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ON INVOLUTIVE LIE ALGEBRAS HAVING A CARTAN
DECOMPOSITION

A.J. CALDERON MARTIN

We introduce the concept of Cartan decomposition relative to a Cartan subalgebra
H in the sense of Y. Billig and A. Pianzola for involutive complex Lie algebras L
of arbitrary dimension. If L has such a decomposition and is infinite dimensional
and simple, we show it is *-isomorphic to a direct limit of classical finite dimensional
simple involutive Lie algebras of the same type A, B, C or D.

1. PRELIMINARIES

Let I be a complex Lie algebra. An involution on L is a conjugate-linear map,
* : L -¥ L (x H4 x*), such that (x*)* = x and [x,y]* = \y*,x*] for any x,y e L. A Lie
algebra furnished with an involution is an involutive Lie algebra. A selfadjoint subset of
an involutive algebra is a subset globally invariant by the involution. If Lj (i = 1,2) are
involutive Lie algebras and / : L\ —¥ L2 is a morphism of Lie algebras, we say that /
is a *-morphism whenever f(x*) = f(x)' for all i g i , . We define the Annihilator of
an involutive Lie algebra L as the selfadjoint ideal given by Ann(L) = {x € L : [x,y]
= 0 for all y £ L}. We shall say that L is simple if the product is nonzero and its only
ideals are {0} and L.

Billig and Pianzola introduced in [2] the concept of Cartan subalgebra for Lie alge-
bras L of arbitrary dimension as follows:

DEFINITION 1.1: A subalgebra H of L is called a Cartan subalgebra if

(1) The elements of H act locally ad-nilpotently on H.

(2) H is its own normaliser in L, that is, NL(H) = H.

If L is finite dimensional, then H is nilpotent by Engel's theorem and the classical
definition of Cartan subalgebra is recovered.

In the framework of involutive Lie algebras we are interested in selfadjoint Cartan
subalgebras of L, From here, unless otherwise stated, throughout the paper H shall
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192 A.J. Calderon Martin [2]

denote a selfadjoint Cartan subalgebra of an involutive complex Lie algebra of arbitrary
dimension L.

A root of L relative to H is a linear form commuting with the involution

that is, a(h*) = a(h) for any h G H, (where denotes the conjugation operator on C),
such that there exists va G L, va ^ 0 satisfying [h, va] = a(h)va for any h G H. The root
space associated to a is the subspace La = {va G L :[h, va] = a(h)va for any h G H}. It
is easy to prove that the root space associated to the zero root is contained in the Cartan
subalgebra and, by the Jacobi identity, that if a + f3 is a root then [La,L0] C La+p,
and if a + ft is not a root then [LQ,Lp] = 0. Let us also note that (La)* = L_Q.
Indeed, for any h G H and va G La, [h,va]* - (a(h)vay — a(h)v*a, and from here
[h*,v^\ = — c*(/i)i>* = — a(h*)v*a, the facts H* = H and *2 = * let us conclude easily
the assertion. Given a set S of nonzero roots of L, we shall denote by Spg 5 the set of
mappings

5 = < ^2Pia* 'P* e z a n d ctj 6 5 >.
*• t= i -*

DEFINITION 1.2: We shall call that L has a Cartan decomposition relative to H if

(1) L = / / © ( 0 L a ) , where A is the set of all nonzero roots of L relative to
H. Q6A

(2) Each La, a G A, is finite dimensional.

(3) For any finite set 5 C A we have Spz 5 D A is also finite.

(4) There exists va € La such that a([va, v'J) G E+ - {0} for any a G A.

By using the ideas in [11, 10, 16] one could characterise infinite dimensional simple
involutive Lie algebras over a field K of characteristic zero, however, we use entirely dif-
ferent methods to describe the complex case. In fact, the introduction of new techniques,
such as the connections of roots to construct a direct system of adequate finite dimen-
sional simple involutive Lie algebras, in the study of infinite dimensional Lie algebras is
perhaps the most interesting novelty in this paper.

DEFINITION 1.3: Let (7 ,^ ) be a directed set and {/>t}t6/ a family of involutive
Lie algebras such that for i ^ j there exists a *-monomorphism e,i : L* —> Lj such
that ejienc = ejk and en — Id for all i,j, k G / with k ^ i ^ j . Then we shall say that
5 := ({Li}iei, {eji}i^j) is a direct system of involutive Lie algebras.

DEFINITION 1.4: Given 5 we define a direct limit, Hm<S, as a couple (L, {e,}i6/)

where L is an involutive Lie algebra, e{ : U —> L is a *-monomorphism that satisfies

e, = e^eji and (L, {ei}i6/) is universal for this property in the sense that if (£?, {ti}i€l) is

another such couple, then there exists a unique *-monomorphism 6 : L —> B such that

U = 6ei, ie I.
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[3] On involutive Lie algebras 193

As in [3], we can prove that any direct system of involutive Lie algebras 5 has a direct
limit. It is also clear that lim<S is unique up to *-isomorphisms.

2. T H E DESCRIPTION THEOREM

Unless otherwise stated, throughout this section L shall denote an infinite dimen-
sional involutive Lie algebra with zero annihilator having a Cartan decomposition respect
to H, and A the set of all nonzero roots.

LEMMA 2 . 1 . The following assertions hold:

(1) a(ha) ^ 0 for any 0 # ha £ [La, £,*], a € A.

(2) If [La, Lp) = [L_o> Lp] = 0 then p(ha) = 0 for any ha £ [La, L"a], a, 0 £ A.

PROOF: 1. Similar to [5, Corollary 1], that is, if ha = [^Q,w*] with va,wa

£ La - {0} we first observe that for any /? € A the following equation holds

(1) 0(ha) = ra(ha)

with r £ Q, this fact being consequence of V := C{Lp+jQ : j £ Z), the linear space
generated by {Lg+ja : j £ Z}, is a finite dimensional vector space invariant for ad(i>Q),
ad(w*) and ad(/iQ) = ad(t>Q) ad(w^) - ad(w*) ad(wQ) on which the trace of ad(/iQ) is 0 and
so mP(ha) + ka(ha) — 0 with m ^ 0 and m,k £ Z. Second, if a(/ia) = 0 then by equation
(1), P(ha) = 0 for all nonzero root /? and so [ha,Lp] — 0. As ha £ [La,L_a] c Lo, we
also have [ha, H] = 0 and then [/iQ, L] = 0. Hence, /ia £ Ann(L) and so ha = 0.

2. It is an easy consequence of the Jacobi identity and the fact L*a = L_Q. D

LEMMA 2 . 2 . For any a £ A we have dim La — 1 ajid Za D A = ±a.

PROOF: We argue as in [15, Proposition 1.6], that is, Lemma 2.1 gives us, for
any nonzero elements va £ La, w*a £ L* such that [^o,^] i1 0, that a([vQ,iy*]) ^ 0
and so the subalgebra spanc{wQ,u£, [t;tt,u;*]} is isomorphic to sl(2,C), we may with-
out loss of generality assume that a([?;o,u;*]) = 2. Condition 3 in Definition 1.2 im-
plies the operators ad(ua) and ad(u£) are locally nilpotent on L, by using now the
same arguments as for sl(2,C) (see [9, Proposition 2.4.7]) we obtain L is a locally fi-
nite spanc{z;a,i<j£, [t;Q,u;*]}-module with respect to the adjoint representation. Let us

oo

consider the span<c{i;Q,u^, [t;a,tu*]}-submodule of L, V := Cui* + H + J2 Lna- As a
n=l

submodule of a locally finite module, V is also locally finite. Hence the representation
theory of sl(2, C) implies that the set of /iQ-eigenvalues on V is symmetric with

for each \x £ C. Now V~2(hQ) = Cu£ implies that dimV2(ha) = dimLQ = 1 and

furthermore that
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for n > 1. Since we can replace a by —a in the argument, we have both conclusions of
the lemma. D

Lemma 2.2 and condition 4 in Definition 1.2 show that given a € A there exists a
unique nonzero element of LQ C H of the form

(2) / ia=[eQ,e;]

with eQ G LQ — {0}, and such that a(/iQ) = 2. Let us observe that eQ is unique up to a
scalar factor of modulus 1. From now on ha shall denote this element.

DEFINITION 2.3: A subset Ao of A is called a root system (relative to H) if it satis-
fies the conditions: a G Ao implies -a G Ao; and a,0 G Ao, a + 0

G A implies a + 0 G Ao. If we define H\o as spanc{/iQ : a G Ao} and VA0 = 0 La, it is
aGAo

straightforward to verify that L\o — H^o © VA0 is an involutive Lie subalgebra of L, with

Cartan subalgebra i/Ao = HC\ LA0 , whose roots relative to H\o are precisely the roots in

Ao- We shall say that L\o is the involutive Lie subalgebra associated to the root system

Ao. Let us observe that if Ao is finite then LA0 is finite dimensional.

Our next goal is to prove the following result.
THEOREM 2 . 4 . Let L be an infinite dimensional simple involutive Lie algebra

having a Cartan decomposition respect to H. Then there exists a direct system of
finite dimensional simple involutive Lie subalgebras S := ({Lj}je/, {e j i}^ ) , with Cartan
subalgebras Hi = H n Li and satisfying

(1) If i ^ j then Li is an involutive Lie subalgebra of Lj, ê j is the inclusion

mapping and each root space of Li relative to Hi, different to Hi, is a root
space of Lj.

(2) lini5 = L.

The arguments we are going to use in the proof of Theorem 2.4 are close to the ones
developed in [6, Section IV]. For the convenience of the reader we summarise some of the
results in [6, Section IV] with a sketch of the proofs, and some auxiliary lemmas before
proving Theorem 2.4.

LEMMA 2 . 5 . Let LAo be the involutive Lie subalgebra associated to a finite root

system Ao. Write (•, •) the Killing form on LA0- Then the following assertions hold:

(1) (ho ha) # 0 for any a e Ao.

(2) (h, va) — 0 for any h e H\o and va 6 La, a € Ao.

(3) (va, vB) = 0 for any va € La, v0 G Lp, a, 0 G Ao and 0 ^ -a.

(4) (va, v-a) ^ 0 for any 0 ̂  via £ Lia, i G {±1} and a G Ao.

PROOF: 1. We have (ha,hQ) = trz(ad(/iQ) o ad(/ia)) = a{ha)
2 + X! 7 ( M 2 -

76A0-{a}

As in the proof of Lemma 2.1-1 we obtain y(ha) = rya(ha) with r7 G Q, and finally we

conclude from a{ha) = 2 that (ha,ha) = 4 + 4 £ r* £ 0.
7£A0-{a}
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2. Since (-, •) is invariant in the sense of [8, p. 69], we have

(h, va) = -(h, [ha, va}) = -([h, ha), va) = 0.

3. It is clear that (va,vp) — trz(ad(i>a) o ad(z^)) = 0.

4. Since L* = L_Q,

(ha,hQ) = ([e*,e'a],ha) = (ea, [ha, e*a}) = -2(ea,e*a).

By applying 1. we have (ea, e*) ^ 0. Hence, as dim L±a = 1 we conclude (va, u_Q) ^ 0. D

LEMMA 2 . 6 . Under the hypothesis of Lemma 2.5, if (x, LAo) = 0 for some x

€ LA0 thenx € Hko.
PROOF: Write x = h+ J3 iuQ 6 L\o, with h € HAo and wQ e La. Since (x, v-a) - 0

Q€AO

for any v_Q s L-a, a € Ao, Lemma 2.5-2,3 shows (wa,V-a) = 0, and therefore wa — 0
by Lemma 2.5-4. D

PROPOSITION 2 . 7 . The involutive Lie subalgebra L\o associated to a finite

root system Ao in L is semisimple.

P R O O F : Let us firstly observe that if we denote by [LAOI-^AO] ;— s P a n c { [ x ' y ] : xiV

€ L A o } , then [LAo,LAo] = LAo and

Rad(LA o) c ^A0-

Indeed, if x € LA 0 then

x = Yl Xah° + Yl Va =

and so [LA O,LAO] = LAo. Since the radical of a finite dimensional Lie algebra L' is

characterised as the ideal Rad(L') = | i £ i ' : ( i , [L',L'\) = o | , where (•, •) denotes the

Killing form (see [8, p. 73]), the fact [Z/AO;-^AO] = ^A0
 a n d Lemma 2.6 show Rad(LAo)

CffAo-
Secondly, we assert that

Rad(LAo) = Ann(LAo)-

Indeed, Ann(LAo) is a solvable ideal and therefore is included in Rad(LAo). If h

e Rad(LAo) C HAo we have, by the character of ideal of Rad(LAo)i [Kva] € Rad(LAo)

C HAo for any 0 ^ va 6 La and a € Ao, therefore a(h) = 0. Hence, we have for any

x £ LA0,

] \ l
o€Ao a€Ao ^ ^ Q6AO a6A0
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and so h € Ann(LAo).

Finally, as by Levi's theorem, ([8, p. 91]),

LAo = Rad(LAo)©TAo,

with TAo a semisimple subalgebra of LAo, we have

LAo - [LAo,LAo] = [Ann(LAo) ©TAo, Ann(LAo) ©TAo] C [TAo,TAo] c TAo

and so LAo = TAo, the proof is complete. D

We shall say that a finite set of nonzero roots {osi} of L is linearly independent if
the set {hai} is linearly independent. We also recall that an L*-algebra is defined, (see
[13, 14, 7]), as a complex involutive Hilbert-Lie algebra for which the inner product
(• | •) satisfies the H*-identities

([x,y}\z) = (y\[x\z]) = (x\[z,y']).

J.R. Schue introduced for any non zero root a of a semisimple L*—algebra L' with
inner product (• | •) and with a Cartan decomposition U = H' + ^2 L'a, the elements
0 / f t ^ e [L'a,L'_a] satisfying a(h') = (h! | h'a) for any h! € H' (see [1, pp. 513-514] or
[13, pp. 71-72]). It is well known, (see [4, Proof of Proposition 3.1] or the ideas in [12]),
that any complex finite dimensional semisimple Lie algebra with a Cartan decomposition

m
L = H + Y!,La and with the expression L — 0 £ j , where Lj are simple Lie algebras,

admits an, essentially unique, involution *' and inner product (• | •) that make L an
V-algebra admitting the same Cartan decomposition L = H + J2La, and such that
(L{ | Lj) — 0 for i 7̂  j . Since we can see a finite dimensional semisimple involutive Lie
algebra having a Cartan decomposition L = H + ̂ 2 La as a, Lie algebra which also admits
the Cartan decomposition (in the classical sense) L = H+^2La, the above considerations
imply in this framework h'a — kha with 0 ^ k G C — {0}, and joint with [1, Lemma 1]
and [1, Corollary 2] give us the following two results:

LEMMA 2 . 8 . Let L be a finite dimensional semisimple involutive Lie algebra
m

having a Cartan decomposition relative to H, Write L as L = ® Lj where Lj are simple

Lie algebras. If a is a nonzero root relative to H, then La belongs precisely to one Lj. If

we denote by

hj = {a : La C Lj},

then spanc{[ua,u_o] : a € Aj} is a Cartan subalgebra Hj of Lj and the restrictions to

Hj of the a € A; are precisely the roots of Lj.

COROLLARY 2 . 9 . Let L be as in Lemma 2.8. Let us suppose {ait,..., an} is

a linearly independent set of nonzero roots of L. If there exists a root 7 of L such that
n

7 = ^2 aa, Ci ̂  0, then all cti and 7 are roots of the same simple component Lj.
1=1
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LEMMA 2 . 1 0 . Let L be as in Lemma 2.8. If a and /? are two nonzero roots such
that a ^ ±/J then a and /3 are linearly independent.

P R O O F : Suppose a and ft are not linearly independent, then ha = chp with 0 jt c
€ C. Let consider L as an L*-algebra with inner product (• | •). By the above observation,
there exist non zero elements h'Q, h'e € H such that a(h) = (h \ h'a) and /3(h) = (h \ ty)
for any h e H and h'a = kaha, h'0 = kphp with ka,fcjgC- {0}. Hence,

a(h) = (h | kaha) = (h | kachp) = (h | kack^h'p) = kack^

for any h 6 H. From the theory of finite dimensional split semisimple Lie algebras, this
is only possible if a = ±/3. D

DEFINITION 2.11: Let a and 0 be two nonzero roots of an involutive Lie algebra
with zero annihilator, we shall say that a and /3 are connected if there exist ax , . . . , an € A
such that

is a family of nonzero roots, a\ is a fixed element of {a, -a} and on H ha n - i +OLU = 8.
We shall also say that {ai,... ,an} is a connection from a to 0.

It is clear that
p-i

(3) ap^±J2^i, p=2,..,n.

We denote by
AQ := {/3 e A : a and /? are connected}

Let us observe that {a} is a connection from a to itself and therefore a € AQ.

LEMMA 2 . 1 2 . Under the hypothesis of Lemma 2.8, and if in addition a and ft
are two connected nonzero roots, then La and Lp belong to the same simple Lie algebra
L,.

P R O O F : We have ax,..., an € A such that

{ai , ai + a-2, • • •,<*i + • • • + an_i + a n }

are nonzero roots, c*i is a fixed element of {a, - a } and <*! + ••• + an_! + an = 0. If
we consider Qi, a2, and a i + a2, by (3) a 2 ^ ± a i , then Lemma 2.10 gives us that on

and c*2 are linearly independent and finally Corollary 2.9 let us conclude LQ l ,La 2and
L a i + Q 2 belong to the same simple Lie algebra Lj. The same argument with a i + a2, 0:3

and on + a2 + a3 gives us L a 3 , L a i + Q 2 + a 3 C Lj. Following this process we finally obtain
La,LpCLj. D

PROPOSITION 2 . 1 3 . Let L be an infinite dimensional simple involutive Lie

algebra having a Cartan decomposition respect to H, and let a be a nonzero root. Then

the following assertions hold:
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(1) AQ is a root system.

(2) There exists 0 G AQ such that 0 ^ ±a.

(3) If 7 is a nonzero root such that 7 ^ AQ, then [Lp, L7] = 0 and 7(/i/j) = 0
for any 0 G AQ.

P R O O F : 1. If /? G AQ then there exists a connection { o i , . . . , a n } from a to 0. It is
easy to check that {—Qi,..., — an} is a connection from a to —0 and therefore —0 G AQ.
If 0, 7 6 Aa and /? + 7 € A, then there exists a connection { a i , . . . , a n } from a to /?.
Hence, { a i , . . . , an, 7} is a connection from a to 0 + 7 and so /? + 7 6 AQ.

2. Firstly, let us observe that there exists 7 € A, 7 ^ ± a such that either [La, L7]
^ 0 or [L_Q,L7] 7̂  0. Indeed, if we suppose [La,Ly] = [L_a,L7] = 0 for any 7 G A,
7 / ±a, as L_Q = L^ then by Lemma 2.1-2 we have j{ha) — 0 for any 7 G A, 7 ^ ±a .
Let us consider

/ := ChQ ® La® L_Q.

By the above, it is easy to prove that [/, L] C / , therefore / is a nonzero finite dimensional
ideal of an infinite dimensional simple involutive Lie algebra L, a contradiction. Hence,
there exists a nonzero root 7 ^ ±a such that either [LQ, L7] ^ 0 or [L_Q, L7] ^ 0. In the
first case, {a, 7} is a connection from a to 0 := a + 7, therefore /? G Aa and /? ^ ± a . In
the second case we argue similarly.

3. Let us suppose there exists /3 G A.a such that [Lp, Ly] / 0. If { a i , . . . , a n } is a
connection from a to 0, we have { a i , . . . , a n , 7} is a connection from a to /3 + 7. Since
AQ is a root system then 7 6 AQ, a contradiction. Therefore [Lp, L7] = 0 for any /3 G AQ

and 7 ^ AQ. As — /? G Aa for any /? G AQ, we also have [L_/3, L7] = 0. Finally, by Lemma
2.1-2 we conclude j(hp) - 0. D

PROPOSITION 2 . 1 4 . Let L be an infinite dimensional simple involutive Lie

algebra having a Cartan decomposition respect to H. Then there exists a connection
from a to 13 for any a, 0 G A.

PROOF: Let consider the root system Aa and the involutive Lie subalgebra associated

Lxa=HAa(BV*a.

We assert that L\a is a nonzero ideal of L. Indeed, by Proposition 2.13-3 we have
[Lp, L7] = 0 and [hp, L7] = 0 for any 0 G Ao and 7 £ Aa. Hence,

The simplicity of L implies LAo = L and therefore Aa = A. D

COROLLARY 2 . 1 5 . Let L be as in Proposition 2.14. Then, for a fixed aQ G A,

we have
L = span{hp : 0 € A Q J + ^ h-

c PeAao
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DEFINITION 2.16: Prom now on, we shall consider the classical finite dimensional
simple Lie algebras (of types A, B, C, or D) endowed with the standard involution given
by (aij)" = {aji). These algebras become involutive Lie algebras with the standard
involution and will be called classical finite dimensional simple involutive Lie algebras.

Given a classical finite dimensional simple involutive Lie algebra L of a fixed type
A, B, C or D, we shall give the name canonical Cartan subalgebra of L to the one de-
scribed in [8, Chapter IV, 6] for each type.

P R O O F O F T H E O R E M 2.4: 1. Let 5 be a non empty finite subset of A, from
condition 3 in Definition 1.2, Sp^ 5 fl A is a finite root system and then we can consider
the finite dimensional involutive Lie subalgebra associated L(sPzsnA), that we shall denote
by Ls := £(SpzsnA)- By Proposition 2.7, Ls is semisimple. It is well known from the
theory of finite dimensional semisimple Lie algebras that Ls can be written

t=i

with Ls{, i = l , . . . , n s , finite dimensional simple Lie algebras. By Lemma 2.12, we
conclude that for any nonzero root a of Ls respect to H C\L$, L±a belong precisely to
one LSi and so any LSi is an involutive Lie algebra. Hence, we can consider the family
of finite dimensional simple involutive Lie subalgebras of L,

i ns},

where T denotes the family of all non empty finite subset of A. We wish to prove that

l n s } , {iSi,Tj }) ,

where {is{,T } &re the inclusion mappings is the required direct system. We assert that

given

Lsi,LTj 6 {Ls}

there exists

LQi0 € {^S,}se^,i€{l ns}

such that Lsi,Lrj C LQ1 . Indeed, let us fix ao € £*. By Proposition 2.14, for any
P £ Si U Tj there exists a connection from aQ to /?, which we denote by CO0tp. We
have that Q := (J CaOip is a finite set of A and therefore we can consider the finite

dimensional semisimple involutive Lie subalgebra associated LQ. Write LQ — ® LQ{, LQ{
t=i

being simple subalgebras of LQ. By Lemma 2.8, there exists Lgio such that Lao C LQJQ.

Finally, by Lemma 2.12, LSi,Z<r, C LQio. Therefore, 5 is a direct system with the

inclusion which clearly satisfies assertion 1. of the theorem.

2. Let us denote lim<S = (L',{ej}j). As (L, {ij}j), where i, denotes the inclu-

sion mapping, satisfies the conditions of the direct limit for 5 , the universal property
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of the direct limits shows the existence of a unique *-monomorphism $ : U —> L

such that $ o e_,- — ij. Since U = \Jej(Lj), (see for instance [3]), we have
ii

) and therefore $ is a *-isomorphism from V onto \JLj. Fi-
i ' j j

nally, we assert that L = \JLJ. Indeed, if x € L, by Proposition 2.14 and Corol-
i
mlary 2.15, x = Yl\aihai + J2V-TJ

 w i t n <*i,7j € A, v^ G L7j and AQi 6 C. Consider
t=i i=i

T — {cti : i = 1 , . . . , n} U {7^ : j = 1 , . . . , m} C A and, following the above notation,
T" = (J C,50 #, <S0 being a fixed element of T. We have T" is a finite set of A that

per
gives us the semisimple finite dimensional involutive Lie algebra associated LT'. Write

T

Lrp, = @LT>., where LT1., i = l , . . . , r are simple finite dimensional involutive Lie al-
i=l '

gebras. As S is a direct system for the inclusion then there exists a finite dimensional
r

simple involutive Lie subalgebra LPo such that |J LT'. C LPo and therefore x 6 Lp0. The
t=i

proof of 2. is complete. D
THEOREM 2 . 1 7 . Let L be an infinite dimensional simple involutive Lie algebra

having a Cartan decomposition respect to H. Then L is *-isomorphic to a direct limit of

classical finite dimensional simple involutive Lie algebras of the same type A, B, C or D.

P R O O F : Let us consider the direct system of finite dimensional simple involutive
Lie algebras S given in Theorem 2.4. We can suppose all of the L; are isomorphic to
classical simple Lie algebras of a same type A, B, C or D. Indeed, the infinite dimensional
character of L let us remove the exceptional Lie algebras of S, and secondly that (i) each
Li is contained in one isomorphic to one of type A or else (ii) there exists Lio such that
Li D Lio implies that Li is isomorphic to one of type B, C or D. In each of the two cases
is possible to define a subsystem satisfying assertions 1. and 2. of Theorem 2.4.

If all of the Li are isomorphic to classical simple Lie algebras of type A and we denote
by (j>i : Li —• Ai such isomorphisms, we assert that if consider At as an involutive Lie
algebra with its standard involution, then there exists a *-isomorphism & from Lj onto
At. Indeed, fa induces on Ai a unique Cartan decomposition Ai = H'© ( 0 (Ai)ai) and

Va'6A; '
involution •' that make fa a *-isomorphism. On the other hand, if we consider Ai with
its canonical Cartan decomposition given in [8, p. 136-137], A{ = H" © ( 0 (Ai)^ ),

VeA;.' '
it is well known from the theory of finite dimensional Lie algebras, see [8, Chapter IX,
Theorem 3], that there exists an automorphism ^ : At —¥ Ai satisfying Hi{H') = H". As
a consequence, we can express the roots a" as a"(h") = a'(fa1 (h")) for a certain root
a'. This gives us a a bijection a' -* a" satisfying that the Cartan matrices associated
to a fixed simple system of roots (<*[,..., a'n), (2(aJ, ^ ^ / ( a j , aj)) and the one associated
to ( a " , . . . ,aj() are identical. Let ea>., (eQ<.)*', hQ>. as in (2), the canonical generators for
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Ai associated to (a ' j , . . . ,a^) , and Epq € LQ», Eqp € L_Q», Epp - Eqq 6 H", (where ETS

denotes the elemental matrix), the canonical generators for Ai associated to ( a " , . . . , aJJ)
(see [8, p. 136-137]). By applying the Isomorphism Theorem, [8, Theorem 2 on p. 127],
there exists a unique automorphism ^ of Ai mapping ea'. on Epq, (ea'.)*' on E^ and hQ>. on
Epp - Eqq. Moreover, as {eQ/, (eo<)*',/iQ<} generates Ai, ([8, Property XVIII on p. 123]),
we can assert rji is a *-automorphism from (Ai,*1) onto (Ai,T), T being the standard
involution (dijY := (o^7). Finally, we have & := rji o <j>i is *-isomorphism from Li onto
the classical simple involutive Lie algebra Ai as we wished to prove.

If all of the Li are isomorphic to classical Lie algebras X{ of a same type B, C or
D, we argue as in the previous case to find a *-isomorphism & from L* onto the classical
simple involutive Lie algebra Xi.

From now on X denotes a classical simple involutive Lie algebra of a fixed type
X = A, B, C or D. For any couple i,j € / with z ^ j , let eji be the inclusion mapping
and fji the unique *-monomorphism making commutative the following diagram

Lj -> Xj-

(4) e,i f t fji

It is clear that

is a direct system of classical finite dimensional simple involutive Lie algebras of a same
type X. Finally, since for any i,j € I with i ^ j , we have the *-isomorphisms & :
Li -^ Xi, £j : Lj —¥ Xj and the commutativity of the diagrams (4) we conclude \\mS is
•-isomorphic to lim 5 ' and the proof is complete. D
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