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The main objective of this paper is to establish the convergence for the fractional
p-Laplacian of sequences of nonnegative functions with p > 2. Furthermore, we show
the blow-up phenomena for solutions to the extended Nirenberg problem modelled
by fractional p-Laplacian with the prescribed negative functions.
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1. Introduction and main results

The fractional Laplacian has nowadays become a focus of research due to its exten-
sive applications in describing anomalous diffusions in plasmas, flames propagation
and chemical reactions in liquids, population dynamics, geophysical fluid dynamics,
see [4, 7, 8] and the references therein. Moreover, it also has important applica-
tions in the fields of probability and finance, for example, see [1-3]. In particular,
it can be regarded as the infinitesimal generator of an isotropic stable Lévy diffu-
sion process. To better apply theories of the fractional Laplacian to practice, it is
significantly important to make clear its own properties, especially those different
from the classical Laplacian operator.

Before listing our main results, we first fix some notations. Let n > 1, p > 2 and

0 < o < 1. Define the fractional p-Laplacian (—A)7 as follows:

A u(e) = e py, [ @) )P0 —uw)

' o o =¥

where ¢, »p, is a positive constant and P.V. represents the Cauchy principal value. It
is worth pointing out that (—A)g becomes the linear fractional Laplacian operator
(=A)? if p =2, while it is a nonlinear nonlocal operator if p > 2. The definition
of (—A)gu is valid under the condition that u € CYPF(R™) N L,,(R") for some

loc
a > 0, where C7PT = C’l[gp+a}’0p+a7[gp+a] with [op + o] denoting the integer part

oc
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p—1
/ Jul@)lP o L
n L+ [z[rtor

Recently, Du et al. [11] derived the following fact:

of op + «,

loc

Lop(R") = {u e LP N (R™)

‘If u; — w in CIQOUC"’"‘ as i — oo, and {(—A)%u;} converges pointwisely,

then (—A)%u; — (—A)7u — Ofor some 6 > 0.

In particular, they constructed an example showing that the nonnegative constant
0 can be strictly positive, which is different from the classical Laplacian operator.
This discrepancy essentially stems from the nonlocal behaviour of the fractional
Laplacian operator. Inspired by their proof for the linear fractional Laplacian, in
this paper we further overcome the nonlinear difficulty for the fractional p-Laplacian
operator and prove that the above fact also holds for the nonlinear nonlocal operator
(=A)g with p > 2. Moreover, our result can be extended to more general nonlinear
nonlocal operators. The principal result of this paper is stated as follows.

THEOREM 1.1. Letn>1,p>2,0<0 <1 and o > 0. Assume that a sequence of

nonnegative functions {u;} C Lop(R™) N CIPFY(R™) converges in Cy2 T (R™) to a

Junction u € Lop(R™), and {(—A)Ju;} converges pointwisely in R™. Then for any
r € R™,

lim (—A)

11— 00

ui(z) = (—A)Ju(z) — 6,

p

where 0 is a nonnegative constant given by

p—1
0= cnop Rlim lim w dz.

00 i—00 B, |m|n+crp

Proof. For any fixed z € R™ and R >> |z| + 1, let

(=A)pu(z) — (=A)gui(z)
. / u(@) — u(y) P~ (u(@) —uly)) —ui (@) —wi(y) [P~ (ui(z) — wi(y)) dy
" Jr) |z —y|rtor
u(@) — u(y) P~ (u(z) — u(y))
+ Cnop /BR(O) o — g rop dy
—luiz) — wi(y)[P? (uilz) — wi(y))
enop /Bg(o) |z — y|ntop W
=: ®;(z,R) + &(x, R) + V;(z, R). (1.1)

In light of the fact that u; — uin C7PT*(Byg(0)), we obtain that for each 0 < & < 1,
there exists an integer N > 0 such that for every ¢ > IV,

lui — ullcorta(Byp(o)) < ™22, luil|gorta(Byr(0)) < [ulloorta(myrio) + 1-
(1.2)
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Define

D;(z,R\ ¢) := P;(x,R) — P;(x,e), M:= ||UHC<71)+Q(B2R(O)) +1,

where ®;(x,¢) denotes the integral in ®;(z, R) with the domain Bgr(0) replaced by
B.(z). Using (1.2), we deduce that for z,y € Bag(0), i > N,

[lu(e) — w2 (u(z) — uly)) — @) — wiy) [P~ (i) — w(y)]
< Ju(@) — u(y) P2 (u = ui)(2) = (u—ui)(y)l

+[Ju(@) — u()P~? = fui(@) — wi )P~ fui(z) — ui(y)]
< C(p, M)llus = ul P20 ) < Clo, M),

which yields that

d
(e, R\ ) < Co M)er [ s < Clpm M,
Ban(e)\Be(z) |& = y|" TP
(1.3)
On the other hand, if op + « € (0, 1], then it follows from (1.2) that
B(o0) < Clpoapy [ W
i\, € g p,0,q, /
B.(x) |z —y["ToP

< C(p,n, 0,0, M)eloPTe)p=2)+a (1.4)

When op + « € (1,00), utilizing (1.2) again, it follows from Taylor expansion that
[lui (@) = wi(y) [P~ (uilz) — wi(y)) — |[Vui(@) (@ — y) [P~ Vui(z) (@ — y)]
< Cp,a,0, M) (IVus(@)(@ — y) P72 + fo =y in@orted =) ) gy pin{zorse)
< C(p, oy 0, M) — y|mini (ot rte2),
where we utilized the following element inequality:
llaP=2a — [b]P~2b] < C(p)|a —b] (Ja — b|P~2 + [b]P~2), for a,b € R™.
By the same argument, we have
u(@) — u(@)P2(u(@) — uy)) - [Vu(@)(@ - P~ Fu()(z - y)|
< C(p, 0,0, M) |z — y|mintp (o Dpta=2}
Therefore, we obtain that if op + « € (1, 00),

|$ o y|min{p,(n+1)p+a—2}

D, (x, e C(p,o,a, M / dy
il )] < O o
< C(p,n, 0, a, M)emin{L=o)p.pra=2} (1.5)

where we utilized the anti-symmetry of Vu(x)(z —y) and Vu,;(z)(x —y) with
regard to the centre x. Consequently, combining (1.3)-(1.5), we deduce that for
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every i > N,
gmin{(—o)p,(opte)(p=2)+a} = if 5p 4 o € (0,1],

|®;(x, R)| < C(p,n, 0,0, M) {smin{(ld)p,p+a2}7 if op+ a € (1,00),
which implies that
lim ®,;(x, R) = 0. (1.6)

11— 00

Note that {(—A)Ju;} is a pointwise convergent sequence, we then deduce from
(1.1) and (1.6) that

lim U;(z, R) exists and is finite. (1.7)

Since u € L,,(R™) and R >> |z| 4+ 1, then

_ p—1
isp [ D,
B%(0)

f o=yl
n+op p—1 p—1
< limsup (R> / C(p)(u (x)++u (v)) dy =0,
Rooo \ R —|z] B5,(0) ly|"tor

which yields that
lim &(z, R) = 0.
R—oo

This, in combination with (1.1) and (1.6)—(1.7), leads to that lim lim ¥,(z, R)

—00 1— 00

exists and is finite,

(=A)u(x) — lim (=A)Ju;(z) = lim lim U;(z, R). (1.8)

p 17— 00 R—o00 i—00

Denote

Then we have
3 3 3
_ -1 _
W) =Y K <O=ul Ty + Y K <ul TN y) + Y K] (1.9)
j=1 i=2
For any given € > 0, it follows from Young’s inequality that

C(p) p—1
ep—2 Uy ({E)

1| < euf ™ (y) + (1.10)

We now divide into three cases to estimate Ko and K3 in the following.
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Case 1. Consider 2 < p < 3. Since
W2 (y) < (Juiy) — wil@)] + @)~ < fualy) —w@)P > + a2 (a),
[ui(y) — wi(@)P~* < uf 7 (y) +uf " (2),
then
uf 2 (y) — i) — wi(y) P3| < ul 7P ().

Hence it follows from Young’s inequality that

Kol <l (@), Kol < et ) + E 1), (1.11)
gp—2
Substituting (1.10)—(1.11) into (1.9), we derive
(127 0) - S @) <0< 4t )+ CPw @), (112)
g2

Case 2. Consider the case when p > 3 is an integer. From the binomial theorem
and Young’s inequality, we have

p—2 p—2
(a+bP2=a?2 43 Cl_,a? 2 < (1+e)a? 2+ O 2y e
j=1 j=1
<(1+4e)aP™2 + %b””, for any a,b > 0. (1.13)
Using (1.13), we deduce
p—2 p—2 p—2 O(p) p—2
wi (1Y) < (Juiy) — wi@)] +ui@))" < (U4 e)lui(e) —wiy)l" + 5w (@),

which implies that

uP 2 (y) — Juily) — wi(2)[P~2 < elug(x) — wi(y) P2 + %uf”(m)

epP—
<e(l+ () + S (),
Analogously,
i) — w2 — () < el () + ()
Hence, we have
d2(y) — fusly) — w@P2| < e+l ) + D). (114)

gp—3
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Utilizing (1.14) and Young’s inequality, we obtain

Kol < 20+ P2 Whuale) + Sl (@) < 2l () + D ),

C(p) p—2

Kol < 202027 () + S ) < 2+ 2~ ) + S (),

ep—2
which, in combination with (1.9)—(1.10), gives that
_ C _
O < (1+3e+eHu? Yy) + %uf Y2, (1.15)
- C _
0> (1 -4 7 (y) ~ S ), (1.16)

Case 3. Consider the case when p > 3 is not an integer. On one hand, making use
of (1.13), we obtain

i) = wa()P~2 < (0a(2) + s () PO

< (4ol 0+ S8 @) () + Vi)

5[?‘3] @
- Cp) »- -2
_ 2 p—[p] [p—2]
= (1 <2 (w) + S Pl )
(el gl )+ SO, (1.17)
From Young’s inequality, we deduce
C(p) ,— _ _ C(p) ,—
g[p(ﬂ% uf Pyl @) < a7 (y) + gp(fﬁ uf (), (1.18)
_ _ _ C _
(el )t Vo) <)+ B @), (1)
epr—1Ip
Substituting (1.18)—(1.19) into (1.17), it follows that
_ _ _ C(p) ,—
Jui(@) = wiy)P~* = uf 7 (y) < 3euf (y) + [p(‘[a){ uf = (). (1.20)
cer—1[p

On the other hand, using (1.13) again, we have
a2 () < (Juily) — wil@)| + (@) P2 @D
_ C(p _
< ((1 +&)|ui(z) — u;(y)|[P~2 + 75[1’(—53] ugp 2 (:1:))
- (lus(@) = w7 + o P(a))
— (14 o) — w2+ S @)fus() — i ()P

5[?‘3] @
C(p) p—2
g[P*3]ui

+ (1 + o)l P (@) s (2) — wily)P2 + (2). (1.21)
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It follows from Young’s inequality that

C(p _ _ _ C(p) p-
SO w)us(@) ~ )P < eluate) — w2+ S @), (1.22)
_ _ _ C(p _
1+ ™ P @) — w@)]P < elualz) — )P + SO ur2(a). (1.23)
ep—I[p]
Combining (1.20)—(1.23), we deduce
_ _ _ C _
P2 (y) — i) — )P < efusle) — us@)P2 + S w2z
gpr—I[p]
< 3e(1+ 3€)uf72(y) + C[’p(i)] f72(x).
epr—I[p]
This, together with (1.20) again, gives that
p—2 ) ) p—2 p—2 C(p) p—2
() — fus(2) — wi(y)P2] < 361+ 3002 ) + TP 2(a).  (L24)
er—I[p]

ol < 32(1+ 32)u? 2 ()use) + 2w (@)

=
- Cp) p-
<eul Yy) + 5y Ya), (1.25)
gr—I[p]
_ C _
Kol < 3e(1+ 3™ (3) + S0l 2(w)us(y)
ep—I[p]
_ C(p) ,—
<e(d49e)u? (y) + =y u? (). (1.26)
ep—Ip

© < (1+5e +9e%)ul H(y) + - ul (x), (1.27)
cr—I[p]

©>(1-6ec— 952)uf_1(y) — C[;(ﬁ)] uf_l(x). (1.28)
ep—I[p]

Observe that

upil(l") 1 dy
lim lim Zi_i_ dy = uP~ (x) lim [ r—
R—00 i—00 B2,(0) ‘x _y|n op R—o0 B%,(0) |x—y|n op
d
<up_1(sc) lim 7?4:0

R—o0 BIC%—lccl(x) |,’,E — y|n+ap
(1.29)
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Since lim lim ¥;(z, R) exists and is finite, it follows from (1.12), (1.15)—(1.16)

R—o0 i—00

and (1.27)—(1.29) that

R}Enoo Jim W (2, R) < cpnop(l+el) lgri)lo%f hzrgg.}f /B%(O) m dy,
lim lim ¥;(z, R) > cpop(l — 5(2)) lim sup hmsup/ Ll(y) dy,
fimeoimee R—oo imoo JBg(0) [T — Y|P
where
£, if2 <p<3,

»s;l) =<e(3+¢), ifp> 3isan integer,
e(549¢), ifp > 3is not an integer,

%, if 2<p<3,
51(,2) =<e(d+e), if p > 31is an integer,
32(2 4 3¢), if p> 31is not an integer.

Due to the fact that R >> |z| + 1, we have

(R—Jelyl _

(B + [z]y|

—x|< R ’

for y € B§(0).

Hence, we deduce

ul ' (y)
lim lim ¥;(z, R) < ¢pop(l+ 5(1))hmlnfhm1nf/ L dy,
B

3 . n+op
R—o0 it—00 R—oo  i—00 R(O) ‘y|

u " (y)
lim lim U,(x, R) > cpop(l — ))hmsuphmsup/ L dy

R—ooi—oo R—oo  i—00 B%(0) ‘y|n+¢7p

By virtue of the arbitrariness of € and {u;} is nonnegative, we obtain

p—1
lim lim ¥;(z, R) = cp.op hm lim Ui +(y) y > 0.
R—o00 i—00 R—o001—00 B%(O) |y‘n ap
This, together with (1.8), yields that theorem 1.1 holds. O

In order to show that the limit constant 6 captured in theorem 1.1 may be
positive, we consider a sequence of nonnegative functions in the following. Choose
a smooth cut-off function 7 satisfying that

n(t) =0 in (—o0,0],n(t) =1 in [1,00)and 0 < n(t) < 1 in [0, 1]. (1.30)
Then for any 0 < s <t and j > 1, define

js +]t¢(x)a in B67

A - o@)G +5), B, Y

Uj(l') = j_swj(Rj_la:), w](x) — {
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(t=s)(p—1) 1

where ¢(z) = n(|z| — 3), and ¢(z) = n(|z] = 6), R; =j =+ 47 with

"~ (y) dy (1-9(y)r!
/8 = Cn,o / dy + + dy .
"\Upas, lylnror Be\Bs Y™ Jpe  y|mtoP
(1.32)

EXAMPLE 1.2. Let n > 1, p > 2 and 0 < o < 1. If condition (1.31) holds, then we

obtain that v; converges to 1 in C7 (R"), and

lim (=A)Jv;(z) = —1.

11— 00 p

REMARK 1.3. We here would like to point out that the examples constructed in
example 1.2 and theorem 2.1 were first given in [11].

Proof. 1t is easily seen from (1.31) that v; € C°(R"™), v; > 0in R", v; = 1in Bg,,
and [lv; —1f|cz — 0, as i — oco. A direct computation gives that

(=A)Jvj(x) = j_s(p_l)Rj_”p(—A)gwj(R;lx), for x € Bp,. (1.33)
For any fixed x € R", we have

JTTD (= A)wi (R )

P J

Y e = Ry S T
= n,o - n,o -
P Jeig, IR o — y|ntor "o\ |R; w — y|ntor

Crnop [ Y@)WY(Y) — 1+ (y)j~ P2
5 s R o=yl

e / (1= v@)y) =1+ P2
sOp B

B T — ylnror

+

dy

)

c
6

— —03, as j goes to oo,
where (3 is defined by (1.32). This, together with (1.33), gives that

lim (=A)Jv;(z) = B~ lim j_t(p_l)(—A)gwj(Rj_lx) =—-1, inR™
J—o0

Jj—oo

The proof is complete. O

2. Blow-up analysis for the extended fractional Nirenberg problem

The extended fractional Nirenberg problem is equivalent to investigating the
following equation:

(=A)u(z) = K (z)u?®Y(z), for z € R", (2.1)

p

where p > 2 and ¢ € R. It has been shown in [11] that there arises blow-up phe-
nomena for the linear fractional Laplacian due to the nonzero constant € captured
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in theorem 1.1. Specially, for p = 2, the compactness of solutions to (2.1) will fail
in the region where K is negative. In the following, we follow the proof of theorem
1.3 in [11] and extend the result to the nonlinear case of p > 2. On the other hand,
when K is positive, Jin et al. [12-14] derived a priori estimates for the fractional
equation (2.1) with p = 2.

While these above-mentioned works are related to the fractional Nirenberg prob-
lem, there is another direction of research to study the classical elliptic equation
—Au=K(z)u?. When n=1,2 and 1 <p<oo,orn>3 and 1 <p< Z“;,p is
called a subcritical Sobolev exponent, while it is the critical Sobolev exponent if
n>3andp= ”+2 . In particular, the elliptic equation in the case of critical Sobolev
exponent corresponds to the Nirenberg problem, which is to seek a new metric con-
formal to the flat metric on R™ so that its scalar curvature is K(z). Generally, it
needs to establish priori estimates of the solutions for the purpose of obtaining the
existence of solutions. We refer to [9, 10] for the subcritical case. With regard to
the critical case, see [5, 15, 17] for positive functions K and [6, 16, 18] for K
changing signs, respectively.

THEOREM 2.1. Assume thatn>1,p>2,0<o<1,geR ands>—p— Then

there exist two positive constants co = co(n,o,p,q,s) and Cy = Cy(n,0,p,q,s), a
sequence of functions {K;} C C*(R™) satisfying

—Co < KJ(CE) < —Co, CQ |VK ( )| < C(), and |V2KJ($)| < C(), m 327
and a sequence of positive functions {u;} C C*°(R™) such that

(=A)pui(z) = Kj(m)u?(p_l)(x), forx e R", |z|°u;(z) — 1, as|z| — oo,
and

minu; — 0o, asj — oo.
B,

Proof. Let n and ¢ be defined in (1.30) and (1.31). For ¢ € R and s > — -7, let

ui(a) = {jﬂ%( @), in Br,
’ (1= p(@)(G +3%) + pla)la =, in B,

where ¢(z) =n(|z| — R) and R = R(n,p,q,0,s,j) > 9 is a sufficiently large con-
stant to be determined later. Then u; € C°(R™) N Lyp(R™) and u; >0 in R™.
Denote

(—A)gu;(z)
uQ(P—l)(l,)

J

K;(x):= n R™.

)

Then K; € C*°(R"™). Moreover, {K; } satisfies the following properties: there exists
four positive constants C; := C;(n,0,p), i = 1,2, 3,4, such that for every j > 1,

3
(K1) —C1 < Kj(z) < —Cs, and Y |[V'K(z)| < C5 in By;

=1
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(K2) V2K;(0) < —C4I,,, where I, denotes n x n identity matrix.
We first prove (K1). Observe that

p—1 d
(o) == [y / e
’ Ba\Bs |T —y|" TP BR\B4 |z — y[ntop

A (y)|P~
+/§ Ix—y|”+"p ZJ“ 32

where A, (y) == ¢(y) — 1+ 7% (y) — j~9y| ¢ (y). For simplicity, let

v :=75(n,0,p) = / = |S”71\,
Be |y‘n+0p ap
N B dy st
= , 0, D, 5) = /Bf |y|n+op+8(17*1) - 0p+$(p* 1).

A straightforward computation yields that

dy
0=J1 2 —/ T omger = 0
By (z)° |z -y

and

dy —o —o
—v<h<-[ e = O (R,
R—2 6

For x € By, y € Bf,, we have |z —y| > |y|/2 in virtue of R > 9. Then

il—q\p—1 1 j—a(p—1)|,|—s(p—1)
|J3| < 2(U+1)p+n—2/ (1 + J ) +;17+J |y‘ dy
¢ |y[teP

— 2(a+1)p+n727(1 + jlfq)pflRfap + 2(U+1)p+n727j7q(p*1)R*ffp*S(p*1).

For a sufficiently large R > 9, we have

(R o 2)7op,y + 2(0’+1)p+n72R70'p (7(1 _|_j17q)p71 + ijq(pfl)Rfs(pfl)) < 6P
2 )
which implies that

Cn,opY6 P

—3Cn,opY < Kj (:E) < - B) s

vaBQ,j>1.

Furthermore, after differentiating (2.2), it follows from a similar calculation that
Z|VK C(n,o,p), forxz e By, j=>1.

We proceed to verify property (K2). A simple calculation shows that for y € BS,

2 1 (0) = (n+op)[(n+op+ 2)yryr — Sxly|? }
N | — y[ntop - |y|ntopta

(2.3)
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Since the integral domain is symmetric, then we see from (2.2) to (2.3) that

07 . K;(0)=0, fork#IL

TETl

If k£ =, it follows from the radial symmetry of ¢ and ¢ that

[(n+ Up>cn,cfp]_182 K;(0)

LTk

:_ap+2< /B i) /B Ao ()P oy) — Ay (1) dy)

n \Bs [y["FoPt? [y|rrore?

c
R

L[ A,
n Br\Bs (Y[ ToPT2 B |y|ntopt2

c
R

< —|Bi| (47@“2) _ Rlop+2) _341-a Rf(apw))
< f\B1|4*("p+3), for a sufficiently large R > 9,

where we used the fact that |A,(y)|P~2p(y) < 3 in B%. That is, property (K2)
holds.

From the radial symmetry of u; with respect to the origin, we know that K is
also radially symmetric. Then we have

VK;(0) =0,
which, together with (K1)—(K2), leads to that for j > 1,
IVE;(x)] > c1, in Bag,(4eoer), (2.4)
where e; = (1,0,...,0) € R, g9 :=¢g(n,p,0) € (0,1/4) is a small constant and

¢1 :=c1(n,p,0) is a positive constant.
Define

u;(z) = ejuj(co(z + 4e1)),  and K;(z) := PP VD K (e (2 + dey)).
Therefore,
(—A)ju; = K'j(x)ﬁ?(pfl), for z € R™.
Then combining (K1) and (2.4), we obtain

—-C < Kj(z) < —¢, e<|VK;(2)| <C, and |V?K;(z)] < C, in B,

where ¢ = ¢(n,0,p,q,s) and C = C(n,0,p,q,s). Moreover, recalling the definition
of u;, we have

‘ l‘im |z|*a; =1, and mina; =¢ejj — 0o, as j — oo.
| —00 B,

The proof is finished. O
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