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ABS-TYPE METHODS FOR SOLVING FULL ROW RANK
LINEAR SYSTEMS USING A NEW RANK TWO UPDATE

K. AMINI, N. MAHDAVI-AMIRI AND M.R. PEYGHAMI

ABS mthods are direct iteration methods for solving linear systems where the i-th
iterate satisfies the first 7 equations, and therefore a system of m equations is solved
in at most m ABS steps. In this paper, using a new rank two update of the Abaffian
matrix, we introduce a class of ABS-type methods for solving full row rank linear
equations, where the i-th iterate solves the first 2i equations. So, termination is
achieved in at most|(m + 1)/2| steps. We also show how to decrease the dimension
of the Abaffian matrix by choosing appropriate parameters.

1. INTRODUCTION

The ABS methods, introduced by Abaffy, Broyden, and Spedicato [1, 2], are a
general class of algorithms for solving linear and nonlinear algebraic systems. The basic
algorithm works on a system of the form

(1.1) Az = b,

where A = [ay,...,am]7, a; € R", 1 <i < m, £ € R", b€ R™. The basic ABS methods
determine the solution of (1.1) or signify lack of its existence in at most m iterations. In
any iteration, one extra equation, if compatible, is satisfied.

Here we suggest an approach based on ABS methods, which in any iteration, two new
equations (if compatible) are satisfied. This uses a new update for the Abaffian matrix.
On m linearly independent equations, this approach provides a class of algorithms that
stop after at most [(m +1) /2J iterations. We have implemented a version of the new
algorithms along with the Huang, modified Huang and LU decomposition algorithms, and
tested the programs on various problems. Numerical results indicate the competitiveness
of the proposed algorithm.

Section 2 provides an overview of the ABS methods. There we discuss a new rank two
update and present a new algorithm for solving compatible systems. We also prove some
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results about the algorithm in this section. In Section 3, we describe a modified algorithm,
choosing certain parameters to compress the Abaffian appropriately. In Section 4, we
discuss computational and numerical results. The algoirthm proposed in Section 3 has
been implemented and tested on various problems. The results can be compared with
our implementations of the Huang, modified Huang, and LU algorithms.

2. THE ABS METHOD AND THE NEW RANK TWO UPDATE

The basic ABS algorithm starts with an intial vector zo € R" (arbitrary) and a
nonsingular matrix Hy € R™*" (Spedicato’s parameter). Given that z; is a solution of
the first 7 equations, the ABS algorithm computes z;,; as the solution of the first 7 + 1
equations by the folowing steps (see [1, 2] or [4]):

(1) Determine 2 (Broyden’s parameter) so that 2T H;a; # 0 and set

pi=Hz.

(2) Update the solution by
Tiy1 = Ti + o4y,

where the step size o is given by

= b,’ - a,.T:z:,-
' alpi
(3) Update the Abaffian matrix H; by
H;a;wT H;
Hio,,=H — 23
i+1 i ’LU;TH,-O,,' 3

where w; € R* (Abaffy’s parameter) is arbitrary, provided that
wl Hya; # 0.

It is easily observed that the ABS methods satify a new equation at each iteration. So,
at most m iterations are needed to determine a solution or signify the lack of it.

We now discuss an approach to satisfy two equations at a time (another approach,
different in its choice of parameters, can be seen in [3]). Here, we first motivate the idea
and then present a new algorithm in the subsequent section. We consider the system
(1.1) and we assume that rank(A) = m, where m = 2/ is even.

REMARK 1. Note that if mn is odd, we can consider the augmented system
A0 z |\ _[b
01 Tn41 - 0/’
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that contains the same solution x as (1.1). Alternatively, one can use a rank one update
at the final iteration.

We shall see that if a solution exists, it is found in at most m/2 iterations. Let

A2i = [ah sy a’?i]Ty
b2i = [bly [EER b?i]T1

and

rj(z)=a?:z:—bj, i=12,...,m.

Assume that we are the i-th step and z; satisfies A%z = b*. We determine H; € R**",
z; € R™ and ~; € R so that

(2~1) Tiy1 = Tj — 'YiHiTzi
is a solution of the first 2 + 2 equations of the system (1.1). That is,
(22) A2i+2mi+l — b2i+2,
or
’rj(xi-f-l)“_'oa ]=1,,2Z+2
Thus for j = 27+ 1 and 2¢ + 2, we must have
afi(zi — viHT ) = baig1 =0,
a3;42(Ti — ViHT 2:) — baiga = 0,
or
Vil Hia2i41)T 2 = moipa (z4),
’Yi(Hia2i+2)Tzi = Toi+2(T:)-

(2.3)

Suppose that rg41(z;) # 0 and rgo(z;) # 0. Then +; must be nonzero and (2.3) is
compatible if and only if we have

T2i+1(Zi) - T2i+2(%:)
(Hia2i1)T2  (Hinig2)T 2

(2.4)

Note that there are several ways to satisfy the above relation. We consider the following.
First, we scale the equations 2¢ + 1 and 2i + 2 by the factors roio(z;) and roi4(z;),
respectively, and then replace the original corresponding equations. Thus, we let

(2.5) a2i+1 = T2is2(Ti)02i41,  b2ig1 = T2ip2(Zi)b2itn,

Q2it2 = Tais1(Zi)a2iz2, boiy2 = T2i41(i)baita.
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It is clear that the new residuals are equal; that is
(2.6) Toi+1(Zi) = Tait2(Z:) = Tai41 (%) r2i12(2:).-
Using (2.6), the relation (2.4) is written as:

i = Tai+1(Z:) _ Toiv2(Ti)
Y (Hia2i41)Tz (Hiagigo)T2

(2.7)

There are several ways to satisfy (2.7); for example,
(1) choose an appropriate update for H; so that H;as;.1 = H;az49 # 0, or

(2) choose a vector z; from the space orthogonal to the vector
Hi(azit2 — a2ip1).

Here we use the first approach. Thus the matirx H; must satisfy the following properties:

H,-al =0
(2.8)
H;ay; =0,
H;ai1, = Hi09i4.
Now we let
ai, 1= 1,
(29) C; =

a; - ai-;, t>1.
Using (2.9), the system (2.8) is written as:
(2.10) Hic; =0, j=1,...,% and j=2i+2

So, to compute H;y, from H; it will be sufficient that the relations (2.10) hold. Since two
new equations are considered in each step, we use a rank two update for the Abaffian
matrix. We proceed inductively. Suppose that the matrix H; satisfies (2.10). We define

Hipy = H; + gidl + e fT,
where g;,d;, e;, f; € R*. We need to have
Hipej=0, j=1,...,2+2 and j=2i+4,

or equivalently

(Hi + gidF +eiff)e; =0, j=1,...,2+2 and j=2i+4.
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So we must define g;, d;, e;, f; € R™ in such a way that

(2.11) Hicj+ (dTc;)g: + (fFcj)es=0, j=1,...,20+2 and j=2i+4.
By defining
(2.12) d; = Hlw;, f; = Hlw;,

for some w;, w; € R", the conditions (2.11) are satisfied for j < 2¢ and j = 2i + 2, by the
induction hypothesis. Letting j = 2:+ 1 and j = 2i + 4 in (2.11), we get

(2.13) (dzTC2i+1)gi + (fiTczi+1)€i = —H;cpiq1,
(d,TC2i+4)gi + (f,-TCzi+4)€i = —Hicaiqa.

We consider the choices

(2.14) e = —Hicsivs, 9i = —Hicpi,

with

(2.15) dlepip =1, fleain =0,
dTcriysa =0, flesiga=1,

which clearly satisfy (2.13). Now, to satisfy (2.15), w; and w; may be defined as described

below by

(2.16) wlHicoip1 = 1, W! Hicpig1 = 0,
wl Hicgirq = 0, W Hicoipa = 1.

NOTES.

(1) Hicpig1r = Hi(asip1 — azi) = Hiagiy1 — Hiagi. Since Hjay = 0, then Hicpiyy
= H;ay;41. So, in (2.16), H;cyi41 may be replaced by H;agiy.

(2) It is apparent that the system (2.16) has a solution if and only if the vectors
Hicoiv1 = H;agi41 and H;cpipq = Hiagi14 — Hias;43 are linearly independent. By Theorem
2 below, if the a; are linearly independent then H;as;,, and H;co;y4 will also be linearly
independent and (2.16) will have a solution for all ¢, and hence the H; and the z; are well
defined for all 3.

Therefore, the updating formula for H; turns out to be

H;y, = H; — Hicopyw!l H; — Hicpipq@r H;
(2.17) = H; — Hianipw] H; — HicyiyaW) Hi,

where w; and W; can be any vectors satisfying (2.16). To complete the induction, Hg
should be chosen so that
Hoa, = Hya,,
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or
(2.18) H002 =0.

Let fAIo be an arbitrary nonsingular matrix. We obtain Hy from ﬁo by using a rank one
update. Let Hy = ﬁo — uv®, where u, v € R are chosen so that (2.18) is satisfied; that
is

Hycy - (vTep)u = 0.
This equation is satisfied if we set u = I?o@ and v = I?g" iy, for some Wy € R™ which in
turn satisfies the condition

(2.19) @3 Hoey = 1.

It is easily seen that (2.19) can be made to hold with a proper choice of Wy, whenever aq
and a; are linearly independent. So, we have

(2.20) Hy = Ho — Hoc, @7 Ho,
where @p is an arbitrary vector satisfying (2.19). Therefore, we proved the following
theorem.

THEOREM 1. ‘Given m = 2l arbitrary linearly independent vectors ay,...,an

€ R™ and an arbitrary nonsingular matrix Hy € R™", let H, be generated by (2.20) and
the sequence of matrices Hy, ..., H,_; be generated by (2.17) with w; and W; satisfying
(2.16). Then the following properties hold, fori =1,...,l - 1:

(l) Hiaj=0, ]=1,,2’L
(i) Hiaziyr = Hiagigo.
(iii) Hic; =0, j=1,...,% and j = 2% +2.

REMARK 2. Before we present the algorithm, we need to explain the definition of ~;,
based on the value of the residuals of the two new equations being considered. We saw
that v; must be nonzero when the corresponding residuals are nonzero. We use the
following strategy for the defintion of -y;. If one of the residual values is nonzero and the
other is zero, we replace the equation corresponding to the zero residual by the sum of
the two equations. Hence, without changing the solution of the original system, the new
equation will have the same nonzero residual value as the other equation. But, if both
residuals are zero, then -; will be zero and z;,; will be set to z;, as expected.

Now, we can present the steps of the new algorithm for solving full row rank (and
hence compatible) systems.
ALGORITHM 1. (Assume that A, x, has full row rank and m = 21.)
(0) Let zo € R" be an arbitrary vector and choose Hy € R™" (an arbitrary non-
singular matrix). Set ¢ = 1.
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(1) (a) Compute a; = r1(zo) and By = ra(xo).
(b) If (a; = 0 and B # 0) then let

oy = B, a1 =a; +ag, by = by + by,
If (o; # 0 and By = 0) then let

B =ay, ax = ay + ay, by = by + by,
If a,8; # 0 then let

a; = fay, a; = a;az
by = Biby, by = aybs.
(2) (a) Let ¢ = a2 - a;.
(b) Select @y € R™ so that @7 ﬁocz =1 and compute
Ho = ﬁo bt ﬁoCQ’lﬁ{ﬁo.
(c) Select zp = R™ so that 2] Hya; # 0, and compute
a1

onHoal ’

— T
I =Ty — ’)’oHo 20-

Yo =

(3) While (i < m/2) do (steps (4)—-(8))
(4) Compute a;y1 = 79i11(2:) and Bip1 = r2i42(zi).
(5) If (41 = 0 and B;4; # 0) then let

ig1 = Bit1,  Qoit1 = G2iq1 + G2ig2,  boip1 = baipy + baigo.
If (aH—l # 0 and ﬂi—{»-l = 0) then let
Bir1 = Qiy1, Qzive = Qi) + G242,  baiya = baity + boiga.

If ai+1lBi+] # O then let

@2i41 = Pit102i41, bsit1 = Bit1b2is1,

Q2ir2 = Qy102i42, boita = tjr1b2iya.

(6) Compute the vector coiyo = G2i42 — Q9i41-
(7) Select w,-_l,@,-_l € R" so that

T _ =T _
w;_Hi_182i-1 =1, wi_1Hi 109, = 0,

T - =T _
w;_ Hi_ 10242 =0, W1 Hisicpip2 = 1.
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Compute
H; = H;_y — Hi_1agi\wl Hi_y — Hi_1coi2Wr  Hiy.
(8) Select z; € R™ so that 2T H;ay;4, # 0 and compute
_ aiy1Bin1
' zIHiagii’
Tiyy = z; — v HY %
Set i =1+ 1.
Endwhile.
(9) Stop (z: is a solution).
REMARK 3. Note that the matices H; are computed by (2.17) fori=1,...,l -1, and

_ T
Ty = T-1 — N-1Hp 12

is a solution of the system of equations. To compute the general solution of the system,
we need a matrix H with the following properties

It can easily be verified that the matrix H can be computed by a final rank one update
as:

(2.21) H=H =H_ - H_jaywF H._1,

where w;_, is an arbitrary vector satisfying wl , Hj_1ay_; = 1 (note that, the a; being
linearly independent, H,_jay_, is a nonzero vector, and hence (2.21) is well defined with
a proper choice of w;-;). Hence the general solution of the system is given by

z =gz - H"s,

where s € R" is arbitrary.

REMARK 4. Note that in step (2) of Algorithm 1, the setting of z and W, as the vectors
Hya, and cp/(c Hocz), respectively, are proper.
Now we establish some properties of the matrices H;, generated by Algorithm 1.

THEOREM 2. Assume thatay,...,a., are linearly independent vectors in R™. Let
H, € R™" be an arbitrary nonsingular matrix, Hy be defined as in (2.20), and for
i = 1,...,1 — 1, the sequence of matrices H; be generated by (2.17). Then for any
1,0 i< 1-1,and j, 20+ 2 < j < m, the vectors H;a; are nonzero and linearly
independent (or equivalently, H;as;11 and H;a;, 2i+3 < j < m, are nonzero and linearly
independent).
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PROOF: We proceed by induction. For ¢ = 0, the theorem is true, since if

a]-Hoaj = 0 then
i=2
m -~ ~ ~ ~~
Zaj (Ho - Hngngo)aj = 0,

=2

m m

-~ ~T 55 ~
E ajHoaj - ( E ;W Hoaj) Hng =0.
=2

i=2

or

By taking §; = ajﬁgfloaj, for 2 £ j < m, we have

m m
Z a;Hoa; ~ (Z ,3,-) (Hoaz — Hoay) =0,
j=2

Jj=2
or
m
ﬂH0a1 + ((12 - ﬂ)Hoaz + ZajHoaj =0,
j=3
m ~
where 8 = Y f;. Now, since ay,...,an, are linearly independent and H, is nonsingular,
j=2
then Hoa;, up to 1 < j < m, are linearly independent. Hence 8 =ay = -+ = ap = 0.

Therefore the vectors Hypa;, for 2 < j < m, are linearly independent.
Now we assume that the theorem is true up to &k, 0 € k¥ <[ — 1, and then we prove
it to be true for k + 1. From (2.17), we have, for 2k +4 < j < m,

(2.22) Hk+1a]- = Hka]- - (w{Hkaj)Hk02k+1 — ('wakaj)chzkH.
We need to show that the relation
(2.23) Z aJ-HkHaj = 0,

j=2k+4

implies that a; = 0, for 2k + 4 < j < m. Using (2.22) we can write (2.23) as follows:

m m m
Z aijaJ- - < z a,-wkTHkaj) ch2k+1 - ( Z a,-‘u?{Hkaj) HkCZk-M =0.

j=2k+4 j=2k+4 j=2k+4

m m
By taking /1 = Y. ajwlHiajand fo= Y o W; Hiaj, we have

j=2k+4 j=2R+4
m
> ajHya; — BiHi(0oks1 — 02k) — B2Hi(2k 44 — es3) = 0.
j=2k+4

Since from Theorem 1 we have Hyaor = 0 and Hyiaory1 = Hiagyyo, then

m

E ajHya; — frHxaokyo + BaHyogk s — BaHiagkyq =0,
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or
m

Z ojHyaj — BiHyGaks2 + BoHiGokys + (aoksa — B2) Hrze s = 0.
7=2k+5

Since, by the induction hypothesis, the vectors Hyaj, for 2k + 2 < j < m, are linearly
independent, we have f; = [; = Qok+s = Qopys = -+ = @y = 0. Hence the vectors
Hy1a;, for 2k + 4 < j < m are linearly independent (the statement in the parenthesis
in Theorem 2 is now simply verified by the fact that H;as1 = H;agi42). 0

CoROLLARY 1. Foralli,i=0,1,...,(m/2) — 1, if the vectors ay,as, ..., Q42
are linearly independent, then H;az; 4, = H itgi+2 # 0, and there exists z; € K" such that
z; TH:a941 # 0.

From Note (2), the following corollary is now immediately at hand.

COROLLARY 2. If al, ag, ..., am are linearly independent, then the system (2.16)
has solution for every i, 0 < l — 2, and both H;,, and z;;, are well defined.

The proof of the following lemma is obvious.

LEMMA 1. The vectors a,,...,a, are linearly independent if and only if the vec-
tors ci, ..., Cn are linearly inde[pendent.

We can now easily prove the following Theorem using Lemma 1.

THEOREM 3. For the matrices H; given by (2.17), (2.20) and (2.21), we have

dimR(H)=n—-2i-1, 0<ig
dim N(H;) =2i+1, 0<ig
dimR(H)) =n—m,

dim N(H)) =m

-
-

)

An interesting question of concern arises when H;as;.; = H;azi42 = 0. Theorem 4
below shows this to be equivalent to the vectors ay, ..., a2 being linearly independent.

THEOREM 4. Assume ay,...,ay are linearly independent. Assume H; can be
defined from H;_, according to (2.17) (that is (2.16) has a solution for the case of H;_,).
Then H;azi41(= Hiapiy2) =0, if and only if ay,. . ., a2 are linearly dependent.

Proor: By Corollary 1, if H;ag;+1 = 0 then the vectors ay,..., a2 are linearly
dependent. To prove the converse, for ¢ = 0, let a; = aa;, o # 1 (for & = 1, it is easily
verified that a; = a;, which can not allow the definition of Hp). We know

0= HoCz = Ho(az - al) = Ho(aal - al) = (a - l)Hoal.

This implies that Hoay = Hpay = 0. For ¢ 2> 1, since a,, ..., as; are linearly independent,
then the dependence of ay, .. ., asi42 can happen in any one of the following nonexclusive
ways:
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(1) @2i41 of agiys is linearly dependent on ay,...,ay, or
(ii) @gi4+1 and ap;yo are linearly dependent.

In case (i), let us assume, without loss of generality, that

2i
Azip1 = E ;a;.
j=1

Then, using the fact that Hya; =0, j =1,...,24, we have

2 2i
H;a2i+1 = H,’ <Z ajaj) = ZajH,-aj =0.
j=1 j=1
In case (ii), let
G2it2 = Qlip1, aF 1L
(For & = 1, we have agiyy = ag;+1 which implies that ¢y42 = 0 and hence H; cannot be
defined from H;_,, contradicting the assumption of the theorem.) Then, using the fact
that H,'62i+2 = 0, we have

0 = Hia9iy2 — Hit2i41 = Hi(aazi41) — Hiagipr = (@ — 1) Hiagiq,

which shows H;az;.2 = 0. 0

REMARK 5. When Hjagy; = 0, it is clear that neither z;4, nor H;;; can be defined.
In this case, one should identify the cause and propose alternative steps to define z;.;
and H;,; (of course one can always make use of the regular rank one ABS steps as
alternatives). We also note thet H;, fails to be defined if and only if the system (2.16)
lacks a solution, that is the vectors Hicoiyy = H;a2i41 and Hicoip4 = HiGoipq — HiGoi43
are linearly dependent (the case H;ay;,; = 0 is now a special case here). A similar
argument, as given in the proof for Theorem 4, shows that this can happen if and only if
a1, - - -, a2i42, @2i43, G2i+4 are linearly dependent.
So, we have the following result.

THEOREM 5. Assume ay,...,Qq;.o are linearly independent. The system (2.16)
does not possess a solution if and only if the vectors ay, . .., as4 are linearly dependent.

We emphasise again that if a;, 1 £ ¢ € m, are linearly independent then Theorems
4 and 5 will be irrelevant and the H; and the z; are well defined.

Next, we discuss how to economise on the space needed for the Abaffian matrix H;,
and show the reduction of computation time in operations involving the Abaffian matrix.

3. COMPRESSION OF THE ABAFFIAN

Assume that the vectors ay, as, - . ., a,, are linearly independent. According to Theo-
rem 3, we have dim N(H;) = 2i+ 1 and hence 2i + 1 rows of the matrix H; are dependent
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on other rows of H;. Knowing this, we can define the H; in such a way that exactly 2i+1
rows of H; are zero. Assume that the rows Iy,..., I of H; are zero. From (2.17),
it is clear that the same rows I,..., Iy of H;y, are also zero. Now, we choose the
parameters w; and W; so that two new rows of H;,, will also become zero.

We note that the parameters w;, w; € R*~%"! satisfy (2.16). Denoting e; = Hc;,
we then can write (2.16) as follows:

T _ =T —
w; €41 = 1, W; 2341 = 0,
(31) r —r
w; €2i44 = 0, W; e2it4 = 1.
Now, letting
— T = _ T
w=w; = (U1,...,Un—2i-1) vV=W; = (V1,...,Un-2i-1)
~__ Rz ~ T - _ = - T
€ = €2i41 = (61, .- ~,€n-2i—1) ) € = €244 = (61, .. -aen—2i—l) )

we can write (2.17) as

_ T _r
Hiyy = H; — (Hicoimw] — Hicoira®; ) H;

= Hi - DHia

where

D = HiCoi 0] — HiCoipa®r = egip1W! + e2ipa®; = (di),
and
(3'2) dij = EJ’U,' + €;v;.
So, we would like to have indices r and s such that r,s # I,..., I, 7 # s, and

1-d,, =0, 1-d,, =0,

(3.3) , *

dy; = 0, for j # r, dsj =0, for j # s.

Let u; = v; = 0 for j # r,s. Then using (3.1), we have

(3.4) Ur€y + Uy = 1, vp8y + V.8, = 0,
U, €r + us€y =0, UrEy + Us€s = 1.

On the other hand, using (3.2), the system (3.3) is written as:

(3.5) ety + 6y =1, eu; +8v; =0, forj#s,
) &uj+ev; =0, forj#r, €sus +8v, = 1.
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Now, since u; = v; =0, for j # 7, s, (3.5) can be written as:

(3.6) e Uy + v =1, e,u, +e;v. =0,
eu; +€v, =0, €oUs + vy = 1,

It can be shown that the systems (3.4) and (3.6) are equivalent. So, we find 7 and s so
that the two systems (3.4) and (3.6) will have a solution. If we have

(3.7) €€ — €€ #0,
then a unique solution exists for (3.4) and (3.6). One choice for r and s is:
o2, — 28| = M = max{[eig; - %8| 0,5 € (1,2, n\{I,- o B} )

Therefore, we have

()-4(%)

and

59 ()= (%)

It is clear that the solutions (3.8) and (3.9) satisfy (3.4) and (3.6). It now remains
to show that indices r and s satisfying (3.7) exist. If such indices do not exist, then
it is easily deduced that the vectors eg; 4y = H;coip1 = Hiasiy1 = Hagirz and egyqy =
Hicyiry = H;a0i44 — Hjag;,3 are linearly dependent. This, however, implies that the
vectors H;agi12, H;as;+3 and H;ay; 4 are linearly dependent, contradicting Theorem 2.

The definitions of w; and W; make two new rows of H;,; the zero vector. Hence,
while updating H;, we can omit these rows. So, we find r and s as above and set
H;i1 = P, 4(H;41), where P, is an operator denoting the deletion of rows 7 and s.

On the other hand, since dim(Hp) = n—1, we can delete the zero row of Hy as follows.
Since FIO is nonsingular and a,, a; are linearly independent, then ¢; = a; — a; # 0 and
hence e = ﬁoq # 0. So, an index jo exists such that €, # 0. We define the vector

Wy € R™ as:
|€io| = max ],
—1— if i=3j
(3.10) (’I’U\o)‘. = Ejo, o
0, if ©# j.

Now, this definition of Wy satisfies (2.19) and makes the row jo.of Hy in (2.20) the zero
vector. So, we can delete this row from Hy by an operator Pj,.
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From the above discussion we provide the following modified algorithm.

ALGORITHM 2. (Assume that A, has full row rank and m = 2!.)
(0) Let 24 € R" be arbitrary and choose Hy € R™" (an arbitrary nonsingular
matrix). Set i = 1.
(1) (a) Compute oy = 71(zp) and By = ra(zo).
(b} If (¢ =0 and 5 # 0) then let

a; = Bi, ay = a1 + ag, by = by + bs.
If (o # 0 and 8, = 0) then let
Br = oy, a3 = ay + ay, by = by + bs.

' If 013, # 0 then let
ar = hay, az = 0z,
bl = ﬂlbl, b2 = a1b2.
(2) (a) Let c2 = a3 — a1.
(b) Compute € = Hoc, and choose the index jo so that
|€jo max|€,|

igi<n

(c) Define @y € R* as (3.10).
(d) Compute d = Hye,, and

Ho = Pjo (ﬁo - d@{ﬁo)

(Pj, is an operator deleting the jo-th row of a matrix.)
(e) Select zp € R™! so that z{ Hpa, # 0, and compute

"o = 18
0= ———
23 Hoay’

Ty =Zp — 70Hg‘20-

(3) While (: < m/2) do (steps (4)-(9))
(4) Let iy = r2i1(z:) and Biyy = 2isa(2i)-
(5) If (a.-+1 = (0 and ﬁi+1 # O) then let

@ig1 = Bir1,  G2i41 = G2ig1 + Gait2,  boigr = baip1 + baiya.
If (041 # 0 and Biy1 = 0) then let

Bix1 = Qig1, 0242 = G2ig1 + G2it2,  baipe = baip1 + baigo.
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If @;;16;41 # 0 then let

G2i41 = Pit102i41, baiy1 = Bis1baitr,

Git2 = Qli4102i42, baiz = Qit1baita.
(6) Compute czi42 = G2i42 — G2i41, and

€= H;_ a3,

€ = Hi_1C3i42.

(7) (a) Choose r and s so that
M= max{|az,- ~&&] 4, € {L,...,a\{In, - .,12,._1}} = ez — 58
(b) Define w;_; and W;_; € R"~%+*1 as below:

Wi—1 = (Ul, ‘e ,Un—2i+1)T, Wi = ('01: .. -,Un—2i+1)T,

where,
€, _ €, _
M’ t1=r, —'—M =T,
L= €r . L= ar
WEN-p TS vi = 3 i=s,
0, i#7,s, 0, 1#£T,8.

(8) Compute
H;= P, (Hi-1 — Hisyapi\wl | Hi_y — Hi_1C2i40W1  Hi1).
(P, is an operator deleting rows r and s of a matrix.)
(9) Select z; € R*~%~! so that z7 Haz;y; # 0 and compute

_ 0i41Bi41

i = T—’
z; Hiag;41

Tip1 = T — BH] %
Seti=1+1.

Endwhile.
(10) Stop (z; is a solution).

REMARK 6. According to step (7), we have

%hsi—l) _ %hgi—l) — u,hﬁ"‘l) + u’hgi_l)’

er . €s . 0 , -
B Hiy = S = Sh6e) < D e,

T —
wi Hiy =
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Step | Number of multiplications
4 2n
5 2n+2
6 2n(n— 2t + 1)
7 (n—-2i+1)(n—2i)
8 dn+2n(n — 2 — 1)
9 l+n+n(n—2i-1)

Table 1: Numbers of multiplications required for steps (4)-(9) of Algorithm 2.

where h;i_l) is the j-th row of H;_,. Hence we can compute the matrix H; from H;_,, as

follows:
Hi = Hi—l - €[u,h£i_l) + U_,hgi—l)] - E['U,hgi—l) + 'U,-hs.i_l)] .

REMARK 7. To reduce the computation time in step (9), one can avoid the division by
choosing z; € R*%-! so that zF H;api4; = 1.

4. COMPUTATIONAL AND NUMERICAL RESULTS

Assume that A,,x,{(m = 21) is a full row rank matrix. We can compute the number of
multiplications as follows. The major work is performed in steps (4)-(9) in each iteration.
Notice that we need O(n?) multiplications only for the steps (1) and (2) of Algorithm 2.
For iteration ¢, the number of multiplications required for steps (4)-(9) are summarised
in Table 1 (the number of multiplications for steps (8) and (9) were considered using
Remarks 6 and 7).

Hence, the total number of multiplications for the ! iteration is:

-1
N =Y (3n(n—2i—1)+ (n— 2 +1)(3n — 2) + 9n + 3) + O(n?)
o
=) (6n® — 14in + 4i®) + O(n®) + O(1?) + O(nl)

i=1

= 6n(L ~ 1) = Tnl(t ~ 1) + 3(1 = DI(2L ~ 1) + O(nd) + O() + O(n?).
Since | = m/2, then the total number of multiplications for the case Apxy, is:

3mn? — gm"’n + %ms + O(nm) + O0(m?) + O(n?).

We note that the algorithm of Huang, when implemented with care, requires
(3/2)mn? + O(mn) multiplications. Comparing this with our result we see that the
new class of algorithms requires less work than the Huang’s method when m gets close
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to n. In fact, for square systems (m = n), the leading terms for Algorithm 2 amount to
(17/12)n® as opposed to (3/2)n? for the Huang’s method. Of course, when m and n are
not too large, the lower order terms of the computation time will also affect the efficiency.

We should point out that step 7(a) of Algorithm 2 can be alternatively performed
more efficiently. The indices 7 and s need not to be chosen as the maximal row indices
specified by M; instead, we may choose r and s as row indices of two independent rows
in (€€). This can easily be done by a number of multiplications at most equal to

3 (n - 2) = O(nm) + O(m?),

i=1
and the total cost is hence reduced to:

gmn2 - Zmzn + O(nm) + O(m?) + O(n?).

In this case, a comparison of the leading terms of Algorithm 2 and the Huang’s algorithm
shows that Algorithm 2 needs less work when m > (4/5)n (for m = n, the leading term
for Algorithm 2 turns out to be (15/12)n3 in contrast to (3/2)n® for the Huang’s method).

Algorithm 2 documented in the previous section along with the Huang, modified
Huang, implicit LX and LU algorithms were coded in FORTRAN and tested on various
problems. The preliminary numerical results show the efficiency and reliability of Algo-
rithm 2 when m gets close to n. In solving n by n nonsingular systems, we have seen that,
while the computation time required for Algorithm 2 is less than the ones for the Huang
[2, 8], modified Huang (2, 5, 6], implicit LX ([2, 7]) and LU algorithms, Algorithm 2
also gives generally more accurate solutions, especially on ill-conditioned problems.
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