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THE KERNEL OF THE CUP PRODUCT

JONATHAN A. HILLMAN

We relate the kernel of the cup product of l-dimensional
cohomology classes for a group G acting trivially on a field

R to Hom(Gz/GB,R) , the space of group homomorphisms of the

second stage of the lower central series for G into R , by
means of explicit computations with cocycles. The precise
result depends on whether the characteristic of the field is O ,

an odd prime or 2 .

Let G be a finitely generated group, and R a commutative ring,
considered as a trivial G-module. Then the low dimensional cohomology
groups of (G with coefficients in R may be computed from the standard

complex of inhomogeneous cochains to be HO(G;R) =R,

YNGR = {f: G+R|f(gh) = f(g) + F()

for all g,k in G} = Hom(G,R)

B2(G:R) = {F:G*+R|F(h,§) - Flgh.d) + F(g,hj) - F(g,h) = 0
for all g,h,j in G}/B
where
B = {3f:<g,m>+ f(g) + f(h) - figh)

for all g,h in G|f:G + R}.
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The cup product of two elements fi ' f} in Hl(G;R) is represented by
the function f&fﬁ : <g,h> fl(g)fé(h) for all g,h in G . We shall

show that the kernel of this cup product (of classes in degree 1) is

closely related to the second stage 62/03 of the lower central series of

G . The connection is made essentially by dualizing the map
n: (G/G,) * (G/G,) ~> G2/G3 sending <ng,th> to the coset ghg-lh-lG3

(for all g,k in G) . The use of this map and the statement of the
principal result in the case R = @ are due to Sullivan [3]. As he gave
no details, and we have had occasion to use this result elsewhere, we have
decided to supply an argument here, and we shall treat also the case when
R is a field of positive characteristic. The odd characteristic case is
similar to that for & , but in characteristic 2 skew symmetric forms
(that is b{(z,y) = - b(y,x)) are symmetric (b(x,y) = b(y,x)) but no
longer need be alternating (b(x,x) = 0) , which complicates matters.
The map n 1is skew symmetric and bilinear, and its image generates

G2/G3 as an abelian group. Therefore if w :02/03 -+~ H 1is an
epimorphism, there is a corresponding monomorphism
(ﬂon)ﬁ : Hom(H,R) - AZ(G/GZ,R) , with codomain the module of skew symmetric

bilinear maps. Now for any f'l,f2 in Hl(G;R) and g,h in G ,
Fil@f,(h) + fz(g)fl(h) = - fL@f@ - fl(_h)fz(h) - (.—f'l(gh)fz(gh))

so the cup product U: Hl(G;R) x Hl(G;R) - Hz(G;R) is anticommutative
(f1 v f2 = - f2 U fl) and so gives rise to an R-homomorphism (which we
shall also call cup product) from Hl(G;R) QR Hl(G;R)/D to H2(G;R) ’

where D is the submodule of the tensor product generated by
. 1
{fief,+f,eflf;.f, in E(GRY .

If 2 is invertible in R , the R-module Hl(G;R) GR Hl(G;R)/D is just
1 . .
A,(B'(G:R) ; if 2 =0 in R then it is 5ym2(H1(G;R)) . In general,

1 . . .
A2(H (G;R)) 1is a quotient of this R-module, for any ring & .
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There is a natural map M: A2(H1(G;R)) -+ A2(G/02;R) such that
WPy A £ (GG, G, = F1(@) () - f(g)f () for all g,k in G and
f&,f} in Hl(G;R) , which is injective if R is a field and bijective if

also Hl(G;R) is of finite dimension over R [1; page 20], which is

certainly the case when (G is finitely generated.
Suppose fij’ij in Hl(G;R) for 1 < j £n are such that

Y fi;UFf .=0.
1<jsn Y 2

Then there is a map F : G -~ R such that for all g,h in G

Y i) f, (k) = F(g) + F(h) - F(gh)
1<j<n Y 29

(Notice that if F' is any other such map then F -~ F' is a homomorphism

from G to R .) Then F(gk) = F(g) + F(k) = F(kg) for all g in G

and all k in G(R) =n{ker A|A in EY(G;R) = Hom(G,R} . The
restriction F|G(R) is a homomorphism, determined on the subgroup

G, C G(R) by

Flghg ™Yy = Fighg 0™ hg) - Flhg) = Figh) - F(hg)

(FLMFL (@) = £ A F, ()
1S§Sn 1M = £y

and so F|[G,G(R)] = 0 . Therefore F induces a homomorphism

~ * o~
F: 02/63 + R and clearly u( ) flj A f2 = np(F) . Thus the kernel

1<j<n J
*

of the cup product is mapped via p into the image of nR , and so in

particular if G is abelian and R is a field of characteristic different

from 2 , the cup product U: A2(Hl(G;R)) - Hz(G;R) is injective.

We shall assume henceforth that R is a field and treat the three

cases char R = 0 , odd prime p , and 2 separately.

(1) char R =0
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By the argument above, u identifies ker U with a subspace of

* *
Im np - We claim this subspace is all of Im np ~ Hom (GZ/GB'R) . Let
8. Gz > R be an homomorphism such that 9|G3 = 0 . Then since yu is

bijective, 8([g,h]) = ny8(gG,,hG,) = . L (@5, 0 = £y, F,(g)
G

for some flj in Hl(G;R) (1<j<n) . It must be shown that the map

' 2j
: <g,h> > Z Fr @) Ff,:(h) is a coboundary, that is, that there is a map
1cjen ¥ 2J

F:G >R such that for all g,h in G,

Y foADF, (b = F(g) + F(h) - F(gh . (*
1<j<n 1 2J

The map F may be ambiguous up to the addition of a homomorphism; in
particular it will be uniquely defined on G(R) (if it exists at all).
As before F(ig) and F(gt) must equal F(g) + F(t) for all g in G

and t in G(R) , and it follows that F must be defined on 62 by

Fighg th™Y) = Fghy - F(hg) = - o([g,h]) . Hence F|[G.G(R)]=0 .
Since G(}?)/Cr’2 is easily seen to be the torsion subgroup of G/G, , F is
now determined on G(R) , for if gm is in G2 then g is in G(R) so
F(g™ = mF(g) and F(g) =%F(g’”) . If also A" isin G, then

(gh)”m = gmnhmnk with k in G(_Ii‘)2 , and so is in Cr'2 , and

Figh) = 2 FUgh™ = 2 (Fg™ + FA™) + Fla) = F(g) + F(h)

Thus with this definition of F on G(R) as an homomorphism to R ,

condition (*) is satisfied whenever g,k are in G(R)

The quotient G/G(R) is a finitely generated torsion free abelian

group, and so free of rank B , say. Choose representatives hl,...,h

B
in G for a basis of G/G(R) . Then any g in G can be written

g = got where go is the unique standard representative of the coset
wl 1476
IR hB (with wl,...,wB integers) and ¢t in

G(R) . If F exists, then F(g) must equal F(gy) + F(t) , and so it

gG(R) of the form gy = h
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will suffice to define F on standard elements 9q provided that the

result is consistent with (*) . If (*) is satisfied whenever g and X

are standard elements, then it holds in general, for if g = g2 and

h = hob with go,ho standard elements and a,b in G(R) , then

AN, . (h)
1s§5nf1J 972

Y Fiilg)F, (B
1sjsn1‘7 0772570

Flgy) + F(ho) - F(goho) (by assumption)

-1-1 .
F(gy) + F(hy) - F(gyhg) - Fla “hjahg) (since F|[G,G(R)1=0)

-1
Flgy) + Fla) + F(ho) + F(b) - F(gohoho ahyb)

F(g) + F(h) - F(gh) .

(Notice that although h. need not itself be standard F(g.h.t) will
9oho 9o

k.8

still equal F(g.h.) + F(t) for all ¢t in G(R) , for if h. =
95" 99"% = %o

with ko standard and 8 in G(R) , then
F(gohot) = F(kost) = F(ko)-bF(st) = F(ko)-+FWs)-+F(t) = F(kos)-FF(t) . )

Furthermore, if condition (*) holds, then by induction on m,

(m=-1)
Fign =mig) - 2L § £ () f, ()
2 g W

for all g in G and for all positive integers m , and since

FY = - Py - fi 0 F,
1sjsn J

it is easily seen that this formula holds for all integers m . Thus once

F(hl)""'F(hB) are known, the condition (*) determines F uniquely on
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all standard elements and hence on all of (G . (For instance, if
w w
90~ hll hBB , then
w w w w w w
1 8-1 B 1 -1 8
F(g)=F(h ...h_]+F(h]- {f.[h h_]f[h]
0 1 -1 B 1<j<n il -1 208

i
~1
Ny
:A

o 8
@)
N

z W.W_.D;,-q7,
1<i<j<p 1<ken © 9 KEKI

(where pg. = fi (), U = ka(hj))
Wy (W -1)

w.F(h.) - ———— D, Q. - W.W.Dy -Gq, 2o )
15%53 vt 15%58 1<ksn 2 Priki 1si§jss 151%571 1 gkETkg

We claim that F(hl) yeun 'F(hB) can be chosen arbitrarily. Indeed,

let F(hi) =r, in R, 1<7<8, and if g in G can be written as
. w w
g = got = hll hBBt with £ in G(R) , define
) ) g 1]
F(g) = w.r. - ——— Dy qp ~ WP, G, 2+ F(E) .
1<9<g © ¥ 1<i<g 1<k<n 2 KITKD 1 ciiep 1<ken © 9 KEKI

Then F maps G to R and the coboundary of F represents the cup

product Z fi.U fz . . For, as remarked above, it suffices to check
1<j<n L J
wl wB
that condition (*) is satisfied when g, = hl hB and
2, zs
h. =h h are standard elements. The standard representative

o 1 g
w,+3 w,+2

gOhO is then hll 1 ...hB B,and in fact

w w 2 4 w.+3 w,+2 w, w, -1 -2
_3 1 I | B_, 171 B 7Bl [, 2 B 1
goho = hl hB .hl hB = hl hB sz ... h ] A :[ .

-w, -3
B B-1
.es IEZB ,h6 :lk

for some k in G3 , and so
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w.+3 W, +3 w w,y-1 -3
1 1 8
Flgghg) =F|n," .. .hg® 8]4—F[[[h2 ..hBB] My .]] +. {[@ hB 8 ]}

Therefore

Figg) + Flhg) - F(gghy)

z Z Z w'(wi‘l)
= w.r, - D, .q
1<7<B v 1<4i<B 1<ks<n 2 kitke
) ) ) z;(2;-1)
- WLW.Py g7, . + z2r. - Do -q
1si<j<B z KRG " 1cgep t 1<i<g 1<ksn 2 kitki
- 2.3.D .qq (W.42.)7. +
lstzjss l<z 3 kiTkg 1s§s8
(W.+2.) (W.+2.-1)
(N 1 1
+ 2 pkiqkj + Z z (wi+zi)(wj+zj)pkiqkj

1<7<B 1<ks<n 1<i<j<f 1<ksn

ST N ot P e P |

-l - 151%5 [flk[h B-1 ]fzk[ " ]-flk[h;ws]fzk[hig'lll

= WeB.Dq Q. + (W.2 4 .2.)p,q
1572153 1s12<5n LT kiR 1si§jss 1572<sn A A
-] L 2004 Py ;)
1sk<n 1si<j<p © 7 KEKI z

z W:3.Dq, G0 + Z W,.3.py Gy, s+3 ¥ p q ]
1< Sn(lsiss 151k tki 1<i<j<8 17 kitkG ki kz

= W.2 Dy, . . = w., .
1s£5n 1si§jse i*§kikg 1s£sn[1sise ”pkt}[1<§<s kaJ]

= 15Iésnflk(“’o)fzk(ho) .
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Thus the second claim, and hence the first, is proven and so
1 H2 *
H{ker U : AZH (G;R) » H (G:R)) =n (Hom(GZ/GB,R)),

for R any field of characteristic O .
(2) char R =p, p an odd prime

The map pu 1is again bijective, and so identifies ker U with a
subspace of Im n; . If P:G > R is a function for which there exist
homomorphisms flj'f2j in Hom(G,R) (1sj<n) such that for all g,k in
G

y F11(9)Fpz () = F(g) + F(h) - F(gh) ,
1<1<n

then, as before, F|G(R) is a homomorphism and F|[G,G(R)] = 0 .

Furthermore, F(gp) = pF(g) - p_(%l_)_ ) fl.(g)fz.(g) =0 for all g in
1sisn ¢ *

G . (Notice this uses the fact that p is odd.) Therefore FIXP(G) =0,
Xp . th
where (&) 1is the verbal subgroup generated by all p powers, and so F

gives rise to a homomorphism F: G2/[G,G(R) 1. (X% @) ﬁGz) + R whose image

*
under np is u[ 1 f We claim that wu(ker V) is the

1<1<n

subspace n; Hom(_Gz/[G,G(R)].(_Xp(AG) 002),3) of Im n; . It is easily seen

. A .
1z f27,

that G(R) = Gz.Xp(_G) , and [G,6®] = G3.[G,XP(G)] c G3.(Xp(,G) NG,) , so

this subspace is isomorphic to
Hom(G,/G,. (P (6) NG, R) = Hom(G,. 2 (6)/6,. 7 (61 ,R) .
(In general however this is smaller than Hom(Gz/G3,R) .) The argument

proceeds as in case (1), by showing that if 0 : G2.Xp(G) + R is a

homomorphism such that 9|G3.XP(G) = 0 , then

8(lg,nl) = (Fr D F (mY=f .(WFf, .(g)) for suitable o fe.
lggs’zflzgf?b f11, f21,g © u fl'z,f21,
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and then constructing a function F:G - R with coboundary

F(g) + F(h) - F(gh) = | f..(g)f,-(h) for all g,h in G . The map
2 17 27
1<1<n
is uniquely definable on G(R) , and is an homomorphism there, and is
extendable to all of ( on choosing a Z /pZ -basis for the finitely
generated Z /pZ -vector space G/G(R) , using the formulae of case (1)

read modulo p (and with the r, now being arbitrarily chosen elements
of R)
(3) char R = 2

The map u is no longer appropriate; consider instead the natural
map

1 2 2
g =5Ym2(H (G;R)) » Sym (G/GZ'R) = A (G/G2,R)

given by

o(f) © £)(gG,/hG,) = f1(@)f,(h) + Fi(M)f,lg) for all g,k in € .

The map 0 1is neither injective nor surjective (unless Hl(G;R) = 0) .
However the image of o is easily seen to be the subspace of even symmetric

bilinear maps (bilinear maps b : (G/Gz) x (G/Gz) -+ R such that
b(ng,ng) =0 for all g in G) , which clearly contains Im n; . There
is a Z /2Z-linear map A: Hl(G,-H) -> Symz(Hl(G;R)) such that A(f) = fo f

for all f in Hl(G;R) , and clearly o° A =0 . If of z fi (5} gi) =0,
1<sisn

we may suppose the fi linearly independent, so there are z; in G with

fi(xj) =68;., and then g.(y) = ¥ f.(y)gj(xi) for all y in G and

t ey, J

J 1<gsn

1 < n . Therefore g.(x, =g.{x.) for Z,j <n , so )} f-0g.=
g Jrt : Y1 Z
l<izn

) f.ofg.z.) = ] f,0fig,(x,) . Thus ker ¢ is the R-span of
11, jsn v JUg 1<k<n k Kk "k

ImA , and is exactly ImA if R is perfect. If there are flj’f2j in

B1(G,R) and a function F:G > R such that for all g,k in G
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Y Fi @ f,. (k) = F(g) + F(hy - F(gh) ,
1<i<n 1z 2

then as before F|G(R) is a homomorphism and F|[G,G(R)] =0 .

Furthermore, G(R) = Gz.Xz(G) and FIXA(G) =0, so F gives rise to a

*

homomorphism F: Gz/[G,XZ(G)J.(X4(G)fWGz) + R whose image under g is
ol Y fi-©f,.| . We claim that o(ker U) is the subspace
2 1z 27
1<i<n

* *
n Hom(G,/[6,%% (@ 1.X*(6) NG,,R) of In n

to Hom(G2X4(G)/[G,X2(G)].X4(G),R) . s before, given an homomorphism

, which is clearly isomorphic

6:6,x*(@) >R such that 6|(¢,x°(@1.x°(G) = 0 there are homomorphisms

fli'f}i :G >R (for 1<i<n) such that for all g,k in &

0(lg,h1) = )} (f1;(@1F, 0 + Fo(F, (@) .

1<i<n

The next step is somewhat different, as ¢ is not injective. It must be
shown that 2 fli © fzi is in the kernel of the cup product modulo the
1sign

kernel of 0 , that is that there is a function F :(G +R , homomorphisms

h Jh in Hom(G,R) and elements &

10 hy 1r- .,sq in R such that for all

gh in G,

Y F @ f.,-(h) = F(g) + F(h) + F(gh) + )} s,h (g h, ()
1<f<n 1 27 1<9<q 2L 2

The map F 1is uniquely definable on GZX4(G) by 6 , and is a homomorphism
there. The quotient group G/GZXA(G) is a finite abelian group of exponent
4 ; choose elements xl,...,xY of G which represent a minimal generating

set for this quotient, and such that «x z represent elements of order

17

4 and x

a+1""’xy represent elements of order 2 in G/GZXA(G) . F(xi),

h(xi) can be chosen arbitrarily, provided that if a+ 1 < j < 8 , (so x;
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A 4 2
is in G,X (G)) then )) z,(hy (x)) =Fx) + ) fl,b(x.)fzi(,xj)
1<fsq * I 1<dem
For any element g of (G may be written uniquely as
w
1

w
g =gyt =1, ...xBBt with ¢ in G,X*(@ , ana 05w, <4 if

lgj<a and w.,=0 or 1 if o+ 1< j < B . Then F(g) must be

defined to be

Flgy) + F(t) = ) F[:z: .J]

+ ) w.w[}:f .)f.(x)+ z.sh(ac)h(x)]+F(t)
1sj<ksy ¢ k 1<izn 1 227k 1<2<q ENE

Furthermore F(xw) depends only on the value of w modulo 4 , and F(xz)

must be defined as z flk(x)fzk(x) + ) slhl(x)2 and F(x3) = F(x.xz)
1<ks<n 1<8<q

as F(x) + F(xz) . It remains to check the consistency of the coboundary

formula. For ease of reading, let pki'qki'ri'hzi denote flk(xi)’

f}k(xi)'F(xi) and & (xi) respectively, and let tij denote

Fip (@) fo, (x.) + s,h, (x.}h (x:) . It must be shown that for all
1slz<srt ki’ 2k 1<§,<q"2 [ARA At 1

F(g) + F(h) + F(gh) = ) Ff . (@f (k) + ] sk (@h,(h) .
1<ksn 1% 2k 1<8<q La .

w w
As before, it suffices to assume that g = 9y = xll .o xYY

1 Y

h=h =ux ven xY are standard elements, with 0 < w. , 2. < 4 for

l<j<a and W.2,=0 or 1 if a+ 1< j <y . (Notice that the

homomorphisms hl vanish on X2(G) and hence on G X Gy . Furthermore

W, +3 w +z w -z
- .11 Yy 2 -1
goho =z . acY sz .. X ] :[ l: Y-l]k
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for some

goho if some exponent wj + zj

k in 63

Jonathan A. Hillman

However this will not be the standard expression for

is greater than or equal to 4 (if J < a)

or is greater than or equal to 2 (if j 2 a + 1) . Write
W.+ 3.=u. + 4v, with 4., v.20 and u.<4 if 1 <gJ < a, and
i T %G J 3'vq J J '
W.+ 2,=uUu.+20., with 4.=0 or 1 and v.20 if a + 1< jJ < .
J Jd J J J J J v
Then
w u 4 4v 20 2v w w -1 =2
_ Y 1 o+l Y [ 2 Y] 1
goho =z x ‘ax cee Z X -z l:xz e T iy
_w -
z Y, 17 -1 kk,
Y y-1
for some k in G3 and k' in [G,Xz(G)].X4(G) . Therefore

w.
Flgy) + F(hy) + F(gghy) + ) F[ z; ]+F[

1<% <jSY L

At~

el

1<i<gy a+1si<y
[
(W0 +E R U 5 By 7205 [ g pkiqij'pquki}
w. Pysq I p q+(wz+wz)[23hh
v 'Lglk 7(7,7(,7 <k<nk‘7k$ 77t ls%qluw
W Dy 3.:qq, wp .
< 1Yki%F kg 1<§< ku®i%ki
+ 8 w.h .z.h w; h,.z.h
1s§5q 3 1si§st 177 g 1<Z <y 225171
Tk 90 Far o) + L eghy(g)hyth) + T 1wz

1<8<q 1<ks<n 1<f<y

Y ow.z h
1<2<q 21<1’<‘Y 1 7/ 2:7, .
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It may be checked that if 1 <7 <a ,

w. . Uu.
2
F[x.7'1+ F[:z;.l] + F(x.z] = ) w.z.p,.q,. + ) sw.z.h .,
i 7 1 1sksn7"“k7’k7’ lszsqzzzm
and if o + 1 £ 17 <y then
w. 2. Uu. 2v.
2 7 1 1 2
F[x. ] +F(x. ] + F[x. ] +F(x. ] = Y w.zp,.q.t ) 8wz A .
7 7 7 7 lsksﬂzzkzkz 152,qu7'7' 21z

Thus F can be defined on all of (G consistently with the coboundary

formula, and so

Hom (G, /L6, X2 (@) 1. (x*(&) N G, R) .

olker U: Sym, (' (GiR)) > H2(G:R) = np

The kernel of c|ker U is the intersection (ker ¢) N (ker V) and

if R 1is a perfect field,
(ker o) N (ker V) = (& in EYNG:R|h Y A = 0}

In particular if R = Z /2Z this subspace is the kernel of the Bockstein

map associated with the coefficient sequence

0> Z/Z »Z JAZ ~ Z /2Z > 0

and so is the image in Hl(G,Z/ZZ) of Hl(G,Z /4ZZ) via the reduction
modulo 2 map [Z; page 280].

REMARK. For p an odd prime, the group (G presented by
2
{x,y,alaf = = 2P =1, (2,51 = 2P , (2,2] = [y,2] = 1}

satisfies G2 C Xp(G) and 02/03 = Z/pZ so

0 = Hom(G,/G,. WP () N G,),Z /pZ) # Hom(G,/G,,Z /pZ) .
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Thus the cup product may be injective even if Hom(Gz/G3,R) is nonzero.
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