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TKE KERNEL OF THE CUP PRODUCT

JONATHAN A. HILLMAN

We relate the kernel of the cup product of 1-dimensional

cohomology classes for a group G acting trivially on a field

R to HomCG./G, ,f?) , the space of group homomorphisms of the

second stage of the lower central series for G into R , by

means of explicit computations with cocycles. The precise

result depends on whether the characteristic of the field is 0 ,

an odd prime or 2 .

Let G be a finitely generated group, and R a commutative ring,

considered as a trivial G-module. Then the low dimensional cohomology

groups of G with coefficients in R may be computed from the standard

complex of inhomogeneous cochains to be £( (G;R) = R ,

H1(G-,R) = {/: G+R\f(gh) = fig) + fih)

for all g,h in G} = Hom(G,i?)

and

H2(G-.R) = {F-. G2+R\FUt,j) - F{gh,j\ + F(g,hj) - F(g,h) = 0

for al l g,h,j in G}/B

where

B = { 3 / : <g,h> «• f{g) + fQi) - figh)

for a l l g,h in G\f:G-*-R}.
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262 Jonathan A. Hillman

The cup product of two elements / , f in H (G;R) is represented by

the function f^f2 : <Q,h> ** f^g)/2(7z) for all g,h in G . We shall

show that the kernel of this cup product (of classes in degree 1) is

closely related to the second stage &~/G °^ t n e ̂ o w e r central series of

G . The connection is made essentially by dualizing the map

n : (G/G2) * (G/G2) -• G2/G3 sending <gG2,hG2> to the coset ghg~1h~1G32 ) * (G/G2) • G 2 / G 3 s e n d i n g < g G 2 , h G 2 > t o t h e c o s e t g h g h G 3

(for all g,h in G) . The use of this map and the statement of the

principal result in the case R = Q are due to Sullivan [3]. As he gave

no details, and we have had occasion to use this result elsewhere, we have

decided to supply an argument here, and we shall treat also the case when

if is a field of positive characteristic. The odd characteristic case is

similar to that for Q , but in characteristic 2 skew symmetric forms

(that is b(x,y) = - b(y,x)) are symmetric (b(x,y) = b(y,x)) but no

longer need be alternating (b(x,x) = 0) , which complicates matters.

The map n is skew symmetric and bilinear, and its image generates

Gj/G- as an abelian group. Therefore if TT : G~/G^ •> H is an

epimorphism, there is a corresponding monomorphism

(iron) * : Hom(#,i?) -»• A (G/G2,R) , with codomain the module of skew symmetric

bilinear maps. Now for any f. ,/_ in a{G;R) and g,h in G ,

so the cup product U:ff
1(G;/?) x Hl(G;R) ->• H2LG;R\ is anticommutative

(/•i u fj = ~ fj U ^l' an<^ s o 9ives ri-se t o a n if-homomorphism (which we

shall also call cup product) from H1{G;R) ®D H
1{G;R)/D to H2[G;R) ,

where D is the submodule of the tensor product generated by

If 2 is invertible in R , the i?-module S1 (G;R) Sn B1(G;R)/D is just
H

A2(H (G;R)) ; if 2 = 0 in R then it is Sym^ff^G.-i?)) . In general,

A2(S (G;R)) is a quotient of this i?-module, for any ring R .

https://doi.org/10.1017/S0004972700009941 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009941


Kernel of cup product 263

There is a natural map U: A2 ̂ (.G-.R) ) •»• A
2(G/G2;i?) such that

A f2)(gG2,hG2) = fxig)f2(h) - f2(g)f±(h) for all g,7i in G and

/ ,/? in H1(.G;R) , which is injective if R is a field and bijective if

also H {G;R) is of finite dimension over R [7; page 20], which is

certainly the case when G is finitely generated.

Suppose f .,/, . in H1(G;H) for 1 < g < n are such that

Then there is a map F : G •*• R such that for all g,h in G

I f-,Ag)f,Ah) = Fig) + F(h) - F(gh) .
\<g<n ̂  l°

(Notice that if F' is any other such map then F - F' is a homomorphism

from G to R .) Then F{gk) = Fig) + F(.k) = F(kg) for all g in G

and all k in G(i?) = n {ker \\\ in H^IG-.R) = Hom(G,i?) } . The

restriction F|G(i?) is a homomorphism, determined on the subgroup

G2 C G(R) by

Fighg'h'1) = FLghg'h'hg) - F[hg\ = Flgh) - F(hg)

I lfxAh)fAg)-f.Ag)f2Ah)) ,

and so F|[G,G(f?)] = 0 . Therefore F induces a homomorphism

F : G /G + R and clearly u I f . A f \ = n*(F) . Thus the kernel
2 3 h<j<n U 23> R

*
of the cup product is mapped via y into the image of nD , and so in

n

particular if G is abelian and R is a field of characteristic different

from 2 , the cup product U : A2 (H
l(G;R)) •+ H2 (G;i?) is injective.

We shall assume henceforth that R is a field and treat the three

cases char R = 0 , odd prime p , and 2 separately.
(1) char R = 0
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264 Jona than A. Hillman

By the argument above, y iden t i f ies ker U with a subspace of
* *

Im n_ . We claim t h i s subspace i s a l l of Im n_ * Horn (G./G.,R) . Let
a n z 3

9 : G -*• R be an homomorphism such that 9|G. = 0 . Then since y i s

b i j e c t i v e , Bag.hD = i\RQ(gG2>hG2) = £ (A«7(&) ^2j{h) " ^ljlk) f2j{^]
for some f-titfji i n ^ C?;^) d<j<n) • I t must be shown that the map

: <g,K> •*• I f j(g) f .(h) i s a coboundary, that i s , that there i s a map
-*7 ^-3

F -. G •*• R such that for a l l g,h in G ,

f F(h) - F(.gh) .

The map F may be ambiguous up to the addition of a homomorphism; in

particular it will be uniquely defined on GtR) (if it exists at all) .

As before F(tg) and F(gt) must equal F(g\ + F(t) for all g in G

and t in G{R) , and it follows that F must be defined on G_ by

F(ghg~Xh~X) = F{gh) - F(hg) = - Q(lg,hl) . Hence F|[G,G(i?)] = 0 .

Since G(R)/G is easily seen to be the torsion subgroup of G/G~ , F is

now determined on G{R) , for if g is in G^ then g is in G(R) so

m = mF(g) and F(#) = i F(#") . if also fc" is in <?2 then

1 = grm}imk with fe in G(.7?)2 , and so is in G2 , and

F(gh) = l-FUgh)™1) = ̂ -(.F(^m) + F(//"") + F(.k)) = F(g) + F(^) .

Thus with this definition of F on G(R) as an homomorphism to R ,

condition (*) i s satisfied whenever £7,fa are in G(R) .

The quotient G/G(R) i s a finitely generated torsion free abelian

p

in G for a basis of G/G(R) . Then any g in G can be written

g = gQt where gQ is the unique standard representative of the coset

gG(R) of the form gn=h. ... ho (with U, ,. .. ,Wn integers) and * in
\J x. p l p

G(R) . if F ex is t s , then F(g) must equal FlgQ) + Fit) , and so i t

group, and so free of rank B , say. Choose representatives h. ,. .. ,h
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Kernel of cup product 265

will suffice to define F on standard elements gQ , provided that the

result is consistent with (*) . If (*) is satisfied whenever g and h

are standard elements, then it holds in general, for if g = gQa and

h = h b with 9n,'hQ standard elements and a,b in G(R) , then

= F(gQ) + F(hQ) - FlgohQ) (by assumption)

= F{gQ) + F(hQ) - F(gohQ) - F(a~
X^dhQ) (since F\ LG,G(R) ] = 0)

= F{gQ) + F(a) + F(hQ) + Fib) - F(gQhQh~^dhQb)

= F(g) + F(h) - F{gh) .

(Notice that although gJ1^ need not itself be standard F(g.h.t) will

still equal FlgQhQ) + F(t) for all t in ff(i?) , for if gQhQ = kQs

with kQ standard and s in GLR) , then

F{gQhQt) = F(kQst) = F(kQ) +F(st) = F(kQ) +F(.s) +F(t) = F(kQs)

Furthermore, if condition (*) holds, then by induction on m ,

FLgm) = mF(g) - ̂ l I f,Ag)f2Ag)

for all g in G and for all positive integers m , and since

'1) = - F(h) - I f,.0i)f7.(hi

it is easily seen that this formula holds for all integers m . Thus once

A are known, the condition (.*) determines F uniquely on
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266 Jonathan A. Hillman

all standard elements and hence on all of G . (For instance, if

g = h. ... ha , then

•7#<R ^ ' 1 <-7*<'7<i j.^, ^,

(where p. . = f-.T,(h-)i qv- = f-,i,Oi-))

I w.Fih^ - I I -^——pkiiki- I I wiwnPki
qkr)

We claim that F(h.),...,F(h.) can be chosen arbitrarily. Indeed,
J- p

let F(7z.) = r . in i ? , l < i < B , and if g in G can be written as
w w

g = gQt = \ ... h pt with t in G{R) , define

w^w.-l)
F(g) = £ U.r.- J I Pki<Jki~ I I wiw-;PkicIki

Then F maps G to i? and the coboundary of F represents the cup

product I f-.Uf-.. For, as remarked above, it suffices to check

l 6that condition C*) is satisfied when g = 7in . . . fe and
u J. p

S l SB
h = h^ .. . h.Q are standard elements. The standard representative

U + 3 U + 2U l + 3 1 U6+26
is then ?z . . . h , and in fact

for some k in G3 , and so
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Kernel of cup product 267

+z -V
Therefore

I I
i<& l<k<n

I
l<k<n

I I -
£<B l<k<n

l<k<n

i
l<k<n

pkiqkj

w ^ - 1

l<k<n
)pkiqki

\<k<n
I ziWn(J?ld,qki~1?k.iqki)

l<n -L<i-<ziZiVkiqki = iXJi<I<eWiPH)L<^< ZjPk°)
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268 Jonathan A. Hillman

Thus the second claim, and hence the first, is proven and so

y(ker U : KJI
X(G;R) +I?IG;R)\ = *

for R any field of characteristic 0 .

C2) char R = p, p an odd prime

The map y is again bijective, and so identifies ker U with a

subspace of I m n . . If F : G -»• R is a function for which there exist
n

homomorphisms f-i-'fo' ̂  HomtGji?) (l<j<n) such that for all g,h in

\<i<n

then, as before, F\G(R\ is a homomorphism and F|[G,G(i?)] = 0 .

Furthermore, Fig?) = pF(g) - ̂ £zH £ f,Ag)f2Ag) = 0 for all g in

l<i'<n

G . (Notice this uses the fact that p is odd.) Therefore F\X?(G) = 0 ,

where .X̂ Cff) is the verbal subgroup generated by all p powers, and so F

gives rise to a homomorphism F : G~/\-G,G(R)~\. (JF (G) n G ) •> R whose image

* is y 7 f . A f . .under n is y 7 f . A f . . we claim that y(ker U) is the

subspace nD Hom(G_/[C,(?Ci?) ]. (^(G) n G ) ,/?) of Im nD . It is easily seen

that G(R) =G2.xP(G) , and lG,G{R) 1 = G^. LG,)f(.G) 1 C Gy (X?(G) nGJ , so

this subspace is isomorphic to

(In general however this is smaller than Horn((?./<?,/?) .) The argument

proceeds as in case CD , by showing that if 6 : G .X?(G) •*• R is a

homomorphism such that B\G-.$(G) = 0 , then

j fliwf2if1if2iW
) f o r s u i t a b l e fn'f2i '
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and then constructing a function F : G •* R with coboundary

F(g) + F(h) - F(gh) = £ f,Ag)fo-(h) for all g,h in G . The map

is uniquely definable on G(i?) , and is an homomorphism there, and is

extendable to all of G on choosing a 7L /pZ2 -basis for the finitely

generated Z2/p2Z-vector space G/G(R) , using the formulae of case (1)

read modulo p (and with the r. now being arbitrarily chosen elements

of R ) .

(.3) char R = 2

The map \i is no longer appropriate; consider instead the natural

map

o : Sym2(H
l(G;R)) •*• Sym2 (G/G2,R) = A2(G/G2,R)

given by

aif. 0 f.)(gGo,hGo) = f,ig)f~{h) + f,Oi)f.(g) for all g,h in G .

The map 0 is neither injective nor surjective (unless H (G;R) = 0) .

However the image of a is easily seen to be the subspace of even symmetric

bilinear maps (bilinear maps b : (G/G2) * {G/G-) -*• R such that

b(gG.,gG2) = 0 for all g in G) , which clearly contains Im rip • There

is a 7L /2Z-linear map A : H1LG;R) •*• Sym2 (̂ (G.-i?)) such that A(f) = / 0 f

for all f in H (G;R) , and clearly a ° A = 0 . If a( £ /. © g.) = 0 ,

we may suppose the /. linearly independent, so there are x- in G with
I' t-

fAx.) = 6.. , and then g.{y) = I fAy)g.U-) for all y in G and
•>- 3 t-3 1 1 < J - S n 3 3 1-

i < n . Therefore g-ix.) = g.ix.\ for i,j < n , so \ f.eg.
V ° ° V l<i<n t' %

I /,• © f&Ax.-) = I fj, ® AgAXj.) • Thus ker a is the i?-span of
l<i,j<n ̂  3 3 1 1&kin H K K K

ImA , and is exactly ImA if R is perfect. If there are f .,/ . in

ff1(C,i?) and a function F : G •* R such that for all 0,?z in G
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270 Jonathan A. Hillman

I fuig)f2i-0i) = Fig) + Flh) - Figh) ,
\<i<n U Z%

then as before F\G(R) is a homomorphism and F\lG,GiR)l = 0 .

2 i 4

Furthermore, GiB) = G .Z CG) and F\X CG) = 0 , so F gives rise to a
~ .2 4 *

homomorphism F : G-/lG,X CG) 1. LX CO nG.) -> i? whose image under nD is

0 I f-> • ® A • • W e claim that a(ker U) is the subspace

nD Hom(G_/CG,X (G)l.X (G) ̂G-.i?) of Im nD , which is clearly isomorphic

to HomCG,* LG) /LG,A (G)1.X (G) ,R) . As before, given an homomorphism

6 : G X4LG) •*• R such that 8 | tG,X2 CO ]. X CG) = 0 there are homomor phi sms

f .,f . : G ->• R (for l<i<n) such that for all g,h in G

I h) + f Ah)fAg)) •

The next step is somewhat different, as a is not injective. It must be

shown that 7 / . 0 f . is in the kernel of the cup product modulo the
isi<n Xv 2t-

kernel of c , that is that there is a function F : G -+-R , homomorphisms

h ,. .. ,h in Hom(G,i?) and elements S.,...,S in R such that for all

g,h in G ,

I fuWf2Ah) = Fig) + F0i\ + Figh) + I ehAg)hA.h) .
\<i<n 1Z 1% \<l<q % % %

4
The map F is uniquely definable on G~X (G) by 9 , and is a homomorphism

4
there. The quotient group G/G^X (O is a finite abelian group of exponent

4 ; choose elements x.,...,X of G which represent a minimal generating

set for this quotient, and such that x.,...,x represent elements of order

4
4 and x ,. .. ,x represent elements of order 2 in G/G-X CG) . Fix-) ,

h{x •) can be chosen arbitrarily, provided that if a + 1 £ j s f$ , (so a;.
•̂  <7
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is in GX4LG)) then £ x Ah Ax.))2 = F(x2.) + £
2 1<*<<7 * * 3 3 X<i<n

For any element g of G may be written uniquely as

a = g t = i . . . . xB t w i th t i n GJL KG) , and 0 < w. < 4 i f

1 2 j < a and u . = 0 o r 1 i f a + l < J < g . Then Ftg) must be
0

defined to be

w .
F{gQ) + Fit) = J F[x/\

Furthermore F(x ) depends only on the value of w modulo 4 , and F(x )

must be defined as T f,v(.x)f.v(x) + 7 so7zo(x)2 and F{x3) = F(x.x2)
l<fesn 1/C 2K \<%<q £ *

as Fix) + F(x ) . I t remains to check the consistency of the coboundary

formula. For ease of reading, l e t p , . ,qk. , r . th.. denote f-\]Axi)'

f -.(x.) ,Fix.) and h (x.) respect ive ly , and l e t t . . denote

7 f-,i.ix.)f.vf,x.) + y sohAx.)hAxA . i t must be shown that for all
l<k<n 1K 'l 2K ° lsi<q l Z % Z °

Fig) + F(h) + F{gh) = £ f,klg)f2klh) + I s h(g)hAh) .
l<k<n 1K 2K \<l<q % l l

As before, i t suffices to assume that g = g = x^ ... x ' and

z z
h = h = x ... x ̂  are standard elements, with 0 < w. , z. < 4 for

^ J- Y 0 0

1 < j < a and W.,z . = 0 or 1 if a + 1 < j < y . (Notice that the
V 0

homomorphisms h0 vanish on F(G) and hence on ff J (C) .) Furthermore
A 2

w +z w +z
a h = x i : L x Y

gn x . . . x

w w 1-1 -z7\ \~-w -z ,~f
ar2 . . . x j ,x j . . . \x ,x j
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for some k in G, . However this will not be the standard expression for

g h if some exponent W . + z . is greater than or equal to 4 (.if 3 ̂  a)
0 0 3 3

or is greater than or equal to 2 Cif J S o + 1) . Write

W . + 3 . = u • + 4V • with U .,V • ̂  0 and w . < 4 if 1 < j < a , and
0 3 3 3 3 3 3

W . + z . = u • + 2v • w i t h u • = 0 o r 1 a n d y . > 0 i f a + l ^ J ^ Y -
,7 3 3 3 3 3

Then

w, u 4 . 4u 2y .
1 h - xx x yx X x x a+1
7 o n o " xl '•• Y l ' " o a+1

2Vy[(W2 "yV1 "2ll

-w -z ,
~ Y _ Y-l kr.
^Y ' Y-l '

for some k in <?3 and fe' in LG,X
2(G) ].X4(G) . Therefore

-W .+Z .3 .+M .M •) t . .+S .W .V ° * 3 % 3 %3 % 3

'l<k<n
Pkiflki+w-iz-l I Pjcicik-,-+(w-;Si-+w-is-!-

)\Kt KJ 3 i,<v< K3 KV i o 3 t-

° 3 1-zi^y v *" k%

y a . i . s j i , . + y w.h..z.h

\<l<q
y w-z.p-,-

\<l<q SLl<i
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I t may be checked that i f 1 < i < a ,

« / r p K + p s t = E wizipkiqki+

1 ) 1 , ^ I < I . < M V l KV K%

and i f a + i s i < y t h e n

2v .

Thus F can be defined on all of G consistently with the coboundary

formula, and so

alker U : Sym2(.ff
1(G;fl)) -*H2(G;R)) = nR 2 2

The kernel of a|ker U is the intersection (ker a) n (ker U) and

if i? is a perfect field,

(ker a) n (ker U) = {h in H1(G;R)\h U ft = o} .

In particular if R = 7L /27L this subspace is the kernel of the Bockstein

map associated with the coefficient sequence

0 + 2 / 2 2 -»• 7L /$7L -»• Z /2Z -»• 0

and so is the image in IT LG,7L /2Z \ of H1 <£,22, /42L ) via the reduction

modulo 2 map [2; page 280].

REMARK. For p an odd prime, the group G presented by

{x,y,z\aP = sP = zp = l , ix.yi = zp , [a;,s] = [j/,z] = 1}

sat isf ies (?2 C ̂ (G) and Cj/G. = 7L /pZ, so

0 =
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274 Jonathan A. Hillman

Thus the cup product may be injective even if Hom(G_/6\_,f?) is nonzero.

References

EH H. Fede re r , "Geometric Measure Theory", Grundlehren der
Mathematisahen Wissensahaften 153, Springer-Verlag, Berlin-
Heidelberg-New York, 1964.

[2] E. Span ie r , Algebraic Topology, McGraw Hill , New York, 1966.

[3] D. S u l l i v a n , "On the intersection ring of compact three-manifolds",
Topology 14 (1975), 275-277.

Department of Mathematics,
Faculty of Science,
Australian National University,
G.P.O. Box 4,
CANBERRA, A.C.T. 2600.

AUSTRALIA.

https://doi.org/10.1017/S0004972700009941 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009941

