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ABSTRACT

In his work on deformation quantization of algebraic varieties Kontsevich introduced
the notion of algebroid as a certain generalization of a sheaf of algebras. We construct
algebroids which are given locally by NC-smooth thickenings in the sense of Kapranov,
over two classes of smooth varieties: the bases of miniversal families of vector bundles
on projective curves, and the bases of miniversal families of quiver representations.

Introduction

In this work we study certain families of vector bundles over noncommutative bases. More
precisely, our framework is the theory of NC-schemes over C, developed by Kapranov in [Kap98|.
These are analogs of the usual schemes based on algebras that are close to being commutative:
any expression containing sufficiently many commutators in such rings vanishes. More precisely,
these are NC-nilpotent algebras; one also considers NC-complete algebras which are complete
with respect to the commutator filtration.

In this theory there is a natural notion of NC-smoothness, which is analogous to the notion of
quasi-free algebra from [CQ95]. Kapranov proves the existence and uniqueness of an NC-smooth
thickening for any smooth affine scheme X. By definition, such a thickening corresponds to
an NC-smooth algebra whose abelianization is the algebra of functions on X. The problem of
determining which nonaffine smooth schemes admit such extensions seems to be quite hard. There
are very few known examples of such thickenings. For example, there are explicit constructions for
Grassmannians and abelian varieties (see [Kap98, PT14]). In both cases the relevant NC-smooth
thickenings represent natural functors on the category N of NC-nilpotent algebras. On the other
hand, there is no smooth scheme for which we would know that there is no NC-smooth thickening.

One of the constructions considered in [Kap98] is that of a natural functor of families of
vector bundles over NC-nilpotent bases, which on the commutative level are induced by a given
family of vector bundles on a fixed projective variety with a base B. More precisely, we consider
the following situation. Let Z be a projective algebraic variety, B a smooth variety, and let £2P
be a vector bundle over B x Z. We denote by p : B X Z — B the natural projection.

DEFINITION 0.0.1. We say that £2P is an excellent family of bundles on Z if:

(a) Op — p«End(£2P) is an isomorphism;
(b) the Kodaira-Spencer map & : Tg — R'p,.End(£?P) is an isomorphism;
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(c) R%p.End(E2P) = 0;
(d) R%p,End(E2P) is locally free for d > 3.

For example, if Z is a projective curve then conditions (¢) and (d) are automatic. Condition
(a) is satisfied for a family of simple bundles (see [HL10, Lemma 4.6.3]). Condition (b) is satisfied
if the map from B to the moduli stack of vector bundles on Z is étale.

Following [Kap98], we consider the natural functor hg C on the category N of noncommutative
families of vector bundles compatible with £2P (see Definition 1.5.1 for details). It was claimed
in [Kap98] that this functor is representable by an NC-smooth thickening of B. However, the
proof contained a gap.

In the present paper we prove that whenever dim B > 1, the functor hg € is not representable
by an NC-scheme (see Theorem 1.5.6). The reason for this is rather silly: we observe that h¢
factors through the quotient category a/N of N in which conjugate homomorphisms are identified
(see §1.2).

The natural idea then is to ask the representability question in this new category a\. Our
main technical result is that this is true locally: the functor of families over NC-nilpotent bases is
representable in the case where B is affine (see Theorem 2.2.1). We use this local representability
of h¥¢ in a to construct in the general case a C-algebroid! over B in the sense of [Kon01], [KS12,
§2.1], given locally by an NC-smooth thickening of B. We call such a structure an NC-smooth
algebroid thickening of B (see Definition 1.3.2 for details).

THEOREM A (See Theorems 1.3.8 and 2.2.1). Let B be a (smooth) base of an excellent family
of vector bundles. Assume that B is connected and dim B > 2. Then there exists an NC-smooth
algebroid thickening of B.

Note that the case dim B = 1 is of no interest since any smooth commutative scheme of
dimension 1 is already NC-smooth.

In the case where B is quasi-projective, so that there exists an open affine covering (U;)
of B, such that all intersections U; N U; are distinguished affine opens in both U; and Uj, the
algebroid in Theorem A can be described in more down-to-earth terms as follows. We have an
NC-smooth thickening of U; for each i; over U; N U; we have isomorphisms between the two
induced NC-smooth thickenings; and over U; N U; N Uy, the isomorphisms agree up to an inner
automorphism (furthermore, the corresponding invertible elements are chosen and satisfy the
natural compatibility condition over U; N U; N U, N U).

Note that algebroids were introduced by Kontsevich in connection with deformation
quantization of algebraic varieties (see [Kon01l, KS12]). NC-smooth thickenings are in some
ways similar to deformation quantization algebras (in particular, the construction of NC-
smooth thickenings from torsion-free connections in [PT14] is somewhat reminiscent of Fedosov’s
deformation quantization procedure in [Fed94]). Thus, it is not very surprising that algebroids
made their appearance in the theory of NC-smooth thickenings. In light of Theorem A, it seems
that rather than asking which smooth schemes admit NC-smooth thickenings, it is more natural
to ask which smooth schemes admit NC-smooth algebroid thickenings.

In fact, in the proof of Theorem A we construct a canonical algebroid (up to an equivalence).
Since there is a well-defined notion of a module over an algebroid, one natural problem is whether
there is a universal family of modules over our algebroid, extending the original family over B.

! This notion has nothing to do with the more commonly used Lie algebroid: the latter is a sheaf of Lie algebras
with some extra structures, whereas a C-algebroid is a certain stack of C-linear categories.
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One can also try to study the higher-rank analog of the Fourier—-Mukai transform picture for NC
Jacobians considered in [PT14, §4]. We leave these questions for a future study.

Motivated by Toda’s work [Tod17], we also consider the similar picture for representations
of quivers. Namely, starting with an excellent family (see Definition 2.4.2) of representations
of a finite quiver @ (with no relations), we consider the functor of compatible families of
representations of ) over NC-nilpotent affine schemes. We show that the situation is completely
similar to (and somewhat easier than) the picture discussed above.

THEOREM B (See Theorems 1.3.8 and 2.4.4). Let B be a (smooth) base of an excellent family
of representations of (). Assume that B is connected and dim B > 2. Then there exists an
NC-smooth algebroid thickening of B.

For example, this result applies to the moduli space of stable quiver representations
corresponding to an indivisible dimension vector.

Note that for the proof of Theorem B we develop a version of nonabelian hypercohomology
H!' for a sheaf of groups acting on a sheaf of sets, which may be of independent interest (see §2.3).

Toda also constructs in [Tod17] local (non-NC-smooth) NC-thickenings for some obstructed
families of vector bundles (and for representations of quivers with relations). It would be
interesting to study whether these thickenings glue into an algebroid.

The paper is organized as follows. In §1 we discuss the category aN of affine almost NC
(aNC) schemes in which conjugate homomorphisms are identified. We prove in §1.3 that any
formally smooth functor on a/N, that is locally representable, leads to an NC-smooth algebroid
thickening (see Theorem 1.3.8). Then in § 1.5 we show that the functor of NC-families extending
the given excellent family of vector bundles factors through a, and as a consequence, is not
representable except in trivial cases (see Theorem 1.5.6).

In §2 we prove local representability results for formally smooth functors on a\N. First, we
give a technical representability criterion for such a functor extending the functor on commutative
algebras representable by a smooth affine scheme (see Proposition 2.1.3). Then we apply this
criterion to the functor of NC-families extending a given excellent family of vector bundles
(see Theorem 2.2.1) and then to the functor of NC-families of quiver representations (see
Theorem 2.4.4).

Conventions. All algebras we consider are over C, and all schemes are assumed to be of finite
type over C. The expression [a,b] always denotes the commutator in an associative algebra:
[a,b] = ab — ba.

1. Affine aNC-schemes and the nonrepresentability of the functor of NC-families of
vector bundles

1.1 Generalities on NC-schemes
For a ring R, we define the decreasing filtration Z, R by

I.R = > R-RY°.R.....R-RM°.R,

1122,..,im 22, 11+ +im2n

where R is the nth term of the lower central series of R viewed as a Lie algebra. Note that
R/T,R is precisely R?P, the abelianization of R.

We define the category Ny of NC-nilpotent algebras of degree d as the category of algebras
R for which Zy,9R = 0. Thus, Ny = Com is the category of commutative algebras. A ring R
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is in N7 if and only if it is a central extension of a commutative algebra. Here we say that an
extension of algebras
0-I—->R—-R—0

is a central extension if I is a central ideal in R with I? = 0.

We denote by N = Uaso Ny the category of NC-nilpotent algebras. For A € N we denote by
ha the corresponding representable covariant functor on A : hs(B) = Homye (4, B).

An algebra R is called NC-complete if it is complete with respect to the filtration (Z,,R). We
denote by NC the category of NC-complete algebras. For an NC-complete algebra R we denote
by hg the functor on N given by hr(B) = Homg, (R, B). Note that the restriction hg|a;, is
naturally isomorphic to the representable functor hg,z, ,g. This easily implies that the functor

NC® — Fun(N,Sets) : R+ hp

is fully faithful.

An NC-complete algebra R is called NC-smooth if the functor hg is formally smooth, that
is, for any central extension in N, B’ — B, the induced map hr(B’) — hr(B) is surjective. An
NC-nilpotent algebra A of degree d is called d-smooth if the same is true for the functor ha|u;,.

Kapranov defines NC-nilpotent schemes (over C) as locally ringed spaces locally isomorphic
to the spectrum of an NC-nilpotent algebra, with its natural structure sheaf, which is defined
similarly to the commutative case. General NC-schemes are similarly modeled on formal spectra
of NC-complete algebras (see [Kap98, §2] for details). One can view an NC-scheme X as an
underlying usual scheme X2 equipped with a sheaf of noncommutative algebras Ox such that
its abelianization is Oyab. In this case we say that X is an NC-thickening of X2". In the case
where X is NC-smooth, we say that it is an NC-smooth thickening of X?P.

LEMMA 1.1.1.

(i) Let R be a d-smooth algebra, such that dim R*® > 2 and R® is connected. Assume that
d > 1. Then the center of R is C + Zg41 R.

(ii) Let OYC be an NC-smooth thickening of a smooth connected scheme X with dim X > 2.
Then the center of (’))]\(70 is the constant sheaf Cx.

Proof. (i) Let Z(R) denote the center of R. We have a central extension of algebras
0—>Zy1R— R— R =R/T;1R— 0,

hence, we have the inclusion C 4+ Zy,1 R C Z(R). In the case d = 1 we have R’ = R* and the
commutator pairing associated with the above extension is

[f,9] = df Adg € Q% ~ToR,

where f, g € R are lifts of f,g € R' = R*. This easily implies that an element of Z(R) projects
toCC R

In the case d > 1, by the induction assumption, we can assume that Z(R') = C + ZyR'.
Hence, it is enough to investigate elements of Z(R) that project to elements of ZyR' C R’. Let
us consider the commutator pairing

IdR, X Rab —> Id+1R : (Oé, f) = [a’ ﬂv
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where a,f € R are lifts of @ and f. We claim that this pairing is induced by the natural
commutator pairing

U(Liet(Qgan))a X Qpar = U(Lier (Qgan))ar1,

where we use the notation of [PT14, §2.1] (in particular, Lie, (?) denotes the degree >2 part of
the free Lie algebra) and an isomorphism

gr7(R) = U(Liet(Qgan))n

for n <d+ 1 (see [PT14, Corollary 2.3.15]). More precisely, we claim that

@, f] = =l dflu, (1.1.1)

where we view a as an element of Zy,R' = grd(R), and on the right-hand side we take the
commutator in the algebra U(Liey(QL,,)). Indeed, by [PT14, Corollary 2.3.9], we can realize

Rab
R as a subalgebra in T'(Q,.,)/ T>d+2 (Q%.) (where T'(?) denotes the tensor algebra over R2b),

so that the projection R — R? is induced by the projection to T = R?". Furthermore, the
elements in the image of R have tensor components of the form (f, —df,...). Since T° is in the
center of the tensor algebra, this immediately implies formula (1.1.1). Thus, if « € ZyR' lifts
to an element of Z(R) then [, df]y = 0 for any f. Since U(Liey(Q},,)) is a subalgebra in the
tensor algebra T(Q}%ab), this implies that « is in the center of T(Q}%ab), hence, « = 0 (since
dim R* > 2). This implies that Z(R) = C + Zy,1 R.

(ii) It is enough to check this in the case where X is affine, that is, X is the formal spectrum of
an NC-smooth algebra R such that R is connected. Now the assertion easily follows from (i). O

By a vector bundle E on an NC-nilpotent scheme X we mean a sheaf of right O-modules
which is locally free of finite rank. We denote by E?P the induced vector bundle on X2P.

LEMMA 1.1.2. Assume that X C X' is a nilpotent extension of affine NC-nilpotent schemes,
that is, Ox is a quotient of Ox: by a nilpotent ideal. Let E' be a vector bundle over X', and
E the induced vector bundle over X. Let ¢ : O% — E be a trivialization. Then ¢ extends to a
trivialization O%, — E.

Proof. 1t is enough to consider the case where 0 - Z — Oxs — Ox — 0 is a central extension.
Then 7 is a quasicoherent sheaf over Oxab, so

HYX' E'®TI)=HYX* E*®1I)=0.

Thus, the n global sections of E defining the trivialization can be lifted to global sections of E’.
It is easy to see (arguing locally) that they give a trivialization of E'. O

1.2 The category of affine aNC-schemes
The category a/N has the same objects as A/, while the morphisms in aN" are equivalence classes
of homomorphisms A — B, where fi, fo : A — B are equivalent if there exists b € B* such that
fo = bf1b~!. We denote by aNy C aN the full subcategory of NC-nilpotent algebras of degree d.
Given a ring A in A and a multiplicative set S C A" let S denote the preimage of S under
the projection A — A", Then S satisfies Ore conditions and S~ A is again NC-nilpotent (see
[Kap98, §2.1]). For any B € A the composition with the localization morphism ¢ : A — A[S™!]
induces an embedding Homy (A[S™!], B) <= Homy (4, B) with the image consisting of [f] such
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that f(S) C B*. Since the latter condition is invariant with respect to our equivalence relation
on Homys (A, B), the composition with [¢] gives an embedding

Hom,z (A[S™!], B) < Homgn (A, B)

with the same characterization of the image.
Note also that for B € A/ an element b € B is invertible if and only if its image in B is
invertible. Thus, a homomorphism f : A — B factors through A[S™!] if and only if the induced

homomorphism 2P : A*> — B3 factors through A®P[S™ ], where S C AP is the image of S. It
follows that we have a cartesian square of sets

hais-1)(B) ha(B)

| |

1 (B™) — h pun (B™).

hAab[?
Now let R be an NC-complete algebra and let T € R*" be a multiplicative subset. Following
Kapranov [Kap98, Definition (2.1.8)], we set

R[T™'] = lim(R/Z4R)[T; 1],

where Ty C R/Z4R is the preimage of T. In the case where T' = {f™ | n > 0}, for some element
f € R* we denote the above algebra simply by R[f~!].

For an NC-complete algebra R we denote by hr the corresponding functor on aN : hr(B)
is the set of conjugacy classes of algebra homomorphisms R — B. Since the images of
both horizontal arrows in the above cartesian square are stable under the action of inner
automorphisms of B, we deduce that the similar square

hgpr-11(B) hr(B)

T

hRab [Tfl] (Bab) I hRab (Bab>

is still cartesian for any B € N.

Let aNC denote the category of NC-complete algebras with morphisms given by algebra
homomorphisms viewed up to conjugation, that is, up to post-composing with an inner
automorphism. We denote by aN(CS;s the subcategory in aNC, whose objects are NC-smooth
algebras, with isomorphisms in aN'C as morphisms.

LEMMA 1.2.1. The functor
aNCSP — Funis(aN,Sets) : R — hg
is fully faithful, where Funyg is the category of functors and natural isomorphisms between them.

Proof. Note that for any d > 0, the restriction hRla A, is naturally isomorphic to the representable
functor hg/z, ,r- Thus, for NC-complete algebras R and R’, we have a natural identification

ISO(ER/, ER) ~ l(iild ISOCLN(R/Id+2R, R,/Id+2R,),
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where Isognr(?,7) denotes the set of isomorphisms in the category a/N. Thus, it suffices to prove
that if R and R’ are NC-smooth then the natural map

Isogne(R, R)) — lim | Isoan (R/ZyoR, R /T4 o R') (1.2.2)
is a bijection. To check surjectivity, assume we are given a collection of algebra homomorphisms
fa:R/Ty 2R — R JT4.0R/,

which are compatible up to conjugation, that is, the homomorphism fqi14 @ R/Zgp2R —
R'/Z41oR' induced by fi+1 is equal to 0y, f4, where 6, is the inner automorphism associated
with a unit uy € R'/Zy.oR'. Now, starting from d = 0, we can recursively correct fgi11 by
an inner automorphism of R'/Z;,3R’, so that the homomorphisms (f3) become compatible on
the nose (not up to an inner automorphism). Since R’ is NC-complete, this defines a unique
homomorphism f : R — R’ inducing (fy). Furthermore, since R is NC-complete, we see that f
is an isomorphism if and only if all f; are isomorphisms.

It remains to check that (1.2.2) is injective. Thus, given two isomorphisms f, f' : R — R/
such that the induced isomorphisms fq and f/, are conjugate for each d, we have to check that f
and f’ are conjugate. By considering f~!f’, we reduce the problem to checking that if we have
an automorphism f : R — R such that fy is an inner automorphism of R/Z; 2R for each d, then
f is inner. For any algebra A, let us denote by Inn(A) the group of inner automorphisms of A.
Note that we have an exact sequence of groups

11— Z(A)" - A" - Inn(A) — 1.

Applying this to each algebra R/Z;sR, and passing to projective limits, we have an exact
sequence

. . Lo
1 —lim Z(R/I42R)" — lim (R/Zg2R)" ——> lim Inn(R/Zs42R).

We claim that the arrow p in this sequence is surjective. Indeed, it is enough to check that the
inverse system (Z(R/Z442R)*) satisfies the Mittag-Leffler condition. But by Lemma 1.1.1(i), for
d > 1, the image of the projection

Z(R/T4ssR)* — Z(R/T41R)*

is equal to C*, which implies the required stabilization. Thus, the map p is surjective. Note that
the source of this map can be identified with R*. Thus, we deduce the surjectivity of the natural
map

R* — lim | Inn(R/Zy42R).

Hence, we can compose f with an inner automorphism 6, of R, such that f" = 6, f induces the
identity automorphism of R/Z;.oR for each d. It follows that f’ = id, that is, f is inner. O

1.3 Gluing

We can define the Zariski topology on aAN°P naturally. However, this is not a subcanonical
topology, that is, representable functors are not necessarily sheaves with respect to this topology.
Namely, suppose f1, fo : A — B are a pair of homomorphisms, inducing the same homomorphism
AP . Bab Assume also that we have a covering of Spec(A®") by distinguished affine opens,
Spec(Ag,), such that f; and fo become conjugate as morphisms from A,, to By,. It may happen

that f; and fo are still not conjugate by an element of B*.
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Ezample 1.3.1. Let R := k[z,y|. For any ideal I C R we can consider the central extension A of
R by Q% /e OR R/I, obtained from the universal central extension via the natural homomorphism

Q% e Q% /e OR R/I. We consider a pair of homomorphisms
fi=id, fo=id+4+d: A— A,
where 0 : A > R — Q%/k ®pr R/I is a derivation given by
d(r) =wAdr modIQie/k,

for some 1-form modulo I, w € Q}%/k ®gr R/I. We will prove that for I = (xy — 1), there exists
a 1-form w such that f; and fo are locally conjugate, but not globally conjugate. Note that if
R, is a localization of R then the corresponding localization of A is a central extension of R,
by Q%g/k ®R, (R/I)g4. It is easy to see that the condition for f; and fo to be conjugate over
Spec(Ry) is that for some r € R} one has

5(r') =r~tdr Adr' mod IQ%g/k
for any ' € R. Since the morphism 7 — nA? gives an isomorphism
1 1 2
Qr,/k Ory (R/1)g =~ Homp, (g /1, Qe Or, (B/1)g),
this is equivalent to the condition
_ -1 1
w=r ‘dr modIQRg/k.
Let us consider the homomorphism of sheaves on Spec(R) = AZ,
7: 0" = A ®e O/,

induced by ¢ — ¢~ d¢. Thus, the condition on w means that it comes from a global section
of the sheaf image im(7), but is not in the image of the induced morphism on global sections.
Since H°(A2, O*) = k, the latter condition is equivalent to w # 0. Now we observe that the sheaf
Q! ®0 O/I is supported on the curve 2y = 1 which is contained in the affine open subset 2 # 0.
Hence, the 1-form dz/z gives a well-defined nonzero global section of im(7), as required.

Because of this we do not try to glue affine aNC-schemes using sheaves on a/N. Instead, we
show that a locally representable formally smooth functor on aN always leads to an algebroid
over the underlying commutative smooth scheme X, that corresponds locally to an NC-smooth
thickening of X.

Recall that a C-algebroid A over a topological space X is a stack of C-linear categories over
X, such that A is locally nonempty and any two objects of A(U) are locally isomorphic. We
refer to [KS12, §2.1] for basic results on algebroids.

DEFINITION 1.3.2. Let X be a smooth scheme. An NC-smooth algebroid thickening of X is a
C-algebroid A over X such that for every object o € A(U) over an open subset U C X the sheaf
of algebras €nd 4(o) is an NC-smooth thickening of U.

For a sheaf of C-algebras A over X we have the corresponding C-algebroid with a fixed global
object o such that A is the endomorphism algebra of o.
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DEeFINITION 1.3.3. For a C-algebroid A, we define the center of A as the sheaf
Z4:=End(Ida)

of endomorphisms of the identity functor on A. We say that a C-algebroid A has trivial center
if the natural map of sheaves Cx — Z 4 is an isomorphism.

It is easy to see that for any local object o € A(U) one has a natural identification of Z 4|y
with the center of the sheaf of algebras énd 4(o). Thus, by Lemma 1.1.1(ii), any NC-smooth
algebroid thickening has trivial center.

We will prove a general gluing result for sheaves of C-algebras with trivial centers and then
apply it to construct NC-smooth algebroid thickenings.

LEMMA 1.3.4.

(i) Let A and A’ be a pair of C-algebroids with trivial centers over an irreducible scheme X,
and let F,G : A — A’ be a pair of equivalences. Assume that for an open covering (U;) of X we
have an isomorphism F|y, ~ G|y,. Then there exists an isomorphism F ~ G.

(ii) Let A and A’ be a pair of C-algebroids with trivial centers over an irreducible scheme X .
Assume that for an open covering (U;) of X we have an equivalence

Fi: A’Uz - A/‘Ui
and that for each pair i,j, we have an isomorphism
Fi‘Uij = Fjj‘Uij’

where U;; = U; NU;. Then there exists an equivalence F : A — A’ such that F|y, ~ F;. Such an
equivalence is unique up to an isomorphism.

(iii) Let U; be an open covering of an irreducible scheme X, and for each i let A; be a
C-algebroid with trivial center over U;. Assume that for every i, j, we have an equivalence

Fij :Ai|Uij — ‘A]"Uz‘j’
such that for every 1, j, k, there is an isomorphism
ij|UijIc o Fij|Uijk = Ek‘Uijk’

where Uj;, = U; N U;j N Uy. Then there exist a C-algebroid A over X and equivalences F; : A|y, —
A;, such that for every i, j, there is an isomorphism

Fijo Fi|Uij = Fj|Uij‘

Furthermore, such A is unique up to an equivalence.

Proof. (i) Let us choose for each i an isomorphism ¢; : F'|y;, — G|y,. Then for each 4, j, we have
bilu,; = bilu,, © cij

where ¢;; is an autoequivalence of Fjy,;. Since Fj is an equivalence, we have Aut(F) ~ Aut(id).
Locally, the sheaf Aut(idy4) is given by the center of End4(c), where o is an object of A.
Hence, by Lemma 1.1.1, the natural morphism of sheaves C% — Aut(id4) is an isomorphism.
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Thus, ¢;; is a Cech 1-cocycle with values in C%. Since X is irreducible, the corresponding Cech
cohomology is trivial, so we can multiply ¢; by appropriate constants in C*, to make them
compatible on double intersections. The corrected isomorphisms glue into a global isomorphism
Fr— G.

(ii) Let us choose for each i, j an isomorphism ¢;; : Fi|y,; — Fj|u,;- Then for each i, j, k, the
composition ¢;jr = ¢p;Pjr¢Pi; is an autoequivalence of Fz’|U¢jka where c¢;;;, is a Cech 2-cocycle with
values in C%. As above, choosing representation of ¢;j;, as a coboundary allows to correct ¢;; by
constants in C*, so that the isomorphisms ¢;; are compatible on triple intersections. Hence, we
can glue (F;) into the required global equivalence F' : A — A’. The fact that F' is unique up to
an isomorphism follows from (i).

(iii) For every i, j, k, let us choose an isomorphism

Jijk - Fj/f|Uijk © Fij|Uijk - Fik|Uijk'
Then for every i, j, k, [, we have over Ujjp,
Gikt (Fr1 * giji) = Cijrgiji(gin * Fij)

for some cjj € Aut(Fy)(Uijr) = C*. Furthermore, (cjjr) is a Cech 3-cocycle with values in
C%. Hence, we can multiply g;;» with appropriate constants to make them compatible on
quadruple intersections. This allows us to glue (A;) into a global C-algebroid A over X (see
[KS12, Proposition 2.1.13]). The uniqueness of A up to an equivalence follows from (ii). O

PROPOSITION 1.3.5. Let (U;) be an open covering of an irreducible scheme X . Assume that for
each i we are given a sheaf of C-algebras A; with trivial center over U;, and for each pair i < j,
a covering (Vi = Vij 1) of Uyj, together with isomorphisms of sheaves of C-algebras

aijvi, - Ailv, = Ajlv,

for all k. We assume that the restrictions of cyjy, and oyjy, to Vi NV differ by an inner
automorphism. Also, we assume that for i < j < k there exists a covering (W; = Wijx;) of
Uiji. such that ojilw, o oijlw, and aui|w, differ by an inner automorphism. Then there exists a
C-algebroid A over X, together with equivalences of C-algebroids,

Fi - Aly, = A,

where A; is the C-algebroid over U; associated with A;, such that for i < j there exist
isomorphisms

Qig, Vi © Fi|Vk = Fj|Vk
over the covering (Vi) of U;;. Such an algebroid A is unique up to an equivalence.
Proof. Each isomorphism oy, gives an equivalence
Fijv, + Ailv, = Ajlv.-

Since the local autoequivalence of A; associated with an inner automorphism of A; is isomorphic
to the identity, we get that Fj;y, and Fj;y;, induce isomorphic equivalences over Vi N V.
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By Lemma 1.3.4(ii), we obtain an equivalence defined over Ui,
Fij : Ai|Uz'j - Aj’Uij’
such that Fij|Vk >~ Qi V-
Furthermore, we claim that over U;ji there is an isomorphism
ij?|Uijk © Fij|Uijk = ik|Uijk' (1.3.1)

Indeed, by assumption, we have a similar isomorphism over each open subset from the covering
(W1) of Usji. Thus, our claim follows from Lemma 1.3.4(i), applied to the equivalences on both
sides of (1.3.1).

Finally, we can apply Lemma 1.3.4(iii) to conclude the existence and uniqueness of the
required NC-smooth algebroid A over X. a

We will now apply the above general result to NC-smooth thickenings.
For a functor A on aN such that hcom = hx and an open subset U C X, we define the
subfunctor h,;; C h by

hyu(A) = h(A) Xy (paby ho (A™),
where we use the identification h(A*) ~ hx (A2P).

LEMMA 1.3.6. Let h = hg, where R is an NC-complete algebra. Then for any distinguished afline
D(f) C Spec(A®P) we have an equality of subfunctors hp(ry = hags1y-

Proof. This follows immediately from the cartesian square (1.2.1) with 7'= {f™ | n > 0}. a

LEMMA 1.3.7. Let h be a functor on aN such that h|com = hx for some scheme X. Assume that
(U;) is an affine covering of X, such that for every i we have an isomorphism h y;, =~ ha, for some
A; € N. Let us denote also by A; the corresponding sheaf of algebras over U;. Then for every
open subset V' C U; N Uj;, which is distinguished in both U; and U;, we have an isomorphism

Ozijy : Az"\/ ~ Aj‘V

compatible with the isomorphisms h A,(v) = hyy = h A;(vy- Furthermore, for another such open
V' C U;NUj the isomorphisms aj v vy and oy |yay differ by an inner automorphism. Also,
for any open V' C U; NU; N Uy, distinguished in U;, U; and Uy, we have

jklv o aijlv = airly o Ad(uijk)
for some i, € A;(V)*.

Proof. Let us fix an isomorphism h , ~ ha, for each i. Suppose V C U; NUj is a distinguished
affine open in both U; and U;. Then

EAZ',/V ~ h/V ~ EA].’V.

Thus, by Lemmas 1.3.6 and 1.2.1, we have an isomorphism between the corresponding
localizations of A; and A; in a/V, and hence, an isomorphism «a;; : A;|y ~ A;|y, defined uniquely
up to an inner automorphism. For V' C U; NU; NUy, the compatibility between a;;, o, and ay,
up to an inner automorphism, follows from the compatibility of all of these isomorphisms with
the isomorphisms of EA“/V, EAJ.’/V and EAk,/V with £y O
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THEOREM 1.3.8. Let h be a formally smooth functor on aN such that h|com = hx, where X
is a smooth connected scheme with dim X > 2. Assume that h is locally representable, that is,
there exist an open affine covering (U;) of X, and isomorphisms

h/Ui QEA“

where A; is an NC-smooth thickening of U;. Then there exist an NC-smooth algebroid A over
X and equivalences of algebroids
E : A‘Ul — Ai,

such that for every open subset V' C U; N Uj;, distinguished in both U; and Uj, there is an
isomorphism

gij o Filv =~ Fjlv,
where g;; : Ailv — Aj|v is a representative (up to conjugation) of the isomorphism h Ay =

h/V ~ hAj\V‘
Proof. First, we apply Lemma 1.3.7 and obtain isomorphisms
Oéijy . Ai‘\/ — Aj|V

for every open V' C U; N Uj, distinguished in both U; and Uj, such that these isomorphisms for
V and V' and for V' C U;NU; N Uy, are compatible up to an inner automorphism. Hence, we are
in the setup of Proposition 1.3.5, where as open coverings of U;; (respectively, U;;i) we take the
covering by all open affines which are distinguished in U; and U; (respectively, U;, U; and Uy,).
Note that the centers of A; are trivial by Lemma 1.1.1(ii). Thus, applying Proposition 1.3.5, we
get the required NC-smooth algebroid over X. O

1.4 Recollections on nonabelian H!
We will use some basic constructions involving nonabelian cohomology, which we recall here. The
comprehensive reference is Giraud’s book [Gir71] (more specifically, we use [Gir71, §§3.3, 3.4]).
A more explicit treatment in terms of Cech cocycles is given in [Man97, §2.6.8]; however, it
contains one mistake that we will correct.

For a sheaf of groups G on a topological space X and an open covering U = (U;) of X, the
set of 1-cocycles Z'(U,G) consists of g;; € G(U;;), such that g;; = 1, gi;9;; = 1 and

95U 9kl U1 = Gkl U
Two such 1-cocycles (gi;) and (g;;) are cohomologous if
gij = hi|Uijgijh;1‘Uij7

for some h; € G(U;). We denote by H' (U, G) the corresponding set of equivalence classes (pointed
by the class of the trivial cocycle). The nonabelian cohomology set H! (X, G) is obtained by taking
the limit over all open coverings. Note that our convention for nonabelian 1-cocycles is the same
as in [Gir71] and differs from that of [Man97, §2.6.8] by passing to inverses. For brevity, we
will no longer write explicitly the restrictions to the intersections in formulas involving sections
defined over different open subsets.

For a homomorphism G; — Gy the induced map of pointed sets H*(X,G;) — H'(X,G) is
defined in an obvious way. Now assume we are given an abelian extension of sheaves of groups

loAsg 2 sgo.
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This means that A is a sheaf of abelian groups, which is a normal subsheaf in G’, and G is the
corresponding quotient. Then we have a natural connecting map

6 : H'(X,G) - HY(X, A)

such that dp(g) = 1 if and only if g lifts to a global section of G’. Namely, for an open covering
U; we can find ¢, € G'(U;) such that p(g}) = g, and set dy(g) to be the class of the 1-cocycle
(gg)_lg} € A(Uyj). Note that dg is not a homomorphism in general. Rather, it satisfies

80(g192) = 95 (B0(g1)) + So(g2), (1.4.1)

where we write the group structure in H'(X, A) additively and use the natural action of H°(X, G)
on H'(X, A) induced by the adjoint action of G on A. (This means that g — (g~ !) is a crossed
homomorphism.) An equivalent restatement of (1.4.1) is that there is a twisted action of HY(X, G)
on HY(X,A) given by

gxa=g(a)+d(g™"), wheregec H'(X,G), a € H'(X, A). (1.4.2)

Explicitly, the usual action of g € H°(X,G) on the class of a Cech 1-cocycle (a;;) with values
in A is given by gla;;(g})~t, where g; € G'(U;) are liftings of g. On the other hand, the twisted
action of g on a;; is given by ggaij(g;-)_l.

Next, starting from a class g € H'(X,G), we can construct a class

61(g) € H*(X, A9)

such that 61(g) = 0 if and only if ¢ is in the image of the map H!(X,G’) — H'(X,G). Here A9
is the sheaf obtained from A by twisting with g. Namely, if g is represented by a Cech 1-cocycle
gij € G(U;) then we have isomorphisms v; : A|y, — A9y, such that 1; = v o g;; over Uj;.
To construct d1(g), for some covering (U;), we can choose liftings g;; € G'(Ui;) for a 1-cocycle
(gij) representing g (such that g;;g;; = 1 and g;; = 1). Then d1(g) is the class of the 2-cocycle
(vi(97;9519%:)) with values in A9,

Finally, for a given class g € H'(X,G), we need the following description of the fiber of the

map
1

HY(X,G) —(p).> HY(X,0G)

over g. Assume that this fiber is nonempty and let us choose an element ¢’ € H'(X,G’) projecting
to g. Then we have an exact sequence of twisted groups

1—>Ag—>(g’)g’—>g9—>1.

Thus, as before we have two actions of the group H°(X,GY) on H!(X, A9). Now we can construct
a surjective map

HY (X, A% — H'(p)~yg), (1.4.3)

such that the fibers of this map are the orbits of the twisted action of H°(X,G9) on H'(X, A9)
(see (1.4.2)). Namely, let (g;;) be a Cech 1-cocycle representing ¢’, and let a;; € A(Ujj) be the
g-twisted 1-cocycle, so that 1;(a;;) is a 1-cocycle with values in A9. This means that over U,
one has

aij Ad(gi;)(ajk) = @ik
Then our map (1.4.3) sends (ajj) to the class of (a;;g;;)-
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In the particular case where the (usual) action of H°(X,GY) on H'(X,.A9) is trivial, the
corresponding connecting map

6 : H'(X,G9) — HY(X, AY)

is a group homomorphism, and the map (1.4.3) induces an identification of the cokernel of this
homomorphism with H!(p)~!(g). Equivalently, in this case the map (1.4.3) corresponds to a
transitive action of H'(X,.49) on H'(p)~!(g), such that the stabilizer of any element is the
image of dg. (In [Man97, §2.6.8] it is stated incorrectly that such an action exists in the general
case.)

1.5 The functor of NC-families extending a given excellent family

Let Z be a projective algebraic variety, B a smooth algebraic variety, and let £ be an excellent
family of bundles on Z with the base B (see Definition 0.0.1). Note that our definition is slightly
stronger than [Kap98, Definition (5.4.1)] in that we add condition (d), which is used crucially in
the base change calculations.

For an NC-nilpotent scheme X and a usual scheme Z there is a natural product operation
which gives an NC-nilpotent scheme X x Z, so that functions on Z become central in Ox .
In the affine case this corresponds to the operation of extension of scalars R — R ®¢ S from
NC-nilpotent C-algebras to NC-nilpotent S-algebras, where S is a commutative C-algebra.

Following [Kap98|, we consider the following functor of noncommutative families of vector
bundles compatible with £.

DEFINITION 1.5.1. For an excellent family £ over a smooth (commutative) base B, we define the
functor hgc : N — Sets sending A € N to the isomorphism classes of objects in the following
category Cp. Consider NC-schemes X = Spec(A) and X x Z. Let us denote by X&" = Spec(AaP)
the reduced scheme associated with the abelianization of X. Then the objects of Cp are the
triples (f, Ea, ¢) consisting of:

(i) a morphism f: X2» — B of schemes;
(ii) a locally free sheaf of right Ox« z-modules Ejy;
(iii) an isomorphism ¢ : (’)ngxz ® By 5 (f xid)*E.

A morphism (f1, E1,$1) = (f2, Ea, ¢2) exists only if f; = fo and is given by an isomorphism
F1 — E5 commuting with the ¢;. On morphisms hgc is the usual pullback.

The following result is stated in [Kap98] (see [Kap98, Proposition (5.4.3)(a)(b)]). However,
we believe our stronger assumptions on the family £, including condition (d), are needed for it

to hold, and we will give a complete proof below.

ProposITION 1.5.2. The functor hgc is formally smooth and the natural morphism of functors
hg — hgc|com is an isomorphism.

LEMMA 1.5.3. For any commutative algebra A and any (f, Ex, ¢) € hi¥¢(A) the natural map
A — End(Ey)

is an isomorphism.

694

https://doi.org/10.1112/50010437X19007115 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007115

NC-SMOOTH ALGEBROID THICKENINGS

Proof. We prove this by the degree of nilpotency of the nilradical of A. Assume first that A is
reduced. Then we have Ey = (f x id)*E. Hence, by the base change theorem,

HX x Z,(f xid)*End(€)) ~ H°(X, Rpx +(f x id)*End(E))
~ H°(X,H°(Lf*Rp.End(E))),

where X = Spec(A). Since R'p,End(€) are locally free for i > 1, we have
HO(Lf*Rp.End(E)) ~ f*p.End(€) ~ Oy,

where in the last isomorphism we used assumption (a). This shows that our assertion holds for
such A.

Next, assume we have a central extension 0 — I — A’ — A — 0 of commutative algebras,
such that I is a module over Ag, the quotient of A by its nilradical. Assume that A — End(E},)
is an isomorphism for any (f, Ex,¢) € th(A) and let us prove a similar statement over A’.
Given (f, Epr, @) € th(A’), let Ep be the induced locally free sheaf over Spec(A) x Z. Then
we have an exact sequence of coherent sheaves on Spec(A’) x Z,

0— &y ®@PIZ — Epr —> Ep — O,

where Z is the ideal sheaf on Spec(A’) corresponding to I. Taking sheaves of homomorphisms
from E£x/ we get an exact sequence

0 — &End(Ep,) @ piZ — End(Epr) = End(Ep) — 0.
Passing to global sections, we obtain a morphism of exact sequences

0 1 N A 0

| | |

00— HY%X" x Z End(Ey,) ® piZ) — End(Ep/) — End(Ej).

Note that €, >~ (f x id)*&, so, as before, we get
HO(X% x Z,End(Ep,) @ piT) ~ HY (X, T @ HO(Lf*Rp.End(E)))
~ HY(X° T® f*p.End(E)) ~ I,

where X° = Spec(Ag). Thus, in the above morphism of exact sequences the leftmost and
the rightmost vertical arrows are isomorphisms. Hence, the middle vertical arrow is also an
isomorphism. O

Proof of Proposition 1.5.2. Assume we are given a central extension
0—-IT—->AN—>A-0 (1.5.1)

in N and an element (f, Ej, ¢) € th(A), so that 'y is a locally free sheaf of right Ox « z-modules
of rank r, where X = Spec(A). We have to check that it lifts to a locally free sheaf of right
Oxx z-modules, where X’ = Spec(A’). Furthermore, it is enough to consider central extensions
as above, where the nilradical of A?P acts trivially on I, so that I is a Agb—module.

We have a natural abelian extension of sheaves of groups on X2 x Z,

1 - Mat, (Oxabyz) @ pIZ — GL(Ox/xz) = GL(Oxxz) — 1, (1.5.2)
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where 7 is the coherent sheaf on X?P corresponding to I. The isomorphism class of FEj
corresponds to an element of the nonabelian cohomology H'(X* x Z,GL,(Oxxz)). By the
standard formalism (see §1.4) the obstruction to lifting this class to a class in H'(X?" x Z,
GL,(Oxrxz)) lies in H?(X? x Z, 5nd(EA8b) ® piZ), where Epg» is induced by Ej. We claim
that this group H? vanishes. Indeed, we have EASb ~ (f x id)*€. Applying the base change
theorem, we get an isomorphism

RT(XEP x Z,(f x id)*End(€) @ piT) ~ RT(XEP, T ® Lf*Rp.End(E)).

It remains to observe that by our assumptions (c) and (d), the complex of sheaves Lf*Rp,End(E)
has no cohomology in degrees 2 or higher (recall that X2 is an affine scheme).

To prove the second assertion we argue by induction on the degree of nilpotency of the
nilradical of a test algebra A. Thus, we consider a square zero extension (1.5.1) of commutative
algebras, where I is a Agb-module, and study the corresponding commutative square

hp(A') hp(A)

|

¢ (N) —= hFC(A).

We assume that the right vertical arrow is an isomorphism and we would like to prove the same
about the left vertical arrow. We know that both horizontal arrows are surjective. Furthermore,
using the interpretation in terms of nonabelian H' and the exact sequence (1.5.2), we can get a
description of the preimage of an element Ey € th(A) under the bottom arrow. Namely, the
corresponding sequence of twisted sheaves is

0 — End(E™) ® piT — Aut(Ey) — Aut(Ey) — 1. (1.5.4)

By Lemma 1.5.3, we have Aut(Ej) = A*, and it is easy to see that this group acts trivially
on HY(X* x Z, End(Eya) @ piZ) (since A’ is in the center of Aut(Eys)). It follows that the
preimage of E in th(A’ ) is the principal homogeneous space for the abelian group

[
coker(Aut(Ey) —— H'(X? x Z,End(Eya) ® piT)),

where d¢ is the connecting homomorphism associated with (1.5.4). However, by Lemma 1.5.3,
fixing a lifting Fjr € hgc(A’ ), we get that the previous map in the long exact sequence,
Aut(Ey) — Aut(Ey), is just the projection (A')* — A*, so it is surjective. This implies that the
preimage of Ej is the principal homogeneous space for

H'(X™ x Z,End(Epg) @ piT) =~ HY(X§", T @ H'(Lf*Rp.End(€))).
By our assumptions (c) and (d), we have
HY(Lf*Rp.End(E)) ~ f*Rp.End(E),

thus, the above group is H(X3P, I ® f*R'p.End(€)).

On the other hand, different extensions of Spec(A) — B to Spec(A’) — B correspond to
HO(B, f.I ® Tp). It is easy to check that the map hp(A’) — h¥C(A’) is compatible with the
Kodaira—Spencer map

HY(B, f.I® Tp) ~ H'(X§", T ® f*Tp) — H°(X§", T f*R'p.End(£)),

which is an isomorphism by assumption (b). It follows that the map hp(A’) — RYC(A’) is an
isomorphism. O
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We have the following simple observation.
PROPOSITION 1.5.4. The functor h¥¢ : N' — Sets factors through aN .

Proof. Suppose we have two homomorphisms f1, fo : A’ — A in N such that they are conjugate,
that is, fo = 01, where § = 0, is an inner automorphism of A : 6,(x) = uzu~! for some unit
u in A. We have to check that f; and fo induce the same map h(A’) — h(A). Equivalently, we
have to check that the map h(6) : h(A) — h(A) is equal to the identity. Note that 6, induces an
automorphism of the NC-scheme X = Spec(A), which we still denote by 6, and the map h(6)
sends a right Ox « z-module F} to (0 xidz)*Ex. Now we observe that the automorphism 6 x id of
X x Z acts trivially on the underlying topological space and is given by the inner automorphism
0, of the structure sheaf O = Ox«z associated with u, which we view as a global section of O*.
Thus, the operation (6 x idz)* is given by tensoring on the right with the O — O bimodule 4, O
(which is the structure sheaf with the left O-action twisted by 6,,).

We now use the general fact that twisting by an inner automorphism does not change the
isomorphism class of a bimodule. Namely, if M is an R — S bimodule and 6, is the inner
automorphism of R associated with u € R*, then we have an isomorphism of R — S bimodules,

M —— g, M : m1—> um.

This construction also works for bimodules over sheaves of rings and an inner automorphism
associated with a global unit. This implies that in our situation the functor (0 x idz)* is
isomorphic to the identity, and our claim follows. O

Remark 1.5.5. In fact, our proof of Proposition 1.5.4 shows a little more. We can enhance hg ¢ to
a functor with values in groupoids, by considering the category of the data as in Definition 1.5.1
and isomorphisms between them. On the other hand, we can consider a 2-category of algebras in
N with the usual 1-morphisms and with 2-morphisms between f1, fo : A’ — A given by u € A*
such that fo = 0, f1. Then the functor hgc lifts to a 2-functor from this 2-category to the
2-category of groupoids.

THEOREM 1.5.6. If dim B > 1 then for any d > 1 the functor hgclj\/d is not representable by an
NC-nilpotent scheme of degree d.

Proof. 1t is enough to consider the case d = 1. Suppose hgc| N, is representable by an NC-
nilpotent scheme X of degree 1. Then by Proposition 1.5.2, X is l-smooth and X2’ ~ B. Let
U = Spec(A) C X be an affine NC-subscheme corresponding to an open affine subscheme of B
of dimension at least 1. Then A is a 1-smooth algebra with dim A?P > 1, and h4 is a subfunctor
of th\ng| A, - Since the latter functor factors through a/N7i, this would imply that h4 also factors
through aN.

It remains to prove that for any l1-smooth algebra A with dim A% > 1 the functor h4 does
not factor through aNj. To this end we will give an example of two conjugate homomorphisms

fl, f2 : A — A’ such that f1 75 f2. Set
A = (AxClz, 27 ") jar) /.

It is easy to see that A’ is 1-smooth and (A’)*" = A* @ C[z, z~!]. Therefore, by Lemma 1.1.1(i),
the element z is not in the center of A’. Hence, we can take f; : A — A’ to be the natural
homomorphism and set fz(a) = zf1(a)z" . O
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2. Representability results

2.1 Local representability in a\
Kapranov gives the following criterion for a formally smooth functor on Ny to be representable
by an NC-scheme.

ProPoOsSITION 2.1.1 [Kap98, Theorem (2.3.5)]. Let M be a smooth algebraic variety. A formally
smooth functor h : Ny — Sets, such that h|com = hay, s representable by a d-smooth NC-scheme
if and only if for any pair of central extensions in Ny, Ay — A, A — A, the natural map

h(A1 XA Ag) —> h(Al) Xh(A) h(Ag)

is an isomorphism.

We will prove an analogous representability criterion for affine aNC-schemes. As in the case
of NC-schemes the main idea is to study fibers of the map h(p) : h(A’) — h(A) for a central
extension

0T A-L2sA50 (2.1.1)

(cf. the proof of [Kap98, Lemma (2.3.6)]).

For d > 1, let h: aNy — Sets be a functor such that h|,a;,_, is representable by A € aNy_1.
The key new ingredient we have to use is the following. Given a central extension (2.1.1) with
AN € Ny, A € Ny_1, and a homomorphism f: A — A, we set

U(f) :=={ue A |uf(a)u™t = f(a)Va € A}.
Then we have a natural map
Af:U(f) — Der(A, I) = Der(A®™, I)

where
Af(u): A= T:aws [u, fa)|pu". (2.1.2)

Here for l1,15 € A, we define [l1, 2]y € A by

11, o) = [I1, I, (2.1.3)

where [; is a lifting of I; to A’. Note that [u, f(a)]x € I.

Furthermore, one can check that the image of Ay depends only on the image of f in
Homgp (A, A) = h(A). Also, using the fact that I is central, we immediately check that Ag
is a group homomorphism. The next result shows that in the case where h itself is representable,
the cokernel of Ay maps bijectively to h(p)~'(f).

LEMMA 2.1.2. Let A’ be an NC-nilpotent algebra of degree d such that A = A’/I;,1A’. Then
for any central extension (2.1.1), with A’ € Ny and A € Ny_1, and any algebra homomorphism
f: A" — A, there exists a natural transitive action of the group Der(A, I) on the fiber ha:(p) = (f)
of the map ha/(p) : ha/(A) — ha/(A), such that the action of Der(A,I) on any element of this
fiber induces a bijection

coker(Ay) —> ha ()~ (f)-
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Proof. 1t is well known that the difference between two homomorphisms A’ — A’ lifting
f: A — Ais a derivation A’ — I, and that this induces a simply transitive action of
Der(A’,I) = Der(A, I) on the set of such liftings. Now assume that we have two homomorphisms
f1, f5+ A— A, such that both po f{ and po f} are conjugate to f. Then, replacing f] and f} by
conjugate homomorphisms, we can assume that po f| = po f5 = f. Now it is easy to see that if
f5 and f{ are conjugate by u € (A")* then u € U(f), and the difference f; — f] is the derivation
a+> [u, f(a)]aru™t. This establishes the required bijection. O

Next, we return to the situation where only h|,n;,_, is representable. Recall (see [Kap98,
Proposition (1.2.5)]) that for any central extension (2.1.1) there is a natural isomorphism

N xpa N —> N X qab (AP D T) 2 (z,y) 1> (x, (z%°,y — x)), (2.1.4)

where  — 22" is the projection A’ — A", and A?®> @ I is the trivial commutative algebra
extension of A®" by I (such that 12 = 0 and A®" is a subalgebra). Let us assume in addition that
h commutes with pull-backs by commutative nilpotent extension, so that

h(A X pab (A*® @& 1)) = h(A') X p,(nevy H(A™ & I).
Combining this with the above isomorphism, we get a natural map
h(A') X pypavy H(A? ® I) 2 h(A x4 A') = h(A') xp(a) h(A). (2.1.5)

Now assume that A’ € Ny, A € Ny_1 and that we are given an element f’ € h(A’) lifting
f € h(A). Since hlqn;,_, =~ ha, we have a natural identification of the fiber of h(A®® @ I) —
h(A?P) = Homag (A, A?) over f2P with Der(A, I). Thus, for any D € Der(A, I), we can consider
a pair (f', f2 + D) on the left-hand side of (2.1.5). Let us define f' + D € h(p)~'(f), so that
(f', f' + D) is the image of (f’, f*P + D) under (2.1.5). In this way we get a map

5 Der(A, 1) — h(p) ' (f): D~ f' + D. (2.1.6)

It is easy to see (by considering A’ x, A’ x5 A’) that in this way we get an action of the group
Der(A, I) on h(p)~'(f). Note that in the case where h is representable by some A’ € Ny, this
operation is exactly that of adding a derivation A’ — A — I to a homomorphism A’ — A’.

We can now prove the following local aNC version of Proposition 2.1.1.

PROPOSITION 2.1.3. Let A be a (d — 1)-smooth algebra in aNy_1, and let h : aNy — Sets be a
formally smooth functor such that h|,n;, , ~ ha. Then h is representable by a d-smooth algebra
in aNy if and only if the following two conditions hold.

(i) For any nilpotent extension A" — A with A’ € aNy and A € Com, and any commutative
nilpotent extension A" — A, the natural map

h(A" xp A") — h(A) Xh(A) h(A")
is a bijection.

(ii) For every central extension (2.1.1), for any f' € h(A’) extending f € h(A), the map dy/,
which is well defined due to condition (i), induces a bijection

coker(A ) —— h(p)~(f).
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Proof. Assume first that h is representable by A’ € aNy. To check condition (i) for h = har we
first note that since A and A" are commutative, the set h(A’) x(y) h(A”) can be described as
pairs of homomorphisms f': A — A’ and f”: A — A” lifting the same homomorphism f: A — A,
up to the equivalence replacing f’ by a conjugate homomorphism. Clearly, this is the same as
giving a homomorphism A" — A’ x, A” up to conjugacy. On the other hand, condition (ii) for
h 4 follows from Lemma 2.1.2.

Now assume that conditions (i) and (ii) hold, and let A’ — A be a d-smooth thickening of
A (it exists by [Kap98, Proposition (1.6.2)]). Let e € h(A) be the family corresponding to the
isomorphism hlgz;,_, =~ ha. Since h is formally smooth, there exists an element e’ € h(A’) lifting
e. Let hyr — h be the induced morphism of functors. We already know that it is an isomorphism
on aNy_1, and we claim that it is an isomorphism on aNj. The argument is similar to that of
Proposition 1.5.2. Given A’ € Ny, we can fit it into a central extension (2.1.1) with A € Ny_;.
Then we consider the commutative square

har(A) — ha/(A)

.

h(A') —— h(A).

Since har(A) >~ ha(A) ~ h(A), we know that the right vertical arrow is an isomorphism. Also,
both horizontal arrows are surjective. Let us fix a homomorphism f € h4(A), and its lifting
'€ ha(N). As we have seen in Lemma 2.1.2; the fiber of the top horizontal arrow over f is
identified with coker(Ay). The same is true for the fiber of the bottom horizontal arrow over f,
by condition (ii). It remains to observe that both isomorphisms are induced by the operation
(2.1.6) of adding a derivation in Der(A, I), which is compatible with morphisms of functors on
aNy, extending h4 on a/Ny_1. Thus, the left vertical arrow induces an isomorphism between the
fibers of the horizontal arrows over f. Since f was arbitrary, we deduce that the left vertical
arrow is an isomorphism. |

Remark 2.1.4. All the fiber products of algebras above are taken in Ny. Fiber products in aNy
usually do not exist (unless one of the factors is commutative).

2.2 Local representability of the functor of NC-families by an aNC-scheme

Assume we are in the situation of §1.5. By Proposition 1.5.4, we can view hgc as a functor
on the category a/N. Our main goal is to prove the local representability of the corresponding
functor h¢|.nr, by a d-smooth NC-algebra.

THEOREM 2.2.1. Assume that the base B of an excellent family is affine. Then for every d > 0
the functor hgc|a/\/d is representable by a d-smooth thickening of B. Hence, the functor hgc is

representable by an NC-smooth thickening of B.

The proof will proceed by induction on d. We need two technical lemmas (the second of
which is a noncommutative extension of Lemma 1.5.3).

LEMMA 2.2.2. Assume that h}¢|.n;,_, is representable by A € Ny 1. Then for any central
extension (2.1.1) with A € aNy_1, A € aNy, and any homomorphism f : A — A, there is
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a commutative square

U(f) Der (A", I)
i Ksi (2.2.1)
Aut(Ep) —2~ H'(Spec(A??) x Z, End(E*") © I).

Here Ay is given by (2.1.2); Ex = Ey is the family in hi¥°(A) induced by f; the map KS is
induced by the Kodaira—Spencer map; and the homomorphism U(f) — Aut(Ey) associates with
u € A* an automorphism of E; induced by left multiplication by v on A. The map dq is the
connecting map associated with the exact sequence of sheaves (1.5.4), where Ey: is a vector
bundle over Spec(A’) x Z lifting Ex. In particular, in this situation &y is a group homomorphism.

Proof. We will compute the maps in the square (2.2.1) using local trivializations. Let us denote
by £2P the original family over B x Z, and let £ be the family over Spec(A) x Z corresponding to
the element idy € ha(A) ~ hl¢(A). We denote by f2P the homomorphism A* — A®" induced
by f and the corresponding morphism of affine schemes Spec(A??) — Spec(A2°) = B. Note that,
by Proposition 1.5.2, we have an isomorphism E2P = (f2b x id)*&2b.

Step 1: computation of & : Aut(Es) — H'(Spec(A®) x Z,End(E*) @ piZ). Let us fix an
open affine covering (U;) of Spec(A®) x Z such that E is trivial over U;. Then, given an
automorphism a € Aut(E +) over Uj, we can lift o to an automorphism «; of Ey/. Now over U;NU;
the endomorphism a; ozj id of Es factors through the kernel of the projection Ey — Ef,
that is, F2P ®piL. ThlS gives the Cech 1-cocycle with values in End(E?P) ® piZ, representing
the class do(a).

Step 2: computation of the KS map
Der(A* I) — H'(Spec(A®™) x Z,End(E*) @ piT). (2.2.2)
Note that we have an identification
Der(A%°, I) ~ HY(B, T ® f2*1).

Let us fix trivializations 2P : O™ — £2P over an affine open covering (U;) of B x Z, and let giajb =
(2P)~1 ab € Mat,,(O(U; NUj)) be the corresponding transition functions. Then to a vector field
von B Wlth values in f2P7 the KS map associates the Cech 1-cocycle @2 (g?]b)(g?jb)_l(gp?b)_l
on B x Z with values in End(£2P) ® pt f2PT.

We also need to calculate the image of this class under the isomorphism induced by the
projection formula

HY(B x Z,End(E) @ pt f.T) ——> HY(B x Z,(f x id),((f x id)*End(£2P) @ piT))
~  H'(Spec(A®P) x Z,End(E*) @ piT).

IO this end we note that the morphism f2> x id : Spec(A®?) x Z — B x Z is affine, and so
= (f* x id)~Y(U;) is an affine open covering of Spec(A*) x Z, over which we have the
1nduced trivializations of F2P = (2P x id)*£P, which we still denote by ¢2°. Now it is easy to
see that the corresponding Cech 1-cocycle on Spec(Aab) x Z with values in End(E*P)® I is given
by
Po(gin) (i) T )
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where we denote also by f2: O(U;NU;) — O(U NU; ) the homomorphism induced by f2P, a
also extend v to a derivation O(U; NU;) — PZ(U; N U; i)

Step 3: we can now check the commutativity of the square (2.2.1). We start by choosing an
affine open covering (U;) of B x Z and trivializations of £2P over U;. Then we can lift these
trivializations to some trivializations ¢; : Og .. 4)x 4lu;, = € (see Lemma 1.1.2). We denote by
gij the corresponding transition functions in GLy,(Ogpec(a)xz(Ui N Uj)).

By definition, Af(u) is the derivation

v(a) = [u, f(a)lau™" = [4, f(a)a™,

Wher 0 f( ) € A’ are some lifts of u and f(a) (note that Der(A, ) = Der(A®", I)). Hence,
KS(A¢(u)) is represented by the 1-cocycle

/_\—/—1 P —~——1

oilii, £(g57) DI flgi5) ot =wi(af(gi)a " fgiy)  —id)g; (2.2.3)

As in step 2, we have the induced affine open covering U; of Spec(A®) x Z, and the induced
trivializations ; of Ky over U;. Let us choose a lifting Ky, of Ef to a vector bundle over
Spec(A’) x Z (which exists by formal smoothness of %), and liftings v/ of 1; to trivializations

of Exs over U; (see Lemma 1.1.2). Note that we have ¢i_1¢j = f(gij), and hence (¢})~ lw’ provide

liftings f(gi;) € A" of f(gij). The image of u € U(f) in Aut(E) can be represented over U; as
piup; ! where we view u as the corresponding operator of the left multiplication by u (note
that these operators are compatible on intersections because w - f(gi;) = f(gi;) - u, due to the
inclusion u € U(f)). Using the lifting @ € A’ of u, we get local automorphisms of Ey over

Us, a; = ()=, Then

dofer) = oy —id = (Wl () )y ) — id = Tl (gg) | — i) ()
Comparing this with (2.2.3), we see that
So() = KS(A s (™)) = KS(~ Ay (u) = ~KS(A(u). .

LEMMA 2.2.3. Assume that thLINd is representable by A € aNy, so hgc‘a./\/’d ~ hu. Then for
every d-nilpotent algebra A and every homomorphism f : A — A, the induced homomorphism
U(f) — Aut(Ey) is an isomorphism. Here Ey represents the family in h“(A) induced by f.

Proof. We will prove the assertion by induction on d’ < d such that A is d’-nilpotent. For d’ = 0,
that is, when A is commutative, we have U(f) = A* and the assertion follows from Lemma 1.5.3.

Next, we have to see that both groups fit into the same exact sequences, when A’ is a central
extension of A by I. Namely, if f/: A — A’ is a homomorphism lifting f, then by Lemma 2.2.2,
we have a morphism of exact sequences

Ay

1——=1+1 U(f’) U(f) Der(A?" 1)

N )

1l ——1+41—Aut(Ep) — Aut(Ey) o H'(Spec(A®P) x Z,End(E*) @ piT).

Note that the map KS is an isomorphism. Since the map U(f) — Aut(E;) is an isomorphism
by the induction assumption, we deduce that U(f’) — Aut(Ey) is also an isomorphism. O
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Proof of Theorem 2.2.1. By Proposition 1.5.2, we know that the assertion is true for d = 0. Now,
assuming that the functor hgc|a/\/d,1 is representable, we will apply Proposition 2.1.3 to prove
that h¥¢|.n;, is representable. It suffices to check conditions (i) and (ii) of this proposition. To
prove condition (i), assume that A’ — A and A” — A and nilpotent extensions with A, A” € Com.
To see that the map

h(A’ XA A”) — h(AI) Xh(A) h(A”)

is a bijection, we construct (as in [Kap98, Lemma (5.4.4)]) the inverse map as follows. Starting
with families €4/ and Ep» over A’ and A”, and choosing an arbitrary isomorphism of the induced
families over A, we define the family over A’ x, A” as the fibered product Exs X g, Epr. One has to
check that the result does not depend on a choice of isomorphism of families over A (this may fail
in general, but works for commutative A”). Note that different choices differ by an automorphism
of Ex, so it is enough to see that any such automorphism can be lifted to an automorphism of
Epr. But this follows immediately from Lemma 1.5.3.

Next, let us check condition (ii). Given a central extension (2.1.1) with A’ € Ny, A € Ny_1,
and a family (f2P, Ey, ¢) in th(A), then choosing a lifting Exs to a family over A’, from the
corresponding exact sequence of sheaves of groups (1.5.4) we get a connecting map

o : Aut(Ep) — HY X x Z,End(Epan) @ piT).

Furthermore, by Lemma 2.2.2, §y is actually a group homomorphism (and the source of this map
acts trivially on the target). Thus, from the formalism of nonabelian cohomology applied to the
abelian extension of sheaves of groups (1.5.2) we get that different liftings of E5 to a family over
A’ form a principal homogeneous space over coker(dg) (see §1.4). Note that by Lemma 2.2.3,
we have an isomorphism U(f) ~ Aut(Ey), where f : A — A is the homomorphism giving Fj.
Thus, by Lemma 2.2.2, we can identify coker(dy) with coker(Ay). Thus, to prove condition (ii),
it remains to check that the two actions of Der(A,I) on the set of liftings of Ej are the same
(the one coming from the formalism of nonabelian cohomology, and the other one given by the
map (2.1.6)).

To this end we use the computation of the Kodaira—Spencer map (2.2.2) using local
trivializations. Namely, we choose trivializations of the universal bundle £ over an open
covering of Spec(A) x Z, and denote by g;; the corresponding transition functions, so that
f(gij) are the transition functions for Ex. Then, in the notation of Lemma 2.2.2, a derivation
v € Der(A, I) = Der(A®, I) gives rise to the Cech 1-cocycle

eiv(gij) fgi5) ;!

on Spec(A®) x Z with values in End(E®?) @ piZ. The corresponding f(g;;)-twisted 1-cocycle
with values in Mat,(O) ® piZ is (v(gi;) f(gi;)~!). Now by definition, the action of v on the set
of liftings of f(gi;) to a 1-cocycle with values in GL;(Ogpec(aryxz) sends (gi;) to

(1 +0(9i) f(9:5) ™) - Gij = (Gij + v(935))- (2.2.4)
On the other hand, from v we get a homomorphism f2 4+ v : A — A? @ I, and hence, the

1-cocycle (f2 4 v)(gij) with values in GL; (Ogpec(rmbaryx z) lifting f2(gij). Hence, a lifting g;;
of f(gi;) together with v defines a 1-cocycle

(Gijs (F* +0)(95))
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with values in GL; (Ogpec A'X b (APPBI)) 7). It remains to observe that under the isomorphism
(2.1.4) this corresponds to the 1-cocycle

(9ij» 9ij + v(9ij))
with values in GL;(Ospec(a’x,A7)x z);, Which has (2.2.4) as the same second component. |

2.3 Nonabelian hypercohomology
We will use below the following simple generalization of nonabelian H'. Let G be a sheaf of
groups over a topological space X, and let £ be a sheaf of sets, equipped with a G-action. We
view a pair G n £ as a generalization of a complex of length 2.

For an open covering U = (U;);cr of X, we define the set of 1-cocycles over U for the pair

gnE:

ZHU, G~ E) = {(gij € GUij))ijer, (ei € EUN))ier | gii = 1, 9ij95i = 1,
9ii9ik = ik € = Gij(ej)}, (2.3.1)
where as usual we denote U;; = U; NUj, Ui, = U; N U; N U (and the restrictions to appropriate

intersections are assumed). Two 1-cocycles over U, (gij;, ;) and (gi;, €;) are called cohomologous
if for some collection h; € G(U;) we have

Gij = higigh; ", € = hi(e:).
It is easy to see that this defines an equivalence relation on Z'(U,G ~ &), and we denote by
HY(U,G ~ &) the corresponding set of equivalence classes. Passing to the limit over all open
coverings U, we get the nonabelian hypercohomology set H'(X,G ~ ).

These sets are natural: if we have a homomorphism of sheaves of groups G; — Go and a
compatible map of sheaves of sets & — &2, then we get the induced map

HYX,G ~ &) = HY(X, Gy ~ &).
Also, sending (g;j,€;) to g;; defines a projection to the usual nonabelian H L
HY(X,G ~ &) - HY(X,G).

Recall that H'(X,G) classifies isomorphism classes of G-torsors. Similarly, the set H!(X,
G n &) can be identified with the isomorphism classes of pairs (P, e), where P is a G-torsor, and
e is a global section of the twisted sheaf Ep = P x¢ €.

Next, we have the following analog of the connecting homomorphism H'! — H?. Assume
that we have an abelian extension of sheaves of groups

1—>A0—>g’i>g—>1

over X, and sheaves of sets & and &, where G’ (respectively, G) acts on &£’ (respectively, £).
Further, assume that we have a sheaf of abelian groups A; acting freely on £, and an identifcation
E = &'/ A;. We denote this action as a1 + €/, where a1 € Ay, €/ € £'. We require the following
compatibilities between these data. First, the projections p : & — £ and p : G’ — G should be
compatible with the actions (of G’ on £ and of G on £). Note that this implies that there is an
action of G’ on Aj, compatible with the group structure on A;, such that

g'(a1+¢€)=g'(a1) +¢'(¢).
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Secondly, we require that the subgroup Ay C G’ acts trivially on Aj, so that there is an induced
action of G on A;p, such that the above formula becomes

g'(a1 +¢') = p(g)(a1) + g'(¢).
In particular, for ¢’ = ag € Ap, we get
ao(ar + €') = a1 + ap(€). (2.3.2)
For ¢’ € & and ag € Ay, let us define d.(ag) € A; from the equation
ao(e') = de(ag) + €

(this is possible since ag acts trivially on £). Furthermore, (2.3.2) easily implies that dy, 4 (ag) =
de(ap), so we have a well-defined map of sheaves

Ex Ay — A : (e,a0) — delap),
compatible with the group structures in Ag and A;, such that
ag(e') = dp(e/)(ao) + €.

In particular, for every section e of £ over an open subset U C X we have a complex of abelian
groups over U, (A,,d.). Note that G acts on Ay (via adjoint action Ad(g)), A1 and &, and we
have

g(de(QO)) = dg(e) (Ad(g)QO)' (2.3.3)

Now assume we have a class ¢ € H'(X,G ~ &) represented by a Cech 1-cocycle (gi;,¢€;). Let
g = (gi;) be the induced class in H'(X,G). We have the corresponding twisted sheaves AJ and
A, and (2.3.3) implies that the d., glue into a global differential

de : Ag — AY.
We will define an obstruction class 1 (¢) with values in
H? (X, (AS, de)),

such that it vanishes if and only if (g;;,€;) can be lifted to a class in H' (X, G’ ~ &’). Namely, by
making the covering small enough, we can assume that

95 = p(9i;),  9i; € G'(Uij), ei=pley), €& (Uy).
Then we have well-defined elements ag ;jx € Ao(Usjx) and a4 € A1(U;; ), such that

!l /
9ij9ik = Q0,ijkYik>

g5 (€}) = a1 + €.
It is easy to check that (agji,a1,;) satisfy the equations
ao,ijk + a0k = Ad(gij)aojr + aouji,  avi; + gij(a1 k) = de,(aoijr) + an,ik,

which exactly means that we get a 2-cocycle 01(gij, ;) with values in (A7, d).
One can check that this construction gives a well-defined element &1 (c) € H2(X, (A2, d,)).
Namely, a different choice of liftings g;; — ao,ijgi;, €; = a1; + €] would lead to adding the
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coboundary of (aoj,a1,;) to the twisted 2-cocycle (ag ijk,a1,i;). On the other hand, changing
(gij, €i) to (higl-jhj*l, hi(e;)) would lead to a different presentation of the twisted sheaves A%, so
that the action of h; glues into isomorphism between two presentations. Our 2-cocycles 61(gij, €;)
and 51(higijh;1, hi(e;)) correspond to each other under this isomorphism.

Next, let us assume that a class ¢ € HY(X,G ~ €) is lifted to a class ¢ € HY(X, G ~ &').
(More precisely, we need to fix the corresponding pair (P’,e’) where P’ is G'-torsor and €’ is a
global section of £,.) Let g € H*(X,G) be the image of c. We define the following subgroup in
HO(X,G9):

H(X, G, c) := {(ai € G(U))) | i = gijajg;;', cuiles) = ei},

where (g;5,€;) is a Cech representative of c. We have a natural connecting map (depending on a
choice of ¢’)
o HY(X,G,c) — H'(X, (A, d.)),

defined as follows. We can assume (g;;, e;) comes from a Cech representative (g;;, ;) for ¢’. Let
a = (a;) be an element in HY(X, G, ¢). We can assume that each a; can be lifted to o/ € G'(U;).
Then we have

o - agj = ggja;’(ggj)_la (a1 + €f) = e,

for uniquely defined ag;; € Ao(Uij), a1 € Ao(U;). It is easy to check that the equations
ao,ij + Ad(gij)(aojx) = aoik,  de;(aoi;) = a1 — gij(a;), (2.3.4)

are satisfied; these mean that (ag;, a1,;) define a 1-cocycle with values in (A%, d.). We set do(c;)
to be the class of this 1-cocycle. As in §1.4, one can check that a — do(a~!) is a crossed
homomorphism, that is, equation (1.4.1) is satisfied.

Next, we have a natural surjective map (depending on ¢)

H'(X, (A, de)) — Le, (2.3.5)

where L. C H'(X,G" ~ &) is the set of liftings of c. Namely, given a twisted Cech 1-cocycle
with values in (A7, d.), (agj,a1,), so that equations (2.3.4) are satisfied, and a representative
(9i;,€;) of ¢, we get a new lifting (ao,;;9;;, a1, + €;). Furthermore, as in § 1.4, we can identify the
fibers of (2.3.5) with the orbits of the twisted action of H°(X,G,c) on H'(X, (A7, d.)), which is
defined similarly to (1.4.2). In particular, in the case where the usual action of H(X,G,¢c) on
HY (X, (AZ,d.)) is trivial (or equivalently, dg is a group homomorphism), these orbits are simply
the cosets for the image of dp.

2.4 Families of representations of quivers

We will now consider families of representations of quivers (without relations). Let @ be a finite
quiver with the set of vertices Qy and the set of arrows )1. We denote by h,t: Q1 — Qo the
maps associating with an arrow its head and tail.

As in [Todl7], we can consider representations of ) over an NC-scheme X. Such a
representation is a collection of vector bundles (V,),cq, over X, and a collection of morphisms
€a : Vi(a) = Vy(q), for each a € Q1.

With a collection V = (V,,)yeq, of vector bundles over X we associate a triple of sheaves of
groups on the underlying topological space of X,

(V) = [JAutV), &) :=][EndV), & (V) =[] Hom(Via), Via))-
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Note that there is a natural action of G(V) on & (V) given by

(90) - (¢a) = (In(a)PaYsay)-

In the case of trivial bundles V, = O™, for a dimension vector ne, we denote these sheaves by
G(ne), E0(ne) and &1(ne). When we want to stress the dependence on the NC-scheme X we write
G(ne, X), etc.

A structure of a representation of @ on V is given by a global section e = (e,) of & (V). For
such a structure e we can build a two-term complex

df
g.(V, 6) : EO(V) —_— 51 (V)7

where the differential is given by de(¢v) = dp(a)€a — €aPi(a)- Note that HOE,(V, e) is precisely the
sheaf of endomorphisms of (V,e) as a representation of Q.

Let (V,e) be a representation of @ over X. Over some open affine covering U = (U;) of X
we can choose a trivialization ¢; = (¢v;) : D, O = @, Vulu,- Then over each U; we have
morphisms

€ay ‘= SD}:(la)’ieaSOt(a),i S Matnt<a)><nh(a>(0(Ui)) = &1(ne)(U;),

and over intersections U; N U; we have transition functions
9 = (9vij) = ¢ "0 € | [ GLn, (O(Ui NU)) = G(na) (Ui N T).
v

One immediately checks that (g;j,€q4,;) defines a Cech 1-cocycle with values in the pair G(ne) ~
E1(ne) (see §2.3). Furthermore, a different choice of trivializations (¢;) leads to a cohomologous
cocycle, so we have a well-defined element of H!'(X,G(ne) ~ £1(ns)). We can easily check that
in this way we get a bijection between the latter nonabelian hypercohomology set and the set of
isomorphism classes of representations (V,e) of @, such that the underlying vector bundle has
dimension vector n,.

For a central extension (2.1.1) we have an abelian extension of sheaves of groups

1 — &)(ne, Oxan) @ — G(ne,Ox/) = G(ne, Ox) — 1, (2.4.1)

where X = Spec(A), X' = Spec(A’), T C Ox is the ideal sheaf associated with I, and an exact
sequence of abelian groups

0— &1(ne) @ — &1(ne, X') = E1(ne, X) — 0,

compatible with the actions of the groups from (2.4.1). From §2.3 we get that the obstacle to
lifting a representation (V,e) of @ over Spec(A) to a representation of ) over Spec(A’) is an
element of the hypercohomology H?(X?P, &, (V,e) ® T). But the latter group H? fits into the
exact sequence

oo H' (X EWV)®T) > H? > HY (X &(V)QT) — ...
Since X2 is an affine scheme, we deduce that our H? vanishes. Thus, the functor of families of
Q-representations on A is formally smooth.
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DEFINITION 2.4.1. With a representation (V, e) of ) over a commutative scheme B we associate
the KS map, which is a morphism of coherent sheaves on B,

KS: T — H'E(V,e), (2.4.2)

defined as follows. Locally we can choose trivializations ¢ : @, O™ — @, V, and, for a local
derivation v of Op, set

KS(v) := pv(p teqp)e™'  modim(d,) € & (V, f)/im(d,).

It is easy to check that a change in a local trivialization leads to the addition of a term in im(d,),
so the map KS is well defined.

This definition is motivated by the fact that in the case where B = Spec(k) is
the point and (V,e) is a Q-representation over k, the space H'&,(V,e) is isomorphic to
Ext'((V,e),(V,e)) (see [Bril2, Corollary 1.4.2]), which is the tangent space to deformations
of (V,e) as a Q-representation.

Now let us fix a family (V2P e2P) of representations of @ over a smooth commutative base
scheme B. We have the following analog of Definition 0.0.1.

DEFINITION 2.4.2. We say that (VP e®P) is an excellent family of representations of Q if:
(a) the natural map Op — End(V2P, e?P) = HOE (V2P| e*P) is an isomorphism;

(b) the Kodaira—Spencer map KS : T — H'E(V2P, e2P) is an isomorphism.

Condition (a) is satisfied for families of endosimple representations (see [Tod17, Lemma 3.4]).
Both conditions are satisfied for the moduli spaces of stable quiver representations corresponding
to an indivisible dimension vector (see [Kin94, Proposition 5.3]).

Let us point out some consequences of assumptions (a) and (b). Given f : S — B (where S
is a commutative scheme), for (V,e) = (f*V* f*e) we have

End(V,e) = HO,(V,e) = HOLf*E,(V?P, e™P) ~ f*HOE (VP e*P) =~ f*Op ~ Oy,

where we used the fact that H'E,(V2P, e*P) ~ Tg is locally free. Also, if S is affine, then for any
coherent sheaf F on S we have

HYEW(V,e) @ F) ~ HE(V,e) @ F ~ f*Tp @ F.
We now consider the following analog of Definition 1.5.1 for quiver representations.

DEFINITION 2.4.3. For an excellent family (V2 e?P) of representations of () over a smooth
(commutative) base B, we define the functor hgc : N — Sets by letting hgc be the set of
isomorphism classes of the following data (f, Va, ¢). Let X = Spec(A) and let X3 be the reduced
scheme of the abelianization of X. Then f : ng — B is a morphism, (Vj, ep) is a representation
of @ over X, and ¢ : (Ep,ep)| xab (f*V2P_ f*e2P) is an isomorphism of representations of Q.

We have the following analog of Theorem 2.2.1 (and Proposition 1.5.4).

THEOREM 2.4.4. The functor hgc is formally smooth and factors through the category aN . If
the base B is affine then for every d > 0 the functor hgc|a/\fd is representable by a d-smooth
thickening of B.
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Proof. The proof follows the same steps as in the case of families of vector bundles. We have
already shown that hgc is formally smooth. The fact that hgc factors through a/\ is proved
similarly to Proposition 1.5.4.

The key technical computation is the analog of Lemma 2.2.2, which in our case claims
commutativity of the diagram

A
U(f) ! Der (A", T)
l KS‘L (2.4.3)
Aut(VA, €A> L ]JO(}(ab7 ng.(vab, eab) ® I)

associated with a central extension (2.1.1) and a representation (Vas,ep) of Q over X' =
Spec(A’). Here we assume that hgcya_/\/'d71 is represented by A € Ny_1, that A € aN;_1 and that
(Va,en) is a Q-representation over X = Spec(A) corresponding to a homomorphism f: A — A.
Also, (Var,eps) is a Q-representation over X'; extending (Va,ep). The right vertical arrow
in (2.4.3) is induced by the KS map (2.4.2), and the bottom arrow is the connecting map
defined in §2.3. More precisely, we use here the identification for any quiver representation
(V,e) over X of the automorphism group Aut(V,e) with the group H°(X,G(n),c), where
c € HY(X, G(ne) ~ E1(na)) is the class of (V,e). Also, we use the natural isomorphism

H'(X, £,(V*, )  T) —— HO(X, H'E (VP ) @ T) (2.4.4)

induced by the projection & (V) — H1E (VP, e2P).

We assume that there is an open covering (U;) of B and trivializations 2> of V#|;; and
the compatible trivializations 1; of Vo and V), over the covering U, = ¢~ 'U;. Let (9ij, €:) be the
Cech 1-cocycle corresponding to the universal family over Spec(A), so that the corresponding

cocycle for (Va,en) is (f(gij), f(ei))-

By definition of dp (see §2.3), starting from an automorphism o of Aut(Vy,es), we can lift
it over U; to an automorphism o of (Vys,exs) and then define dp(«) as the class of the Cech
1-cocycle with values in & (V. e2?) @ I, given by

ag 5 = (a;)_la; — id, ar; = (a;)_lei’A/ — €N

Calculating as in the proof of Lemma 2.2.2, and recalling that the action of Gy(ne) on &(ne) is
given by conjugation, we get

aoi; = wi([a", f(gi)] — i)yt =i p(uw ) (F(gij)) f(gi5) 07,
ar; = iU e ati — en )yt = YA p () (eq);
where we extend the derivation Ay : A — I to matrices with entries in A. Now we note that

the image of the class of this Cech 1-cocycle under the isomorphism (2.4.4) is simply the global
section of H1E (VP e2P) ® T given by

(a1, modim(d.)) = KS(Af(u™')) = —KS(Af(u)). ]
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