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Suppose 2 < p < oo and ¢ is a holomorphic self-map of the open unit disk D. We
show the following assertions:

(1) If ¢ has bounded valence and

1= 22 \P/? dA(z)
-/D <1 - Iso(z)|2> 122 =% (0.1)

then Cy is in the Schatten p-class of the Hardy space H2.

(2) There exists a holomorphic self-map ¢ (which is, of course, not of bounded valence) such
that the inequality (0.1) holds and C, : H? — H? does not belong to the Schatten p-class.
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1. Introduction and main results

1.1. Backgrounds and motivations

Let D = {z € C: |z| < 1} be the unit disk of the complex plane C. Let H(D) be
the space of holomorphic functions on D and let ¢ be a holomorphic function on
D with ¢(D) C D. For f € H(D), the composition operator C, is a linear operator
defined by C,(f) = foe.

Recall that a positive T on a separable Hilbert space H is in the trace class if

oo

tr(T) = Z(Ten,en>H < 400

n=0

for some (or all) orthonormal basis {e,} of H. For any 0 < p < co, the Schat-
ten p-class S,(H) of H consists of bounded linear operators T : H — H such that
(T*T)?/? belongs to the trace class. In particular, S;(H) is the trace class of H,
and Sy(H) is called the Hilbert—Schmidt class. It is easy to check that T € S,(H)
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if and only if T* € S,(H). For more details about Schatten p-class operators, we
refer the readers to Zhu [16].
The Hardy space H? is a Hilbert space of analytic functions f on ID such that

2m
e dO
913 = swp [ IS < o
0<r<1.Jo d

For a > —1, the weighted Bergman space A2 consists of holomorphic functions f
on D satisfying

M@=AU@%&@<%

where dA,(2) = (o + 1)(1 — |2|?)*dA(z) and dA(z) is the normalized area measure
on D. When o = 0, the space A2 is usually denoted by A2. Properties of composition
operator on A2 and H? has been widely investigated for decades, see e.g. [3, 8,
16]. In particular, conditions for C, that belong to S,(A2) and S,(H?) are also
characterized, see [1, 2, 4-7, 9, 10, 12, 14].

It is well known (see e.g. Zhu [15]) that H? can be viewed as the limit case of
A% as a — —17 in some sense. It is also known that for 0 < p < oo, C,, € S,(H?)

if and only if
p/2
/ NL(Zl) dA(z) < o0,
D log m

dA(2) = (1 = [2*)*dA(z)

where

is the Mobius invariant measure on D, and

Ny(z)= Y log ﬁ

wep1(2)

is the Nevanlinna counting function of ¢. Similarly, C, € S,(A2) if and only if

Neara(2) \"*

where N, o12(2) is a generalized Nevanlinna counting function of ¢ given by

1 a+2
ng,a—‘rQ(Z) = Z <10g |’U)|> .

wep—1(2)

See Luecking-Zhu [5].
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1.2. Main results

A holomorphic map ¢ : D — D is of bounded valence if there is a positive integer
N such that for each 2z € D, the set ¢~ 1(2) contains at most N points. Zhu [14]
shows that if @ > —1, 2 < p < oo and ¢ : D — D is an analytic function of bounded
valence, then C,, is in the Schatten class S, of A2 if and only if

1 _ |Z|2 p(a+2)/2
/D(l - ¢(2)2> AA(z) < co.

Meanwhile, Zhu [16, Exercise 11.6.7] says that if p > 2 and C, € S,(H?), then

2 \P2
/]D) <11—|<p|(z|§|2> dA(z) < oo.

These observations hint us to give the following result.

THEOREM 1.1. If 2 < p < 00, ¢ has bounded valence and

/ (11—|90<|2)|>/ dA(z) < oo, (1.1)

then C, € S,(H?).

For p > 2, Xia [10] constructs a holomorphic map ¢ : D — D such that

1|22 )p
—— = | dA(z) <
/]D (1 —le(2)P?
and such that C,: A% — A% does not belong to the Schatten class S,(A?).
Motivated by Xia [10], we prove the following theorem:

THEOREM 1.2. For any 2 < p < oo, there exists a holomorphic function p : D — D

such that
1— |2 2 p/2
/D (1 — |ga(z|)|2> dA(z) < o0, (1.2)

but Cy, : H* — H? does not belong to the Schatten class S,(H?).

The proof of theorem 1.1 is based on Wirths-Xiao [9] and Zhu [14]. The proof
of theorem 1.2 is modified from Xia [10]. Although the idea of the proof of
theorem 1.2 is coming from [10], there are several technical barriers we need to
overcome. Thus, we need to adapt Xia’s construction for our situation.

Notation. Throughout this paper, we only write U <V (or V 2 U) for U < ¢V for
a positive constant ¢, and moreover U ~ V for both U <V and V S U. O
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2. Preliminaries

For a > —1, the Dirichlet-type space is a space of holomorphic functions f on D
for which

IF1I% = 1FO)F + 13z < oo

It is easy to check that Ai =Dyy2 and H 2 = D; with equivalent norms.
The following lemma is contained in [9, Theorem 3.2].

LEMMA 2.1. Leta > —1 and 0 < p < co. Suppose ¢ : D — D is holomorphic. Then
Cy, € §,(Dy) if and only if

2\e 24 p/2
/D (/D (%) |<P’(Z)|2(1 - |22)adA(z)> dA\(w) <oo  (2.1)

for some (any) e > max{1/(2+ «), 2/(2p + pa)}.

For fixed a > 0, f, g € D, with

f(z)= ianz and g(z) = i b 2",
n=0 n=0
let
= nll(a)
<f7g>'Da - ;F(TL—FO&) nYn

Then the reproducing kernel of D, associated with the inner product (-, -)p_ is

given by
1
Kow(2) = Ko(z,w) = Tags v© D.
This means that for each f € D,,
f(’LU) = <f7 Koz,w>Du w € D.
Meanwhile, if we write
0 az
Jaul?) = Jalzw) = grkalzw) = T gye
then
f(w) = (f, Jaw)D,- (2.2)
Let
£, = {f, Fp.-
Then
1
1Kawllp, = 750
Pe (1= |wf?)e
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and

1+ ajw|?) 1
Jaw 5 = Jaw Jaw =J = a( ~ :
H s HDa < owr Ja, >Da a,w(w) (1 - ‘w|2)o¢+2 (1 _ |w|2)a+2

Let
 Kaw(2)
[ Kawllp,

The following lemma comes from [11, Lemma 10].

Jow(2)

Ko (2) = awd)
[Jaywllp,

and  Jo,w(2)

LEMMA 2.2. Suppose o > 0 and T : Dy — D, is a positive operator. Let
T w) = (Tjaws jayw)pas W € D.
(1) Let 0 < p < 1. If T™' € LP(D, d), then T is in Sy(Da).
(2) Let 1 <p < oo. If T is in Sp(Dy), then T™! € LP(D, dA).
Immediately, we have the following theorem.

THEOREM 2.3. Suppose a > 0 and ¢ : D — D is a holomorphic function.

(1) If0<p< 2 and

(1 _ |Z|2>a+2|@/(2)|2 p/2
/D ( (1= lp(z)[2)o+2 ) dA(2) < oo,

then Cy is in S, of Dq.
(2) If2<p< oo and Cy, is in S, of Dq, then (2.4) holds.
Proof. Write S = C,C, then S : D, — D, is a positive operator. We have
§a’t(’LU) = <Sjo<,wajoc,w>DCY = <C;ja,w70:;joc,w>Da

_ <C:;Ja,waC;Ja,w>Da - ||C<;Ja,w||%a

1o B,,  Hawllp,

For each f € D,, (2.2) implies that

(f.Codaw)p, = (Cofs Jaw)p, = ['(0(w))¢ (w)
= ' (W){f, Jap(w) D0 = (f+ @' (W) Jar () ) Do -
Thus,
Codaw = @' (W) Jap(w):
Then (2.3) implies that

/
O - L
1 Tal, = (= [y
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This gives that
<C;Ja71,,,C;Ja,w>Da N (1 — |w‘2)2+a‘(pl(w)|2
1 awl®, (1= lp(w)[?)>+

An application of lemma 2.2 gives the desired assertions. O

<C¢C;ja,wa joe,w>Da -

By letting p = 2 in theorem 2.3, we have the following corollary.

COROLLARY 2.4. Suppose a >0 and ¢ : D — D is a holomorphic function. Then
Cy is in the Hilbert-Schmidt class of D if and only if

(1= [=)*¢' ()]
/]D) (1 — |p(2)]2)+2 dA(z) < oo.

There are several well-known characterizations of the Hilbert—Schmidt compo-
sitions on H? and A2, see e.g. [3, 13, 16]. Combine these characterizations with
corollary 2.4, we have the following corollaries.

COROLLARY 2.5. Suppose ¢ : D — D is holomorphic. Then the following statements
are equivalent:

(1) Cg, S SQ(HQ)

(2) The following inequality holds:

(1 - P ()2
LT A <o

(3) The following inequality holds:

NL(T) dA(z) < 0.
p log 15

(4) The following inequality holds:

/27r L .
o (I=le(e)P) '

COROLLARY 2.6. Suppose a > —1 and ¢ : D — D is holomorphic. Then the follow-
ing statements are equivalent:

(1) C, € SaA2).
(2) The following inequality holds:
(1 — 22’ (2)?
dA(z) < oo.
T e
(3) The following inequality holds:

/72\%"”2(’2) dA(z) < 0.

(log 1)+
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(4) The following inequality holds:

AP
| T ) <o

3. Proof of theorem 1.1

Theorem 1.1 is just the case a = 1 of the following proposition.

PROPOSITION 3.1. Suppose a >0, 2<p<oo and pa>2. Let o :D—D is a
holomorphic function which has bounded valence and

L) e o

then C, is in the Schatten class S, of D,.

The condition pa > 2 in the above proposition is necessary. Indeed, if 0 < pa < 2,
then the involved integral is trivially divergent.

Proof. When p = 2, the condition pa > 2 implies that o > 1. Notice that in this case
D, = A% _,. According to [14], the condition (3.1) implies that C, € S,(A2_,).

Now we suppose 2 < p < 0o. According to lemma 2.1, if we can check the inequal-
ity (2.1) for some & > max{1/(2+ «a), 2/(2p + pa)}, then we have C, € S,(D,).
Write ¢ = p/2, then ¢ > 1. Let

— w2 (2+a)e
Flo) = [ ¥ (P~ 2 dAG).

Then it is sufficient to check that F' € LY(D, d).

Let
(1 = Jw) @2 (1 — Jo(2)[*)* (1 = |21*)?]¢' (2)
H(w,z) = - w(pé)|(2+a)(l+s) z
and
(=)
10 = (g pom)
Then,

F(w) = / H(w, z)h(z)dA\(2).
D
Recall that ¢ : D — D is holomorphic. Schwarz’s lemma implies that

(1= [=*)?l¢ ()]
(1= le(2)?)?

(3.2)
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Then, for each ¢ > 1/(2 + «), Forelli-Rudin’s estimate implies that

— |w|? (a+2)e—2 w
[ Hw2xw) = = P - 12 P [ S e
< A= le(@))*(1 = |2*)?[¢' ()
~ (1 = [p(2)[2)*e
<1 (3.3)

Meanwhile, recall that ¢ is of bounded valence. Let n,(z) be the number of points
in p~1(z). Then,

supn,(z) < 0o
z€D

and

/ H(w,z)d)\(z) _ / (1 _ |w|2)(o¢+2)€(1 — |¢(Z)|2)a|90,(z)|2 dA(Z)
D

D 11— wp(z)|CHe)0+<)

2\«
o vat2e [ ()1 —|2[%)
= (1= [w[") 11— 2] d+9) dA(z)

<1 (3.4)

Put (3.3) and (3.4) together. Application of Schur’s test tells us that the integral
operator with kernel H(w, z) is bounded on L?(ID, d)). Recall that condition (3.1)
implies that h € LY(DD, d\). This gives that F € L4(D, d\) as desired. O

4. Proof of theorem 1.2

4.1. Construction of ¢

The construction is modified from Xia [10]. We adapt some parameters for our
argument. For n =1, 2, ..., let

T, = (24”“),2*” and S, = ((4/3)24”“), (5/3)24”*1)} .
That is, S,, is the middle third of T},. Let t,, = (4/3)27 (%1 be the left end-point

of S,,.
For fixed p € (2, 00), let € be a fixed rational number such that

2
O<e< —-<1.
p

We can choose a strictly increasing sequence k(1) < --- < k(n) < ... of positive
integers such that

2—(%+s)k’(n) 9. 25k(n) _ 2—%k(n)+1 < (1/3)2—(n+1) _ |Sn‘

for all n and such that every ek(n) is an integer.
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For integers n > 1 and 1 < j < 25’“("), recall that ¢,, is the left end-point of S,,.
Define the intervals

T = (anj,cn;) = (tn 427G g (5 1) 4, + 27 GHIRM) g -j)
and
Inj = (Gnjsbnj) = (tn 2GR g (1) 4, 427 GHIROD (95 — 1)) .

It is easy to check that I,, ; is the left half of J, ;, J, ;’s are pairwise disjoint,

25k(n)

U Jn,j C Sy,

j=1
and the length of the interval I,, ; is denoted by p,,, that is

—(24)k(n
Pn = |In7j| = bn,j —Aanj = 2 (P+ )k ) (41)

We now define a measurable function v on the unit circle T = {w € C: jw| = 1}
as follows:

gek(n)
u(e) =27H itte () Ln>1,
j=1
00 25k(n)
ue)y=1 ifte(-ma\ [ {J U In;
n=1 j=1

The harmonic extension of u to D is also denoted by wu. Let

T it
h(z)zi/ CE ) dr

27 J_, et —z

and
#(2) = exp(—h(2)) (4.2)

for all z € D. Then, Re(h(z)) = u(z) > 0 for each z € D, and thus,
|(,0(Z)| _ eRe(h(z)) _ efu(z) < 1.

This implies (D) C D. We will need the fact that ¢ € H? with

1 & 0112 1 & 0012
Il = sw 5o [ fee)Pao= o [ fe@Pae. @3
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4.2. Estimates
For z € D and e'* € T, let

1|2

Plee) =17 —p

be the Poisson kernel. It is shown in [10, p. 2508] that if 1/2 < r < L and |0 — t| < 5,
then there exist constants 0 < o < 3 < oo such that

a(l—r1) <i
(1—r)24+(0—1)2 " 27

A=)
(1—=7r)22+(0—1t)?2

P(re'? o) < (4.4)

We have the following lemma modified from [10, Lemma 4].

LEMMA 4.1. For any positive integer n and 1 < j < 255 | let G, be the Carleson
box based on I ;, i.e.

Gpj={re?:0el,;,0<1—r<p,}. (4.5)
Then there is a constant Cy independent of n, j such that
1- ] )”/2 ey
— ) dA\z) <27 TR0, (4.6)
/c (1 = le(2)]
Proof. Given such a pair of n, j, we write
k(n)
Gnj = U G
v=0
where
Gg)j = {rei‘g 0el,; ,0<1l—r<p,- Q_k(”)},

and

vo= {reie 20 €Ly jpn- 278 v <1 L, - 27R 2”},

n,J

for 1 <v < k(n).
It is shown in [10, p. 2509] that there is a constant 0 < ¢ < 1 independent of n, j
such that

1—Jp(z)] =1 —e ") > 1 — exp(—c27HmMH)

if 2€ GY . and 0 < v < k(n). Let 6 = infocpcy 27 1(1 — e™%). Then,

n,j

inf (1 —|p(z))P/? = (Sc)P/? . 27P/2k(0) L op/2 0 <y < k(n). (4.7)
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This implies that

[ (i) oo

n.j

:/Ga,j (11—_|<P|(Z»Z)l>p +I§:)/ <11—_<p|2| ) dA(z)

9p/2k(n) /
< =7 (1—[2[)P*72dA(z)
/2
(00)P/2 Jeo |
k) op/ak(n)

(50)19/221’/2”/G (1= [2))"/>72dA(2). (4.8)

n,j

Notice that p/2 — 2 > —1. Straightforward computation shows that

1 1
/ (1— |2P)P/22dA(z) = 7/ a0 (1= 2P 2 dr
GO ™ In

1_pn,2—k(n)

n,j

< CypP/? . 9= (P/2=Dk(n) (4.9)

for some Cy > 0, and

L—pp-2~ k() gv—1

/ ( — |z|)p/272dA(z) = l/ de (1 _ T)p/272rdr
v T,

1*Pn'2’k(")-2“

n,j

< Capp/2 . 9= (/2= Dkn) _ 9(v/2-1)v (4.10)

for some C5 > 0. Put (4.8), (4.9) and (4.10) together, we have

[ ()" we

Cy - 28 . /2 ) op/ak(n) oy /2 o= (p/2-Dk(n) . 9(p/2-1)w
(dc)p/2 (8c)p/2 . 2p/2v

v=1

k(n)
C
— ok(n) . p/2 . 2 -
=2 "Pn ((50)1’/2 (6c) P/2 Z 2

Recall the inequality (4.1), we get the desired inequality (4.6) by letting

Co g—v _ Cy + Cs
G = ((50)1’/2 (dc) P/2 Z — (be)p/2 -

The following lemma is quoted from [10, Lemma 7].
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LEMMA 4.2. There is a Cy > 0 such that
00 zak(n)
u(z) =2 Cy  forevery zeD)\ U U G|,
n=1 j=1

where G, ; is defined by (4.5).

4.3. Proof of theorem 1.2

Let ¢ be the holomorphic self-map of I given by (4.2). It is sufficient to check
the inequality (1.2) for this ¢, and C, ¢ S,(H?).
Let

oo 250V
=U U G
n=1 j=1
where G, ; is given by (4.5). For z € D\ G, lemma 4.2 implies that
|90(Z)| — ech(h(z)) — efu(z) < 6704'

Since p/2 — 2 > —1, we have

1— |z v /22
_ dX(2) < / 1 — |z p dA
/D\G <1 - I@(Z)P) AN —e—04 Ao Jy 1P (=)

1_6_04 p/z/ 222 "2dA(2) < oo.
(4.11)

@

Meanwhile, lemma 4.1 implies that

B Y B e L hap Y
/G<1|sa<z>|2) W~ [ o A
oo 28k(n) 1 B |Z|)P/272

XX [ e e

n=1 j=1 G,

<Cy Z 9ek(n) L 9=k 0y 3 9 (/2 ek(n) o,
n=1

(4.12)

where the last inequality is following from the fact that p/2 —1 > 0. Now (1.2)
follows from (4.11) and (4.12) easily.

It remains to check that C, ¢ S,(H?), or equivalently, tr((C':;Cg,)%) = 00. Let
eo(2) =2 £=0,1,2,.... It is well known that {e,: ¢ >0} is an orthonormal
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basis for H2. Since p/2 > 1, we have
* P/2 * p/2
<(O¢C</’) 657€4>H2 Z <<Cw0¢€57€4>}12>

e T 1 w ) Mdg p/2
ICeeelzz = [1¥'lle = { 55 | le(@)] ~

Write
2519(71,)
= |J Ins
j=1
Then,
|In| _ 2sk(n)p _ 27;k(n)
and

|p(e)| = exp(—u(e'?)) = exp(—27+("))

for almost every 6 € I,,. Thus,

/Tr | 10 2Z do > Z/ | 19 % d6 = Z —2¢.27 k() 2—7k'(n)
- n=1

Notice that

() e

n

if s > 1 and a, > 0. We get

" i0y | 2¢ v/ —2027RM) 5 2(n) ’ —pt- 27k f(n)
|<p(e )| de > Ze -2 >Ze P -2 .
n=1

- n=1

This gives that

(( crC P/Q) i< ee,€g>H2 > OOO (;ﬂ /_:“P(ew)]%da)p/

£=0 =

(=0n=1

_ 1 > —k(n) = 7.9 ()
S ( Y

— g=k(n) =
- [)/2 Z —e —p-2- k(n) *

2
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Since
1—e %
supie < 1.
x>0 T
We have
1 < 1
1 —e P27 7 p.9—k(n)"
Then,
(o) (o] 1
—k(n), - k(n) . g
2_212 1— ep2 k(n) 22 2k(n) Z_:lp_oo'

This implies that C, ¢ S,(H?) and the proof is complete.
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