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Essential Norm and Weak Compactness of
Composition Operators on Weighted Banach
Spaces of Analytic Functions
José Bonet, Paweł Domański and Mikael Lindström

Abstract. Every weakly compact composition operator between weighted Banach spaces H∞v of analytic func-
tions with weighted sup-norms is compact. Lower and upper estimates of the essential norm of continuous
composition operators are obtained. The norms of the point evaluation functionals on the Banach space H∞v
are also estimated, thus permitting to get new characterizations of compact composition operators between
these spaces.

Let G be an open connected domain in C. In the present note we are interested in
operators defined on Banach spaces of analytic functions of the following form:

H∞v (G) := { f ∈ H(G) : ‖ f ‖v := sup
z∈G

v(z)| f (z)| <∞},

H0
v (G) := { f ∈ H∞v (G) : v| f | vanishes at infinity on G},

endowed with the norm ‖ · ‖v. Here H(G) denotes the space of analytic functions on G and
v : G → R+ is an arbitrary weight, i.e., bounded continuous positive (which means strictly
positive throughout the paper) function. We recall that a function g : G → R+ vanishes at
infinity if for any ε > 0 there is a compact set K in G such that g(z) < ε for z ∈ G \ K.

These spaces appear naturally in the study of growth conditions of analytic functions
and have been considered in many papers, see for example, [22], [25], [26], [14], [1], [6],
[16], [17], [11], [5] and others. For analogous spaces with a sequence of weights see for
example [4]. The purpose of this article is to continue our investigations [7] on composi-
tion operators Cφ, Cφ( f ) := f ◦ φ, defined for an adequate analytic map φ, between spaces
of holomorphic functions of the type defined above. Composition operators have been
extensively studied on various spaces of analytic functions on the disc. See [9], [13], [23].
Our Theorem 1 shows that a composition operator Cφ is compact on weighted H∞-spaces
if and only if it is weakly compact. The equivalence of compactness and weak compactness
for homomorphisms between certain algebras of analytic functions has been recently in-
vestigated by several authors. We refer to [2], [15] and [28]. We also estimate in Theorem 4
the distance of Cφ to the space of compact operators (the so-called essential norm of Cφ).
This result implies the characterization of compact operators in [7]. The essential norm of
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was partially supported by KBN, Poland, grant z P03A 051 15.
AMS subject classification: Primary: 47B38; secondary: 30D55, 46E15.
Keywords: weighted Banach spaces of holomorphic functions, composition operator, compact operator,

weakly compact operator.
c©Canadian Mathematical Society 1999.

139

https://doi.org/10.4153/CMB-1999-016-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1999-016-x


140 J. Bonet, P. Domański and M. Lindström

composition operators on Hardy spaces or weighted Bergman spaces has been studied in
[24], [20], and for operators on Bloch spaces in [19]. See also [9] for more references.

As in the articles [1], [6], [5], [7], many results on weighted spaces of analytic functions
of the type defined above and on operators defined on them must be formulated in terms
of the so-called associated weights and not directly in terms of the weight v. The associated
weight is defined by

ṽ(z) := 1/ sup{| f (z)| : f ∈ H∞v (G), ‖ f ‖v ≤ 1} = 1/‖δz‖v.

Here δz is the evaluation functional at the point z. This weight is better tied to the space
H∞v (G) than v itself. The associated weights are also continuous and ṽ ≥ v ≥ 0. Clearly,
H∞v (G) = H∞ṽ (G) isometrically (and, in many cases, also H0

v (G) = H0
ṽ (G) isometrically,

see [7]), so one could restrict oneself to the essential weights (like in [27] or [1]), i.e., those
for which v ∼ ṽ, which means that there is a constant C such that:

v(z) ≤ ṽ(z) ≤ Cv(z) for each z ∈ G.

In many papers (like in [7]) such a restriction was not made because there was no clear way
of calculating explicitly ṽ and no useful characterization of essential weights. In the present
paper we fill this gap of the theory for radial weights on the disc (and also on some other
classical domains, see the remark at the end of the paper) giving in Propositions 6 and 7
various ways of calculating directly ṽ from v (without a reference to holomorphic func-
tions) and giving a characterization of essential weights as those equivalent to log-convex
functions (Proposition 7). This allows to avoid associated weights in the characterizations
of bounded, compact and weakly compact composition operators (Corollary 8). The cal-
culation of the associated weight is the same as the calculation of the norm of the point
evaluation functionals on H∞v (G). We do it for instance for radial weights and G = D.

Our notation is standard. See [8], [9], [10], [12], [23]. By ζ and z we always denote
complex variables from appropriate domains. The set of all natural numbers and all non-
negative integers are denoted by N and N0 respectively. By C∗ we denote the extended
complex plane.

A map T ∈ L(E, F) from the Banach space E to the Banach space F is called compact,
weakly compact, Rosenthal, if it maps the closed unit ball of E onto a relatively compact,
a relatively weakly compact, a conditionally weakly compact set in F. A subset A in a Ba-
nach space E is called conditionally weakly compact, if every sequence in A admits a weak
Cauchy subsequence. Clearly every weakly compact operator is Rosenthal. Rosenthal’s l1
theorem [10] says that a Banach space E contains no subspace isomorphic to l1 if and only
if every bounded sequence in E has a weak Cauchy subsequence. The class S of operators
not fixing a copy of l∞ (i.e., those operators T : E→ F such that for every subspace E1 ⊆ E
isomorphic to l∞ the map T restricted to E1 is not an isomorphism) forms an operator
ideal (see [21]). In fact, one can prove that T : E → F belongs to S if and only if for every
operator Q : l∞ → E the composition TQ is weakly compact. We recall that an operator
T : E → F is strictly singular if, for each infinite dimensional subspace M ⊂ E, T is not
an isomorphism on M. The operator T is strictly cosingular if a closed subspace N ⊂ F
has finite codimension whenever Q ◦ T is a surjection, where Q is the quotient map from
F onto F/N . We remark that there are examples of spaces of type H∞v (D) which are not
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Composition Operators 141

isomorphic to l∞. We refer to [16] and [17]. In our next theorem compactness cannot be
replaced by more restrictive properties, such as nuclearity. An example can be seen in [27].

Theorem 1 Let G1 and G2 be open connected domains in C such that C∗ \ G1 has no one-
point component. Let φ : G2 → G1 be an analytic map. Let v and w be arbitrary weights on G1

and G2, respectively. The composition operator Cφ : H∞v (G1)→ H∞w (G2) is either compact or
it is an isomorphism when restricted to some subspace isomorphic to l∞. In particular, every
weakly compact or Rosenthal or strictly singular or strictly cosingular composition operator Cφ
is automatically compact.

Proof Suppose that Cφ is not compact. By the weak compactness Theorem [23], Sec-
tion 2.4 (in the form given in [7, Lemma 3.1]), there is a bounded sequence ( fn) in H∞v (G1)
converging to 0 uniformly on the compact subsets of G1 such that the sequence (Cφ fn) does
not tend to 0 in the Banach space H∞w (G2). Accordingly we can find c > 0 and a sequence
(zn) ⊂ G2 with φ(zn) tending to a point in the boundary of G1 in C∗ and such that

w(zn)| fn

(
φ(zn)

)
| > c for all n ∈ N.

Without loss of generality we may assume that φ(zn) tends to a point z0 ∈ L, where L ⊆ C∗\
G1 is a closed connected set of more than one point. By the Riemann Mapping Theorem,
U := C∗ \ L is biconformally equivalent with the unit disc D. Thus, by Corollary on p. 204
in [12], there is a subsequence of

(
φ(zn)

)
which is an interpolating sequence for H∞(U ).

We denote this subsequence in the same way. By Theorem III.E.4 in [29], there is a sequence
(hk) ⊂ H∞(U ) such that

hk

(
φ(zn)

)
=

{
1, if n = k,

0, if n 6= k

and there is a constant M > 0 such that

∞∑
k=1

|hk(z)| ≤ M for every z ∈ U .

See the argument “b) implies c)” in [29], III.E.4.
We define a map T : l∞ → H∞v (G1), (ξk)∞k=1 7→

(
z 7→
∑∞

k=1 ξk fk(z)hk(z)
)

. Since

‖T
(
(ξk)
)
‖v ≤ M sup

k
‖ fk‖v sup

k
|ξk| for all (ξk)∞k=1 ∈ l∞,

the map T is well-defined, linear and continuous. Further, we define a map S : H∞w (G2)→
l∞, f 7→

(
f (zn) 1

fn(φ(zn))

)∞
n=1

. Now,

‖S( f )‖ ≤
1

c
‖ f ‖w for all f ∈ H∞w (G2),

hence S is a well-defined, continuous, linear map. It can easily be checked that S◦Cφ ◦T =
Idl∞ . Clearly Cφ is neither a Rosenthal nor weakly compact nor strictly singular nor strictly
cosingular operator.

https://doi.org/10.4153/CMB-1999-016-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1999-016-x


142 J. Bonet, P. Domański and M. Lindström

The following result was known for many radial weights on D. See [17], [25].

Corollary 2 Let v be an arbitrary weight on D. Then H∞v (D) contains a copy of l∞ and, in
particular, it is not reflexive.

Corollary 3 Let Cφ : H0
v (D) → H0

w(G) be weakly compact. If the closed unit ball of H0
v (D)

respectively H0
w(G) is dense with respect to the compact-open topology in the closed unit ball of

H∞v (D) respectively H∞w (G), then Cφ is compact.

Proof This follows directly from Theorem 1, since our assumptions ensure that H∞v (D) =
H0

v (D)
′ ′

, H∞w (G) = H0
w(G)

′ ′
and C

′ ′

φ = Cφ by [6].

A weight v on the unit disc D is called radial if v(z) = v(|z|) for any z ∈ D. Let us recall
that for radial weights, we can take instead of the weight v its non-increasing majorant, i.e.,
the radial function u on D, u(r) = sup{v(R) : r ≤ R < 1}, and both the spaces H∞v (D),
H0

v (D) and the norm ‖ · ‖v do not change. Accordingly we assume from now on that radial
weights on D are non-increasing. Moreover [7, Cor. 1.2], H∞v (D) is not equal to H∞(D) if
and only if lim

r→1
v(r) = 0.

The essential norm of a continuous linear operator T is defined by ‖T‖e = inf{‖T−K‖ :
K is compact}. Since ‖T‖e = 0 if and only if T is compact, the estimates on ‖T‖e lead to
conditions for T to be compact. A fundamental sequence of compact sets (Ln)n in G is an
increasing sequence of compact sets which covers G and such that every compact subset of
G is contained in one of the sets Ln.

Theorem 4 Let φ : G → D be an analytic map on an open connected domain G in C. Let v
be a radial, continuous weight which is decreasing in [0, 1[ and such that lim

r→1
v(r) = 0. Let w

be weight on G which vanishes at infinity. The composition operator Cφ : H∞v (D)→ H∞w (G)
is continuous if and only if

sup
z∈G

w(z)

ṽ
(
φ(z)
) <∞.

In this case, ‖Cφ‖ = supz∈G
w̃(z)

ṽ(φ(z)) . If the supremum is finite and (Ln)n is a fundamental
sequence of compact sets in G, then

lim
n→∞

sup
z∈G\Ln

w(z)

ṽ
(
φ(z)
) ≤ ‖Cφ‖e ≤ 2 lim

n→∞
sup

z∈G\Ln

w(z)

ṽ
(
φ(z)
) .

Proof The proof of the characterization of the continuity of Cφ is the same as in [7,
Prop. 2.1], where it was given in the case G = D. If Cφ is continuous, ‖Cφ f ‖w ≤

supz∈G

(
w̃(z)/ṽ

(
φ(z)
))
‖ f ‖v. On the other hand, since C ′φδz = δφ(z) for each z ∈ G, we

have

‖Cφ‖ = ‖C
′
φ‖ ≥

‖C ′φδz‖v

‖δz‖w
=

w̃(z)

ṽ
(
φ(z)
) for every z ∈ G.

https://doi.org/10.4153/CMB-1999-016-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1999-016-x


Composition Operators 143

We prove first the lower estimate of the essential norm. We proceed by contradiction.
Assume we can find constants b > c > 0 and a compact operator K : H∞v (D) → H∞w (G)
such that

lim
n→∞

sup
z∈G\Ln

w(z)

ṽ
(
φ(z)
) > b > c > ‖Cφ − K‖.

We find a sequence (zn)n in G with zn /∈ Ln for each n and w(zn) > bṽ
(
φ(zn)

)
for n large

enough. Since w vanishes at infinity on G, lim
n→∞

w(zn) = 0. Passing to a subsequence if

necessary, we may assume that lim
n→∞

|φ(zn)| = 1, since ṽ(ζ) > 0 for every ζ ∈ D. We select

an increasing sequence
(
α(n)
)

n
of natural numbers going to infinity such that |φ(zn)|α(n) ≥

c/b for each n ∈ N.
For every n ∈ N, we can apply [5, 1.2] to find fn in the unit ball of H0

v (D) such that
| fn

(
φ(zn)

)
| = 1/ṽ

(
φ(zn)

)
. We set gn(z) := zα(n) fn(z), z ∈ D. The sequence (gn)n is

contained in the unit ball of H∞v (D) and it converges to zero in the compact open topology.
Since the operator K is compact, we have that lim

n→∞
‖Kgn‖w = 0. We conclude, for n ∈ N,

c > ‖Cφ − K‖ ≥ ‖(Cφ − K)gn‖w ≥ ‖Cφgn‖w − ‖Kgn‖w.

This implies

c > lim sup
n→∞

‖Cφgn‖w ≥ lim sup
n→∞

w(zn)|gn

(
φ(zn)

)
| = lim sup

n→∞

w(zn)

ṽ
(
φ(zn)

) |φ(zn)|α(n) ≥ c,

which is a contradiction.
We check the upper estimate. To do this, we first take a sequence of linear operators

Ck : H(D) → H(D), k ∈ N, which are continuous for the compact open topology, such
that Ck f → f uniformly on every compact subset of D and such that Ck : H∞v (D) →
H∞v (D) is a well-defined compact operator with ‖Ck‖ = 1. One can take, for example,

Ck f (z) = 1
k+1

∑k
s=0(
∑s

l=0 alzl), z ∈ D, if f (z) =
∑∞

k=0 akzk, the operator which gives the
Cesáro means of the partial sums of the Taylor expansion of f (cf. [4, Section 1]) or one
could also take Ck f (z) = f

(
k

k+1 z
)

, z ∈ D.
For n ∈ N fixed we have

‖Cφ‖e ≤ ‖Cφ −CφCk‖ = ‖Cφ(Id−Ck)‖ ≤ sup
‖ f‖v≤1

sup
z∈G\Ln

w(z)|
(
(Id−Ck) f

)(
φ(z)
)
|

+ sup
‖ f‖v≤1

sup
z∈Ln

w(z)|
(
(Id−Ck) f

)(
φ(z)
)
| =: In + Jn.

To estimate the first term In observe that, for ‖ f ‖v ≤ 1 and z ∈ G \ Ln,

ṽ
(
φ(z)
)
|(Id−Ck) f

(
φ(z)
)
| ≤ sup

ζ∈D
ṽ(ζ)|
(
(Id−Ck) f

)
(ζ)| ≤ ‖ Id−Ck‖ ≤ 2.

Thus In ≤ 2 supz∈G\Ln
w(z)/ṽ

(
φ(z)
)

.
To estimate the second term Jn, we put

A := max
z∈G

w(z)
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and, further, sn := maxz∈Ln |φ(z)| which takes values in [0, 1[. We have

Jn ≤ A sup
‖ f‖v≤1

sup
|ζ|≤sn

|
(
(Id−Ck) f

)
(ζ)|.

The sequence of operators (Id−Ck)k satisfies lim
k→∞

(Id−Ck)g = 0 for each g in H(D),

and the space H(D) endowed with the compact open topology co is a Frećhet space. By the
Banach-Steinhaus theorem, (Id−Ck)k converges to zero uniformly on the compact subsets
of
(
H(D) co

)
. Since the unit ball of H∞v (D) is a compact subset of

(
H(D), co

)
we conclude

that

lim
k→∞

sup
‖ f‖v≤1

sup
|ζ|≤sn

(
(Id−Ck) f

)
(ζ)) = 0.

Consequently,

‖Cφ‖e ≤ lim sup
k→∞

‖Cφ −CφCk‖ ≤ lim sup
k→∞

Ik + lim sup
k→∞

Jk ≤ 2 sup
z∈G\Ln

w(z)

ṽ
(
φ(z)
) .

This implies that ‖Cφ‖e ≤ 2 lim
n→∞

supz∈G\Ln
w(z)/ṽ

(
φ(z)
)

.

A function η : [0, 1) → R+ is called log-convex if log η(t) is a convex function of log t .
Our purpose is to characterize the radial weights on D which are essential. Two weights v
and w are said to be equivalent, if there are c,C > 0 such that cv ≤ w ≤ Cv.

Lemma 5 Let w : [0, 1] → R+ be a continuous function with w(1) = 0, w(r) > 0 for
all r ∈ ]0, 1[. Let w : D → R+ be the radial extension w(z) = w(|z|) and let w̄(z) :=

1/ supn∈N
|z|n

‖ζn‖w
, where the norm of the monomial ζn is calculated in H∞w (D). If w is log-

convex, i.e., ϕ(t) := log w(et ) is convex in ]−∞, 0[, then w is equivalent to both w̃ and w̄.

Remark Weights similar to w̄ appear in [18, Satz 1.9].

Proof For t ∈ [0,∞[, we define b(t) := sup0<r<1 w(r)rt . If t = 0, b(0) = w(0). If
t > 0, the supremum is a maximum attained at some rt ∈ ]0, 1[, because gt (r) := w(r)rt is
continuous in [0, 1], gt (0) = gt (1) = 0 and gt (r) > 0 for all r ∈ ]0, 1[. Thus b(t) > 0 for
all t > 0 and b is a decreasing function on [0,∞[. Moreover, if n ∈ N0, b(n) = ‖ζn‖w, the
norm calculated in the Banach space H∞w (D). We set a(t) := 1/b(t), t ∈ [0,∞[.

Claim supt∈[0,∞[ a(t)rt = 1/w(r) for all r ∈ ]0, 1[.
Indeed, by the very definition, supt∈[0,∞[ a(t)rt ≤ 1/w(r) holds for every r ∈ ]0, 1[. We

fix r0 ∈ ]0, 1[ and we put t0 := log r0 ∈ ]−∞, 0[. Since ϕ is increasing and convex at t0,
there is y0 ≥ 0 such that

y0(η − t0) + ϕ(t0) ≤ ϕ(η) for all η ∈ ]−∞, 0[ .
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This yields

b(y0) = sup
0<r<1

w(r)ry0 = exp
(

sup
0<r<1

(
log w(r) + y0 log r

))

= exp
(

sup
−∞<η<0

(
y0η − ϕ(η)

))
≤ exp

(
y0t0 − ϕ(t0)

)
= w(r0)ry0

0 .

Therefore sup0≤t<∞ a(t)rt
0 ≥ a(y0)ry0

0 = ry0

0 /b(y0) ≥ 1/w(r0), and the claim is proved.
To complete the proof we show

w(z) ≤ w̃(z) ≤ w̄(z) ≤ max
(
2,w(0)/w(1/2)

)
w(z) for all z ∈ D.

The first inequality is obvious. The second inequality can be seen as follows: for z ∈ D we
have

1

w̄(z)
= sup

n∈N

|z|n

‖ζn‖w
= sup

n∈N
|

zn

‖ζn‖w
| ≤ sup

{
| f (z)| : | f | ≤

1

w
, f ∈ H(D)

}
=

1

w̃(z)
.

To see the last inequality, fix first r ∈
[

1
2 , 1
[
. We have, by our claim above,

1

w(r)
= sup

t∈[0,∞[
a(t)rt ≤ sup

n∈N0

a(n + 1)rn =
1

r
sup
n∈N0

a(n + 1)rn+1 =
1

r

1

w̄(r)
≤ 2

1

w̄(r)
.

On the other hand, if r ∈
[
0, 1

2

]
, we have w(1/2) ≤ w(r) ≤ w̃(r) ≤ w̄(r) ≤ w(0),

since 1/w̄(r) = supn∈N0
a(n)rn ≥ a(1) ≥ a(0) = 1/w(0). This implies that w̄(r) ≤(

w(0)/w(1/2)
)
w(r) for all r ∈ [0, 1/2] as desired.

Let v : D → R+ be a radial, continuous weight which is decreasing in [0, 1[. We set
v(1) := lim

r→1
v(r). If v(1) > 0, then v is essential and ṽ is equivalent to the constant func-

tion 1. If we assume that v(1) = 0, we can apply [5, 1.2, 1.5] and [7, 1.1] to obtain that
the associated weight ṽ is radial, continuous, decreasing in [0, 1[, lim

r→1
ṽ(r) = 0 and 1/ṽ

is subharmonic. By Hadamard three circles theorem 1/ṽ is log-convex. See [3, 4.419 and
4.4.26]. The next two propositions follow now directly from Lemma 5.

Proposition 6 Let v be a radial, continuous weight on D such that lim
r→1

v(r) = 0. Then

1/ṽ(z) = ‖δz‖v, z ∈ D, the norm calculated in H∞v (D) ′, is a log-convex function of r ∈ [0, 1[

and it is equivalent to u(z) := 1/v(z) = supn∈N
|z|n

‖ζn‖v
, z ∈ D.

Proposition 7 The following conditions are equivalent for a radial, continuous weight v :
D→ R+ which satisfies lim

r→1
v(r) = 0.

(a) v is essential,
(b) 1/v(r) is equivalent to a log-convex function,

(c) v ∼ u, with u(z) := v(z) = 1/ supn∈N
|z|n

‖ζn‖v
, z ∈ D.
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Remarks 1. Analyzing the proof of Lemma 5 one observes easily that

ṽ(z) ≤ u(z) ≤ Cvṽ(z),

where

Cv := max

(
v(0)

v(ρ)
,

1

ρ

)
,

with ρ ∈ (0, 1) satisfying

1

v(t)
≥ (t − ρ) +

1

v(ρ)
for all t ∈ [0, 1).

2. By Example 3.3 of [5], which is based on an example by Clunie and Kövari, there
are radial, continuous weights v : C → R+, which are decreasing in [0,+∞[, such that
lim

r→∞
rnv(r) = 0 for all n ∈ N and for which 1/v is log-convex in [0,+∞[, but still v is not

an essential weight. Accordingly the characterization given in Proposition 7 is not valid for
weights defined on C.

Proposition 6 above permits to obtain further characterizations of continuity and com-
pactness of composition operators as follows.

Corollary 8 Let φ : G → D be an analytic map. Let v : D → R+ be a radial, continuous
weight, decreasing on [0, 1[ and such that lim

r→1
v(r) = 0. Let w be a weight vanishing at

infinity on G.

(a) The map Cφ : H∞v (D)→ H∞w (G) is bounded if and only if

sup
n∈N

‖φn(z)‖w

‖ζn‖v
<∞.

(b) The map Cφ : H∞v (D)→ H∞w (G) is (weakly) compact if and only if

lim
n→∞

‖φn(z)‖w

‖ζn‖v
= 0.

Proof The necessity of (a) follows trivially, since fn(z) = zn/‖ζn‖v belongs to the unit ball
of H∞v (D) for each n ∈ N. To prove the converse, by Proposition 6 there is C > 0 such that
1/ṽ(r) ≤ C supn∈N rn/‖ζn‖v for every r ∈ ]0, 1[. Then

sup
z∈D

w(z)

ṽ
(
φ(z)
) ≤ C sup

z∈D
sup
n∈N

w(z)|φ(z)|n

‖ζn‖v
≤ C sup

n∈N

‖φ(z)n‖w

‖ζn‖v
<∞.

The conclusion follows now from Theorem 4.
To prove the necessity of part (b) we only have to show that the sequence of polynomials

( fn)n converges to zero for the compact open topology. Indeed, if 0 < R < r < 1 and
|z| < R, we have

| fn(z)| ≤
Rn

‖ζn‖v
=

Rn

rn

rn

‖ζn‖v
≤

(
R

r

)n 1

v(r)
,
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which tends to zero as n→∞.
To complete the proof, we assume the condition in part (b) and take a bounded sequence

(gk)k in H∞v (D) which converges to zero for the compact open topology. By Proposition 6
there is C > 0 such that

|gk(z)| ≤ C sup
n∈N

|zn|

‖ζn‖v
for all z ∈ D.

To prove that lim
k→∞

‖Cφgk‖w = 0, we fix ε > 0. By assumption, there is N ∈ N with

w(z)|φ(z)|n/‖ζn‖v < ε/C for each z ∈ D, n ≥ N . We find a compact subset K of G such
that, for z ∈ G \ K, w(z) ≤ (ε/C) max1≤n≤N ‖ζn‖v. If z ∈ G \ K, we have

w(z)|gk

(
ϕ(z)
)
| ≤ C sup

n∈N
w(z)
|φ(z)|n

‖ζn‖v
< ε.

Thus, for all k ∈ N,

‖Cφgk‖w ≤
(
max
z∈G

w(z)
)(

sup
ζ∈φ(K)

|gk(ζ)|
)

+ ε,

from where the conclusion follows.

It is worth noting that there are analogues of Propositions 6, 7 and Corollary 8 for other
domains G than D. For instance, if G = Π+ := {z ∈ C : Re z > 0} then a weight v
on Π+ depending only on the real part of z, tending to zero at the imaginary axis with
lim

t→∞
v(t) = a < +∞ is essential if and only if 1/v is equivalent to a function with convex

logarithm if and only if v ∼ u, u(z) := 1/ supn∈N
|e−z|n

‖e−nζ‖v
. Under the above assumptions

an analogue of Corollary 8 is true whenever the n-th monomial function is replaced by
z 7→ e−nz.

Analogously, if G = S := {z ∈ C : −1 < Re z < 1} and v is a weight depending only
on the real part of the argument and tending to zero at the boundary, then the above result
holds whenever we take sup and lim over all integers n (both positive and negative!).

Acknowledgement The authors are very indebted to M. S. Ramanujan for suggesting to
them the problem of estimating the essential norm as well as for turning their attention to
some references.

References
[1] J. M. Anderson and J. Duncan, Duals of Banach spaces of entire functions. Glasgow Math. J. 32(1990), 215–

220.
[2] R. Aron, P. Galindo and M. Lindström, Compact homomorphisms between algebras of analytic functions.

Studia Math. 123(1997), 235–247.
[3] C. A. Berenstein and F. Gay, Complex Variables, An Introduction. Springer, 1991.
[4] K. D. Bierstedt, J. Bonet and A. Galbis, Weighted spaces of holomorphic functions on bounded domains. Michi-

gan Math. J. 40(1993), 271–297.
[5] K. D. Bierstedt, J. Bonet and J. Taskinen, Associated weights and spaces of holomorphic functions. Studia Math.

127(1998), 137–168.

https://doi.org/10.4153/CMB-1999-016-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1999-016-x


148 J. Bonet, P. Domański and M. Lindström
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Universidad Politécnica de Valencia
E-46071 Valencia
Spain

Department of Mathematics
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