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1. Introduction

We denote by Z,N,Z,,C and C* the sets of all integers, non-negative integers,
positive integers, complex numbers and nonzero complex numbers, respectively. All
vector spaces and algebras in this paper are over C. Throughout the paper, we
always assume that all vector superspaces (resp. superalgebras, supermodules) are
defined over C, and sometimes simply call them spaces (resp. algebras, modules).
We use U(L) to denote the universal enveloping algebra for a Lie superalgebra L.

Superconformal algebras may be viewed as natural super-extensions of the Vira-
soro algebra and have been playing a fundamental role in string theory and
conformal field theory. In [16], Kac classified all physical superconformal algebras:
namely, the N =0 (the Virasoro algebra Vir), N =1 (the super Virasoro alge-
bras), N = 2, 3,4 superconformal algebras, the superalgebra of all vector fields on
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the N = 2 supercircle, and a new superalgebra C'K(6). Representation theory for
superconformal algebras has been intensively studied. It is a challenging problem to
give complete classifications of simple Harish—-Chandra modules for superconformal
algebras. Based on the classification of simple jet modules introduced by Billig
in [4] (see also [25]), Billig and Futorny gave a complete classification of simple
Harish—-Chandra modules for the Lie algebra of vector fields on a torus with the
so-called A cover theory in [5]. Recently, with the study of jet modules, the clas-
sifications of such modules were completed for many Lie superalgebras: the N =1
Ramond algebra in [8], the Witt superalgebra in [6, 30], the affine-Virasoro superal-
gebra in [10, 15], etc. The above Lie superalgebras are all Z-graded. Compared with
Z-graded Lie superalgebras, it is more complicated to classify all simple jet modules
for 1/27Z-graded Lie superalgebras (see [9] for the case of N =1 Neveu-Schwarz
algebra). Up to now, there are few papers to classify all simple Harish-Chandra
modules over 1/2Z-graded Lie superalgebras.

The Ovsienko-Roger Lie algebra £ := Vir x F, was introduced in [24] to study
the extensions of the Virasoro algebra by the density module F,. In particular,
the algebra £y, which is called the twisted Heisenberg—Virasoro algebra, plays an
important role in moduli spaces of curves [1]. The algebra £_;, named W(2,2),
is better known in the context of vertex operator algebras [31] and BMS/GCA
correspondence [2]. Moreover, with the study of the Ovsienko-Roger Lie algebra
£y, Harish-Chandra modules for many Lie algebras related to the Virasoro algebra
have been classified (see [18, 20]).

Motivated by the above researches, we introduce the Ovsienko—Roger Lie superal-
gebra £(\, €) := Vir x Fy,e = 0,1/2, where F) is viewed as the odd part of £(,€).
In the special case, £(1/2,¢), named Kuper algebra, is connected with the super
Camassa-Holm-type systems (see [13]). Meanwhile, £(—1/2,¢) is a subalgebra or
quotient algebra of many Lie superalgebras (see §5).

It is well known that the annihilation operator for cuspidal modules over the Vira-
soro algebra in [5] (lemma 2.2 below) plays an important role in the classification
of simple cuspidal modules. With such annihilation operators for cuspidal modules
over the super Virasoro algebras in [8, 9] (lemma 3.1 below), we get an annihilation
operator for cuspidal modules over the Ovsienko—Roger superalgebra (lemma 3.2
below) and give a new method to classify all simple Harish-Chandra modules for
the Z-graded and 1/2Z-graded Ovsienko-Roger superalgebras (theorem 3.4 below).
Moreover, this classification can be applied to studying various classes of Lie super-
algebras uniformly (see §5). Note that we just do our research for A = —1/2 in the
whole paper although our calculations and proofs are all suitable for any A € C.

The paper is organized as follows. In §2, we collect some basic results for our
study. Simple cuspidal modules are classified in §3. In §4, we classify all simple
Harish—Chandra modules for the Ovsienko—Roger superalgebra. Finally, using this
classification, we can classify all simple Harish-Chandra modules over some related
Lie superalgebras, including the N =1 BMS3 superalgebra, the super W (2,2)
algebra, etc., in § 5.

2. Preliminaries

In this section, we collect some basic definitions and results for our study.
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By definition, as a vector space, the Virasoro algebra Vir has a basis {L,,,C |
m € Z}, subject to the following relations:

1
[Lin, L) = (n—m)Lppyn + 5m+n,OE(n3 —n)C, Vm,n € Z. (2.1)

For any Vir-module V and \ € C, set V* := {v eV ‘ Lov = /\v}, which is gen-
erally called the weight space of V' corresponding to the weight A\. A Vir-module V'
is called a weight module if V' is the sum of all its weight spaces.

For a weight module V', we define

Supp(V) :={A e C |V #0}. (2.2)

Obviously, if V' is a weight Vir-module, then there exists A € C such that Supp(V') C
A+Z.SoV =%, V;is Z-graded, where V; := V. A weight Vir-module V =
>V, is called Harish—Chandra if all V; are finite-dimensional. If, in addition, there
exists a positive integer p such that

dimV; <p, VieZ, (2.3)

the module V is called cuspidal. A cuspidal module V with p < 1 is called a module
of the intermediate series.

A Vir-module V is called a highest (resp. lowest) weight module, if there exists
a nonzero v € V) such that

(1) V is generated by v as a Vir-module with Lov = hv and Cv = cv for some
h,c € C;

(2) Virgv =0 (resp. Vir_v = 0), where Viry = >, Vir;, Vir_ =", Vir;.

i>0
Clearly highest or lowest weight modules are Harish—Chandra modules. All simple
Harish-Chandra modules over the Virasoro algebra were classified in [23].

THEOREM 2.1 [23]. Let V' be a simple Harish—Chandra modules over the Virasoro
algebra Vir. Then V s a highest weight module, lowest weight module or a module
of the intermediate series.

It is well known that the intermediate series Vir-module is

Aa b= Z(Cm with Ly,v; = (a + i+ bm)vm4i, Cv; = 0,Ym,i € Z,
1E€EZL

where a,b € C. A, ; is simple if and only if a ¢ Z or b # 0, 1. As usual, we use A;ﬁ b
to denote the irreducible sub-quotient module of A, 1 (see [17]). If a € Z, then
Aq, b = Ag, p. So we always suppose that a ¢ Z or a = 0in A, ;. As in [12, 24], we
set Fx = Ao, », A € C, which is called density module of the Virasoro algebra.
Motivated by [24], for e = 0,1/2, we can define the Ovsienko—Roger superalgebra
£(e) := Vir x F_y 5. More precisely, £(¢) has a basis {L,,G,C|n € Z,r € Z + ¢}
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with the brackets

1
[I/m‘7 Ln} = ('I’L — m)Lm+n —+ 5m+n’oﬁ(n3 — TL)C,

1
[Lma Gr} = (T - Qm) Gr+m7

[G,,Gs] =0, Vm,n€Z,r,s€Z+e.

Here we shall note that the odd part of £(¢) is spanned by {G,, | n € Z + €}.

In the case of e =0, £(0) can be realized as the affine-Virasoro superalgebra
Cx ® C[t,t!] x Vir, where Cx is the one-dimensional abelian Lie superalgebra.

For the Ovsienko—Roger superalgebra, all simple Harish—Chandra modules over
£(0) were classified in [10]. For the case of e = 1/2, it is more complicated to classify
such modules as in [9]. This paper gives a uniform new method to consider both
cases of ¢ = 0 and € = 1/2. For convenience, we just write our research for the case
of e = 1/2. So from now on we denote by £ = £(1/2) for short. Clearly, £ is a $Z-
graded Lie superalgebra with £; = CL; ® 60;CC,Vi € Z and £,/ = (CGH% ,Vi €
Z. The subalgebra of £ spanned by {L;,C|i € Z} is isomorphic to the Virasoro

algebra Vir. The following annihilation operator Q;c";) plays an important role in

the classification of simple cuspidal modules over the Virasoro algebra.

LEMMA 2.2 [5, Corollary 3.7]. Let QX’;) =3 o (=1) (") Ly—iLsyi. For every { €

Zy there exists m € Zy such that for all k,s € 7Z, Q,(JZ) annihilate every cuspidal
Vir-module with a composition series of length £.

3. Simple cuspidal £-module

In this section, we shall consider cuspidal £-modules. Note that C' acts trivially on
any cuspidal module by [17]. The following annihilation operator ﬁiz) was given
in [9] (also see [8]).

LEMMA 3.1 [9]. Let V be a cuspidal £-module. Then there exists m € Z, such that
forallr € Z + %, s e, ﬁﬁrr:) annihilate V, where QET) = Z:’io(—l)i(T)Gr_iLsH.

By lemma 3.1, we can easily get the following annihilation operator QS]'S’) on
cuspidal modules over £.

LEMMA 3.2. Let V be a cuspidal £-module. Then there exists m € Z4 such that
My =o, (3.1)

where ng’:) =300 (1) (") Gr—iGeyi for any r,s € Z+ 3.
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Proof. For the cuspidal module V, by lemma 3.1, there exists m € Z, such that
forallr € Z+ L,s € Z, OV = 0, that is

m

. 1
Z(—l)l (TZL) Gr—iLs+iV =0, VreZ+ 5, s € 7. (32)
=0

By the action of Gy on (3.2), we get

1 & : 1
5 Z(—l)z (T) (S +1— 2t)G,,‘7iGS+t+iV = 0, Yr eZ + 5, s €. (33)
=0

Choosing t = t1,t9,t1 # to in (3.3), we get the lemma. O

Now we use lemma 3.2 to classify all simple cuspidal modules over £ without
complicated calculations.

LEMMA 3.3. Let V' be a simple cuspidal £-module. Then there exists N € Z, such
that Sé\’V =0.

Proof. By lemma 3.2, we can get (3.1). Multiply both sides of (3.1) by
Gs+1Gs+2 e G5+m7 G'r‘fjJrl T GrflGer+j+1 e GServ 1 < ] < m to gEt

GerGs+l e GermV = 0; (34)
GT_]‘ te Gr_lGrG5+jG5+j+1 s GS+mV = 07 V1 < j <m. (35)

Fix some s € Z+1/2 and set O, ={s,s+1,s+2,---,s+n}. By (3.4) the
following identity

GpoGry o G V=0 (3.6)

Tm+41

holds for all 7o, 71, ,Tma1 € Omi1.
By (3.4) and (3.5) we see that (3.6) holds for all ro, 71, ,rmi1 € Opmyo.
We shall use the induction on k to prove that

GroGyy - Gy V=0

Tm41

for all ro,71, -+ ,Tma1 € Opmyy for all k > 1. Then, according to the arbitrariness
of s, we get the lemma by choosing N = m + 2.

Suppose that (3.6) holds for all 7o, 71, -+ ,7mi1 € Op and some n > m + 1. Now
we shall prove that

GroGry - Gy, GV =0 (3.7)
holds for all ro < ry < --- <1, € O,

Case 1.7g =s+n—m.
In this case r; = s +n —m +i for any i = 1,2,...,m. So (3.7) follows from (3.4)
directly.

Case 2.1 =s+n—m—k forsome 1 <k<n—m.
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Replacing s,r by s+n—m+1,s+n — k in (3.1), respectively, we get

m

(Gs+n—st+n—m+1 - <1

> Gs+n—k—1Gs+n—m+2

i m -
+ e + (_1)771 1 (m _ 1) Gernfkferle#»n + (_1) GroGernJrl)V = 0
So we get
GroGopnVC | > GG | V. (3.8)
7,7 €0
In this case (3.7) follows by inductive hypothesis. O

THEOREM 3.4. Let V be a simple cuspidal £-module. Then V is isomorphic to
the Harish-Chandra module of the intermediate series: V. =" v; & Afhb for some

a,b € C with Lyv; = (a+ 14 bm)vgyi, Grv; =0 for allm,i € Z,r € 7 + %

Proof. Clearly dim V; < p for some positive integer p holds for almost ¢ € Z and C'
acts on V' as zero (see [17]). Now £1V is £-submodule since 2?‘1‘/ C £LV for all
1€N.So £;V =V or £V =0.

By lemma 3.3, we get

v =o. (3.9)
If £,V =V then S%VV =V =0, which is a contradiction. So £V =0 and the
proposition follows from theorem 2.1. O

4. Simple Harish—Chandra module

Now we can classify all simple Harish—-Chandra modules over £. The following result
is well-known.

LEMMA 4.1. Let M be a Harish—Chandra module over the Virasoro algebra with
supp(M) C A+ Z. If for any v € M, there exists N(v) € N such that L;yv = 0,Vi >
N (v), then supp(M) is upper bounded.

LEMMA 4.2. Suppose M is a simple Harish—Chandra module which is not cuspidal
over £, then M is a highest (or lowest) weight module.

Proof. 1t is essentially the same as that of lemma 4.2 (1) in [9].

Fix A € supp(M). Since M is not cuspidal, there exists k € %Z such that
dim M_gy > 2(dim M + M)\+% + dim My 1). Without loss of generality, we may
assume that k € N. Then there exists a nonzero element w € M_j such that
Lyw = Lyp1w = Gy 1w = 0. Therefore, Liw =G;_yw =0 for all i> k2, since
(€, £5] = Lij-

It is easy to see that M’ = {v € M|dim £7v < oo} is a nonzero submodule of M,
where £+ = >onez, (CLy +CG,, _1). Hence M = M'. So, lemma 4.1 tells us that

supp(M) is upper bounded, that is M is a highest weight module. O
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Combining lemma 4.2 and theorem 3.4, we can get the following result.

THEOREM 4.3. Any simple Harish—Chandra module over £ is a highest weight
module, lowest weight module or is isomorphic to A;’b for some a,b € C.

5. Applications

Some Lie superalgebras were constructed in [28] as an application of the classi-
fication of Balinsky—Novikov super-algebras with dimension 2|2. As applications
of the above results, we can classify all Harish—-Chandra modules over many Lie
superalgebras listed in table 7 in [28].

5.1. The Lie superalgebra q

By definition the Lie superalgebra q = q5 + q1, where q5 := C{L,,,, H,,,C | m €
Z} and q; = C{G, |p € Z+ 1}, is a subalgebra of the N =2 Neveu Schwarz
superconformal algebra, with the following relations:

1
[Lims Ln] = (n = m)Lpym + E(ng -n)C,
1
[HmaHn] = gm(sm—i-n,OCy [LmaHn} - nHm-l—na
m
[Lm, Gp] = (p - 5) Gptm,  [Him: Gpl = Gugp, (5.1)
[GIN Gq} =0,

for m,n € Z,p,q € Z + %
Clearly Aup.c = > _;cz Cv; is a g-module with

1

Lyv; = (a+bm+i)vpys, Hpvi = copmyi, Grop=0,Ymyi € Z,r € Z + 3

Moreover Ay . is simple if and only if a & Z, or b # 0,1 or ¢ # 0. We also use A;, , .
to denote the simple sub-quotient of Ag 4 .

PrROPOSITION 5.1. Any simple cuspidal q-module V' is isomorphic to the module
fhb’c of the intermediate series for some a,b,c € C.

Proof. Clearly, the subalgebra q' := span{L,,G,,C | m € Z,r € Z + 3} is isomor-

phic to £. By theorem 3.4, we can choose an irreducible ¢’-module V’ with G,.V/ = 0

forallr € Z + % In this case we have V = Indg,V’. Moreover we have GG,V = 0 for

all r € Z + % by (5.1). In this case the g-module V is simple if and only if V' is a

simple gg-module. So the proposition follows from the main theorem in [22]. O

REMARK 5.2. Proposition 5.1 palys a key role in the classification of all simple

cuspidal weight modules for the N = 2 Neveu—Schwarz superconformal algebra, see
[21].
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5.2. The N =1 BMS; superalgebra

The Bondi-Metzner—Sachs (BMS3) algebra is the symmetry algebra of asymp-
totically flat three-dimensional spacetimes [7]. It is the semi-direct product of the
Virasoro algebra with its adjoint module. The N =1 super-BMS3 is a minimal
supersymmetric extension of the BMS3 algebra, which has been introduced to
describe the asymptotic structure of the N = 1 supergravity in [3, 11].

DEFINITION 5.3. The N=1 BMSs5 superalgebra B is a Lie superalgebra with a basis
{Lim,Im,Qr,C1,Co | m € Z,r € Z+ 3}, with the following commutation relations:

1
[Lm7 Ln] - (TL - m)Lm-‘rn + ﬁém-‘rn,O(nS - n)Ch

1

[Lin, L) = (n—m)Lpin + Eémﬂho(n?’ —n)Cq,

1 1
[QT’ Qg} = 217”-"-3 + §5r+s,0 (7’2 - 4) 027

m
e

[L'HL; Qr} = - ( 2 ) Qm+7"7
[Im7In} = [Mn;QT] = 07 [Clag] = [0279] = 07

for anym,neZ,r,s€Z+%,

Note that B = Bg + Bi, where By := C{ L, I;;,, C1,C2 | m € Z} and By = C{Q,, |
peEZ+ %} The quotient algebra B/.J is isomorphic to £, where J = C{I,,,C5 |
m € Z}.

Clearly the Vir-module A4, ; can become a B-module with the trivial actions of
Ly, Q. for any m € Z,r € Z + %

PROPOSITION 5.4. Any simple cuspidal B-module V is isomorphic to the module
A, , of the intermediate series for some a,b € C.

Proof. Clearly, the subalgebra By is isomorphic to W (2,2). By theorem 4.6 in
[14], we can choose an irreducible Bzg-module V' with I, V' = C V' =CyV’' =0
for all m € Z. In this case we have V = Indg6 V'. Moreover we have I,V = 0 and

[G,,Gs]V =0forallm € Z,r,s € Z + % by definition 5.3. In this case the B-module
V is simple if and only if V' is a simple B/J-module. So the proposition follows from
theorem 3.4. O

5.3. The super W (2, 2) algebra

By definition, the super W/(2,2) algebra is the Lie superalgebra
SW(2,2) ::C{Lm,Im7GT,QT7C:{,CQ|m€Z,T€Z+%} with the following
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relations:

1
[Lins Ln] = (n —m) Ly + ﬁém+n70(n3 —n)Cr,

1
[Lnu In} = (n - m)Im+n + ﬁ(sm—&-n,o(ng - n)027

1 1
[G'm Gs] — _2L7‘+s + §5r+s,0 (712 - 4) Cla

1 1
(Gry Qs] = 2L ys + 357-+s,0 (7“2 — 4> Cs,

m m
[Lm7GT] = - (5 - 7") Gm+r7 [LmaQr] = - (5 - T) Qm-i—ra
m
[Im7 Gr] - (E - ’I") Qm+r7 (52)
for any m,n € Z,r,s € Z + %

Note that SW(2,2) = SW(2,2)5 + SW(2,2)1, where SW(2,2)5 := C{Ly, I,
C1,Cy | m € Z} and SW(2,2); = C{G,,Qp | p € Z + 3}.

Clearly the subalgebra generated by {L,, G,,C | m € Z,r € Z + 1} is isomorphic
to the N =1 Neveu-Schwarz algebra & (see [19]). From [26] we see that S, or
IS, p is the Harich-Chandra module of intermediate series over & for some a,b € C,
where S, p is defined as follows:

Sap = Z(Cxi + Z Cy. with

iEZ kez+1
1
Lyxi = (a+bn+9)Tiyn, Lnyyr = (a + (b + 2) n+ k) Yk-+ns

Grxi = (a+1i+2rb)yrsi, Grypx = —Tryr,

for all n,i € Z,r,k € Z + %

Moreover S, is simple if and only if a ¢ Z or a € Z and b # 0, 5. We also use
57, to denote the simple sub-quotient of S p.

Clearly the &-modules S, and IS, become SW(2,2)-modules with trivial
actions of I, Qer% for any m € Z.

PROPOSITION 5.5. Any simple cuspidal SW(2,2)-module V' is isomorphic to S,
or ILS;, ,, for some a,b € C.

Proof. Set p =span{L,, [, Q,,C1,Co | m € Z,1r € Z + %} By proposition 5.4
we can choose a simple p-module V' with I,V' =Q, V' =CoV/ =CyV' =
0 for all meZ,reZ+ % In this case we have V = Inde(Q’Q)V'. More-
over we have [,V =Q,V =0 for all meZreZ+ % by definition 5.2.
In this case the SW(2,2)-module V is simple if and only if V is
a simple &-module. So the proposition follows from the main theorem
in [26] (also see theorem 4.5 in [9]). O
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REMARK 5.6. We can easily prove that any simple Harish—-Chandra module over
the above Lie superalgebras is a cuspidal module, or a highest (or lowest) weight
module as lemma 4.2. So all simple Harish-Chandra modules over the above Lie
superalgebras are also classified.

REMARK 5.7. All indecomposable modules of the intermediate series and some
other representations were studied in [29] and [27].
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