∂x̄

)
+
∂

∂ȳ

(
n̄±
∂Φ̄

∂ȳ

)]
. (3.18)

Here it is presumed that for both species, the ionic diffusion coefficients are equal and
that the mobility of the species is determined by the Einstein formula where D is the
diffusion coefficient, KB is the Boltzmann constant and Te is the average temperature
of the electrolytic solution.

Equation (3.16) is determined as follows in this limit:

∂2Φ

∂y2 = −m2
(n+ − n−

2

)
, (3.19)

where m = aez
√

2n0/εKBTe = a/λd is known as the Debye–Hückel parameter [16], λd

is the EDL or the Debye length. Additionally, the simplified Nernst–Planck equations
are intended to provide the ionic distribution:

∂2n+
∂y2 ±

∂

∂y

(
n±
∂Φ

∂y

)
= 0. (3.20)

Equation (3.20) with bulk n± = 1 at Φ = 0, ∂n±/∂y = 0 at ∂Φ/∂y = 0, yields the
Boltzmann distribution for the ions:

n± = e±Φ. (3.21)

Substituting equation (3.21) into equation (3.20), one gets the Poisson–Boltzmann
paradigm for calculating the distribution of electrical potentials

∂2Φ

∂y2 = −m2 sinh(Φ). (3.22)

Equation (3.22) has to be simplified to proceed with the analysis further. Under
Debye–Hückel’s linearization [36] (that is, Φ < 25 mV over a large pH range),
sinh(Φ) ≈ Φ. Consequently, equation (3.22) may be reduced to

∂2Φ

∂y2 = −m2Φ. (3.23)

Employing the boundary conditions ∂Φ/∂y = 0 at y = 0, and Φ = 1 at y = h to solve
equation (3.23),

Φ =
cosh(my)
cosh(mh)

, (3.24)

where the electro-osmotic parameter is denoted by m = a/λD.
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The condition in equation (3.1) can be written as

h = 1 + φ sin(2πx). (3.25)

We introduce some nondimensional parameters as follows:

We =
kc
a

, u =
ū
C

, v =
v̄

Cδ
, x =

x̄
λ

, y =
ȳ
a

, h =
h̄
a

, δ =
a
λ

, p =
p̄a2

μcλ
, θ =

T̄ − T̄0

T̄0
,

n =
n̄
n0

, t =
Ct̄
λ

, pr =
μcp

K
, Ec =

C2

cf (T̄0)
, φ =

b
C

, τij =
aτ̄ij

Cμ
, Uhs = −

ψεĒx

μC
,

Br = Ecpr, Re =
ρCa
μ

, Φ =
Z̄eΦ

KBTe
, Rd = −16δT̄3

3κμcf
,

where δ is the wave number, We is the Weissenberg number, Re is the Reynolds
number, Br is the Brinkmann number, pr is the Prandtl number and Uhs is the
Helmholtz–Smoluchowsky velocity.

Using the aforementioned nondimensional parameters and in accordance with the
assumptions of large wave length (δ � 1), low Reynolds number (Re � 1) and the
Debay–Hückel linearization, the fundamental equations (3.3)–(3.10) can be scaled in
the form:

∂p
∂x
=
∂τxy

∂y
− m2Uhs

∂2Φ

∂y2 , (3.26)

∂p
∂y
= 0, (3.27)

f τxx = 2We
∂u
∂y
τxy, (3.28)

f τyy = 0 = f τzz, (3.29)

f τxy = We
∂u
∂y
τyy +

∂u
∂y

, (3.30)

and

(1 + prRd)
∂2θ

∂y2 = −Brτxy
∂u
∂y

. (3.31)

The appropriate nondimensional boundary conditions are
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂u
∂y
= 0, v = 0 at y = 0,

u = −1, v = −dh
dx

at y = h,
(3.32)

∂θ

∂y
= 0 at y = 0, and θ = 1 at y = h. (3.33)

https://doi.org/10.1017/S1446181124000075 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181124000075


86 M. M. Channakote, Shekar M. and V. K. Dilipkumar [10]

3.1. Volume flow rate In the laboratory frame, the following is the expression of
the dimensional volume flow rate:

Q =
∫ h̄

0
Ū(X̄, Ȳ , t̄) dȲ , (3.34)

where h̄ = h̄(X̄, t̄). In the wave frame of reference, the above equation reduces to

q =
∫ h̄

0
u(x̄, ȳ) dy, (3.35)

in which h̄ = h̄(x̄).
From equations (3.1), (3.34) and (3.35),

Q = q + Ch̄(x).

The time averaged value over a fixed frame X̄ is

Q̄ =
1
T

∫ T

0
Q dt,

which, after using equation (3.35) and performing integration, leads to

ϕ = F + 1,

where

ϕ =
Q̄
aC

,

F =
q

aC
=

∫ h

0
u dy.

(3.36)

Equation (3.29) reveals that τyy = τzz = 0, and the stress tensors’ trace changes to τxx.
Substituting equations (3.23) and (3.24) into equation (3.26), and solving with the
boundary conditions τxy = 0 at y = 0 (the line of symmetry),

τxy = y
dp
dx
− mUhs

sinh(my)
cosh(hm)

. (3.37)

With the aid of equations (3.29) and (3.30), we can write

τxx = 2εWeτ
3
xy.

From equations (3.10), (3.29) and (3.30),

∂u
∂y
= τxy + 2εW2

e τ
3
xy. (3.38)

Substituting equation (3.37) into equation (3.38),

∂u
∂y
= y

dp
dx
− mUhs

sinh(my)
cosh(hm)

+ 2εW2
e

(
y

dp
dx
− mUhs sinh(my)

cosh(hm)

)3
. (3.39)

https://doi.org/10.1017/S1446181124000075 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181124000075


[11] Electro-osmotic effect on peristaltic flow of PTT fluid in a planar channel 87

4. Analytical solutions

Employing the boundary conditions in equation (3.32) to solve equation (3.39),

u =
1
12

[
6
{
− 2 − h2 dp

dx
+

dp
dx

y2 +

(dp
dx

)3
(y4 − h4)εWe

}
+ L1 + L2 + L3

]
. (4.1)

Using equation (3.36) in equation (4.1),

F = −h − h3

3
dp
dx
− 2

5
h5
(dp

dx

)3
εWe +

Uhs

36m3 [36m2(hm − tanh(hm)) + L4 + L5 + L6].

(4.2)

Due to nonlinearity, it is difficult to obtain the analytical solution to equation (4.2).
As a result, the solution is obtained using the standard perturbation approach. We
expand dp/dx in terms of the parameter (|We|) to use the perturbation approach as
follows:

dp
dx
= p0 +Wep1. (4.3)

The solution of equation (4.2) using equation (4.3) is given by

dp
dx
=

1
30h9m5 [−90h6m5(F + h) + Uhs(tanh(hm) − hm)] + εWe(972h2(F + h)3m5)

+ L7 − L8 + L9 + L10 + L11

+ (29160 + 13608h2m2 + 405h4m4 − 130h6m6) tanh(hm), (4.4)

where

L1 = Uhs

[
12 − 12

cosh(my)
cosh(hm)

+
ε

m2

{
72
(dp

dx

)2(
2 + h2m2 −

{
(2 + m2y2) cosh(my)

+ 2m(h sinh(hm) − y sinh(my))
} 1

cosh hm

)}]
,

L2 = 9m2 dp
dx

[cosh(2hm) + 2m{m(h2 − y2) − h sinh(2hm) + y sinh(2my)}] Uhs

cosh2(hm)
,

L3 = 2m4[cosh(3hm) − 9 cosh(hm) + 9 cosh(my) − cosh(3my)]
U2

hsWe

cosh(hm)
,

L4 = εWe

[
9m2 dp

dx
{4h3m3 + 6hm cosh(2hm) − 3(1 + 2h2m2) sinh(2hm)} Uhs

cosh2(hm)

]
,

L5 = 2m4[3hm cosh(3hm) − 27hm cosh(hm) + 27 sinh(hm) − sinh(3hm)]
U2

hs

cosh3(hm)
,

L6 = 216
(dp

dx

)2
[hm(6 + h2m2) − 3(2 + h2m2) tanh(hm)],

L7 = 1944(F + h)2m2Uhs(hm(15 + m2h2) − 3(5 + 2h2m2) tanh(hm),
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L8 = 27(F + h)mU2
hs

[
6h2m2(360 + 47m2h2) + (2h2m2 − 3)

5h4m4

cosh2(hm)

− 3hm(1440 + 413h2m2 + 10h4m4) tanh(hm)
]
,

L9 = 108(20 + 9h2m2) tanh(hm)2,

L10 = U3
hs[87480hm + 60669h3m3 + 5508h5m5 + 60h7m7 − 29160 + 101088h2m2

+ 22599h4m4 + 830h6m6] tanh(hm),

L11 =
9hm(−9720 − 3501h2m2 − 135h4m4 + 10h6m6)

cosh2(hm)
.

The results shown above are in line with the findings of Hayat et al. [16] when m
and Uhs approach zero.

The solution for temperature is obtained by solving equation (3.31) with equation
(4.1) and boundary conditions in equation (3.33),

θ =
1

1080m4(1 + prRd)

[
90m4

(
12(1 + prRd) + Br

(dp
dx

)2
(h4 − y4)

)

+ Br
dp
dx

{
72m4

(dp
dx

)3
(h6 − y6)εWe + 135m2 dp

dx
ε
(
(9 + 6h2m2)

cosh(2hm)

cosh2(hm)

− 3(3 + 2m2y2) cosh(2my)+2m(m3(y4 − h4)−6h sinh(2hm) + 6y sinh(2my))
)
U2

hsWe

− 20m4ε
(
162 cosh(hm) − 2 cosh(3hm) − 162 cosh(my) + 2 cosh(3my)

+ 3m{−27h sinh(hm) + h sinh(3hm) + 27y sinh(my) − y sinh(3my)}
) U3

hsWe

cosh3(hm)

+ 1080Uhs

(
m2{2 + (−2 cosh(my) − hm sinh(hm))} + my sinh(my)

cosh(hm)

+ 6
(dp

dx

)2
ε
{
6(4 + h2m2) cosh(hm) − 6(4 + m2y2) cosh(my)

− hm(18 + h2m2) sinh(hm) + my(18 + m2y2) sinh(my)
} We

cosh(hm)

)}]
.

From equation (4.4), the pressure difference over one wavelength is computed as

Δp =
∫ 1

0

∂p
∂x

dx.

We now introduce the stream function Ψ as

u =
∂Ψ

∂y
, v = −∂Ψ

∂x
.
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5. Numerical results and discussion

In this section, we visually display the exact solutions that were computed in
the previous section. This allows us to examine the effects of various influential
parameters on the flow profile, such as Weissenberg number (We), PTT parameter
(ε), Helmholtz–Smoluchowski velocity (Uhs), electro-osmotic parameter (m), thermal
radiation parameter (Rd) and Prandtl number (pr). These parameters affect the
temperature profile, velocity profile and pressure gradient.

The graphical plots in this section demonstrate the validity of the mathematical
solutions and enable a more detailed analysis of the current work. Specifically,
the velocity and temperature profiles clearly show that the boundary conditions we
used in our situation were valid. The calculated mathematical solutions satisfy the
accompanying equations and pertinent boundary conditions. It is worth noting that
the axial velocity profiles exhibit a parabolic shape, which is a typical characteristic
of no-slip flow. In this type of flow, the velocity is zero at the walls and reaches its
maximum in the centre of the microchannel.

Figures 2(a)–(e) depict the analysis of velocity behaviour for different physical
parameters in the obtained results. Figure 2(a) illustrates the velocity distributions
for the Weissenberg number (We). It is evident that higher values of We lead to a
substantial decrease in fluid velocity. This phenomenon occurs because it assesses
the relaxation time of the fluid in relation to a specific process time. As a result,
the Weissenberg number decreases the velocity of the fluid while simultaneously
increasing its thickness. From Figure 2(b), it is evident that the velocity of the PTT
liquid model is directly proportional to the mean flow rate, F. The graph clearly
shows that as the intensity of the elastic force, F, increases, the velocity of the fluid
also increases. Figure 2(c) is plotted to observe the effect of the parameter ε (which
represents the extensibility of the fluid) on the velocity field. This graph indicates that
the velocity, u, decreases as the value of ε increases. Figure 2(d) illustrates that an
increase in the electro-osmotic parameter, m, reduces the amplitude of fluid velocity
at the centre of the channel (y = 0). The electro-osmotic parameter demonstrates that
the velocity profile acts as a declining function, although it has a greater influence
on fluid velocity. This demonstrates that the electric field enforced along the length
of the channel significantly influences controlled haemodynamics. It is evident that
the electric field primarily controls the flow in this scenario, and by increasing the
electro-kinetic parameter, m, we can regulate the speed of the fluid. This trend is caused
by the presence of the electric double layer, which inhibits fluid flow. The argument
against the Helmholtz–Smoluchowski parameter based on velocity is illustrated in
Figure 2(e). It demonstrates that an increase in Uhs velocity leads to a decrease.
Therefore, the main purpose of the axial electric field is to control the flow. When
Uhs = 0, there is no electro-osmosis happening during the peristaltic motion of the PTT
fluid. The fluid velocity decreases as the EDL thickness increases due to the physical
determination of Uhs. Consequently, the presence of EDL results in a reduction in fluid
flow.
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(a) (b)

(c) (d)

(e)

FIGURE 2. Variations of the velocity concerning the y-axis for changed values for (a) Weissenberg
number We, (b) elastic force (F), (c) PTT parameter (ε), (d) electro-osmotic parameter (m) and (e)
Helmholtz–Smoluchowski velocity Uhs.

To gain insights into the presumed research, we discuss the influence of different
constraints on temperature. Figures 3(a)–(f) illustrate the impact of various parameters
on temperature distribution. Figure 3(a) depicts the variation in temperature profile
with We. According to Figure 3(a), it is evident that the temperature reaches its
maximum value near the centre of the channel and its minimum value near the walls.
This graph clearly shows that when the elastic forces are greater than the viscous
forces (We > 1), the temperature of the liquid significantly decreases. Figure 3(b)
demonstrates the effects of increasing the thermal radiation Rd on temperature θ. It is
observed that the temperature magnitude decreases as Rd increases. This is due to the
inverse relationship between heat radiation and thermal conduction (K). This indicates
that when the system’s heat radiation is at its highest, the fluid’s ability to transmit heat
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(a) (b)

(c) (d)

(e) (f)

FIGURE 3. Variations of temperature θ concerning the y-axis for changed values for (a) Weissenberg
number We, (b) thermal radiation Rd, (c) Prandtl number (pr), (d) electroosmotic parameter (m), (e)
Helmholtz–Smoluchowski velocity Uhs and (f) Brinkman number (Br).

is reduced. Figure 3(c) is plotted to reveal the impacts of Prandtl number pr on heat
transfer coefficient. Figure 3(c) indicates that increase in Prandtl number pr slightly
decreases the fluid temperature. In Figure 3(d), the electro-osmotic parameter m is
plotted against the temperature distribution. The graph shows that as m increases, there
is a decline in temperature. This indicates that the relationship between temperature
and the electro-kinetic parameter is significant in regulating the heat transfer process.
Therefore, it can be concluded that the electric field plays a primary role in controlling
heat transmission. Figure 3(e) illustrates that temperature decreases as the values of
Uhs increase. Specifically, when Uhs = 0.5, the temperature reaches its highest point
and gradually decreases with increasing Uhs. This further emphasizes the dependence
of temperature on the electric field and its role in regulating heat transport. Figure
3(f) shows the changes in temperature for various values of the Brinkman number Br.
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(a) (b)

(c) (d)

(e)

FIGURE 4. Variations of pressure gradient dp/dx concerning the x-axis for changed values for (a)
electro-osmotic parameter (m), (b) Helmholtz–Smoluchowski velocity Uhs, (c) Weissenberg number We,
(d) elastic force (F) and (e) PTT parameter (ε).

It is demonstrated that the magnitude of the temperature θ increases with an increase in
Br. Temperature increases dramatically as a result of this behaviour because a greater
magnitude of the Brinkman number means that less heat conduction is produced
through viscous dissipation.

Figures 4(a)–(e) demonstrate the impact of various parameters, namely the
electro-osmotic parameter (m), Helmholtz–Smoluchowski velocity (Uhs), Weissenberg
number (We), elastic force (F) and PTT parameter (ε), on the pressure gradient
(dp/dx). It is important to note that the distribution of dp/dx is shown along the
axial coordinate (x). The graph clearly shows that the pressure slope along the axial
length follows a sinusoidal pattern, with high-pressure gradients during contraction
and low-pressure gradients during relaxation. This pattern is crucial in facilitating the
peristaltic pumping process. As a result, controlled volume of liquid can be transferred
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(a) (b) (c)

FIGURE 5. Stream lines for Φ = 0.3, m = 1, We = 0.02, ε = 0.1, F = 0.2. For (a) Uhs = 0.5, (b) Uhs = 1.0
and (c) Uhs = 1.5.

(a) (b) (c)

FIGURE 6. Stream lines for Φ = 0.3, Uhs = 1, We = 0.02, ε = 0.1, F = 0.2. For (a) m = 1, (b) m = 2 and
(c) m = 3.

from one area to another without contamination. The pressure gradient for increasing
the Debey–Hückel parameter, which is the inverse EDL thickness (m = a/λd), is
shown in Figure 4(a). It has been observed that as the Debey–Hückel parameter
increases, the pressure gradient also rises. This means that as the typical thickness of
the EDL decreases, a negative pressure gradient may occur. Additionally, it is noted
that the pressure gradient is insignificant for x ∈ [0, 0.6] and x ∈ [0.9, 1], but a large
pressure gradient occurs at x = 0.8. Figure 4(b) illustrates the variation of dp/dx for
different values of the Helmhotz–Smoluchowski velocity (Uhs). The pressure gradient
consistently increases with an increase in Uhs. The electric field in the direction of
fluid flow (Uhs > 0) exhibits the maximum axial pressure gradient compared with the
reverse direction of fluid flow (Uhs < 0). The effect of the rheological parameter We

on the axial pressure gradient is shown in Figure 4(c). It demonstrates that the axial
pressure gradient increases with an increase in the rheological parameter We, as there
is a direct relationship between dp/dx and the Weissenberg number We. The effects
of F and ε on dp/dx are shown in Figures 4(d) and 4(e). From these graphs, it can
be observed that dp/dx increases for large values of F and the PTT fluid parameter ε.
Furthermore, it is noticed that the maximum pressure gradient occurs at x = 0.8.
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(a) (b) (c)

FIGURE 7. Stream lines for Φ = 0.3, Uhs = 1, m = 1, ε = 0.1, F = 0.2. (a) We = 0.01, (b) We = 0.03 and
(c) We = 0.05.

(a) (b) (c)

FIGURE 8. Stream lines for Φ = 0.3, Uhs = 1, m = 1, ε = 0.1, We = 0.02. (a) F = 1.0, (b) F = 1.5 and (c)
F = 2.0.

Trapping is significantly important, because it creates a circulatory area that moves
forward with the speed of the wave, providing continuous transportation. In the
human gastrointestinal tract, smooth muscle tissues contract sequentially to create the
peristaltic wave, which propels the food ball (referred to as a bolus in the oesophagus
and upper gastrointestinal tract, and chyme in the stomach). This leads to the formation
of trapped boluses in confined streamlines. The peristaltic motion of the fluid is shown
in Figures 5–8. Figures 5(a)–(c) indicate that the magnitude of the bolus tends to
decrease with an increase in the Helmhotz–Smoluchowski parameter Uhs. Figures
6(a)–(c) reveal that the size of bolus increases as the Debey–Hückel parameter m
increases while the number of boluses is decreasing. Figures 7(a)–(c) conclude that
the extent of the trapped bolus is increased with a rise in the parameter We. Figures
8(a)–(c) display the effect of different values of the PTT liquid parameter F on the
streamlines. It shows that an increase in F leads to a decrease in the size of the trapped
bolus, while only slightly increasing the number of streamlines in the top symmetric
micro-channel.
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6. Conclusions

To improve the understanding of the peristaltic motion of PTT fluids, this study
introduces additional factors such as electro-osmosis, thermal radiation and heat
transfer in the planar micro-channel. These findings can be used to optimize the
operation of bio-microfluidic devices that use electro-osmosis and peristalsis. The
problem at hand has been solved analytically, providing solutions for the velocity,
temperature and pressure gradient of the fluid model under consideration. Graphical
representations have been used to illustrate their physical behaviour. The main
outcomes of this study are as follows.

• The velocity reaches its highest value in the core of the channel and is directly
related to the Weissenberg number.

• The velocity decreases as the Helmhotz–Smoluchowski parameter (Uhs)
increases.

• An increase in the PTT fluid parameter (ε) leads to an increase in velocity.
• The Debye–Hückel parameter greatly enhances the temperature field at the centre

of the channel.
• The temperature profile decreases with an increase in the Prandtl number (pr)

and thermal radiation (Rd) number.
• The pressure gradient increases for larger values of the Weissenberg number

(We), elastic parameter (F) and PTT fluid parameter (ε).
• The size and number of boluses decrease with an increase in the Helmhotz–

Smoluchowski parameter (Uhs).
• An increase in the PTT fluid parameter (ε) results in a reduction in the size of

trapped boluses, while only slightly increasing the number of streamlines in the
top symmetric microchannel.

• As the fluid parameter and electro-osmotic parameter increased, the trapping
bolus ultimately disappeared.
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