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In the present paper we deal with a quasi-linear elliptic equation depending on a
sublinear nonlinearity involving the gradient. We prove the existence of a nontrivial
nodal solution employing the theory of invariant sets of descending flow together
with sub-supersolution techniques, gradient regularity arguments, strong comparison
principle for the p-Laplace operator. The same conclusion is obtained for an
eigenvalue problem under a different set of assumptions.
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1. Introduction

In the present paper we study the following quasilinear problem

—Ayu= f(x,u,Vu) in ), P)
u=20 on 01},

where € is a smooth bounded domain in RV, 1 <p< Nand f: QxR xRN =R
is a continuous function fulfilling suitable growth conditions at zero and at infinity.
Problem (P) appears in connection with the study of non-Newtonian fluids, where

p is related to the characteristics of the medium (dilatant for p > 2, pseudoplastic
for p < 2). The forcing term f is a convection type term, i.e. it depends on the
gradient of the unknown function. The dependence on the gradient in the nonlin-
earity does not allow to apply in a straightforward way variational methods to find
solutions of (P). However, the existence of constant sign solutions for (P) has been
obtained by means of topological degree, method of sub-supersolutions, fixed point
theory and approximation techniques (see for instance [1, 7, 12, 20, 21] and the
references therein). When the source term does not depend on the gradient, the
study of sign changing solutions for semilinear and quasilinear elliptic problems has
been addressed in a number of papers. If p = 2 and f = f(u) is superlinear and sub-
critical, the existence of a nodal solution (together with a positive and a negative
one) has been proved for instance in [6] employing Morse theory and the strong
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2 F. Faraci and D. Puglisi

maximum principle, or in [11] using topological degree technique, assuming also
that f'(0) < Ay (being A\; the first eigenvalue of the negative Laplacian). In [11],
the sublinear case is also addressed and under the condition f'(0) > As (being Ao
the second eigenvalue of the negative Laplacian) the existence of the biggest nega-
tive solution, the smallest positive solution and of a nontrivial solution in between
(thus nodal) is achieved. The theory of invariant sets of descending flow defined
by a pseudogradient vector field is deeply investigated in [19] to localize nodal
solutions of a superlinear semilinear problem in different invariant sets. For p # 2
several contributions extend the quoted results to a nonlinear setting: the existence
of nodal solutions is proved in [3—5, 22, 24] where the theory of invariant sets of
descending flow is exploited under various assumptions on f both in the superlinear
and in the sublinear case, or in [8] by variational and sub—supersolution techniques.

The existence of nodal solutions when f depends on the gradient is still an
almost unexplored issue. Motivated by [13], where the existence of a positive and a
negative solution (actually extremal) for problem (P) has been proved, the following
questions arise naturally.

QUESTION 1.1.
1. Does problem (P) admit a nodal solution for p > 1?7

2. Beside the smallest positive and the biggest negative solution does there exist
a non-trivial nodal solution for problem (P) in between?

The first question has been partially solved in [18] and [15] where the existence
of a nodal solution in the presence of a nonlinearity depending on the gradient has
been addressed in the case p = 2. In [18], the authors assume f to be a superlinear
function, locally Lipschitz with respect to both the second and the third variable in
a neighbourhood of zero, with some further assumptions on the gradient variable.
Using the Nehari method, they obtain a sign changing solution as the limit of a
sequence of ‘approximated’ nodal functions. In [15] the sublinear case is studied
and the existence of a nodal solution is ensured by suitable growth conditions at
zero in the real (second) variable via the theory of invariant sets of descending flow.

In the present paper, we completely solve the first question above for any
1 <p<oo. In the first part of the paper we extend the results of [15] point-
ing out some difficulties which arise from the quasilinear setting which prevent
a straightforward generalization of the conclusions of [15]. Combining the gradient
flow theory with some essential tools as a gradient regularity result and strong com-
parison principle for the p-Laplacian we prove the existence of a nodal solution for
a parametrized problem with variational structure. An iteration procedure allows
to create a sequence of sign changing solutions converging to a non-trivial nodal
solution.

Together with the conclusion of [13] (see also [14]), where the existence of the
smallest positive solution and of the biggest negative solution for (P) was proved
via sub-super solution methods and fixed point arguments, we obtain a multiplicity
theorem under very natural and verifiable assumptions. It still remains an open
question whether the nodal solution lies in between (see remark 5.1). In the last
part of the paper we give another contribution to the first question, suggesting a
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different set of hypotheses to prove the existence of sign changing solutions for an
eigenvalue problem.

We believe that this work represents the first step in the search of nodal solutions
for quasilinear problems depending on the gradient.

Denote by || - ||, the standard norm in W, *(), i.e. ||lul| = (fo, IVulP dz)'/?, and
by || llgs || - lloo the classical norms in L(Q) and in L () respectively, i.e. ||ull, =
(Jo lul? dz)Y7 and ||Ju||s = supessqg|u|. Let A; be the first eigenvalue of the negative
p-Laplacian operator on VVO1 P(Q), with first positive eigenfunction ¢ satisfying
llo1]| = 1. The following variational characterization holds

P
A1 :inf{”ul : uEWOLP(Q),u#O}.

[lullp
It is well known that the cone of nonnegative functions
Co()+={ue C3(Q) :u>0in Q}
has a nonempty interior in the Banach space C{ () given by

du

int(C3(Q) ) = {u cC3(Q):u>0inQ, £

<00n89},

where v stands for the outward normal unit vector to 9€).
Our first set of assumptions is:

(f1) there exist positive constants ko, 0y, 61 with 6y + 91)\1/17/ < A1 such that
|f(2,5,6)] < ko + Oo|s|P~" + 61[¢[P"
forall z € 2, s € R, and ¢ € RY;

(f2) for every M > 0 there exists a constant 1y, > A; such that

o fss )
L 58)
lminf = g =

uniformly for all x € Q and all £ € RY with [¢] < M;
(fs) for every M > 0 there exists a constant (3 > 0 such that

lim sup 7"8(% 5:8) < Cu
s—0 [s[P72s

uniformly for all z € Q and all ¢ € RY with |¢| < M;
(fa) for every M > 0 there exists a constant mp, > 0 such that
s — f(x,5,€) +mp|s|P2s
is increasing for all z € Q and all £ € RY with |¢| < M.

Under such assumptions we prove the following.
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THEOREM 1.1. Let Q be a smooth bounded domain in RN and f : Q@ x R x RN — R
a continuous function satisfying (f1) — (f4). Then, problem (P) has a nodal solution
in C3(9).

Combining such conclusion with [13, Theorem 1.3, Corollary 1.1] we can state
the following multiplicity result:

COROLLARY 1.1. Let Q be a smooth bounded domain in RN and f:Q xR x
RY — R a continuous function satisfying (f1) — (f4). Then, problem (P) has the
smallest positive solution up € int(CE(Q)), the biggest negative solution uy €

—int(CL(Q)4) and a nodal solution @ € CL(Q).

In the last part of the paper, still exploiting the same iterative approach, we
deduce the existence of a nodal solution for the quasilinear elliptic eigenvalue
problem

{A,,u = AM(2,u,Vu) inQ, (Py)

u=20 on 0f).

Let us introduce the following assumptions:

(f1)

f(z,5,8)

lim ——1 > =0
(s.6)—o0 [s[P~1 + |¢|P~1

uniformly for all x € ;

(f2) for every M > 0,
f(w7 S?E)

s

=0

uniformly for all x € Q and all ¢ € RY with |¢] < M;

(f3) for every M > 0,

uniformly for all # € Q and all ¢ € RY with |¢] < M;

(fa) for every M > 0, there exists Ry > 0 such that sf(z,s,&) > 0 for all
x €9, |s| > Ry and all € € RY with [¢] < M;

(f5) there exist s~ < 0 < sT such that

inf  F(xz,sT,€) >0,
(r.) QX RN (55,8

where F(z,s,£) = /S f(x,t,&)dt.
0

Our second result states the following.
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THEOREM 1.2. Let Q be a smooth bounded domain in RN and QO xRx RY - R
a continuous function satisfying (f1) — (f5). Then, there exists X such that for each
A > X, problem (Py) has a nodal solution in C} ().

The plan of the paper is the following: in Section 2 we introduce some common
preliminaries. Sections 3 and 4 are devoted to prove our main theorems. Finally, in
Section 5 some open questions and final remarks are discussed.

2. Preliminaries

In this section we collect some common preliminaries which will be useful in our
study. We introduce the following quasilinear problem

—Apu =g(z,u,Vu) inQ =
{u =0 on 0N). (P)

where € is a smooth bounded domain in RY, 1 <p< N, g: QxR xRY - Risa
continuous function such that g(x,0,£) = 0 for all z,£ and

(H) there exist positive constants ko, 0o, 61 with 6y + 604 /\1/1’, < A1 such that
l9(,5,€)| < ko + ol s[P~" + 61€[P
for all z € Q, s € R, and &£ € RV.

For every w € C}(Q), let us also consider the parametrized Dirichlet problem

(Pu)

—Apu = g(x,u,Vw) in Q
u=0 on 0N.

Notice that since w € C(Q), classical regularity results implies that each solution
u of (P,) is in L>(Q), thus in C3(Q) (see [16, 17]).

Moreover, from g(z,0,§) = 0 for all x,{ we observe that the zero function is a
solution of both (P) and (P,) for each w € CJ ().

Proposition 2.1 below proves an a priori uniform boundedness which will
be crucial for our purposes. It makes use of the following gradient regularity result
([9, Theorem 4.3]):

LEMMA 2.1. Let Q be a smooth bounded domain in RN, N >2, and let u €
Wol’p(ﬂ), 1 <p< N, be a weak solution of the problem

—Apu=h(z) inQ
u=70 on Of).

with h € LI(Q), ¢ = (p*)'.
(i) If ¢ < N, then

< Ol
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(i) If g = N, then

1
(IVull, < C|h||E~" for any r < cc.
(#i1) If ¢ > N, then
1
IVulloo < ClRlI§™
In what stated above, C' is a constant that depends only on p, N, q.

PROPOSITION 2.1. Assume (H). Then, for every ug € CL(Q), there exists o €]0, 1]
and a positive constant M depending on ko, 0o, 01, ||uo|| such that if u, is a solution

of (P, _,) one has
||Un||cl,a(§) <M for every n € N.

Proof. Let us fix ug € C}(2). We first prove that if u,, is a solution of (P,,,_,), then
lun|| < My for some constant Mo = My(||lugl|) independent on n. Indeed, acting
with w,, as test function in (P, _,),

uall? < / 19, 1, Vit 1) [t da
Q

< kollunlly + Oollunlll + 01 llwn 1 [P~ lun
< ol QYA | 4 00AT 1P+ OAT P [t [P [l |
which implies
(1= 00AT") P~ < ko QP/PATYP 4 00T P [P
Denote by
)t R T P v
1=t T T 1=
Notice that v > 0 and 0 < § < 1. Thus, using the above notation, we can rewrite

P~ <y o+ Ol [P

Tterating this inequality, we obtain

n—1

lunlP™H <y > 6%+ 8 Juo)|P!
1=0

Y -1
<—— P,
T+ o

which means that there exists a constant My (depending on ||ugl|) such that
||un| < My for every n € N.

Denote hy,(x) = g(x, un(x), Vuy—1(2)) and fix ¢ with (p*)’ < ¢ < p’ such that % ¢
N. Using the fact that |u,|P~1, |Vu,—1[P~! € LI(Q) (recall that u,, € L>°(Q)), and
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(H), we deduce that h,, € LI() and its norm ||h, ||, can be estimated by a constant
which does not depend on n:

1
I lld < K+ Ol 2871 + 04 Van—a [ 2377 <

9 a4
<+ O lunllF + 07V [

Hence
|hnlly < M for every n € N.

We can assume ¢ < N, otherwise we are done by lemma 2.1 (ii).
From lemma 2.1 (i) — (i) we deduce that |Vu,| € L9 ?~1(Q) and that

Since wu, € L®(Q)) we have that |u,|P~! € L (Q). Moreover, by the previous
inequality we also have |Vu,_i|P~" € L% (Q), thus h, € L7 (Q) and, as above

_1
< Cha |7 < C.

nllg* g M{
k
It is easily seen by induction that (((¢*)*)")* = ¢*** = NN% provided k < ﬂ
We choose then k = [—] (the maximum integer contained in ;) Recall that since
N ¢ N,
q
N N
——1l<k<—
q q

Iterating the previous argument k& times, since N]i‘iq > N, by lemma 2.1 (i)
1
HVUHHOO < C”hn‘ p;vlq < C.
N—kq

The uniform boundedness of the gradient of u, in L%°(Q), implies the uniform
boundedness of u,’s in L>(Q) (see [16]). Finally, from [17, Theorem 1] we obtain
the existence of o €]0,1[ and a positive constant M independent on n such that

||un||cl,a(ﬁ) < M for every n € N.

O

We introduce now the following abstract setting. Let X be a Banach space,
A: X — X continuous and compact operator, J: X — R a functional of class
CY{X,R),p> 1.

Let us introduce the following conditions:

(J1) There exist 1 < p < 2, dy,ds > 0 such that
(J'(u),u = A(w)) = dillu = A(w)[*(fJu]| + | A(w)])P~?
and
17" ()] < dalju — A(w)[|P~,
for every u € X.
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(J2) There exist p > 2, d3,dy > 0 such that

(J'(u),u— A(u)) = dsllu — A(u)||”
and
1/ ()| < daflu — AQ@)[[([full + | Aw))P2,
for every u € X.

Denote by K the set of critical points of J: it is clear that under either (J;) or
(J2) K coincides with the set of fixed points of A.

The next lemma allows to replace A with a locally Lipschitz operator B which
fulfils the same properties as A.

LEMMA 2.2. ([5, Lemma 2.1], [4, Lemma 4.1]) Assume either (Jy) or (J2). Let D
be a closed convexr subset of X. Then, there exists a locally Lipschitz continuous
compact operator B : X — X which is a convex combination of A such that

(i) A(u) = B(u) for each u € D;

%Hu —B(u)|| < flu—Aw)[| < 2[lu — B(u)|

forallu e X;

(71) if 1 <p < 2 then

(J'(w),u = B(u)) = 5 flu— A@)|*(lul + A2,
and if p = 2 then
d
(J'(u),u = B(u)) > %Ilu —A(u)[?
forallu e X.

Clearly, critical points of J turn out to be fixed points of B.
In our setting X = W, ?(Q) endowed with the equivalent norm

1/p
el o= ( / (Vu|p+u|u|p>dx> ,

for > 0. For fixed w € C}(Q), put A = A% : WP(Q) — Wy P(Q) the operator
defined by

Al (u) = (=8 + phy ()" g (, u, Vo) + phy (u)),

where hy,(t) = |t|P~2t for each t € R.
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Let us note that
Al ey CHE@) — CA(Q).

Since problem (RU) has variational form, we can consider the associated energy
functional .J,, € C1(W,?()), defined by

1
Ju(u) = ;/Q |Vul? de — /Q G(z,u, Vw) dz, for u e WyP(Q),

where G(z,t,£) = fo x, 8,€&) ds. Because of (H), J,, is coercive, thus bounded from
below.
The following inequalities (see [10]) ensure properties (J;) and (J3) above:

PROPOSITION 2.2. There exist positive constants ¢;, i = 1,...,4, such that for all
&neRN

1€1P72¢ = [nlP~*nl < e (€] + In))P~2[€ =,

(€726 = [nlP~2n) - (€ —n) = ca(I€] + )P 26 = nl?,
1EP726 = [Pl < eslé —nlP™" f1<p<2,
(€772 = n[P=2n) - (€ = n) = cal€ —nl” if p> 2.

Thus, lemma 2.2 applies. We will exploit it in the next sections with different
choices of D, p and g.

3. Nodal solution for a quasilinear elliptic problem

In this section we assume conditions (f1) — (f1) and prove theorem 1.1. Using the
theory of invariant sets of descending flow, we will construct first a nodal solution of
a parametrized problem and then, following an iterative approach, we will exhibit
the existence of a nodal solution for (P).

3.1. On a parametrized problem

Throughout the sequel we will take into account the results of Section 2 with

g = f. Thus, for every w € C}(Q), the parametrized Dirichlet problem reads as
follows

—Apu = f(z,u,Vw) in Q (Po)

u=0 on 9. v

Recall that each solution u of (P,) is in C3(Q). Also, assumptions (f2) and (f3)
imply that f(z,0,&) = 0 for all z, ¢, thus the zero function is a solution of (P) and
(P,) for each w € C}(Q).

In [13], we have proved the following

LEMMA 3.1. ([18, Lemma 2.2]) Assume (f2). Then, for every M >0 and w €
CH(Q) with ||w||cr < M, there exists § = 6(M) > 0 such that if 0 < e <, then
ep1 and —epy are subsolution and supersolution of (Py).
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THEOREM 3.1. ([18, Theorem 2.1]) Assume (f1),(f2),(f3). Then, for every w €
C3(Q), there exist u € int(CL(Q)4) and u¥ € —int(CL(Q)4) the smallest positive
solution and the biggest negative solution of (Py,) respectively.

From the proof of [13, Theorem 2.1] we deduce that

REMARK 3.1. ul > ep1 and uly < —ep1 with ¢ = ¢(M) uniform with respect to
w € CHQ) with |w]er < M.

We conclude this subsection recalling the strong comparison principle for the p-
Laplace operator ([2]). For hy, hy € L>®(£2), we say that hy < hg if for any Qy C Q
compact subset, there exists € > 0 such that hy(z) + ¢ < ho(x) for almost every
x € Qo. In particular, if Ay and he are continuous functions such that h (z) < ha(x)
for all z € Q, then hy < hs.

PROPOSITION 3.1. [2, Proposition 2.6/ For A\ >0 and f,g € L>=(Q), let v,u be
solutions of the problems:

{—Apv +AP2o=f inQ

u=20 on 0,
—Apu+ AuP2u=yg in
u=20 on 0f),

If f < g and u € int(C}(Q)4), then u — v € int(CE(Q)4).

3.2. A pseudogradient vector field

Throughout the sequel, ug € C}(Q) is a fixed function, M >0 is given by
proposition 2.1 and we choose m = mj; in assumption (fy). Thus, following the
notation of Section 2 with g = f and u = m one has

1/p
el = ( / (Vu|p+m|up>dx> ,
Q

Aw(u) = (= 8y +mhy ()7 (f (@, u, V) + mhy(u)),
1 p
Jw(u) = ;/ [Vul|P do — /QF(%u,Vw) dz

where F(x,t,&) = fo (x,5,¢)ds.

Let us introduce the set A" which will be crucial in our argument. Let u}p €
int(C () 1) and u¥ € —int(C3(Q);) the smallest positive solution and the biggest
negative solution of (P,,) (see theorem 3.1). Let us denote by [uly, ul] the set of all
Ca-functions u such that u% < u < ug.

Consider then, the following set

v={ueCyQ): ue intey [up, upl}.
PROPOSITION 3.2.

Ap(A") CAY and A, (int(CL(S)4)) C int(CL(Q)4).
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Proof. First, we show that A, (A") C A¥. Let u € A* and v = A, (u):
—Apv + mhy(v) = f(z,u, Vw) + mhy(u)
(by (f1) and continuity of f) < f(z,up, Vw) + mh,(up)
— Al + mhy ().

By proposition 3.1, we conclude that u$ —v € int(C§(Q)). Analogously one
obtains that v — u% € int(C3(Q)4). For the other inclusion, let u € int(C}(Q2)4)
and v = A, (u). Thus,

—Apv + mhy,(v) = f(z,u, Vw) + mhy(u) >0
By the strong maximum principle [23], we conclude that v € int(C}(2),). O

Let B =B, be as in lemma 2.2 with D = A,,. Thus, since B, is a convex
combination of A,,, one has

Bu(A®") CAY and B, (int(CL(Q).)) C int(CL(Q)). (3.1)

For every u € C3(Q) \ Ky, (where K, is the set of all fixed points of A,,) consider
the following Cauchy problem

S0(t) = — (1) + Bule(t)

¢(0) = u.

Since B, is locally Lipschitz, the above problem admits a unique solution ¢*(u)
in C}(Q) called descending flow curve with maximal interval of existence [0, 7(u)].
Notice that 7(u) can be either a positive number or +oo.

By lemma 2.2 (7ii),

d
dt

(3.2)

Tl () = (T, (¢4 (w), St ()

= (T (¢ (), ¢ (1) — Bu(¢t(w)
<0

and the inequality is strict since u ¢ K,, so that it is not a fixed point of B,,. Thus,
Juw (! (u)) is strictly decreasing. Recall also that J,, is coercive, hence bounded from
below.

Moreover from (3.2), we have

t t ¢
[ esewds=- [ st [ @B w)s
o ds 0 0

or

olu)y=etute /0 €’ By (¢°(u)) ds. (3.3)

By (3.1), one has the following (see [19, proof of Lemma 3.2]).
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LEMMA 3.2. If u € AY, then ¢'(u) € A¥ and if u € int(C§(Q)4), then ¢'(u) €
int(C(Q)4) for all 0 <t < 7(u).

For D C C3(Q), let us denote by
C(D)=DU{ue CLQ)\ K, : there exists { > 0 such that ©'(u) € D}.

We recall that D is called an invariant set of descending flow for .J,,, if whenever u €
D\ Ky, the flow {¢'(u) : t € [0,7(u)[} € D.If D =C(D), then D is said complete.

If D is invariant then, by the definition above, C(D) is invariant. Moreover it
is easy to see that C(D) is complete as C(C(D)) = C(D). Then 9C(D) is also an
invariant set of descending flow [19, Lemma 2.3]. If D is also open then C(D) is
open [19, Lemma 2.4(i)].

By lemma 3.2, A% and int(C} () ) are invariant sets of descending flow for .J,,, so
C(A¥) and C(int(C3(Q))) are invariant, as well as OC(A™) and 9C(int(C(2)4)).
Moreover, C(A%¥) is open in C}(Q2) and C(A¥) # CL(Q) (indeed u%,u% € K,y \
A", so they cannot lie in C(A%)). Also, C(int(C}(2);)) is open in CZ(Q)
and C(int(C3(Q)4)) # Ca(Q) (indeed 0 € K, \ int(CE(Q)4)). Since CF(Q)4 C
C(int(CE(Q2) 1)) and AC(A™) N C§ ()4 # 0, we have IC(A™) N C(int(CL(Q)4)) # 0.
Because IC(A™) N (—C(Q)4) # 0, we obtain that C(A™) N AC(int(CE(2))) # 0.
Let us fix

u* € 8C(A™) N AC(int(CL(Q))).

LEMMA 3.3. There exists u,, € Ky, and an increasing sequence of positive numbers
(tn)n with t, — 7(u*) such that lim, ||@' (u*) — ty||m = 0.

Proof. Let 0 < t; <ty < 7(u*). Then,

to d
o™ (u") = " (u™)lm < / 155" (@)l dt
t

1

- / et (W) — Bu (@t ()l

ty

to
(by lemma 2.2, (ii)) < 2/ " (u) = Aw (" (")) llm-
t1
Assume that p > 2.
Applying Holder inequality, lemma 2.2 (#i4), the monotonicity of the flow ¢ —
Juw (o' (u*)) and the boundedness from below of J,,, we obtain

/ et ) — Au(gt @l < ( / " et - Awwu*))m)w (t2 — 1) /7

t1 t1

N

t2 1/p )
o ([ G a) -
= 1 (a2 (0)) = Ju N (12— 1)

< Cg(tg — tl)l/p/.
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Putting together the above outcomes we get that

o () = @ ()l < elt — 1)/
Assume now 1< p<2. By coercivity of J,, we deduce that the set {u:
Juw(w) € Ju(@®(u*)) = Ju(u*)} € B(0,b) for some b>0 where B(0,b) denotes
the closed ball in VVO1 P(Q) centred at zero of radius b. By the monotonicity
of the flow, Jo,(¢'(u*) < Jy(u*), thus there exists a constant b; > 0, such that
168 () s | A (2 ()l < by for cach .
Then, by Holder inequality, lemma 2.2 (i)

/WW@ﬂﬂ%wwwms(/W¢wwAaww»mwwwm

t1 t1
1/2

+ [[Aw (" () llm)P~* dt)
" 1/2
'(/ Ww%uﬂmn+nAwuf@f»Hmfpa)

t1
1/2

<a ([ gran)  -n
= 1 (a2 (0)) — (e @) 22 — 1)
< oot — 1)V

Thus, in both cases (p > 2 and 1 < p < 2), if 7(u*) < oo, there exists u,, € Wol’p(Q)
such that

lim [l (u) — i = 0.
t—1(u*)

Since the interval [0, 7(v*)[ is maximal it has to be u,, € K.
If 7(u*) = oo, the boundedness from below of J,, allows us to fix an increasing
sequence of positive numbers (t,),, t, — 0o such that

d

ln 1 (o' (")) 1=t,, = 0.

If p > 2, one has

T Dty = ~ (T (), 01 () = Bl (")

(by lemma 2.2, (iii)) < —cille" (u™) = Aw(@" (u™))IIF,,
which says that
lim [Jo" (u”) = Aw (" (")) [lm = 0.

Now, let us observe that (o' (u*)), is bounded in W,"*(2). Indeed, by the
monotomclty of the ﬂow w(e (u*) < Jy(u*) for every n € N, that means that
i (u*) € J (] - ( *)]) for every n € N, and the latter is a bounded set
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14 F. Faraci and D. Puglisi

because of the coercivity of J,. Moreover, since A, is a compact operator, it
follows (eventually passing to a subsequence) that there exists wu,, € W, *(§2) such
that

h};n H‘Pt"(U*) = Uyl = hELIl HAw(‘Ptn(U*)) — Uyllm = 0.

In particular, u,, € K,,. Also, for some by > 0, one has || (u*) ||, | Aw (9" (u*))||m
< bo.
Ifl<p<?2,

Tl W Dlece, = (T (0 (), () = Buli™ (")

(by lemma 2.2, (iii)) < —c1lle" (u”) — Aw(@" (W))II7, (" (@) ]m
+ {1 Aw (" (u*) )P~
< —caflt (u”) — Aw(™ (W),
which says that
lim [|oo™ (u™) = A" (u"))|lm = 0
and we conclude as above. ]

In the next lemma we refine the previous result.

LEMMA 3.4. With the notation of lemma 3.3, one has that u, € C}(Q) and
limy, [|¢' (u*) — Uwllcy = 0.

Proof. As in the proof of lemma 3.3, we first observe that the set {¢f(u*) : t €
[0, 7(u*)[} is bounded in W, (). Recalling (3.3),

t
o' (u*) = e tu* + e_t/ €’ By (°(u")) ds.
0
Since By, : C3(Q) — C}(Q) is a compact operator, the set

{e—f/otest(sOS(U*))dS L te [O,T(u*)[}

is bounded in C1%(€Q), thus relatively compact in C} (@ This clearly implies that
{p'(u*) : te[0,7(u*)[} is relatively compact in C}(Q2). The thesis follows from
lemma 3.3. O

We are ready to prove the main result of this subsection.
THEOREM 3.2. w,, s a nodal solution of (Py).

Proof. Clearly u,, is a solution of (P, ) since it belongs to K. Since the initial point
u* belongs to AC(A*) N AC(int(CL(Q)4)), and both sets IC(AY), AC(int(CL(Q)+))

are invariant sets of descending flow, then (¢ (u*)),, € dC(A™) N AC(int(CE(Q)4)).
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Moreover, AC(A¥)NAC(int(C3(Q)+)) is a closed set, so that u, € IC(A*)N
AC(int(CL(2)1)). Being u,, € AC(A™), we obtain that u,, ¢ inte [ufy, up], in par-
ticular u,, # 0. Actually, by remark 3.1, u,, ¢ intc; [—e¢1,ep1]. On the other hand,
since u,, € C(int(CE(Q)4)), we also have wu, & int(CL(Q)4) U (—int(CE(Q)1)).
This ensures that u,, can not have constant sign. Indeed, if u,, > 0, it would be a
non negative, non trivial solution of

—Apu+ mhy(u) = f(x,u, Vw) + mhy(u) in Q
u=20 on 0f).

and by assumption (fs) and the strong maximum principle by Vazquez [23], we
would deduce u,, € int(C§(2)4). Thus, u, is a nodal solution of (P,). O

3.3. Existence of a nodal solution for (P)

In this subsection through an iteration procedure we prove our first main result.

Proof of theorem 1.1. In theorem 3.2 choose w = ug, where ug is the function
we fixed at the beginning of Section 3.2. Thus, the existence of a nodal solution u; of
(Py,) follows. Proceeding in such way, for each n € N denote by w,, the nodal solu-
tion of (P,,_,) given by theorem 3.2. Hence, we construct a sequence of functions
u, € CL(Q) such that

un & intop [—ep1, €1 (3.4)
i & int(CA@)1) U (—int(CL(T).)) (3.5)
By proposition 2.1, HuanLa(ﬁ) < M, and by the compactness of the embed-

ding CH(Q) — CL(Q), (un), is relatively compact in C3(€). Unless to pass to a
subsequence, let

@:= lim wu, in C3(Q).

n—oo

Let us prove that @ is the solution of (P) we are looking for. Since u,, is a solution
of (P,,_,), for every ¢ € Wy () we have

/\wn|ﬁ*2vunv@dx:/f(x,umWn—l)s&de-
Q Q

Since u,, — @ in CL(Q), we have that f(z, tn, Vin_1) — f(x,@, Vi) in L (Q) and
passing to the limit in the above equality we get

/|Vﬂ|1’*2vawdx:/f(x,a, Vi) dz,
Q Q
which is our claim. By (3.4) and (3.5), it follows that @ ¢ intci[—ep1,ep1] and

@ ¢ int(CH(Q)4) U (—int(CE(Q)4)). Thus, @ # 0, and as in the proof of theorem
3.2, u can not have constant sign.

https://doi.org/10.1017/prm.2023.135 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.135

16 F. Faraci and D. Puglisi

4. Nodal solution for a quasilinear eigenvalue problem

The goal of the present section is to prove the existence of a nodal solution for
(Py) under assumptions (fi) — (f5). While in theorem 1.1 the construction of
the nodal solution was based on the existence of the extremal solutions for the
parametrized problem (P,), here, exploiting the dependence on the parameter A,
we apply an abstract theorem by [5], which still relies on the theory of invariant
sets of descending flow. After deducing the existence of a sign changing solution for
the parametrized problem, we conclude as in the previous section.

4.1. On a parametrized problem

Throughout the sequel we will take into account the results of Section 2 with
g=Af and g = Am for some m to be chosen later. For every w € C}(Q), let us
consider the parametrized Dirichlet problem

{—Apu = Af(x,u,Vw) in Q

uw=0 on 0f2. (Prw)

From hypothesis (f1), it follows that for each A > 0 we can fix € = (\) > 0 with
1
e(1+A)X < Ap and ko()\) € R such that
M f(z,5,6)] < ko(A) +eAsP~" + e~

for all z € Q, s € R, and £ € RY. This ensures that under the above conditions, the
function g = Af fulfils assumption (H) of Section 2 and proposition 2.1 applies, i.e.
for every A > 0 and ug € C¢(9), there exists a €]0,1[ and a positive constant M
depending on A and [[uol| such that if u, is a solution of (Pxu,_,), [unllc1.c@) < M.

REMARK 4.1. Notice that assumption (f;) implies that f(z,0,&) =0 for all z,¢.
Thus the zero function is a solution of both (Pj ) and (Py).

We will need the following abstract result.

Let X be a Banach space, D* closed convex subsets of X, A : X — X continu-
ous and compact operator and J : X — R a functional of class C1(X,R). Introduce
the following conditions.

(Dy) O =int(D*)Nint(D™) # 0.
(Ds) A(D¥) C int(D¥).
(

J3) For any b € R there exists a constant a = a(b) > 0 such that if u € {u €
X : J(u) < b} then

[ull + A < a(1 + [lu — A(u)[]).

(J4) There exists a path h: [0,1] — X such that ~(0) € int(D*)\ D~ and
h(1) € int(D~)\ DT and

oax, J(h(t)) < ag == Dlgg— J(u).
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The next theorem is the abstract tool we will exploit to deduce the existence
of a nodal solution for the parametrized problem (Pj ), which we state here in a
convenient form for our purposes.

THEOREM 4.1. [5, Theorem 2.2] Assume (D1), (D2), (J3), (J4) and either (J1) or
(J2) from Section 2. Then J has a critical point in OC(O)\ (DT U D™).

Following the notation of Section 2, X = WO1 P(Q) endowed with the equivalent
norm

1/p
Jull = ([ (7 xmful)az )
Q
where A and m will be chosen later in a convenient way,
A () = (=B + Xmhy(-) T O (2,0, Vw) + Amby (u)),

and B)) as in lemma 2.2. Denote also by J)) : Wg’p(Q) —R

T (u) = 1/ |Vu\pdzf)\/ F(z,u, Vw) du,
pJa Q

P={ueW;?(Q):u>0ae in Q}
and for ¢ > 0
DE = {u e Wy P(Q) : dist,, (u, £P) < e}.
PROPOSITION 4.1. For e > 0 small enough,
Aj(DF) C intDF.

Proof. Let us prove A} (D) C intDF. Notice that by assumptions (f2) — (fs), for
any M > ||w||c1 there exists mps > 0 such that

sf(x,s,&) +mushy(s) > 0 for each € Q,5 # 0, |§] < M. (4.1)

In the sequel put m := myy.
By (f2) and (f3), for each € > 0 and ¢ > p there exists another constant ¢y, > 0
such that
£ (2, 5,€) + mhy(s)] < (= +m)|sP~ + earlslo, (42)

for each z € Q,s £ 0, |¢| < M.
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18 F. Faraci and D. Puglisi
Let u € DI and v = A} (u). Thus,
—Apv + Amhy,(v) = A (x,u, Vw) + Amh,(u)

and so testing the above equation with —v~, where v~ = max{—wv, 0}, we deduce

lo= Iz, = A / (F (4, Vo) + by (w))(—v7)

by (4.0, (4:2)] <Me+m) [ (@) [ e

<A+ m)llu B o™l + Aearllu™ 13 vl

Ae+m)
S (M Am)/p

)\CM

—p=1y,,—
[|w ||p v I + ()\1—|—)\m)1/p||

w7 [0 -

Hence,
_ Ae+m) o Aeas o
dm (v, P)P71 < AL p—1, "M g1
0 PP < I < o S I e
Since ||u~ ||, < |Jlu — wl|, for all w € P, we get
Ae+m) . Acns .
dm (v, P ——||u — w||? ———|Ju — w]|?
. Y < a1~ el T+ e e el
A A
< DMt Ay
(A1 + Am) (A1 +Am)»
Thus,
e +m) 1 Acm -1
A (v, P < ——=dp(u, PP~ + —————dpy (u, P)?
P S O amy ) (A1 + Am) )
Thus, since ¢ > p, there exists €y > 0 such that
dm (v, P) < dp(u, P) if 0 < dp,(u, P) < &g, (4.3)
and the proof is concluded. O

REMARK 4.2. From the above construction, e > 0 depends on A and M > ||w|c1.

In the sequel, our choice of M will be uniform with respect to w (see proposition
2.1).

THEOREM 4.2. Let Q be a smooth bounded domain in RN and QxR RY - R
a continuous function satisfying (f1) — (f5). Then, there exists X such that for each
A >\, and w € CY(RQ), problem (Px.) has a nodal solution in CL(Q).

Proof. Fix w € C}(Q). Let us show that all the hypotheses of theorem 4.1 are
verified with A = A}, J = J), D* = D}, D~ = D_ and X big enough.

Condition (D) is trivial, (D3) follows by proposition 4.1 and (Jy), (J2) by
proposition 2.2. Moreover, the map A} is compact (see [13, Lemma 2.3]) and
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assumption (J3) is implied by the coercivity of .J). It remains to check the validity
of condition (Jy). By (4.3), we have that

KN (DinD:) = {0}.

Since J)) is decreasing over the flow and DF N D is an invariant set, it follows
that for every u € D N D_

Ta(u) = T3 (er(u)) = Jo(u”)
where u* = limy_,,(,) ¢:(u) € K N (D} N D7) = {0}. Therefore
JMu) = JN0) =0 for every u € DIND_.

Let us show that there exists A such that for all A > X (J4) holds; we follow the
construction of [4, Lemma 3.2]. Let

a:=inf{zy:x = (z1,...,25) € Q} and b:=sup{z1 : . = (z1,...,2N5) € Q}.
we consider
D i={zecQ: (1 -tha+tb<z <b}fortel01l].
Thus Q¢ = Q and Q7 = 0. We define
R (t) = sTxa, + s xo\q.-
Let

§:=10 inf  F(x,s7,6) >0
| |(z,§)l€I&1'2XRN (@,5%,8)

(see (f5)). We can approximate h* by a function h € C([0,1], Wy *(€2) N C1(Q))
such that

/ F(z,h(t), Vw)dz > 06/2 > 0.
Q

We choose € > 0 such that s~ < —e < 0 < & < s, so that h(0) € int(DF) \ DS and
h(1) € int(D2 ) \ DI . Finally

\ 1 1 1
< S|VR@®)|E = =26 < C — =\,
Ta(h(t) < —[VA®)[f = 500 < C = 526

Choose A = 2C/d. Notice that A does not depend on w. The existence of a nodal
solution for (P ,,) follows at once by theorem 4.1. O

4.2. Nodal solution of (Py)

In this subsection we prove theorem 1.2 using an iterative procedure.
Proof of theorem 1.2. Let us choose A > A\, where X is as in theorem 4.2. Fix
up and let M > 0, depending on A and ug, be as in proposition 2.1. For each n € NT
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denote by wu,, the nodal solution in C3(Q) of (P, ,) given by theorem 4.2. From
its proof,

Un € OC(int(DF) Nint(DI)) \ (int(DF) Uint(DI)). (4.4)

Let us stress that ¢ depends on M which is independent on n (remark 4.2). Thus
the set OC(int(DF) Nint(DF)) \ (int(DF) Uint(D_)) is a closed invariant set and
does not depend on n.

By proposition 2.1, ||uy||ci.e < M, and by the compactness of the embedding
CH(Q) — CL(Q), (up), is relatively compact in C§(Q). Unless to pass to a
subsequence, let

@ := lim w, in Cj(Q).
As in the proof of theorem 1.1, @ is a solution of (Py). By the closedness of the set

AC(int(DF) Nint(D)) \ (int(DF) Uint(D_)), it follows from (4.4) that @ is a sign
changing function as we claimed.

5. Examples and open questions

This section is devoted to some examples of applications of our main theorems and
a few open questions.

ExAMPLE 5.1. Let kg, 0q,601 positive numbers with 904—91)\}/’)/ <A, g:9x
RN:> R a continuous, positive function such that g(x,&) < ko + 61/£[P~1. Define
f: QxR xRN — R such that

(A1 +g(z,8))s[P~2s if [s] <1
|s[P~2

@58 =\ 1 + g, ) + 00(1s] — 1] ELZ

if |s| > 1
Then, theorem 1.1 applies.

ExAmMPLE 5.2. Let r,¢,t > 1 such that max{r,q} <p<t, r+¢<p+1, and g:
Q x RY — R a continuous function such that infg g~ g(z, &) > 0 and

g(,¢)

im
€] —+oo |€]771

= (+£0.

Define f: Q x R x RV — R such that

_JlsI"2s g(x,8) if|s| > 1
flz,8,8) = {St_28 g(xz,&) if IS‘ <1

Then, theorem 1.2 applies.

QUESTION 5.1. Because of the extremality of uy and uwp in corollary 1.1, a non
trivial solution of (P) in between, would be a nodal solution. It still remains an
open question whether this situation occurs. We believe that in order to prove that
such solution exists, extra assumptions would be needed. Indeed, in [11] for p = 2
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it has been proved that, when f does not depend on the gradient, is sublinear,
and its derivative at zero is greater than Ao (being Ay the second eigenvalue of
the negative Laplacian), the problem admits the biggest negative and the smallest
positive solution which turn out to be also minimizers of the energy functional.
The existence of a mountain pass critical point in between follows at once. The
variational characterization of Ay allows finally to prove that such critical value is
non zero (see also [8] for an extension to p-Laplace equations for p # 2).

QUESTION 5.2. Is it possible to find a positive and a negative solution of (Py)? We
underline that, under our assumption, for fixed w € C&(Q) the energy functional J)
has the mountain pass geometry for big A\, and a positive /negative solution follows
for problem (P ). It should then be proved that the limit of the approximated
sequence is not zero.
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