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1. Introduction

Lagrange’s theorem on the reversion of power series may be stated in
the following form (e.g. Whittaker and Watson [3]).

TreOREM L. Let k(2) be a function of z analytic on and inside a contour C
surrounding a point x and let y be such that for all points z on C

(1.1) lyk(2)] < |z—=].
Then the equation
(1.2) 2 = z+-yk(z2),

regarded as an equation in 2, has one root, L, in the interior of C and if ¢{2)
1s any function of z analytic on and inside C

o« ym dm—l

(1.3) () = @)+ X

m=1 m! dxm—l

[{k(z)}" " ()]

By a partial sum of Lagrange’s series we mean an expression of the form
n Kl
(1.4) #@) = $(x) + 3 L D (k@) D (z)]

where D = d/dz. In this paper we consider expressions ¢} (x) of the form
(1.4) where ¢(x) = ¢,(z) =2/, =0, § = 0. We show that the ¢](x)
satisfy a certain set of difference equations which occur in the theory of
queues. This result gives a simple proof of a conjecture of Finch [2] which
has since been proved by Brockwell [1] using quite different methods.

2. The difference equation of partial sums

We prove the following
THEOREM. Let

1) he) =Sk
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be analytic in some region surrounding the point x, and let

2.2 #(0) = 4&)+ 3, (" m)D™{{b()}" Dy )]

where ¢,(x) = &’ and D = d/dx.
Then, $o(x) =1 and

(2-3) 7 (@) —2i N () = yZ Ribisiaa(®), jzlLnzl

Proor. By definition ¢g(x) = ¢y(x) = 1. For§ = 1 we obtain from (2.2)

(2.4) ?/goki#w—l(x) = ag; 1 (@) —2diH + 2 il %
where

(2.8) y7(x) = 2D" 7 [{k(x)}" D, () ]+ mD™*[{k(2)}" Dig;_1 ()R (2)}].

Expanding the terms on the right of (2.5) by Leibnitz’ theorem and rearrang-
ing we obtain

20 v =3 () DE@ LD, @)+ (=)D, ()
It can be verified readily or proved easily by induction that
D4, (z)+ (m—s) D=, (x) = D1 (x).
Thus from (2.6)
Y1 (z) = D[ {h(x)}" Do x) -
Substituting in (2.4) we obtain (2.3). This proves the theorem.
COROLLARY. If k(2) is analytic at z = O then the quantities

(2.7) # = Gfm) 3 {n—i) P D@, nZfZ 1,

m=2

satisfy the equations
(2.8) = 2 kil
with ¢y =1 and ¢! = 0, 1 < n < § and initial conditions ¢} = 1, ¢} =k,

$;=0,§>1
The corollary is proved easily by putting # = 0, y = 1 in the theorem.
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3. Application to the queueing system GI/M/1.

Consider the queueing system GI/M/1 in which the times at which
customers arrive form a renewal process with inter-arrival distribution
A(x) and in which the service-time distribution is exponential with para-
meter u. Let P} be the probability that the nth arrival finds § customers in
the system, then

3.1) P?+1=Zk.-P;”+¢-1, n=zlj7=21
i=0

where k= (m!)-1 f > () mermdA (z)

and k(z) = > k,,z™ is analytic at z = 0.

m=0

Write Q} = D5 . Pptl, then Q] is the probability that the (n+1) the arrival
finds § or more customers in the system, and from (3.1)

[>+]
(3‘2) ?“ = zokiQ?-H—l’ n=1, 7. =1,
$am

with Qg = 1.

If the queueing system starts from emptiness, so that P} = 1, P} =0,
>0, we have Qj =1, Q; = k, and Q} = 0 § > 1. Since the Q" are
uniquely determined by the Q} we can appeal to the corollary of the theorem
of the last section and deduce

(33) 03 = Gim) 3 () D™ p@) s, 2 2L

When %'(1) > 1 a limiting distribution of queue size exists and Q] — ¢/,
7 = 1 where 0 < ¢ < 1 and gq is the only root within the unit circle of the
equation z = k(z). When %’(1) = 1 there is no root of this equation within
the unit circle and a limiting distribution of queue size does no. exist, in this
case Q7 > 1,7 = L

Equation (3.3) establishes the conjecture of Finch [2] that the probabil-
ities @} are given by the partial sums of the Lagrange series for ¢’. As noted
earlier this result has been proved by Brockwell, [1].
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