SPECTRAL TYPE OF ONE-PARAMETER GROUP
OF UNITARY OPERATORS WITH
TRANSVERSAL GROUP

MASASI KOWADA

§1. Introduction. It is an important problem to determine the
spectral type of automorphisms or flows on a probability measure space.
We shall deal with a unitary operator U and a l-parameter group of
unitary operators {U,} on a separable Hilbert space H, and discuss their
spectral types, although U and {U,} are not necessarily supposed to be
derived from an automorphism or a flow respectively.

For our purpose, a transversal group, if it exists, plays an important role.
A 1l-parameter group {V,} of unitary operators is said to be a transversal
group for U, if it satisfies

Uv,=V,;;U for some 1s~0.
Similarly, {V.} is a transversal group for {U,}, if it satisfies
UVs=ViexpunU: for some 1 0.

Ya. G. Sinai in [4] has already proposed the idea of a transversal field
which is useful to see whether a given flow {7} (an automorphism A) on
a probability space 2 is Kolmogorov flow (Kolmogorov automorphism) or
not.

For a flow {T,} (an automorphism A) on (,P), if there exists an another
flow {Z.} on (2,P) such that

T.Z, = Zu(s,t)Tt (AZs = Zu(s)A)’

then the transversal field can be constructed as the measurable partition of
the measure space (2,P) along the orbits of {Z,} in finite time intervals.
Such a flow {Z,} induces a l-parameter group of unitary operators {V,}
on the space L*®2) in a usual manner. The group {V.} satisfies the
commutation relation mentioned above with {U,} induced by {7} (with U
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induced by A). Since we shall only deal with unitary operators, our
discussions will start from the commutation relations with the transversal
group. In our approach, although the structure of measure space never
contributes, the existence of a transversal group gives us many informations
about the spectral type of U or {U,}.

The main results in this paper read as follows

1) A unitary operator U on a separable Hilbert space H possesses Lebesgue spectrum,
if there exists for U a transversal group {V.} with 2+ 1 (Theorem 3. 1).

2) A unitary operator U possesses o-Lebesgue spectrum, if U has a transversal group
{V} with continuous spectrum (Theorem 3. 3).

3) A 1-parameter group of unitary operators {U,} on H for which there exisis a
transversal group {V.} with 20 has Lebesgue spectrum (Theorem 4. 3).

There are many important examples of unitary operators or l-parameter
groups of unitary operators with transversal groups such as flow of Brownian
motion, geodesic flow on manifold of constant negative curvature and group
automorphisms on n-dimensional torus. These examples can be investigated
by our method as will be seen later.

The author would like to express his deep thanks to Professors T. Hida
and H. Nomoto for calling his attension to the paper [4] and for fruitful
discussions which motivated this paper. Especially the author is greatly
indebted to Professor H. Nomoto for his help to improve the original form
of this paper.

§2. The transversal group. We are informed rather poor knowledge
about the property of 1l-parameter group of unitary operators {U,} (a
unitary operator U) if we regard {U,} (U) only to be a strongly continuous
unitary representation of the additive group of real numbers (integers). We
shall therefore introduce another 1l-parameter group of unitary operators
{V.} which transforms every orbit of {U,} (U) onto another.

Let H be a separable Hilbert space.

DerFINITION 2. 1. A 1l-parameter group of unitary operators {V,} on
H is a transversal group with 2 for a unitary operator U on H if they satisfy
the commutation relation

2.1) UV, =V, U, —oo<s<<+

for a nonzero real 2.
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DEFINITION 2. 2. A l-parameter group of unitary operators {V,} on
H is a transversal group with 2 for a 1-parameter group {U.}, if they satisfy the

relation’
(2- 2) UtVs = Vsexp(/lz)Ut’ —o<st<+

for a nonzero real A
The relations (2. 1) and (2. 2) are the special cases of the followings;

2.1y UV, =VulU
and

(2. 2y UV, =Vus,oUss
respectively.

Observing the relation that V, transforms U,-orbits into themselves, (2. 1)
and (2. 2) seem to be more reasonable. However the following propositions
2.1 and 2.2 enable us to make use of (2.1) and (2.2) to define a
transversal group.

ProrosiTioN 2.1. Let u = u(s) be a nonzero aperiodic measurable function.
Then the relation

UVs = Vu(s)U
implies that
u(s) = as,

Sor some 0.
The proof follows from the assumptions and the following equalities

UV =UV YV, = Vu(s)UVb = Vu(s)Vu(z)U = V(u(s)+u(£))U = Vu(s+t)U'

ProPoOSITION 2. 2. Suppose that V., is aperiodic and u = wu(t,s) is a nonzero
measurable function with respect to both t and s.  Then the relation

UtVs = Vu(c,s)Uc
implies that
u(t,s) = psexp(at)

Sor some nonzero p and 2.
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Proof. From the similar calculation to the previous proposition, we

see that u(t,s) = sv(t), for some function »(#). We have
Ut1+t2Vs = Utlvu(tg,s)Utz = Vu(tl,u(tg.s))Utl-sz
= V‘ll,(31+£2,:)Utl+tg ’
and concequently

u(t, + t5s) = sv(t, 4 t,)
= u(ty, u(ty, s)) = u(ty, s)v(t,) = sv(t;)v(ts).

It follows that v(t) = zexp (2¢) for some £#0 and 2+ 0. This completes

the proof.
Throughout this paper, we assume that
(4) H is a separable Hilbert space,
and
(B) N={peH:V,p =¢ for all s} ={0}.

In the case where (B) is not fulfilled, the simultaneous reduction of {U,}U)

and {V,} onto HON leads to our situation.

§ 3. Spectral type of a unitary operator with transversal group.
In this section, we assume that U has a transversal group {V,} with [2]+ 1.
The proof will be given only in the case where [2]<<1. In case U has a
transversal group {V,} with |2]>1, similar discussions lead us to the same

results.

Let I be the set of all proper values of {V,}, and for some positive

Eoy put Lo =[/I2]" o/12]™"] and I5 = —15 (m=0,4+1,42,+..).

we get a partition of I
r=1U {Ihurs}
where r,=rnlir;,
I'n=rnlis
LemmMa 3.1. We have

(3. 1) Iy ="y, if 2>0, or if 2<0 and m is even,
Iy =2"rs, if 2<0 and m is odd.
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Proof. Suppose V,p = exp (is#)¢ for any s. Then, from (2. 1), we get
VU™ = U™V = exp (ispa~™U™o,

that is, pa™™ el (m=0, 1, =2, -+ -), and it is easy to get the conclusion.
Denote the proper vectors by ¢% corresponding to g, eIt U T, (k=
1,2,-+-,m=1,2,+++,m, where n, is the multiplicity of #). Then, for

all s,
3. 2) Umek, U™pk) = (VU™ ok VU™ pk)

= (UmVsl'"‘(P:Cn Um,VsA"""‘oﬁ;)

= exp [is(td™™ — tpd ™) WUk, U™ k)
and

U™k, U™0k) = (9k, of).
These equalities imply
Urei LU™9k,

unless #, = ¢, m=m' and n = »’ hold simultaneously.
Consequently, denoting HE=&{U™¢t :m=0, £1,-- -}, we have

(3. 3) H: 1L HE  (k+=K or n#n')
LemmA 3. 2.  The operator U has simple Lebesgue spectrum on each cyclic
subspace HE.
Proof. Denoting
(3. 4) U"‘=Se“"5dE”(§),
and noticing (3. 2), we have
femean Ev@es Ir = et 08 = 0

for any n,k and m#0. Paley-Wiener’s theorem, therefore, implies the
conclusion.
THEOREM 3. 1. Suppose that for a unitary operator U on a separable Hilbert

space H, there exists a transversal group {V.,} with |2|# 1 which has purely point
spectrum.  Then U has (3 ny)-multiple Lebesgue spectrum.
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Proof. Denote by M} (M) the subspace of H spanned by all proper
vectors corresponding to I'n(I'n). Then, from (3. 1), we get

H=3® Mn®Mz).

While the equality U™M}: = M;..(U"M; = M;,,), and the construction of
Hk shows that

(3. 5) UrMi(U™M,)c XX @ HEC H
for m=0,+1,---. This leads us to the conclusion
(3. 6) z‘;c @® H: = H.

Hence, combining (3. 6) with the lemma 3.2, we see that the spectral
measure of U does not have singular component with respect to Lebesgue
measure, and that H} appears in the direct sum as many times as 3 #n.

This completes the proof.

ExampPLE 3.1. A group automorphism on the torus. Let T" be the
n-dimensional torus and A be a group automorphism on 7". It is known
that A can be written in a matrix form. Suppose that A, regarded as a
transformation on n-dimensional vector space R", has a real proper value
2 such that |2]#1 and has a proper vector 7 corresponding to 2.  Let
{9:} be a l-parameter subgroup of 7" defined by

(95,9%) = expis<r,9* >,g~€ (T")",

where (T")~ is the dual group of 7" and < 7,92> is the inner product in
R*. Then A and the flow {Z,;} which is defined by

Zg =9+ geET"

induce a unitary operator U and 1l-parameter group of unitary operators
{Vy on L¥T") in a usual manner. It can be easily seen that {V,} is a
transversal group for U and that {V,} has the purely point spectrum.
Consequently, according to the theorem 3.1, U has uniform Lebesgue
spectrum. Noticing that a unitary operator which has a uniform Lebesgue
spectrum is ergodic, we can show that the unitary operator U has .exactly
o-Lebesgue spectrum.

Next we shall deal with a unitary operator U which has a transversal

group {V.} with continuous spectrum. Let
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(3.7 V= Si”eZnisedEV(é)’
and
(3. 8) H: = E"(§)H.

TueorREM 3.2. For any & and m=0, =1, &2, «+, we get

Hepn if 2>0, or 2<0 and m is even

(3.9 U™H; = { . .
Hin if 2<0 and m is odd,

where H§ means the orthogonal complement of H,.
Proof. Suppose that 2>0, or 2<0 and m is even. Then we have

(3. 10) V.fo9) =| emertaE @ 1,0)

=U"V.f,U™9)

= VU™, U™g)

=["emtaEmrermuon s, umg).
Clearly {U"™E"(€A~™U™, — o < &<+ oo} is a resolution of the identity and
hence the uniqueness of a resolution implies

U™EY(§) = EV(ga ™) U™
Consequently we get

U™H, = Hzpon.

Next we suppose that 2<0 and m is odd. Put F(y) =I—E"Q " —),
where I is the identity operator. Clearly {F()} is the resolution of the
identity. We get

(Vefrg) =\ _e*™ " d(EY (U™ f,U™g)

et ([ — FmENU™f, U™g)

~co

=
I
S” misng([ — F(p))U™f,U™g)
={_
EY

ll

e d(F (U™ f,U").

From these we get U™ — (2"" Y™ = U™E"(7) and hence
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U™H; = Hipon .

This completes the proof.
Put M = E"(I})H. We can easily see that {U"M) :m, n=0,+1,+-}
is an orthogonal family of subspaces, and moreover, from (3.9), we have

ME, ., if 2>0, or if 2<<0 and m is even
(3. 11) UTM: =

Mz, if 2<0 and m is odd.

Let {90} ({97} be a basis of M} (M;) and let H;i (H;) be the cyclic
subspace spanned by {U™¢f :m =0, £1,---} {U"¢; :m=0,1,+++}. Then
the equalities (3. 11) imply that for £=1,2,+ -«

Jemmta i B @ez 12 = Umen e =0 (m#0)

Paley-Wiener’s theorem, therefore, implies that U has simple Lebesgue
spectrum on each cyclic subspace H;.
Clearly

(3. 12) H=3®M.® M) =2® U "M; ®DU™M5)
=@ H;® Hy).

The subspaces M{ and M; are invariant under the group {V.}, and {V.}
does not have proper value in M{ and M;. Consequently the dimension
of M} (M5) must be infinite. This means that the components Hj (Hj)
appear infinitely many times in the decomposition (3. 12).

Summing up the above discussion we get

THEOREM 3.3. A unitary operator U on a separable Hilbert space H has
a-Lebesgue spectrum, if there exists a transversal group {V} on H with |2|#=1 the
spectrum of which is continuous.

For a unitary operator U, if there exists a transversal group {V,.} with
]al#=1 whose spectrum is not necessarily purely discrete nor purely
continuous, we may reduce U and H to those appeared in the previous
two particular cases. Let us denote by H, and H, the subspaces spanned
by all of the proper vectors of {V,} and its orthogonal subspace, respectively.
We shall now discuss the case where both H; and H, are nontrivial.

THeOREM 3. 4. If a unitary operator U on a separable Hilbert space H has
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a transversal group {V.} with |2|#=1 on H, and if both H, and H, are nontrivial,
then U has o-Lebesgue spectrum.

Proof. Let P, be the projection operator on H,, and put P,V,=V?¢
and P, U=U% Clearly P, commutes with V,(— oo <s< 4+ o). From
Lemma 3.1, we get, for any fe H;, Uf€ H; and U*fe H,. Thus U
reduces the subspace H,. This means that U commutes with P,, so we
have

(3. 13) UW¢=P,UPV, =P, UV, =PiV,,U
= PdV,{sPdU = V‘]t_gUd-

Thus U?® has a transversal group {V¢} with the same 2.

Put I—P)U=U° and (I—P,W,=V: Then {V¢}, likewise the above
(3. 20) constitutes the transversal group of U® and according to Theorem
3.1 and 3. 3, we see that U has Lebesgue spectrum on H=H, + H,, and
moreover, at least on H,, U has s-Lebesgue spectrum. This completes the
proof.

§4. Spectral type of a l-parameter group of unitary operators
with a transversal group. Even in case of a l-parameter group of
unitary operators, the analogous discussions to the previous section goes on
with a few modifications.

A typical difference between the case of a single unitary operator and
that of a 1-parameter group of unitary operators is the fact that only the latter
has no transversal group whose spectral measure contains discrete component
except point measure concentrating at 0.

TueoreM 4. 1.  The transversal group {V.} of {U.} has purely continuous
spectrum on a separable Hilbert space H.

Proof. Suppose there exists #+ 0 such that
nga — ei 8/‘9,
for all s. Then we get

4. 1) U9, Usp) = ViU, 0, ViU,,9)
= exp (isper1=t) (U,,0,U,,9).

This implies that U, ¢ is orthogonal to U, if ¢ +¢. In other words,
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{U:p : — o<t <<+ o} is an orthogonal system in H. This contradicts the
separability of H.

For convenience, we shall discuss a group {U,} which has a transversal
group {V.} with negative 2. Because, if 1>0, we can proceed to the
same conclusion with slight modification.

We shall omit the proof of the following proposition which is similar
to the proof of (3. 9).

TueoreM 4. 2. For any & and ¢, we get
(4. 2) U.,H; = Hze-2¢ .

Put M(t,8) = Hie-de © H;.  Then, for suitable #=1¢, and ¢&=¢,>0,

—At

M* = M(t,&,) is an infinite dimensional subspace, because e is strictly

increasing. Let {¢,} be a basis of M*. If |[t|>¢,
U.p, € UHzye-rt, QU H:, C Hipe-dit+tp © Hzgekey .
Consequently we get, if [t[=¢,,
Ue01, 9,) = 0.

This shows us that {U,} has simple Lebesgue spectrum on the cyclic
subspace H; spanned by {U.p,, — o <t<+4o}. Let P, be the projection
operator on Hji. If ¢, =P, we proceed to ¢;. If ¢, + P,p,, we shall
denote by Hj the cyclic subspace spanned by {U,(¢, — P,9,), — o0 <t <+ oo}
From the equalities

(4. 3) (Uilpy, — Pi9,), (03 — P19))
= (U932 2) — (U P92, P195)
= — (U P19y, P19s), |t]|>t,,

we see that {U,} also has simple Lebesgue spectrum on Hj. Continuing
such a procedure, we obtain a sequence of cyclic subspaces, H{,Hj, - - -,
on each of which {U,} has simple Lebesgue spectrum. Noticing that
¢, €EH{D - @H, for any n, we get

(4. 4) M*cY@®H: c H.

Starting from M~ = M(¢,,&,) where ¢, and & are suitable negative real
numbers, the similar construction of the cyclic subspaces H;(n =1,2, . +)
yields
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(4. 5) M-cY®H;cH.

Evidently, 3@ H; is orthogonal to XX® H;. We finally show that H can
be expressed as the direct sum of them.
We obtain

(4. 6) (UtHfo) ©H, = Uz—zo(HEoe'“o S) H$o) ® Uc—-z:o(HE,,e'“o @Hso) @ -
= Ut-zoM+® Uc—ztoM+® Tty

(4.7)  UH: =UdHeed1,© He) @ Uppo (e ordey © H) @
=UM @U@ - - +.

These imply

(4. 8) U.H:, © (2@ H,) @ H,
and
(4. 9) UH:, Cc 2O H,CH,.

While the continuity of E”(¢) and the equation
UH-zy, = H-gpe-dt = EY(— & )H

imply

H,=E"0OH=X®H;.
Consequently we have
(4. 10) U.H:, C 2® (H: @ Hy).
Now the concluding result
(4.11) 2OH.,DH,)=H
can be deduced from the followings

U.Hz, = Hzpe-te = E¥(§e™*")H
E"(&e~*)—> I (the eidentity operator) as t—> + .
Remark that, contrasting to §3, we have no information about the number

of components in the direct sum 3@ (H; ® H;).
Summing up, we get

THEOREM 4. 3. A 1-parameter group of unitary operators {U,} on a separable
Hilbert space H has uniform Lebesgue spectrum, if there exists a transversal group

.} with 20 for {U.
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ExaMPLE 4.1. A geodesic flow on a manifold of constant megative curvature.
Let us denote the Lie group SL(2,R) by G and denote by D some discrete
subgroup of G such that the measure # on the homogenuous space
M = G/D induced from a left invariant measure on G 1is finite. Then a
1-parameter subgroup {g.} of G induces a group of left transformations on
M defined by

gDe M—> g, gD < M.

The dynamical system (M, z,{g,}) has a realization as a geodesic flow on a
manifold of constant negative curvature (refer to [1]).
Let g be the generator of {g.} and % be a solution of the equation

g, h] = 2h

for some 2+#0. Put h, =e'". Then it is straightforward to see that the
relation (2. 2) is satisfied by 1-parameter groups of unitary operators {U.}
and {V,} which are induced in a usual manner on L*M) by {g.} and
{hs} respectively. Concequently, from Theorem 4.3, we see that {U,} has
uniform Lebesgue spectrum. In [1] Gelfand and Fomin have shown that
{U.} has exactly o¢-Lebesgue spectrum, appealing to the automorphic
function theory.

ExavmpLe 4.2. A flow of the generalized white noise®. Let S be
Schwartz’s space and S* be its conjugate space. Consider the probability
space P = (S* B, ), where B is the Borel field generated by cylindrical sets
in $* and ¢ is a white noise. The characteristic functional of # is given
by

Cal) = exp {—-i—glé(t)l"dt].
Let r, be the shift operator in S defined by
T‘;E(t) = E(t - s)r g e Sy

and we shall introduce the transformation 7, on S defined by

2
T.£(s) = e © &(e'ts),

(*) The reader is referred to the forthcoming paper of H. Nomoto and T. Hida for more
detailed discussions. The above example is due to them (oral communication).
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where 2 is a nonzero real. Then, on the Hilbert space H with the
reproducing kernel C.(¢ —7), we get l-parameter groups of unitary operators
{U.} and {V,} induced by U.f(¢) = f(T.6) and V,f(¢) = f(c,&), respectively.
They satisfy the relation (2. 2), and hence, from the Theorem 4. 3, we see
that {U,} has uniform Lebesgue spectrum.
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