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Abstract

In this paper, we study the positive solutions for a semilinear equation in hyperbolic space. Using the heat
semigroup and by constructing subsolutions and supersolutions, a Fujita-type result is established.
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1. Introduction
This paper is devoted to the time-weighted semilinear parabolic problem:

Uy = At + P + ePyd in H % (0, T), (L)
u(x, 0) = uo(x) in H", ‘

where @, B € R*, p> 1, g > 1, up(x) > 0, H" is the n-dimensional hyperbolic space and
Apr denotes the Laplace—Beltrami operator in H". Here we shall derive a Fujita-type
result for all positive solutions u.

In [6], Fujita considered the following Cauchy problem:

= P inR"
{u, Au+u inR"” x (0,7T), (1.2)

u(x,0) = up(x) inR"

If 1 < p <1+ 2/n, then every nonnegative solution of (1.2) blows up eventually except
the trivial solution u = 0. If p > 1 + 2/n, there are many nonnegative initial values u
which give global solutions. The solution of (1.2) in critical exponents p =1 +2/n
blows up (see [1, 7, 15]). Since then, there have been numerous interesting results on
the Fujita-type conclusion to various kinds of equations, such as equations with weight
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functions [10, 11], systems [3, 13] etc. We refer readers to the surveys [5, 8, 12] and
the references therein.
An extensive literature has been devoted to the Cauchy problem

— , at,,p n
{ut Agru + e®u?  in H" X (0, 7), (1.3)

u(x,0) = up(x) in H".

Let pf. =1+ a/Adg, where g = (n— 1)>/4 is the infimum of the L*-spectrum of
—Age. Bandle et al. [2] proved that if 1 < p < py,, then every nontrivial solution
of (1.3) blows up in finite time, if p > py,, problem (1.3) possesses global solutions
for small initial data and, if p = p},,, @ > %/10, there exist global solutions. If p = pf,,,
O<ac< %Ag, the blow-up does not occur, which was obtained by Wang and Yin [14].

For (1.1), the proof of local solutions relies on the parabolic comparison principle.
Furthermore, using the heat semigroup and subsolution and supersolution methods,
we get the finite-time blow-up and global existence of positive solutions in different
exponents.

Now we address our results.

For T < +oo0, the local existence and uniqueness of weak solutions to problem (1.1)
is obtained by the comparison principle (see Theorem 2.3).

Then, on global solutions of problem (1.1), we have the following theorem.

Tueorem 1.1. Set p, = 1 + (4a)/(n — 1)* and qgg=1+@p)/(n- )2

() Ifl<p<p, or1<gq<gqp and initial data ug € CO(H™) N L*®(H"), every
nonnegative solution of (1.1) blows up in finite time.

(ii) If p > po and q > qg, there are global nonnegative solutions to (1.1) for initial
data uy < ¢, where ¢ is the positive classical solution of Agn¢p = —((n — 1)?/4)¢.

(iii) If p = po and q = qp, then there exist global solutions to (1.1) for initial data
uy < g,(x,0, 1), where g,(x,y,1) is the heat kernel of hyperbolic space.

The organization of this paper is as follows. In Section 2, we present the basic
properties of the hyperbolic space and prove the existence of local solutions. The
proof of Theorem 1.1 is described in Section 3.

2. Preliminaries and local existence

In this section, we present the basic properties in the hyperbolic space and prove
the local existence of weak solutions to problem (1.1).
The hyperbolic space H" is equivalent to the unit ball B; € R" endowed with the

Poincaré metric 4
2

=— 4
-2

The geodesic distance between any x € H" and O is given by

A 1+ |x|
P fo -2 TNy

ds®
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The volume element of H”" is

on
(1 =[xy
dxy - --dx, = dx being the Lebesgue measure in R"” and (p, ) being polar geodesic

coordinates in H"\{0}.
Then the Laplace—Beltrami operator is given by the following equalities:

Aw——uwﬂ)z] a—m>§hv

2 0 1
~cothp— + ———A
gpr T Deothp s o

Ay being the Laplace—Beltrami operator on the (n — 1)-dimensional sphere of R”.
From Davies (see [4, Theorem 5.7.2]), the heat kernel g, (x, y, ) in H" satisfies

¢ hn(d(x, ), 1) < ga(x, 7, 1) S Coha(d(x, ), 1), 2.1)

where ¢, is a positive constant and

du = dx; - - dx, = (sinh p)"~' dp de,

and
Agn =

(n—1)

ho(d, 1) = a1 + d)(1 + d + 1) IRt~ (=D)/Dd=d /41 3 1

We shall use the following notation common in the theory of semigroups:

@WWm:Lﬁﬁmwwwwxﬂﬂf>Q

with ¢ € C(H"). By the semigroup property, we have for any x,y,z € H", 5,7 € [0, +00),

f 8n(X, ¥, 0gn(y, 2, 8) dpty = gn(X,2, s + 1) (2.2)
H)’l

and the conservation of probability implies that

f gn(X,y, 1) duy = 1.

Next, we give the proof of the local existence of weak solutions to (1.1). For any
T >0, weset Qr = H" X (0, T). The definition of a weak solution of (1.1) is as follows.

DEeriNITION 2.1. 4 € C(ﬁr) is called a continuous weak solution of (1.1) in [0, T'] if for
any 7 € (0,T],

- f u(, + App) dudt = f uoW (-, 0) du + f (€ uP + P uyy dudt,
Q, H~» Q.

where any ¢ € Cé’l (ﬁr).

The following comparison principle is a conclusion of [2, Lemma 2.2].
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Lemma 2.2. Let w be a continuous function satisfying
f wW, + Agy)dudt >0 for all positive y € C(Qr),
H"x(0,T)

w(x, t) < Aecdx0? for some positive A, ¢
and w(x,0) =0. Then w < 0 in Qr.
Let us prove local existence and uniqueness of weak solutions to problem (1.1).

TueoREM 2.3. Assume that p > 1, ¢ > 1. Let uy be a positive function in C°(H") N
L>(H"). Then there exists T > 0 such that (1.1) has a unique continuous weak solution
u € L°(Qr).

Proor. Due to ug € CO(H") N L®(H"), there exists M > 1 such that |uy(x)] < M for
xeH".
Let T satisfy
1

T
as eﬁs — )
fo(e He s = T T

Define

-1/(pg-1)
] . te[0.7).

u:M[l—(pq—l)MPq‘fo(e“uef“)ds

A simple calculation gives

! -pq/(pq=1)
= (" + eﬁ’)MP‘I[l —(pq — 1)ymre™! f (e + eﬁ“)ds] .
0

If p>1,g > 1, then it, > Agii + e®it” + €19, In Cartesian coordinates, the problem
(1.1) is degenerate on the boundary of B;. It can be seen that # is a classical upper
solution and u = 0 is a lower solution to problem (1.1) with Dirichlet boundary value
in the cylinder Bj_j;, X [0,T). For any fixed integer ng > 2, the sequence {u,},>,
is uniformly bounded and equicontinuous in Bi_j/p,-1) X [0, — 1/np]. By choosing
diagonal elements, the subsequence has a limit function # which is a continuous weak
solution of (1.1).

Suppose that u; and u, are two bounded weak solutions of (1.1).

If we define w = u; — uy, then they satisfy

QT(W(lﬂt + Agety) + e (Ul — ub) + e (! — ul))dudr =0

for ¢ € C7(Qr). Set w, = max{0,w} and Q = {z € Qr|w,(z) > 0}. Then, for ¢ €
Cy(Q),

f w (W + Aty + e pllu |1+ we qllug |5 du di > 0,
0

where p > 1 and g > 1.

https://doi.org/10.1017/51446788717000052 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000052

424 H. Wu [5]

Let £ = e*'y. Observe that

wi(Wr + Mg + e pllug |15 + weP gl 15
= e AW (G + Al — AL+ L pllun 1% + 2P gl |15 ).

If A > maxqo ri{e? plur %' + gllurl|%;'}, then
f e Mw, [(eMY), + A (eMY) dudt > 0.
(0]

Using the definition of Q and the initial condition w,(x,0) = 0, we have w, = 0 on the
parabolic boundary of Q. By Lemma 2.2, we obtain w, < 0. If we exchange the roles
of the solutions, then w, = 0. O

3. The proof of Theorem 1.1

In this section, our goal is to prove Theorem 1.1. Firstly, the definition of a mild
solution of (1.1) is as follows.

Dermnvition 3.1, Let ug € L¥(H"), up > 0. By a mild solution to problem (1.1), we mean
any nonnegative function u € C(Qr) such that

!
u(x, 1) = e 2y + f e A =9 (g yP 4 BSydy ds
0

for any ¢ € [0, T].

In terms of the heat kernel, this definition is expressed as
u(x’ t) = f gn(xvy’ t)u() d/'l)’ + f gn(x’yat_ S)(e(YSuP + eﬁsuq) d#y ds‘ (31)
n Ql

A mild solution is a classical solution which is based on classical regularity results and
on the estimate (2.1).
In the hyperbolic space, the heat semigroup has the following estimate.

Lemma 3.2 [2]. Letug > 0, ug # 0. Then, for any Ty > 0, there exists a function f(x) >0
which depends only on n, Ty and uy such that

(™" ug)(x) = 1727 f(x)
foranyte [Ty, +0), x € H".
Mancini and Sandeep [9] proved global existence of solutions to a single equation.
Lemva 3.3. Letg>1lifn=2and 1 <qg<m+2)/(n—-2)ifn=3. Then
Amé+A6+E1=0 (3.2)
has a positive solution for any 1 < (n — 1)?/4.

Next, we give the proof of Theorem 1.1.
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Proor oF TueoreMm 1.1(i). The proof is by contradiction. Let u be a global nonnegative

solution of (1.1). Multiplying the equality (3.1) by g,(x,z, T — t), integrating over H"
and using (2.2),

f gn(x, 2, T = Du(z, 1) dy,

= f gn(x,y, Tug duy + f gn(x, 3, T = $)(e™u” + & u?) du, ds.
n Q!
Set Y, (¢) = J;HI” gn(x,z, T — Hu(z, t) du,. Jensen’s inequality implies that

(‘Px(t))PSf gn(x,2, T — DuP(z, 1) dy.
Hrl

Hence,

f erz.\'(\Ijx(s))P ds < \PX(Z‘) - lPx(o)
0

and

f t P (Y(5))7 ds < ¥ul(t) = ¥o(0).
0

Using a Gronwall-type inequality yields
p-1 1 1

at 1 < _ ,
@D G oy~ @
-1 1 1
(e -1y< - .
B (PO~ (FY()1~
From Lemma 3.2,
1/(p-1) 1/(p-1)
FOT 2T < 9,(0) < ( : ) ( c )
p-1 el — 1
and
1 1/(g-1) B 1/(g-1)
-3/2 AT
FOT et <w < (—) (=)
So,
(eaT - 1)1/(”71)T—3/2E—AOT < ( ! )”wnL
@ r-1 f(x)
and
T - _
(eﬁ _ 1)1/(4 I)T—3/Ze—/loT S( 1 )1/(4] I)L
B qg-1 JACY)
Ifa/(p—1)> AgorB/(g—1)> Ay, there is a contradiction. m|
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Proor oF TueorEM 1.1(i1). Let ¢(x) be the ground state corresponding to Ay (1g =
(n — 1)?/4), that is, ¢ is the positive classical solution of Ag»¢ = —Ap¢ and ||@]|eo < +00
(see [2, Definition A.1 and Lemma A.1]).

Define

i = e~ L(1)p(x).
We have
it, — At — e™'t? — '
— e_l(”¢(x)({/ _ e(ﬂ—(P—l)ﬂo)l(ﬁp—l{P _ e(ﬁ—(q—l)/lo)t(ﬁq—lé*lI)'
When p > g, let {(¢) satisfy the problem
{5 = ==V |17 P 4 oP-lam DA g
{0)=1.
A simple computation yields

e@=(p=DAo)t _

)=(1- - Vgl (p - Dllgi = Ly
(¢ :( —(p-— pr e L - —)
4 P WS o, ~ T s T
If = (p—-1Ag <0and 8- (g - 1)Ag <0 are such that

llgllZ! NIl 1

a—(p-Dlo  B-(q-Dlo  p-1

then i is a global supersolution to (1.1) for ugy < ¢.
When p < g, we choose (7) to satisfy the problem

{5 = DAL+ DL s,

{0)=1.
Similarly, if @« — (p — 1)4p <0 and 8 — (¢ — 1)1y < 0 are such that
p—1 q-1
0 i 1
oIl _

a-(p-DAy B-(g— DA g-1

then # is a global supersolution to (1.1) for uy < ¢.
Hence, if « — (p — 1)4p <0 and 8 — (¢ — 1)Ag < O are such that

p—1 q-1
o0 o0 1 1
I 2 S, {_ L)
a—(p-Dil B-(g- D p-1 g-1
then # is a global supersolution to (1.1) for uy < ¢. m]

Proor oF Tueorem 1.1(iii). (1) @>B> 3 or B> a > 3.
We shall construct a global upper solution for (1.1) for & > 8 > %/10.
Define
u=n()g,(x,0,t+1y), to>0.
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Since p=1+a/dy, g=1+ /A,
iy — Al — "7 — &' = g, (7 — €' gh " — gl )
= ga(i) — e g oyttt — ot oy ehl oy
From (2.1),
8n(x, 0,1 + 1) < ¢, (4m) "2 (1 + 1) 201 + d(x, 0)[g(x)e” =D/ dx0)
for x € H" and 7 € [0, +00), where

1, n<3,
= — 1 -1/2

&) (1+@) . n>3.
0

Hence, there exists K > 1 such that
gn(x, y, 1+ 10) < K(t + 1g) >/ 0010

for x e H" and £ € [0, +00).
Let 1 solve the following problem:
7-7 — K(a+ﬁ)//10(€—at0(t + to)—3a/2/lo + e—ﬁto(t + to)—3ﬂ/2/lo)nl+a//10,
{m,:o = 7(0).
A direct calculation gives

(a+B)/ Ao o=t

—a/dy — —a/A 1-3a/21 1-3a/24
7 = (0 4 (14 1! 20200 — gy 3m2)

3 A
2«
K@+B)/ 0 ,=Bto 3
-38/22 1-38/24¢
+ ——((f + [ -1 .
T+ 0 )

2 B
If n(0) is small enough and @ > 8 > %/l(), then n exists and 0 < 7 < 1 for all . Then

f] _ eartgg//lonlﬂr//lo _ eﬁtg,z//lonlﬂi//lg
> 75— Ktl//loe—m()(t + to)—3d/2/10n1+0//10 _ Kﬁ/ﬂoe—ﬁtn(t + to)—3/3/2/10nl+/3//141
— (K((l+ﬁ)/ﬂo _ K(l//lo)e—(lto(t + to)—Sd/Z/l()‘:l-Hl/ﬂo

+ e_BtO(t + to)—3,3/2/10(K(tl+l3)//lo,71+d//lo _ Kﬁ/ﬂonHﬁ/lo) > 0.

Furthermore, we find that # is an upper solution of (1.1) if uy < g,(x, 0, o). When
p=za> %/lo, we can get the same result as @ > 8 > %/lo. So, global solutions of (1.1)
exist for @ > 8 > %/lo orf>a> %/lo.

2 azp,0<p< Zporf>a,0<a< 3.

Set it = e VE(x).
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By a direct calculation, # is an upper solution of (1.1) if and only if the following
inequality holds:
Amé + ApE+EP +E1<0. (3.3)

Assume thata > 3,0 <5 < %/10 .

Case ]:2<n<8. If0<B< 3, theng=1+p/A<1+3<(n+2)/(n-2). Using
Lemma 3.3, there exists a positive solution to (3.2). Let & be the positive solution of
(3.2). Set &, = ¢/o for o = max{2/97D |€] o mn)}. We have |€, |z < 1 and

1 1 2 1
Améy + Ao + &6 + &5 < —Amé + =28 + —&1 < —(Amé + A€ +E9) = 0.
o o o4 o

Thus, £(x) = &,(x) satisfies (3.3).

Case 2. n>8 If 0<B<@/(n—2)Ay, then g=1+B/lg < (m+2)/(n-2).
Following Case 1, we can construct positive solutions of (3.3).
If (4/(n - 2)do < < 2o, then g > (n + 2)/(n — 2). Choosing

— n+2
q<

<
n—2-%

let £ be the positive solution of the following equation:
Awé + A6+ &7 =0.

We can construct a positive solution &, = &/0, where o = max{2"/ ol || Lo @m) as
Case 1. Thus,

1 1 2 =
Awnés + Aoly + &5 + EE < —Amé + — A& + =&
o o oP
1 _
< —(Agwé + Af +€7) = 0.
g

Thus, &(x) = &,(x) satisfies (3.3). Hence, when @ > and 0 < < 220, (1.1) has an
upper solution. Similarly, if 8> @ and 0 < a < %/lo, there exists an upper solution to
(1.1). This completes the proof. m|
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