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A New Tautological Relation in Ms;
via the Invariance Constraint

Dedicated to Matteo S. Arcara™

D. Arcara and Y.-P. Lee

Abstract. A new tautological relation of M3 ; in codimension 3 is derived and proved, using an invari-
ance constraint from our previous work.

1 Introduction

This work is a continuation of [1]. We apply the same technique to R* (ﬁm) to find a
tautological relation. A general scheme and practical steps, as well as notations used
in this paper, can be found in [1] and [10].

1.1 Tautological Rings

The study of the tautological rings is one of the central problems in moduli of curves.
The reader is referred to Vakil’s survey article [12] and references therein for the var-
ious definitions, examples and motivation. In this section we merely try to fix nota-
tions.

Let M, , be the moduli stack of stable curves of genus g with n marked points. The
stacks ﬁg’n are proper, irreducible, smooth Deligne-Mumford stacks. The Chow
rings A*(M,,,) over () are isomorphic to the Chow rings of their coarse moduli
spaces. The tautological rings R*(Mg,) are subrings of A*(Mg,), or subrings of
H* (ﬁgﬁn) via cycle maps. Note that the tautological rings are defined by generators
and relations. Since the generators are explicitly given, the study of tautological rings
is the study of relations of tautological classes.

1.2 Notations

The moduli of curves can be stratified by topological type. Each boundary stratum
can be conveniently presented by the (dual) graph of its generic curve defined in
the following way. To each stable curve C with marked points, one can associate a
dual graph I'. Vertices of I' correspond to irreducible components. They are labeled
by their geometric genus. Assign an edge joining two vertices each time the two
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components intersect. To each marked point one draws an half-edge incident to the

vertex, with the same label as the point. Now, the stratum corresponding to I' is the

closure of the subset of all stable curves in Mg,n which have the same topological type
as C. For each dual graph I', one can decorate the graph by assigning a monomial,
or more generally a polynomial, in the ¢ classes to each half-edge and one in the &

classes to each vertex. The tautological classes in Rk(ﬁg’n) can be represented by Q-

linear combinations of decorated graphs. Since there are no k or A-classes involved in

this paper, they will be left out of our discussion below.

For typesetting reasons, it is more convenient to denote a decorated graph by an-
other notation, inspired by Gromov—Witten theory, called gwi. Given a decorated
graph I':

e To the vertices of I' of genera g;,4,..., we assign a product of “brackets”
(-)a(*)g - - . To simplify the notation, () := (- )o.

e Assign to each half-edge a symbol 0*. The external half-edges use super-indices
0%,0", ..., corresponding to their labeling. For each pair of half-edges deter-
mined by an edge, a single super-index will by used, denoted by 11, p2, . . .. Oth-
erwise, all half-edges should use different super-indices.

e A decoration to a half-edge a by /¥ is denoted by 0.

* For each vertex (- ), with m half-edges and n external half-edges, an insertion is
placed in the vertex (9 92 -+~ 0" 9} -+ ).

For example, the following graph
< 2 x i
g§=0 §=0 g§=1

has gwi (0% 0F1 9#2) (O 9Fs 913 ) (92 ) 1, which appears in (40).
The main tool employed in this paper is the following theorem on the Invariance
Constraint.

Theorem ([11] Theorem 5) There exist linear operators 1;
v R Mgu) = Ry 00), 1=1,2,.0,

where the symbol ® denotes the moduli of possibly disconnected curves. In particular, if
E = 0 is a tautological relation in Rk(Mg,n), then v)(E) = 0.

The definition of 1; will be given in the next section.

1.3 Motivation

Our motivation is quite simple. In earlier works [1, 7], we applied the Invariance
Constraint in genus one and two. The choice of codimension 3 in mm as a next step
is almost obvious. First of all, the Invariance Constraint works inductively. Given
what we know about genus one and two, it is only reasonable to proceed to either
mz_ﬁ forn > 4 or mm. Secondly, one also knows from the Graber—Vakil theorem in
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[8] that +* on ﬁ;l is rationally equivalent to a sum of boundary strata containing
at least one rational component. Thirdly, Getzler and Looijenga [7] have shown that
there is only one relation in codimension 3 in M3 ;. That makes it a reasonable place
to start.

1.4 Main Result

The main result of this paper is the following.

Main Theorem  The new tautological relation for codimension 3 strata in Mg,_’l is

(03)s =000 (00 9) () + 55 (0 920 (D50
£ 2 (0N (D), + 5 (50 (DN ),
F AL ) ()1 (D)), + gy (070 020 (9 9 9,

(019 012) (O D), + gl (9190191 9 ) (70 ),

+ 1;09;60 (01 91209 1) (D), + s (0701 972 ) (91 90 91,

i (01920 ) (O 1) + ST (O 99 91 (9 D)

+ kg (010 (70 ) (D) + ke (9 1001 (870" 9 (9 ),
+ 1k (701 0=) (019 01 (92) + 535 (970" 9= 0M) (9 9) 1 (9,
(00000 (70" )1 (01 + FB (00" 009 (910,
Sk (0RO (09O + 0(0M D) (95 99,

+ _<amamam><axaﬂl>1<aﬂzaﬂ3> + 2L (50 o) (9 91 (),

1260
T <5mauz DN DY (95 + FOM YO 9O | (975,

13440

630 <

%< DO YO 9 (D29 ), + L <axaulauz><auzaua>l<au1>1<5u3>1
+ (010 (00 (0, (0",
28_<axaulauzaua><au1>l<5uz>< N1+ 53760< oL s s Yo o bR

Remarks. (i) While this paper was in preparation, a preprint by T. Kimura and X. Liu
[9] appeared on the arXiv. There are two major differences between our results and
theirs. First, their choice of basis of codimension 3 strata in m;l is different. They
use (DM Q1) (0*0)" ), instead of (0" 92 9F2) (70" ), We have checked that their
relation is equivalent to ours. Second, their approach is “traditional”: knowing that
there must be a relation from Graber—Vakil, they can then proceed to find the coeffi-
cients based on the evaluation of the Gromov—Witten invariants of P

Our approach is quite different. There are no computer-aided calculations of
Gromov—-Witten invariants. Only linear algebra is involved in the calculation.

(ii) This technique has been applied to prove some Faber type results in tauto-
logical rings [2]. A corollary of [2] is that there is no relation between 1); and &; in
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R! (ﬁm ). It is easy to see, however, that there is a relation between the monomials in
k- and 1P-classes. On the other hand, the reader may amuse him or herself with the
following result.

Proposition 1 There is no (new) relation in R? (M371) involving 17 and the classes in
R* (M) \ R*(Ms ).

This can be shown, for example, by the same technique used in this paper. Let
{T'c} be a basis of these strata. When one sets a hypothetical equation >, ¢tI'x = 0
and imposes the invariance constraint, the only solution is ¢, = 0 for all k.

2 Invariance Constraints

Here some ingredients from [10] and [11] will be briefly recalled.

2.1 The Operators 1;

The invariance constraint is imposed by applying the linear operators 1;. These linear
operators are defined as operations on the decorated graphs. The output graphs have
two more markings, which are denoted by i, j. In terms of gwis,

(O Vg (D Vgrn) = %((5;;,” Y <5£” Y
(D], N (Bra - Vgrr)
+ %(—1)171(@1{41"'&/ B - Ve (B - ">g'<3,f//+1"'>g'/) +...
1—1 . .
+ % Z(_I)W,Jrl(@l’flfmarjn@)‘:/ R AR (0,’:,, R W EE
m=0

-1 . .
+3 20O e OO ) g

m=0
-1 g’ . .
(S D" (OO ) (Dl g
m=0 g=0

-1

w1 (2

m=0

g// ) )
O > e (<6l’flfm>g<6£n>g”fg)) )
§=0

where the notation 9 - - - ((9}_, _, )¢, (8@&) means that the half-edge insertions

9y - -+ act on the product of vertices (0! |, )4 (Oin)g, by the Leibniz rule. Note that
(- .>_1 = 0.
One can also denote gwi’s as decorated graphs as explained in Section 1.2. In terms

of decorated graphs, 1; can be defined as follows.

e Cutting edges. Cut one edge and create two new half-edges. Label two new half-
edges with i, j ¢ {1,2,...,n} in two different ways. Produce a formal sum of 4
graphs by decorating extra 1 to i-labeled new half-edges with coefficient 1/2 and
by decorating extra 1! to j-labeled new half-edges with coefficient (—1)"~!/2. (By
“extra” decoration we mean that ¢! is multiplied by whatever decorations which
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are already there.) Produce more graphs by repeating the above proceedure on the
other edges of the original graph. Retain only the stable graphs. Take the formal
sum of these final graphs.

e Genus reduction. For each vertex, produce ! graphs. Reduce the genus of this given
vertex by one and add two new half-edges. Label two new half-edges with i, j and
decorate them by wl_l_m, Y™ (respectively) where 0 < m < [ — 1. Do this to all
vertices, and retain only the stable graphs. Take the formal sum of these graphs
with coefficient §(—1)"*!.

o Splitting vertices. Split one vertex into two. Add one new half-edge to each of the
two new vertices. Label them with i, j and decorate them by ¢)/=!1=™ 1/ (respec-
tively) where 0 < m < [— 1. Produce new graphs by splitting the genus g between
the two new vertices (g’, ¢’/ such that ¢’ + ¢’ = g), and distributing to the two
new vertices the (old) half-edges which belong to the original chosen vertex, in all
possible ways. Do this to all vertices, and retain only the stable graphs. Take the
formal sum of these graphs with coefficient %(— 1)m*,

Remarks. (i) In terms of graphical operations, the first two lines of the equation
above which defines 1; in terms of gwis stand for “cutting edges”; the middle two
for “genus reduction”; the last two for “splitting vertices” These are explained
in [10].

(ii) Inthis paper, only the I = 1 case will be used. In fact, it has been shown recently,
by Faber, Shadrin, and Zvonkine, and independently Pandharipande (and the
second author) that the ] = 1 case implies general I. See Section 3 of [4].

2.2 The Algorithm of Finding Tautological Relations

Our method of finding this relation is fairly simple.

(a) By Graber and Vakil’s () Theorem [8] or Getzler and Looijenga’s Hodge number
calculations [7], there is a new relation in R> (Ms1).

(b) Apply the invariance constraint [10, Theorem 5] to obtain the coefficients of the
relation.

Applying (b) gives a necessary condition. Combined with (a), this generates and
proves the new relation.

In the case of R3(ﬁ311), we first identify thirty “potentially independent” deco-
rated graphs with decorations coming from t-classes only. They are the 30 graphs
listed in the Main Theorem. More precisely, out of the tautological classes of codi-
mension 3 in M3, generated by ¢-class and boundary classes, many of them can be
written in terms of the others using WDVV, TRR, Mumford—-Getzler, Getzler [5, 6]
and Belorousski—Pandharipande [3] relations. After applying those relations, we can
write all of the strata in terms of the thirty strata appearing in the Main Theorem.

Let I'y denote the tautological class in the k-th term of the Main Theorem. A
general combination of these 30 decorated graphs is written as E = Ziozl 'y where
¢ is the corresponding unknown coefficient to be found. Suppose that E = 0 is
a tautological equation. The Invariance Theorem implies that 1;(E) = 0, where
t;: RB(Ms,) — R3(M,). By analyzing the properties of the image in R*(M ,),
which is known from earlier work in genus one and two [1, 3,5, 6], we obtain a
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system of homogeneous linear equations on the ¢’s, which will be equations (1)—
(49). This system is potentially very over-determined, as there are more equations
than variables. However, the Invariance Constraint theorem predicts that this system
of linear equations uniquely determines the ¢’s if there is a nontrivial tautological
relation. (We always have the trivial solution with ¢, = 0 for all k.)

3 Proof of the Main Theorem

We will spare the reader the explicit formula for 1, (E), which would occupy several
pages. It is possible to reconstruct it from the equations below. For example, let
I'; be the decorated graph corresponding to the i-th term in the theorem. Then
11(I';) would contain the sum of the basis elements below for which a ¢; appears in
their equation, with the corresponding coefficient. To illustrate how we went about
calculating v, (E), though, we include two sample calculations in Appendix A, where
we go through all of the steps for calculating and simplifying r;(I';) and v1(I';p).

Note that the (new) half-edges i and j in the output graphs are always assumed
to be symmetrized. Some of the output graphs will be disconnected. They are easier
to deal with as they involve fewer relations (e.g. WDVV). So we shall start with the
disconnected terms. .

We now choose a basis of R3(M2_’3), and we set the coefficient in 1;(E) of each
element in the basis equal to zero, obtaining an equation that the ¢;’s have to satisfy.
In the following list, for each equation, we write its number, the corresponding basis
vector in R? (ﬁ;’s), and its coefficient in 1, (E), which is set equal to zero. If a basis
vector is disconnected, we use a vertical bar to separate its connected components.

(1) (9] |(FF M=) (9 9" o) o+ =0.

2) (95D ") (91), 36—+ 4566 = 0.

(3)  (domom)[(0=020) (00 ) — 56 — G5+ 3505 = 0.

(4) (90" (D 0" 0" ) (9) 029 ¢ —cs—cn = 0.

(5) (DM (D", 356 — cu + 5505 = 0.

(6) (D' D"mY (9", 356 26 — ci2 + 35024 = 0.
(7)  (9'OMY(9* D) (929" "), —56 — & e+ 5506 = 0.
(8) (901 [(D7 9" ") (9" 9" 9" (9", cu—as + s — e = 0.

9) (90" (0" )1 (070 9") (0" 0" 9 s —az + s = 0.

(10)  (9'0M")|(§*0"™ ") (79", (9" ) 203 — 16 + 3707 = 0.

(11) (90" ™) (9" )1 [(9"20" 0" ) (0 9", —65 — 5pCs + a1 — 15 = 0.
(12)  (9'9M " )|(DT 0™ 0" ) (9 9"2)1 (9" ) tes+cutas—ast os=0.
(13) (DO am) (') (9", (9, —d 45—yt 4o =0.
(14)  (§*0'0™) ("), (/929 ) (9291, 166+ 2016 + ¢ — €23 = 0.
(15) (399" (0")1[(9/ 00" )(0")1(0")1 L+ cor + €5 — e = 0.
(16)  (9*0"), (979" "2 (9" 92 9>) =

<5x5i>1 | <01’5u15u25uz><5u10u35u3>
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(17) (5" )1 (0" 9" 0" ") (91 9" ")
(18)  (9'AM M) |(BFDM2 M2 M) (5 9" ),
(19) (') (99" ") (99",
(20)  (D'OMOMY|(DI M2 OM2 M) (59" ),
(21) (99" |(0* D 09" ) (0" 9",
(22) (59" [(DT 09" ) (0" 9,
(23)  (§'9"0")[(FD 9"9") (") (9" )
(24) (000" O"Y(D 9" ") (0M")1 (0" )
(25) (99" M) |(0F D109 0M) (9,
(26) (D' [(DT0" 9" 0" ) (9",
(27) (99" M 0" (00T 9" ) (9",
(28) (970’0 )0 )1[(07 0" 9" 0M) (9" )
(29) (DM am)|(aFDIa 9" ")

(30) (D' |[(DIa 9" ")

There are several terms of the form *(0),.

167

269—C12 = 0.

1

86— + 617 = 0.

—to— Ao —c +3 c =0.
24937 240 8 4=

563 +cs — 209 + C14 + ClS =0.

%C3 +2¢c8 — C13 + (,'23 =0.

1 —
1064 +2¢; —c3 + ﬂL'zz =0.

%C3 +c¢5 — 9+ l(,'29 =0.

164 tc7 —caot 5 Czs =0.

240C3 +cg — 2¢10 + = (,'15 + = C19 =0.
m&; +¢ — 2¢10 + = (,'17 + = C13 =0.
5556 + €0 — €10 + 5016 = 0.

mC(, + C16 + C18 — 2C19 + —627 =0.
57663 + = Cs + — 3¢30 = 0.
oeCh + 5707 + 209 — 3¢30 = 0.

If we remove the (9'), they become

terms in My, of codimension 3, and there is a relation between them which we can
find by using Getzler’s relation [6] with ¢/? on x and v on j (see Appendix B). The

relation is
i (0 omor o) <8j oMoy (o), +
7 {5 0" o) <87 Mooy (9", +

0=—

120

120<

_ 120 <8"8]8’“><8"28"38"3><8"18“2>1

FoM o > < oM oHe s > < aj o > -

10 (050" 90" ) (079" 9 (9 ),

S(M DY (2" ) (),
(010" 02) (9 9150 ) (9,
S(D101 92) (91 95 1) (0",

+ 7
120
L
120
+ L
120

+ other terms with all vertices of genus 0.

We are going to solve this relation for the term

<8i>1 | <ax8mauz> <8mauz 8”3> <8j8”3>1

and find an equation for all of the other terms. Among those, seven of them are of
the form *(9"), (0"}, and are related by WDVV. They can be written in terms of the

following four independent vectors.

(31) (9", [(0 0" M) (979" 0" (9"),
— 2o - — 20— 25—
(32) (9", (80" 0" 9") (019" 0" (9"),
(33) (9')1[(0" """ (30 9") (9",
(34) (N30 "20") (D ") ("),
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There are four additional independent vectors

0#20M> %Cl + 5+ ¢ — 63 — 205 + 2¢6 = 0.

(35) 9 (@8 o <610/A18/A3>
)

o' 1| 0’9" 9" < oMo o <8X /12>1 2—10(,'1 ++ctes—cgtestos—cn=0.

(@l ) (
(36) (8i)1|(8X8‘”8“2)(8]8’“8’” <a/11> (8’13> — 1—70(,'1 — (6 — C28 t+ 3C29 =0.

(37)  ('hl( ) )

(@l ( (

(38) 6i 1| 6"6@’”) 0#20#30M> 8’“0M> — %Cl —C —203—¢ —c1atc5 =0.

The remaining connected strata are all of codimension 3 in M, 5. We found relations
between them in two different ways (see Appendix C). First, by taking Getzler’s rela-
tion in ﬁlA [5], adding another marked point, and then identifying either two of the
first four marked points or the fifth marked point with one of the others. Secondly,
by taking the Belorousski-Pandharipande relation [3], adding 1) at the marked point
x, and then simplifying. The relations we obtain are the following:

0= (3°8' 9" )& 9"0") (0" 98", + (970 9" )(D1 9" ") (8" 5" 9™ ),
F (0N DY (9" 920", — (0709 ) (D 9" ") (99" ),
— (570 ")V (D" 9" 0" (9 9" 0", — (570 9" ) (0" 9" ) (91 99,
— (' ") (0" 9" 9" ) (578" 0"), + other terms,
0= (900" )" ") (D" ")) — (879" D) (9" ") (DD,
— (89" ") (9" 0" 9") (307 0" ), + other terms,
0= (9D ") (""" — (89" ") (9" D" 9" (DT,
— (019" 9") (9" 0" ") (557", + other terms,
—(0' M) (8°9"),1 (0", — (070" 9" ) (9" 0"0") (D1 9")1 (9",
— (578" (D" 9" ) (8 9")1 (")) — (870" ") (D D M) (90" )1 (9" ),
F(F° 9" 0ND' S 9") (M) (") + (879 MY 9" ) (M 91 (0" )
(979" 9") (9" "), (") + other terms.

0#1 6#2 6#3 >
)

+ (@ 0'0")
After solving the four relations above for the following four terms
(070" 0" ) (DT 0" 912) (020" 0" )1, (070 9 ) (0" 001 ) (07 0" 9 )1,
(0019 ) (019" 9" ) (00" 9" 1, (09" 9"2) (D' DT DM ) (9" 1)1 (911,
we obtain the following equations for the other terms.

(39) (TN IN )y — Lo+ — L =0.
(40) <8x6#16#2><6#16#36#3><6f618#2>1 — 4—10C1 — %Cz — %Cs — %Cs + 263 — %CIS =0.
(41) <8i8‘”18‘”2>(3’1’18“38“3><8jaxt9“z>1 mfl - — 6_10C5 +4cg + 2c12 — 15 — 3¢ = 0.
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(42) #16#2 <6 6“26‘13 (6@‘“0’” 1 — 1—10C1 — %Cs — 4c11 + 16 + 3¢c20 — 3¢ = 0.
(

)
(43) oMorom 0"6“%?’”)1 s — 2cn + %le, +6c21 — %C24 =0.
)

(@

(00" W
(44) (90O

(

<

(45) 8)(8‘“8#2 < 8j8“3> 8’“8“28’”>1 — 3—10(,'5 +4611 — %Cm — %(,'25 =0.

) )
( )
(019" (8" "), 65+ 8c — €16 — 3c20 + 3c = 0.
) (
TN D) (D) (9",
— %cl + gcs — 6+ 203 — 2004 — 6C25 + 2026 + 27 = 0.

(47) (990" ) (9" 00"V (070" )1(0" ) Les+ 200 + 20 — 205+ 2crr — €5 = 0.
(48) (09'0M) (09" (9" )1(D")1 Ees — 2e03 + 202 + 625 + 2036 — €27 = 0.

(49) <6X8‘”‘8‘”2)(8i8j8’1’3>(8’1’18“3>1(8“2)1 — %(,'5 + 2¢16 + 265 — 27 = 0.

Solving the equations (1)—(49) gives the coefficients of the terms in the relation in
the Main Theorem.

A Sample Calculations of 1, (T';)

We calculate 11(I'5) and 11 (I'1o) here to illustrate the process.

A.1 Calculation of r;(T'5).

Recall that I'; = (90" 0" 0M) (D" ),.

The first step in calculating r1(I'5) is to cut the edges. There are two edges here:
w1 and pp. If we cut puy, we obtain 2(9*919702)(9!"),, and if we cut 1, we obtain
(0*OM O DY (D] )2 + (0*0M 5*197) (D). The next step is genus reduction, which can
only be applied to the genus 2 term to obtain —3 (0*9"1 9" 9) (9076} ),. The third
and last step is splitting the vertices. There are two vertices to split. If we split the
genus 0 vertex into two vertices, we obtain —33*9" 9" 9"2((9')(97))(9}")2, where
the notation 9*9"1 9" 9> ({0")(97)) here stands for a Leibniz rule (graphically, it cor-
responds to attaching the four half-edges in all possible ways, some to the first genus
0 vertex, and the rest to the other one). We shall simplify it later. If we split the genus
2 vertex, it can only be split into two genus 1 vertices (or else, if we use a genus 2
vertex and a genus 0 vertex, the genus 0 vertex would not have enough half-edges to
be stable) to obtain —1(8*9" 9" 9") 0} ((9')1(07)1).

Putting these together we obtain

1(Ts) = 2(0°0}07 9" ) (0}%)y + (9°0" 9" D) (] )2 + (070" 0" 07)(D5)2
— L@ omamar) (0'0iof), — 1070 0 0 ((0°)(07)(04)a
— 1@ 0" 0m 00 (91 (07)).
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Next, we expand the last two terms to obtain

v1(I'3) = 2(F010T91) (947, + (99" 0" D)D), + (970" 9 97) (B5)
— 070" 0" 0 (0'010%), — 2(0'0% 0" ) (010" ") (94*),
—(9'0F ") (DT 9" M) (0N )y — (97" DM M) (D' N) 1 (D).
The terms of genus 0 or 1 with a 0] in them can be simplified using Tautological
Recursive Relations, and the term (95), can be simplified using Mumford’s Relation

in M271 .
For the reader’s convenience, let us recall those relations here.

e TRRing = 0: (¢, ,0°0) = (0L9")(9"D°5F).
e TRRing =1: (9, ) = (0L0")(0")1 + 5 (020" O").
¢ Mumford’s Relation in g = 2:

(O2)2 = (051 0™)(0" )2 + (GO N0 )2 — (GO ) (0" 0M) (02
+ 1_70 <8;(C8H1 3uz > <3u1 >1 <a/lz>1 + % <a;(€au1 3uz > <3u1 3/!@ >1
— ﬁ <a}’:aﬂl>1 <a/ll o2 3uz> + ZITEE) <3;(€3u1 O H2 > <3uz >1

1 1 A 2 L
+ 560 <a;§a,“l a/ll a/lz a/lz > .
Using these relations, our 1;(I'3) becomes

1(I'5) = 2(0' 0" 9" ) (0" & ) (912, + (919" ") (9" 0° 9" ) (D)),
+ 7 <aj 59" oM > < 99" au4> < (9“3>1< (9“4>1 + 1_1O < oM o > < 99" au4> < oM (9“4>1

10
_ Tio <ajyam oM > ((9“3 ot au4> <ai8u3>l + % <8jaxam oM > <ai8u3 L > ((9“4>1
+ 9_;0 <01‘5x0u10m > <0i0u30u30u40m> _ %<0x5u15u15uz><5i510u20m><0/A3>1

_ <0X6“15“16“2><0i5“25“3><6j0“3>1 _ 4—18<5X5“16“15“2><5i5j5“20“30“3>
_ 2<aiax8m><8jam (9’”)((9{1'2)2 _ <8i8x8uz><8j8u18m><8iﬂz>2
— <3x5u16u16u2><8i6u26u3><5u3>1<61>1 _ i<5x5“16“15“2><5i8”25“36“3><5j>1.

A.2 Calculation of r;(T";g).

Recall that 'y = (9¥0H19#2) (0M 929 93 ).
The first step in calculating 1;(I'3) is to cut the edges. There are three edges here,
415 (42, (43, and we obtain

<3x3j3"2><8i8"28"38"3>1 + (8’68‘“8”(3“1818‘“8“}1 +2<8x8’“8“2><8"‘8"2813j>1.
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when we cut them (note that (0*9:9"2) and (0*0" 9}) are 0 by a simple dimension
count). The next step is genus reduction, which can only be applied to the genus 1
term to obtain —1 (09" 9"2)(9'979M 929" 0"). Finally, we need to split the ver-
tices. The genus 0 vertex cannot be split. Indeed, the only way to do so would be to
split it into two genus 0 vertices. But since we only have three half-edges to attach
to them, one of them would not be stable. If we split the genus 1 vertex, we obtain

— (570" 012 OM 912 91 9 ({91 (D)),
Putting these together we obtain

11(T0) = <axajauz><ai’auzauaaua>l + <8x8’“8j><8’“6{8"36"3)1
+2(0°0" 0" (9" 0" 0107)) — 107" 0" ) (9010 0200 o)
_ <axau1 o+ >au1 QP2 9H2 9H3 ( <ai> <aj> 1.

We now leave it as an exercise to the reader to check that, after expanding the last
term and simplifying everything using TRRs, one obtains

11 (To) = 2(9°0/9")(0' 0" 9" ") (9")1 + 4(0°D' D) (990" ") (9" 9" ),
+2(007 ") (D' 9" (99" )1 + 2(0° ") (0
+4(0°01 )N + S (0D 9")

)

( @ 999" (90" 'Y,
( (

25°0" ')
( )
( )

01 0#2 0#3 0#3 0#4 0ﬂ4>

=+

+ 400" 0"
+2(979" 91"

(
( (89" 9" 0") (019",
(D109 0") (9" 0")1 + 4(0° 0" D) (D' ") (9" 9" ),
(010790 99"y + (079" ) (00" 99 9" ")
— H§0m o) (009" 979" 9" — (079" ") (09" 9" ) (9199,

— 400" 0" (90" 9°) (010" )1 — (979" ") (00" 0" ) (90" 0" ),
— 2T NI DN DY, — 2(0M DYDY (D),
— (D" IND "N (D).

Nt

)
'R (9" + 2(079" 0"

)

Nt

B A Relation in M, in Codimension 3

We use Getzler’s and Mumford’s relations to derive a new relation for mz’z in codi-
mension 3. Start with Getzler’s relation with k = 1 and [ = 0:

(05'072)2 = B (97 920" 9/) (9" )1(9" )1 + 10} 0")1 (020" ") (9,
+ 207 000" ") (01)1 + (07 0 oM 0 ) (970,
R (070 (920" 01 ) — (97 90", (9" " o)
+ {07 00010 (90, + 55 (07 9 D) (979 )
+ e (PR ).
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We can then use Mumford’s relation to rewrite the left-hand side, and TRRs to sim-
plify the right-hand side. If we set the two sides equal to each other and simplify, we
obtain the equation

0=—=> <6X1 MM 9 > <8Xz KR > <auz >1 + 4_30 <6X1 KRR > <au3 geom > <8N2 >1

40

_ L<8X16u16u3><6u369€28#10ﬂ2><0/A2>1 + L<6x18#20#3><0ﬂ3y26u16u1><6u2>1

120 120

+ L <6X1 LR > <8N3 oM o2 > <8Xz oM > L — 1 <8X1 geom oM > <8N3 >1 <8N1 oM 8u2>

120 120

— L<0X16x20#3><0ﬂ20ﬂ3>1<0#10#10#2> + FIO<6x20#10#3><0X16u3>1<6u16u26u2>

120

+ other terms with all vertices of genus 0.

C Relations in M, ; in Codimension 3

First of all, we use Getzler’s relation in mm to find relations in ﬁzﬁ in codimension
3. Since we are only interested in terms with a total of three markings at genus 1
vertices, we start with Getzler’s relation written as follows:

(0RO (DO (DM O ) — 4O DO ) (O O O ) (971 0,y
+ other terms = 0.
Since in Getzler’s relation the four marked points were symmetrized, we need to
desymmetrize it first. After we add a fifth marked point, we obtain'
0= <8x1 axzaul > <8x38x4a#2 > <8X58u18u2>1 + <8x1 axsaul > <8xzax4a#2 > <8X58u18u2>1
+ <8X1 8/(48//'1 > <8X28X3 8/1'2 > <6X58//'18//'2>1 _ <8X1 8/(28//'1 > <8X38//'18//'2><8X48X58//'2>1
_ <6X16x20#1 > <0X46u16u2><69630x56u2>1 _ <6X16X30/A1 > <0X46u16u2><69620x56u2>1
—(9RRP"Y(OH DM 5" ) (0 07 9" )1 + other terms.

If we glue the fourth and fifth marked points into an edge, we obtain that

0 = (91920 ) (PP 0) (9" 0" 91 + (9190509 (9" " 9",
F (IR0 ) (900, — (TR0 (00 (09,
— (RN D000 D), — (990D (90 9 (029",
— (009" (99" ) (9719 8")1 + other terms.

IThroughout this appendix, we label the original edges 11 and 11, and use p3 for any new edge ap-
pearing when we simplify. Therefore, the relations found here need to be relabeled before they look like
the ones in Section 3.
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If we glue the third and fifth marked points (and rename the fourth marked point
X3), we obtain that

0= <8X18X28#1 > <aﬂsama#2 > <aX38u18u2>1 _ <8x18u38u1 > <8u38u18u2><8xzax38u2>1
— {2999 9" ) (9™ 07 8" )1 + other terms.

Now we use Belorousski—Pandharipande’s, Getzler’s and Mumford’s relations
to derive other relations for M, 3 in codimension 3. Start with the Belorousski—
Pandharipande relation and add one descendent to the first marked point (note that

to do this, we had to first desymmetrize the relation):
0 = 12(07102 99" ) (O ), + 6{D510M" ), (D" 2 0)
— 6(F D) (D02 + L IR0 D) (D)1 (9"
— 20707 0"M 0" ) (0" )1 (007 — B(071 070" ") (9" )1 (9" 0 )
— (@R 9y () (9200 + (000" 9") (9)1 (901 ),
+ 2900 0") (0" )1 (007 0 ) — £(071 0" )1(0" 09" ) (9" 0" )
— 257 0" )1 (0" 00" ) (00 — Z(07 0RO ) (9" 9" )1 (9" )
(0710 )1 (0" ), (907 0°) — 2 (0),(0 57010070
(0710707 0M M 0" (0")) — 5 (07 00" M 9" ) (0"
— 2(ARROM N0, — (IR0 ) (9,
+ (070" 0" ) (9007 ) + £ (070" 0" ") (907 07 )
+2(F0FM M) (000 — LN ORINOM) (0M 9 0")
+ 29792000 0") (0" 9" ) — (07 00" M) (0" 9" 07 ),
2ANFR I 0) (99T, — LTI (9,

U‘|a« wlR m|N

4+ 18
5
L

é(axz oM o > <8/A1 o' 8X16X3>1 + 1 <6x3 oM o > <8/A1 o' 0fl6x2 >1

-3 <(9f1 5253 oM ) <81L1 o' o2 Y — & <8Xz g oM ) <(9M ot ot afl Y.

Then use Getzler’s and Mumford’s relations and TRRs to simplify and obtain

i<6x10#18#2><8#10#28#3><8Xzax30m>l _ é<6xzaxsau1><6u16u26u3><69€10ﬂ28#3>1

10
é < gL o oM > < L X > < 929" " >1 _ é < b et > < P X > < 939" " >1
% <8xzax38#1 > <8/A20/A30/A3><0X16u16u2>1 _ % <8X16x3 oM > <8/A20/A30/A3><0X26u16u2>1
_ 1 <6X1 92" > <allz 9" o™ <6X3 oM 9 >1 _ % <6X1 oM o™ > <8X2 39" > <81L2 9" 9" >1
L9 G2 > <6Xz o3 6113> oM o2 6113> + 1 <6X1 o3 oM > <6Xz 9" oM > <6N1 9" oM >1

> 6#16uzau3>1 _ 24 <8xzax38#1 > <0#18#28#3><8X16#2>1 <6u3>1

20
+3(0"

<0X16x2 0#1 <0X 6#26#3>

24 <6X18X3 oM >< "1 or o3 <axza/1rz>l <a/1r3>1 _ 2_54 <6X16X28N1 > <8N18N28N3><8X3 a/lrz>1 <a/1r3>1

/\/\\/

Gil= G—

~
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_ 2_54<0X16#16#2><6x26x30#1><0/A20/A3>1<0H3>1 + 2_54<0X16u16u2><6x2y36u3><6u10#3>1<0ﬂ2>1
+ %<6X18X38M1><6X28N28N3><8N18N2>1<8N3>1 + %<6X18Xza/1r1><ax381ﬂ281%3><81%181ﬂ2>1<8N3>1

+ other terms.

Using the two relations we found above from Getzler’s relation in ﬁm, this simplifies
into

0 = —(@2°0) (0" 9 0) (5 9")1 (8")1 — (97 D)D" 920 ) (320, (9",
—{JORYY(DM DYDY (0" ) — (01O (FROR M) (90" )1 (0" )
(OO DY (GRFR Y (0 9 (), + (97 9P (92029 (9 9, (9,
+ (079" (OF 0" D) (D" 9" )1 (9" )1 + other terms.
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