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Existence of stationary vortex sheets for the
2D incompressible Euler equation

Daomin Cao, Guolin Qin®, and Changjun Zou

Abstract. We construct a new type of planar Euler flows with localized vorticity. Let x; # 0,
i=1,...,m, be m arbitrarily fixed constants. For any given nondegenerate critical point x¢ =
(x0,15 - - - » Xo,m ) of the Kirchhoff-Routh function defined on Q" corresponding to (k1. .., Km ), we
construct a family of stationary planar flows with vortex sheets that have large vorticity amplitude
and concentrate on curves perturbed from small circles centered near xg;, i = 1,..., m. The proof
is accomplished via the implicit function theorem with suitable choice of function spaces.

1 Introduction

Let Q c R? be a bounded or unbounded domain. We consider the stationary Euler

equation
u-Vu=-VP, inQ,
11 V-u=0, inQ,
u-v=0, on 0Q,

where u = (uy, u,) is the velocity field, P is the scalar pressure, and v is the outward
unit normal of Q).

In a planar flow, the vorticity is defined as the third component of the curl of the
velocity field (v, u,, 0), namely, w = 0;u, — d,u. Taking the curl of the first equation
in (1.1), we find that w satisfies the following vorticity equation:

(1.2) u-Vo=0 inQ.
The velocity is recovered by the Biot-Savart law
u=v(-A)"o,

where (x1,x,)* = (x2, —x;) and the operator (—A) ™! is given by

(-8) () = [ Glx-yal)dy.
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Vortex sheets for 2D Euler equation 829

Here, G(x, y) is the Green function of —A in Q with zero Dirichlet data. So G(x;, y)
takes the form G(x,y) = 5-In P y‘ — H(x, y) with H(x, y) the harmonic part of

G(x,y). We denote v = (- A) ' to be the stream function, then the velocity field
can be derived by u = V*y.

In the last century, the two-dimensional Euler equation has been intensively
studied, and the global well-posedness of the vorticity equation with initial data
in L' nL> was proved by Yudovich in the classical paper [45]. However, many
physical phenomena possess strong and irregular fluctuations, such as fluids with
small viscosity, where flows tend to separate from rigid walls and sharp corners [5,
37]. To model this phenomenon mathematically, the most natural way is to think of
a solution to the Euler equation, in which the velocity changes sign discontinuously
across a stream line. This discontinuity induces vorticity concentrated on a curve,
which is only a measure rather than a bounded function.

A velocity discontinuity in an inviscid 2D flow is called a vortex sheet, whose
vorticity concentrates as a measure along a curve. Suppose that w is a weak solution to
the Euler equation concentrated on a finite number of closed curves I'; parameterized
by z;(6). Namely, for any test function ¢ € C° (), w is a measure such that

[ e@do) =3 [ yi(@dtei@)(w)da,

where y;(«) is the vorticity strength at z;(«). Then, the equation of the sheet can be
derived by the Birkhoff-Rott operator in a domain [6, 23, 34, 37, 41]

(1.3)

(x —z(a))* ' 1 '
BR(=,y)(x) = 5PV [ SZ S v(@l (@)lda+ [ VG 2(@)y (@) (@)de,
where P.V. stands for Cauchy principal value of an integral. Equation (1.3) yields the
motion of the sheet

(14) u(z;(0)) = -BR(z:(0))

with BR(z;(0)) := - ¥ ; BR(zj,y;)(2i(0)).

Significant efforts have been made in mathematical study of the theory of vortex
sheet. In the elegant paper [20], Delort proved global existence of weak solutions with
an initial L}, _ velocity and a positive measure vorticity. Later, the proof was simplified
by Majda [36]. Duchon and Robert [21] established global existence for a class of initial
data concentrated closed to a line. Existence in different setting of vortex sheet with a
distinguished sign was also obtained in [22, 42]. For vorticity without a definite sign,
only partial results on the existence are known under some additional assumptions
[35, 43, 44]. Note that uniqueness for such solutions still remains open.

On the other hand, blow up may occur in the motion of vortex sheet. Indeed,
singular formulation was conjectured by Birkhoff [6], and by Birkhoff and Fisher [7].
In [39], Moore showed the possibility that the curvature blows up in finite time even
though the initial data are analytic. Moore’s result was also supported by numerical
study [30]. Ill-posedness for vortex sheet problem in the space H® with s > % was
obtained by Caflisch and Orellana [9]. These results demonstrate that the study of
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vortex sheet is extremely delicate, and hence exact solutions, in particular relative
equilibria, are of great importance since their structures persist for long time.
Nevertheless, very few relative equilibria are known. For the vortex sheets in R,
except for circles and lines, the only nontrivial examples include: uniformly rotating
segment [4], in which the vorticity is supported on a segment of length 2a with density

y(x)=Q,Va?-x%  for x€[-a,a]

and angular velocity ,. A generalization of the rotating segment is the Protas—Sakajo
class [40], which is made out of segments rotating about a common center of rotation
with endpoints at the vertices of a regular polygon. Recently, a new class of vortex sheet
was obtained in [24] via degenerate bifurcation from rotating circles. Note that the
existence of nontrivial steady vortex sheet in R? is not apparent in view of the rigidity
results obtained in [23], where the authors showed for uniformly rotating vortex sheets
with angular velocity Q, < 0 and strength y > 0, only trivial solutions exist.

In a domain Q ¢ R?, as far as we know, there seems no nontrivial stationary vortex
sheet is known so far. The purpose of the present paper is to construct a family of
stationary vortex sheets for a domain (bounded or not), whenever the Kirchhoff-
Routh function possesses nondegenerate critical points.

For any given integer m >0, and m real numbers xi,k;,..., Ky, define the
Kirchhoff-Routh function on Q" = {x = (x1,%2,...,%m) | x; € Q,fori=1,...,m}
as follows:

m m
1.5) W (x1, %2503 Xm) = — Z rikjG(xi, %)) + Z KiH(xi, x;).
i%j i=1
It is known that the location of m-point vortices with strength «; (i =1,...,m) in

Q must be a critical point of W,, (see, e.g., [31, 32]). Results on the existence and
nondegeneracy of critical points for W,,, can be found in [2, 3]. In [25], it was proved
that if Q) is convex, then there is no critical point of W,, in Q™ withm > 2 and k; > 0
foralli=1,..., m.Letus point out that although the nondegeneracy of critical points
for the Kirchhoff-Routh functions in a general domain is not an easy issue, it is true for
most of the domains, as proved in [1, 38]. On the other hand, in [8], it was shown that
in a convex domain, W, has a unique critical point, which is also nondegenerate. In a
recent paper [12], the first author, Yan, and Yu obtained some existence and results on
the nondegeneracy of critical points of the Kirchhoff-Routh function for unbounded
domains.

Giving a nondegenerate critical point X¢ = (X0,1,...,X0,m) € Q" of W,,, for ¢
small, we will construct a branch of vortex sheets concentrated on a finite number
of closed curves I';. Moreover, each I; is the perturbation of a small circle with
radius ¢ centered at some point x, . ; € Q close to x¢,;, and the vorticity w|r,» satisfies

f02” yi(a)|zi(a)|da ~ k;. This result shows the rich diversity of stationary vortex sheet
solutions despite that the well-posedness is not fully understood.
Our main theorem is as follows.

Theorem 1.1 Let Q c R* be a domain (may be unbounded), and let r; #0 (i =
1,...,m) be mgiven numbers. Suppose thatXo = (Xo,15 - . .>Xo,m) € Q" with xo,; # xo,j,
fori # j, is an isolated critical point of W, defined by (1.5) satisfying the nondegeneracy
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condition: deg(VWp,Xo) # 0. Then, there are g9 >0 and 7o > 0, such that for all
0<e<egy and —Tg < T < Ty, there exists a stationary vortex sheet w, , possessing the
following properties:

m
(i) we,r = X, yiOr, concentrates on a finite number of closed curves I'; with strength y;.
i=1
Moreover, it holds that y; = %;?s@) and each I; is a perturbation of a small circle
with radius & and centered at some point x. ;. ; € Q satisfying |x¢ ;,; — xo,i| = O(¢).

(ii) As e — 0%, one has in the sense of measure

m
W — Z ki0(x — x9,;) weakly,
i=1
where 8(x — xo,; ) is the Dirac delta function concentrated at the point xo,;.
(iii) Foranyi=1,...,m, the interior of I; is convex.

Remark1.2 Our result does not rely on the sign of x;, which is essential in the global
existence of the initial problem as mentioned above. As we shall see in Section 5, the
parameter 7 stands for the projection on the kernel of the linearized operator, and
it slightly affects the shape of I';. More precisely, I; in Theorem 1.1 takes the form
Ti = {xe,r,i + €1+ e(fe,r,i(0) + 7£0,:(6)))(cos 0,sin 0) | 0 € [0,27)} for some f; ;,;
depending on ¢ and 7 and some fixed fo,; in the kernel.

Remark 1.3 For simplicity, all the scales of T; (i =1,...,m) are chosen to be of
the same order. However, this is not necessary, and one may construct vortex sheet
concentrated on I; with the scale of ¢; (i = 1,. .., m) different from each other.

Remark 1.4 Fixing 7 € (-7p, 7p) in Theorem 1.1, say 7 = 0, we obtain a family of
solutions with vortex sheet w, parameterized only by ¢, which is of special interest
since it is closely related to the classical problem: regularization of point vortices
for the Euler equation. This means justifying the weak formulation for point vortex
solutions of the incompressible Euler equations by approximating these solutions with
more regular solutions. In fact, the vortex sheets obtained in Theorem 1.1 belong to
the space H™!(Q), whereas the point vortices solution belongs to H™'~?(Q) for any
o > 0, which is more singular than a vortex sheet. Thus, our result can be regarded as a
desingularization of point vortices by vortex sheet in some way. For more literature on
the desingularization problem, we refer to [10, 11,17, 28, 33] and the references therein.

Next, we shall sketch the basic ideas used to prove the main result. Thanks to
Lemma 2.1 in [23], we are able to formulate the conditions that the Birkhoff-Rott
integral (1.3) satisfies for a stationary vortex sheet into a system of 2m coupled
integrodifferential equations F; (¢, x, f,g) =0 and F;»(¢e,x, f,2) =0,i=1,...,m.
We expect that the case (¢, x, f,g) = (0,%0,0,0) corresponds to the point vortices
and hence (0,x%¢,0,0) is a solution to F;; =0 and F;, = 0 provided that x, is a
critical point of W,,. Therefore, the first step is to extend F;; and JF;, such that
€ < 0 is allowed. Then, one can verify that F;;(0,%p,0,0) = F; ,(0,%9,0,0) = 0 does
hold when x, is a critical point of W,,, and hence we obtain a trivial solution.
To apply the implicit function theorem at the solution (0,%p,0,0), the Gateaux
derivative of F:= (F1,1,F1,2,-->»Fm1> Fm,2) should be an isomorphism, which
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unfortunately fails. Detailed calculations show that DJF has a 2m-dimensional ker-
nel [17,{(acos(8) +bsin(0),rx;(acos(0) +bsin(6))) | (a,b) e R*}. Hence, we
have to consider the equations in quotient spaces and impose the conditions
—ki [ Fiasin(0)d0 = [ Fi,cos(0)d0 and k; [ Fiycos(0)dO = [ F;,sin(0)d6 for
all i =1,..., m. Although these conditions seem to be complicated, we successfully
convert them into a concise equation VW,,(x) = O(¢), which is solvable near x,
due to the nondegeneracy of VW, at x,. Finally, we can apply the implicit function
theorem to obtain the existence. The convexity of the interior of I; follows from cal-
culating the curvature directly. We point out that our procedure of proving Theorem
1.1 borrows the idea of Lyapunov-Schmidt reduction and local bifurcation theory.

The ideas and methods introduced in the present paper may be widely applied
to a variety of situations and other models. For example, one may consider an ideal
fluid with an irrotational background flow 1y = V', where v, is a given harmonic
function. In this case, the Kirchhoff-Routh function is given by (see [12])

m m m
Wm,‘l’o (X],Xz, . ,Xm) =- ZKZ,’KZjG(X,’,Xj) + Z/QIZ-H(X,',X,') + ZZRiWO(Xi).
i=1

i) i=1

Although W,,, , is slightly different from W,, given by (1.5), we believe that our
method can be modified to construct vortex sheets near critical points of W,, y, in this
situation. In addition, for domains with some symmetry properties, such as the unit
disk or the half-space, one may modify our method by considering in function spaces
with certain symmetries to construct solutions with vortex sheets near degenerate
critical points of the Kirchhoff-Routh function.

We would like to make a brief remark on the approach of constructing vortex
patches via the contour dynamics equation, which shares a similar spirit as the
construction of vortex sheet we consider in the present paper. Many celebrated
contributions have been made with the contour dynamics equation method in recent
years (see, e.g., [13-16, 18, 19, 26-29] and the references therein). However, since a
vortex patch is actually a bounded function, the contour dynamics equation is more
regular than the equations of a vortex sheet. Hence, more effort is needed in the process
of our proof.

This paper is organized as follows. In Section 2, we derive the equations that the
Birkhoft-Rott integral satisfies for a stationary vortex sheet and define the function
spaces which will be used later. In Section 3, we extend the functionals and show their
C' regularity. Section 4 is devoted to study the linearization operators, where we prove
that the derivative is an isomorphism in quotient spaces. In Section 5, we choose x
properly such that the range of our functional belongs to the quotient spaces and apply
the implicit function theorem to prove Theorem 1.1.

2 Formulation and functional setting

Since w is a stationary sheet, using Lemma 2.1 in [23], we derive the following
equations that the BR equation (1.4) and y; satisfy.

(2.1) BR(zi(8)) -n(z:(0)) =0,
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where n(z;(0)) is the unit normal vector of I; at z;(6), and

yi(0)
2(6)] ©

where s(z;(6)) is the unit tangential vector. Note that (2.2) can be rewritten as

(2.2) BR(z;(0)) -s(z:(0))

@3 (1= Po) | BR((9)) -s(z(0)) L) | <o,
|2 (6)]
where Py is the projection to the mean value defined by Pof := 0271 f(6)de.

Since xp € Q™, we can take rg > 0 sufficiently small such that Bro(xo i) c Q for all
i=1,...,m, where B,,(xo,;) is the ball with radius ry and centered at xo ;. We aim
to construct vortex sheets localized near xqy. Thus, for ¢ > 0 small, we assume that
zi(i =1,..., m) are of the following form:

z;(0) = x; + eR;(0)(cos 6, sin )
with R;(8) =1+ €f;(0), and x; € B,,(xo,;) to be chosen later. We also assume

o) = ki +egi(a)
yile) ACI

We end this section by introducing some notations and definitions that will be used
in this paper and reformulating equations (2.1) and (2.3). Denote the mean value of
integral of g on the unit circle by

][g(r)dr = ﬁfohg(f)dr

and set

0—
A(8, &) := 4sin? (Toc) , Aij = |xi = xjl%

B 0,0) = 407(0) + f(@)sn? (1% e(10) - )+ ap @)@y (5%,
B;j(0,a) =2(xi —xj) - ((cos 0,sin0) — (cosa,sina)) + 2&(x; — x;j) - (fi(6)(cos H,sin H)
—£i(8)(cos a, sin tx)) +e((1+efi(0))(cos0,sin0) — (1+ efj(a))(cos &, sin @)’

For k > 3, we will also frequently use the function spaces given in the following, whose
norms are naturally defined as norms of product spaces.

xk = {g eH* | g(8) = i“i cos(jO) +b; sin(j@)},

j=1

_ kot x| [iF A(8)<os(8)dB = £ £1(6) cos(6)db,
: {(ﬁ’ﬁ) X X‘{—m,-fﬁ(@)sin(@)d@:ffz(e)sin(e)dﬁ }
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B . —kif £1(8)sin(0)d6 = f £,(6) cos(6)do,
)= {(fnfz) e x* Xk| {Hifﬁ(e)cos(e)de:ffz(e)sin(e)de }
Xk = {(f.8) | (figi)eXs, i=1,...,m},

Y= {(f.8) | (fog)eYf i=1...,m}.

For given f=(fi,...,fw) and g=(g1,...,gm), denote §;.(t) = Kk; + egi(¢).
Then, we can reduce equations (2.1) and (2.3) to

(2.4)
0=Ti1(e,x, £, 8)

1 Ri(a)sin(0 - a) 5 ()da 1 f,.'(G)R,-(a)(l—cos(G—tx))~' da
"EP‘V’][ A6, a) + B ([, 0, a) S (04 +R,-(e)P'V‘][ A6, a) + eB(7, 6,0)  Lre()d

v f LOUEO S

Ri(8) T A(8,a)+eB(f:, 0, ) gie(@)da

+

Zje(a)da

][ (xi —xj) - (R (6)(—sinB,cos ) +ef; (0)(cos b, smﬂ))
#l R (6) Ajj+¢eBij(0,a)

gic(a)da

][ 2f1(8)Ri(0) - € f] (0)Rj(a)cos(0 —a) + eR;(0)Rj(a) sin( — &) _

#, Ri(0) Ajj+¢Bij(0,a)

_ i Rz(ne)][ VH(zi(8),zj(a)) - (Ri(6)(—sin6,cos0) + ef{ (8)(cos 0,sin 0)) ;.. (a)dax

AR
=Fin+Tin+Tin+Tiu+TFis+TFies

and

(2.5) 0=Tis:=(-P)Tis

where J; , is given by

(2.6)

Gie(a)da

8i,e(0) ef{(6)R;(a)sin(6 — a) _
s(R,-(e)2+(R;(e))2)P‘V‘][ A(0, @) + eB(f;, 0, )

i () Ri(6)Ri(a)(cos(6 - a) - 1)
e(Ri(0)? + (R}(0))?) P'V'J[ A8, a) +eB(fi, 0, a)

Fiz(ex, f,8) =

Gic(a)da

§i.:(0) Ri(0)(fi(a) - fi(6))
T s @RS 200+ 8 0,0 B4
8i:(0) (xi —x;)" - (Ri(0)(—sin 6, cos 0) + ef; (8)(cos 0, sin 0))
2w ®@yS Ay +eBy(0, ) Bela)de
£i:(0) —eR2(0) + &2 f/(8)R;(a) sin(f — &) + eR; (8)R;(a) cos(6 — ) _
+§;R,—(9)2+(R;(6))2 : Ay +eBy(0,a) ’ gie(a)da
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& 278, (0) L . ’ .
Z W][ V' H(zi(0),zj(a))-[Ri(0)(—sinb,cos0) + ef; (6)(cos 0, sin 0)]

X gi,s(a)d«x =T+ Fim+ Fioa + Fipa+ Fias + Fie.

3 Extension and regularity of functionals

To apply the implicit function theorem at & = 0, we need to extend the functions F; ;
and F; , defined in Section 2 to & < 0 and check the C' regularity.

Let us first show the continuity of these functionals. Letting V be the unit ball
centered at origin in (X**! x X*)" and B,, (xy) be the ball centered at xo in Q" with
radius ry, we have the following proposition.

Proposition 3.1 The functionals F; and F;, can be extended from (&g, €p) %
B,,(x0) x V to X* x X* as continuous functionals.

Proof Throughout the proof, we will frequently use the following Taylor’s
formula:

1 1 1 B

31 L L5y
(3. A<} A ) (arepyr

Let us consider J; ; first. We need to prove that a’:ﬂ,l eL*forl=0,1,...,k. For the
first term

Fin 7PV][ (1+¢fi(a))sin(0 — a)

A(B,a) +eB(f;,0,a) (ki +egi(a))da,

since R;(x) =1+ ¢f;(x), the possible singularity caused by ¢ = 0 may occur only
when we take zeroth-order derivative of F; ;. Thus, we first show that F; ;; € L%, We
decompose the kernel into two parts

(3.2)
1 1 1

A(0,0) + <B(fi, 0,0)  4sin? (552) T+ 2¢i(6) + e2(fi(0)* + f/(0)%)

+ fKR,

1 1 1
A(B.a)+eB(f00)  dsin?(5%) 1426/ (0)+e2(/:(0)2+1/(0)2)

where Kp := is more regular

than T Indeed, by using (3.1), we calculate
sin (6 — a) Kg
~ sin (6 - «) _sin(0-a) 1
A8, a) +eB(fi, 0, a) 4sin2(9‘T"‘) 1+2¢ef;(0) + €2(£i(0)2 + f1(6)?)
sin (0 — «)

T 1+26£(0) + 2(f:(0)2 + £1(6)2)
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(1+2£f,(9)+e (fi(0)* + f1(6)%)) 4sin* (%5%) - A(6, &) — eB(f;, 0, )
4 sin’ (9 9-2) (A(6, a) + eB(fi,0,a))

esin (0 — «)

T 1+2¢f:(0) + €2(f;(0)2 + £1(0)?)

£1(8) = (o) + efi(8) ((0) - fila)) + £ M I QORI
§ A(6,a) + eB(fi,0,a)

((ﬁ(e) fil@)sin(0-a) | o(s)),

4sin? (9 "‘)

where the constant in O(¢) depends on || f|| w2~ < C| f| . This implies

[sin (0 — a) Kg| < Ce.

Then, it is easy to see that
1
;][ Krsin(0 - a)(1+efi(a)) (ki + egi(a))da

_ [ (+efi(a)) (ki +egi(a))(fi(0) - fi(a))sin (6 — a)
_J[ 4sin2(9;2“) +0(¢)

:][ ki(fi(0) - fi(a))sin (6 - )

4 sin? (G_T“)

+ S:Rul

—PV][ Kifi( oc)sm(@ o)

+ &R,
4sin® )

where Ry is regular and bounded Hence, to prove J;; € L%, we only need to

. in(0
estimate the rest term 1+28f,(9)+52(f,(0)2+f’(0) 3 lpvf 4;“(2(9"‘2) (A +efi(a))(ri+

egi(a))da. By the odd symmetry and (3.1), we have

1 1 sin(6 — «)
1+ 2¢£(0) + e2(f:(0)2 + £1(6)2) EP'V][ W(l”ﬁ(“”(“’ +egila))da

~ 1 sm(@ o)
TR GO 7O e (5 ) ) )

-p. V][ (’fzfx(vc)+g,(oc))sm(9 a)

da + 89%112.
4sin® "‘)

Using the expansion f;(a)=f;(0)+ O(|sin(9‘T"‘) ) and gi(a)=g(0)+
O(|sin(0‘—"‘) ), then we find

(kifi(e) + gi(a))sin(6 - oc) sin(6 — «) 0-« B
PV][ 4sin? 9“) ][4sm( )O(| ( 2 ))d(x—O(l),
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where we have used the fact Siin(Lo‘)O(sin (52))

s (57)

PV f Cahi(e)ai(a)) sin(0-a)

4sin2(5’T"‘)

< C. Therefore, it holds that

da belongs to L and hence belongs to L. Moreover,

Ri1z is regular and bounded. We conclude that J; 1; € L*°. Furthermore, it holds

(3.3)

Fin = ! lp.v][ Sm(e"‘))(uef(a))(m +egi(a))da

1+2¢efi(0) + 2(fi(0)2 + f1(60)?) ¢ 2(8
+ 1&][ Krsin(0 — a)(1+efi(a)) (ki + egi(a))da

- P. v][ g’(“))sm(@ "‘)da + eRu,

4 sin?

where Ry; = Ripp + Riyp is regular and bounded.

Next, we prove that okF i1 € L%. To simplify notation, we rewrite J; 1; as follows

by changing the variable « to 6 — a:

Fin: PV][A((1+£ﬁ(0 @))sin(a) (ki +egi(0 - a))da

0,0 -a)+eB(fi,0,0-a)

Taking kth derivatives of F; ;;, we see that the most singular term is

P.V.][ 036 — o) sin(a) (ki +egi(0—a))da

A(0,0 —a) +eB(fi,0,0 —a)

(1+efi(0 - a))sin(a) k
wpvf 26,0 —a) + eB(f1,0,0 —a)° Si(0 - e

—PV][ (I+efi(0—a))(ri+egi(0—a))sin(a)
B (A(6,0 — a) +€B(fi,0,0 — a))?

+26(fi(6) ~ fi(8 — a)) (3" £i(8) ~ 9 £i(6 — )

+4e(9* £1(0) £ (6 - a) + fi(0)0* £i(0 - a)) sin’? (e;a)] aa

=: Il+12 +I3.

We first deal with I;. By the splitting of the kernel (3.2), we derive

0" f:(6 — a) sin(a)
h= PV][A(GG a) +eB(f;,0,0 - a)

(ki+egi(0—a))da

:P.V][ Aakfi(oc)sin(e—oc)

(0,a) +eB(fi, 0, a) (ri + egi(a))da
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_ 1 P.Vj[ oF fi(a) (ki +egi(a))sin(0 — a)
[+ 26/,(0) + 2(H(0) + 71(6)%) som? (Z2)
+ P.V][ Krsin(0 - a)d* fi(a)(k; +egi(a))da.
Noting that |Xg sin(0 — «)| < Ce, we have
HP-V][ K sin(6 — a)d* fi(a) (ki + egi(a))dalrz < C|lfills (1+ [ ] z2)
is bounded. Since P.V .f 9 fule) (riegi(@)) sin(0=a) ¢ 41 Hilbert transformation of the

4sin?(%2)
function o f; (&) (k; + £gi(&)), we have

. V][ % fi(a) (ki + egi(a)) sin(6 — a)

4sm2 9= “)

< 0" fi(er) (i + egi(@)) 12 < Cll fllame (1 + [IglI12).-

L2

Similarly, one can check that ||I||zz < C(1+||f]|z2)||gl| gx-
To estimate I3, we split the kernel as follows:
4sin® ( 3 ) 1 1

(A(6,0-a)+eB(f0,0- )  asin? (2) (1+26/(8) = 2L (07 + [{(O)D)F

where K satisfies |Kg sin «| < C. Since convolution with the kernel 4;::;&"5) defines
2

the Hilbert transformation, we find that

(1+&fi(6 —a)) (ki +egi(6 — a)) sin(a)
(A(0,0 — ) +eB(f1,0,0 - a))?

P.V.

sin? (55) (G44:(6) + 3 £,(0 - )@ F(0) /(6 - @) + (00" £i(0 - 0))) da

belongs to L* due to the L* boundedness of Hilbert transformation and the regularity
of K. For the remaining term in I3

(1+efi(0—a)) (ki +egi(0—a))sin(a)
(A(0,0 — «) + ¢B(fi,0,0 - a))?

2P.V. (fi(0) - £i(6 - a)) (3" £:(0) — 0" £i(6 - @) )da,

we decompose the kernel

(1+efi(6—a))(ki+egi(6—a))sin(a)
(A(6,0 —a) +eB(fi,0,0—a))?

() (0 - @y = LRV G ONIO) g
sin® (3)
where K satisfies [ sin a| < C. Then, we deduce
(1+efi(0 - a)) (ki +egi(6 - a))sin(a)
(A(6,0 - a) +&B(f;,0,0 - a))?

0" £i(8) —0*fi(6 - ) da
4sin? (%)

P.V. (fi(8) = £i(8 — ) (3£ (8) ~ 9 £i(6 — &) )dax

= (1+£i(0)) (wi + g () f (O)P.V-f
+ p.vf Hr(3%£i(8) - 3£ (6 - a))da

= (1+£i(0)) (i + g (8))£/(8) (-8)F (1)) (0) + .V Kn(3*£i(8) - 9*fi(6 - ) da.
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By Fourier transformation and the Hardy inequality, we obtain

1(=4)2 (" fi)llz> < 199" filliz < [|fill e

and

H][ Kr(3*£1(0) - 3 £(0 - a))da

LS [V fillez < 1fillren-

Consequently, we have 0%F; 11 € L? and hence F; ; € HF.
Now, we turn to the second term

1 £ (0)(A+efi(a))(1-cos(6 - a))
Finz = 17 ef,-(e)P‘VJ[ A(6, ) + ¢B(f,, 0, )

(ki +egi(a))da.

Since |1 - cos(6 — «)| = sin* (9;—“), the kernel of this term is actually regular and
bounded. Therefore, it is easy to see that F; 1, € H k Moreover, by (3.1), we find

~ 1 () +efi(a))(1-cos(6-a))
Fiz = 1+eﬁ(e)P'V][ A(0, ) + ¢B(f, 0, )

~ ki fi (0) (1= cos(6 - a))
—PV][ A(G,(x) d(X+£Rlz

(ki +egi(a))da

(34) = %f,’(e) + &Rz,

where Ry, is smooth and we have used the identity 1 - cos(6 — «) = 2sin? (9;—"‘) =
A(6,a)

2
For J; 13, taking kth derivatives of JF; 13, we see that the most singular terms are

"1 £,(0) fi(8)=fi(a)
1+efi(0) P'V'J[ m(ﬁi +£g,-(06))d0(

efi (8 3 £;(8)-9" fi(6-
+1+{ff(3)P-V-f A(e,g—(a))ﬂB{ff,e,gza) (i + €gf(9 -a))da

&£/ (6) (fi(0)—fi(0-a)) 0¥ g: (6-a)
+l+sf,»(9)P‘V‘J[ A(G,G—a)+sB(f,~,ég,9—a) da

fi (6) p V)[ (fi(8)=fi(6-a))(rit+egi(6-a)) [4(akf(9) " akf(e _ “)) sin2 (M)
V. i i >

T 1+ef;(0) (A(0,6-a)+eB(f;,0,0-a))?
+2¢(fi(0) - fi(6 — a)) (9" fi(0) ~ 9 £i(6 — @)
+4e(0* £:(0) (0 - &) + £:(6)0F £i(6 — )) sin® (552) ] da
=h+L+]3+]s

Since P.V.f %(m +egi(a))da € L%, by Taylor’s expansion of f;(«) at
a = 0, we know that the first term J; is bounded in L%. To deal with J,, we split the

kernel

ki +¢egi(0—a) ki +egi(0) e
A(8,0 —a) +eB(f;,0,0-a) 4sin2(%) R
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where |Kg sin 5| < C. Therefore, we conclude

) [P 2 (0-a)
1+¢fi(0) A(0,0 —a) +eB(f;,0,0 - a)

_ fi(0) (ki + £gi(0)) 9*fi(0) - akfz( @)
N 1+€f,~(9) P V][ 4 sin? ) da

ef{ ()
1+s_ﬂ(6)

IHOICEE Q) Ry

- mfi(g) (-0} @£)(®)
IHC
"1 ef(0)

By Fourier transformation and Hardy inequality, we obtain

1(=2)7 (8 fi)llz < [[VO* fillie < IIfill e

(ki+egi(0—a))da

PV][fKR(akf,(G) 3 f,(6 - a))da

PV][UCR(a"f,(H) o £.(0 - a))da.

and

W Kn(2"(6) - 0*fi(0 - a))ds| < |79 flls < [fller

We can show that the remaining terms J3 and J4 are bounded in L? similarly. Moreover,
it can be seen that

(3.5)

o1 efi (0)(£i(6) - fi(a))
Finz= P.V.
1+¢f;(0) A(6,a) +eB(fi,0,a)
where Ry3 is regular.
Since H(x, y) is smooth in Q, the terms JF; 14, F; 15, and F; 16 are apparently
smooth and belong to H k Furthermore, we have

(ki +egi(a))da = eRy3,

(3.6)
Fiu+Tis+Tie

=Yiuf (i "‘;) (_XS"“ZQ <0s0) go — Y 2nf kjVH(xi, xj) - (=sin 6, cos 0)da + eRia
e
= ¥z 2nf £jVG(xi,x;) - (= sin 0, cos 0)da
—2nf ki VH(xi,x;) - (—sin 0, cos 0)da + eRy4,

where R4 is bounded and smooth.
By (3.3)-(3.6), we conclude

(3.7)

Fia(e,x, f,g) =P.V.f %d(x + 5L f(0) + X4 27KV G (xi, %) - (= sin 6, cos 0)

—2nkiVH(xi,xi) - (—sin 6, cos 0) + eRy,
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where Ry := Ryy + Ryz + Ry3 + Ryy is regular. Hence, we can define

3.8)
Fi1(0,x, f,g) =P.V.f %d(x + 5 f(0) + X4 21k VG (xi, x5) - (= sin 6, cos 0)
-2nk;VH(xi,x;) - (—sin 6, cos ).

Next, we prove the continuity of F; ;. By (3.7) and the definition of F;,(0,x, f, g),
one can easily check that J;; is continuous with respect to ¢ at ¢ = 0. Thus, we only
need to prove that J; ; is continuous with respect to ¢ for ¢ # 0. However, it is easy to
see that the continuity of F; ; with respect to ¢ is a consequence of its continuity with
respect to f and g when ¢ # 0, on which we will focus below.

We only prove the continuity of J; ;; with respect to f; and g;, and the continuity
of other terms in J;; can be proved by a similar or even easier way. We will use
the following notations: for a general function h, we denote Ah = h(6) — h(a), h=
h(0), h=nh(a),and

D(h) = 2 (Ah)? + 4(1 + eh) (1 + £h) sin® (G_T“) .

To show the continuity of J; ;; with respect to f;, let (fi,g), (f2,g) € X¥. Then, we
can calculate the difference

Fin(e, for ) ~ Fri (e fiog) = P.V.f LLIELDIE (10 gg(a))da
+1P.V f(1+efi(a))(r+eg(a))sin(f - a) (D(lfz D(fl )d(X (K + K.

: 1 . . 1 e
For the first term K}, since 505 has the same singularity as () itis easy to prove

|K1| gx < C|fi = fallgrn by the technique we have used before. For the second term
K, since

LI
D(f2) D(f)

_2((AR)° - (Af)7) +4e((fhi - )+ efo) + (hi - H)(1+ &) sin (557)
D(f1)D(f2)

:88(Af1+Afz)(Aﬁ—Afz)+4((ﬁ—fz)(1+€fz)+(f1 f)(1+efi))sin® (557)
D(f1)D(f2) ’

D(f) is also of the order O (T(“))’ the

it holds that the singularity of 4 ( )

same as the kernel in J; y; itself. Therefore, using argument similar to the above, we can
prove that | Kz||gx < C| f2 = fi]| g+1, which shows the continuity of F; ;; with respect
to f;. Notice that JF; 1; is linear with respect to g;. Then, the continuity of F; ;; with
respect to ¢ can be obtained by argument similar to the proof of boundedness of F; 13
in HF.

We have shown that the conclusion of Proposition 3.1 holds true for F; ;. The fact
that J; , is well defined and continuous can be verified in a similar way. Attention
should be paid to the fact that the projection operator I — P, eliminates all constant
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terms in F i,2>» which also removes singularity in F; . By (3.1), we obtain

Fia (ke f18) = K2 (6) 2PV SO - 40
(3.9) =24 2nkik VG (x;, %) - (= sin 6, cos 0)
+27kIVEH(x;,x;) - (—sin 0, cos 0) + eR,,
where R, is smooth. Thus, we define

F1.2(0.% £,8)(6) = w1 f,(6) ~ IP.V.f JOE da— ey 257
(3.10) =Y 2Kk VG (xi, x5) - (= sin 6, cos 0)
+2mk?VEH (x;, x;) - (- sin 6, cos 6). u
Our next proposition concerns the C! regularity.

Proposition 3.2 The Gateaux derivatives 8( f,g)?i,l and 8( f,g)?i,z exist and are
continuous.

Proof We first prove that the derivative of J; ;; with respect to f; exists and is as
follows:

(3.11) 9r,Finh=Fh, YheX",
where Fh is given by
(3.12)

_ h(a)sin(6 - «)
Ph=PYf G s e

(1+efi(a)) (ki +egi(a))sin(f — a) 20—«
_P.V.][ (A6, @) + eB(f;, 0, a))? [4(h(0)+h(0¢))s1n ( 5 )

(ki +egi(a))da

#26(/1(6) = fi(@)(h(6) - (@) +4e (h(6)fi (@) + h(@)fi (@) s (15| de
To prove (3.11), one needs to verify

Finle fi+th,gi) - Finle fi, gi)

(3.13) lim ;

t—0

—Fh =0.

Hk

Using the notations given in the proof of Proposition 3.1, we deduce

Fiul(e fi +th,gi) - Fiule fi, gi)

. _Fh
= ti&][(1+sf,-(tx))(m +egi(a))sin(0 - )
x : — +t282AﬁAh+4£((l+£ﬁ')h+(1+€fi(¢x))l~l)sin2(%)
D(fi +th) - D(f:) D)

1 1 d
D(fi + th) D(ﬁ)) Y

+][ h(a)(ki +egi(a))sin(6 - a) (

= F + F,.
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By the mean value theorem, we find

1 B 1 -0 te
D(fi+th) D(fi)  \4sin?(32) )

1 1 262Af; Ah + 4(eRh + ehR) sin?(332) ~ ( t2e? )

- +t 2
D(fi +th) D(fi) D(fi)? 4sin’ (52
which means that the kernels in F; and F, are of the same order as the kernel in &F; ;;.
Therefore, by argument similar to Proposition 3.1, we have

| Full e + [ B2l e < Ctl[ B i

Letting t — 0, we obtain (3.13) and hence obtain the existence of Gateaux derivative
of 1. To prove the continuity of df,J; 11 (e, fi, gi)h, one just needs to verify by
definition. Since there is no other new idea than the proof of continuity for J; ;;, we
omit it therefore. The existence and continuity of Gateaux derivatives of other terms
in J;; and J; ; can be obtained via similar argument, which we leave out here. Noting
that J; ; is linearly dependent on g and J; ; is quadratically dependent on g, it is much
easier to compute their Gateaux derivatives with respect to g, so we leave them to our
reader. For readers’ convenience, we also write down the derivatives of F; ; and JF; ,
in the following form directly without proof here.

Recall the definitions §; . (t) = #; + £gi(t), Ri(t) = 1+ &f;(t). For any h; € X*+!
and h, € X*, we have

(3.14)

1 (a) sin(0— -
0,Fi1(e,x, f, ) =P.V.f mgi,g(a)da

i in(6— - . _
PV oSt Gie (@) [4(hi () + hu(a)) sin? (45%)

+26(£3(6) = £i(@)) (n(8) — In(«)) + 4 (i (8) fi(@) + ha () £i(6) ) sin? (%52 ] da
e (0) PV][ fi’(G)R,-(a)(lfcos(Gfa)) ~i’s(0£)d(x

R (6)? A(0,2)+¢B(fi.0,0) S
1 (B[ (0)R; (a)+ef](0)h;(a)) (1-cos(0-a)) .
+R,-(9)P'V'J£ l A(0,0)1<B(f,.0,0) Sie(a)da

1 £ (8)R;(«) g, (a) (1—cos(6-ax)) . 0—a
_R,.(e)P'V'JL (A0 a) eB (f0.0))7 [4(h1(9)+h1(¢x))sm2(T)

+2e(fi(0) — fi(a))(m(0) — m(a)) +4e (h(0) fi(a) + h(a)fi (6)) sin? (9?“)] da
_ehy(0) P.V.f ef{(0)(fi(0)-fi(a)) 1o (o) dax

Ri(0)? A(6,0)+<B(f;,0,a) &
1 e(h (8) (fi(0)—fi(2))+£/(8) (M (8)~hi(a))) .
+Ri(9)P'V‘J[ A(0,0)+B(f;.0,a) Gie(a)da
1

ef[(0) (fi(8)—fi(@)) e (@) . 0—a
TR f (A(0,2)+£B(f,,0,0))? [4(h1(9)+h1(“))51n2(7)

+26(fi(0) — fi(@)) (h(0) — hi(a)) +4& (h(6) fi(a) + hi(a) £i(0)) sin? (452) ] da
+0(e),

(3.15) 8fj9’,-,1(s,x,f,g)h1 = 0(e),
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(3.16)
i(a)sin(6—a
9 Fin (&%, f,g)hy = P.V f 7SO <hy (a)da
e fi(8)R;(a)(1~cos(8-a)) € ef{ (8)(fi(8)—fi(«))
+R,-(9)P’V'][ A(0,0)+¢B([5.0,%) ha(a)da + Ri(0) PV.f A(G,a)+eB(fi.0,a) ha(a)da

—Rzi’g;)f VH(zi(0),zi(«)) - (Ri(0)(~sin6,cos 0) + ef (6)(cos 6,sin 0) ) hz(a)da,

(3.17)
agjfr"i,l(e,x, f8)h

__¢ (xi = xj) - [Ri(6)(—sinB,cos 0) + &f; (0)(cos 6,sin 0)]
= R,—(G)J[ Ai; +eBij (0, ) hy(a)da

£ Ef/(0)Ri(0) — 2 f/ ()R;(a) cos(0 — &) + eR; (6)R;(a) sin(0 — &)
' Ri(e)][ Aji; +€Bi;(0, ) : ha(a)da

- %][ VH(zi(0),zj(«)) - [Ri(8)(=sin B, cos 8) + ef; (8)(cos 6, sin 0) [ h2(a)dax

= 0(e),

(3.18)
afﬁ”i,z(s,& f,8)h

B 28i,(0)(Ri(0)m(0) + ef/ (0)h{(8)) ef/ (0)Ri(a)sin(0 — ) .
SR @y YT A a0

8ie(9) (hi(0)Ri(a) +eff (B)m(a))sin(6 - ) .
F R0+ RO A(6, ) +¢B(fi. 6, a) Bie(a)de

&ie(6) f{(0)R;i(a)gi,e(a) sin(6 — o) 20—«
_Ri(0)2+(R$(0))2P'VJ[ (A6, a) + eB(fi, 6,0))? [4(h1(9)+h1(“))sm( 2 )

+26(fi(0) = fi(@)) (1 () = ha(a)) + 4e (1 (6) fi () + I () fi(6)) sin® (9%)] e

28i,e(0) (Ri(0) 11 (0) + &£/ (6)hi(0)) Ri(0)R;(a)(cos(6 —a) - 1) _
e worr PV T e e @

8ie(0) (m(0)R;(a) + R; (6)hy (a)) (cos(6 — &) 1) _
Ri(0)* + (RQ(G))ZP'Vf A(6, &) + eB(fi, 6, ) gie(@)da

B §i,:(0) P.Vj[ Ri(0)R;(a)gi,e(a)(cos(6 — ) 1)
e(R;i(0)2 + (Ri(0))?) (A(6, ) + eB(fi,0,a))?

-

x [4(h1(9) + h1(a)) sin” ( 6 5

)+zs<ﬁ<e> () (1 (0) — ha(a))

+4e (h1(0) fi(a) + by (&) f;(0)) sin? ( ] ; « )] da
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28,6 (0) (Ri(0)m (6) +ef{ (6)h1 (6)) Ri(0)(fi(«) - £i(6)) ,
) (Ri(0)2 + (R;(6))2)? rvf A0, a) + cB(Js, 0, @) S (4

8i,.:(9) ehi(0) (fi(a) — fi(0)) + Ri(0) (ha(a) — m(6)) .
WRV][ A6, a) + ¢B(fi, 0. ) 8ue(a)da

8ie(9) P V][ Ri(0)(fi(«) - £i(0))i,c(«)

L (0-«a
TR RO T T (A0w) ¢ eB(f0.0))? [ e e (75°)

+26(fi(8) = £(a)) (i (8) = (@) + e (ha(0) fi(«) + () fs(6)) sin? (GT)] o

+0(e),

(319) afjff,-,z(s,x,f,g)hl = 0(8),

(3.20)
dg, Fia(ex, £, 8)hs

B h2(6) ef; (0)Ri(a)sin(6 - a) _
“ 5o @@ T aGe) s B gy (e

Bul0) __p [ BOR 06— )

Y R@2+ (R0 T A «) + B B w) 24

h2(6) Ri(0)R;i(a)(cos(6—a)—1) _
RO+ (R'(e))zP'V'][ A(0,0) + eB(f1, 0,y See(@)de

8i,e(0) R;(0)R;(a)(cos(8 —a) 1)
- R,v(0)2+(R§(0))2P'V'][ A(6, @) + ¢B(J;, 0, @)

hy(a)da

ehy(6) PV Ri(0)(fi(a) - £i(0)) .

YRy = (02T A6, a) + B 0, a) S (P9
egi,e(6) Ri(6)(fi(a) - fi(6))
YR + (R T A8 a) + B 0, 0) (D9
eh,(0) (xi,e —xje)*t - [Ri(O)(—sin 6,cos 0) + ef; (0)(cos 6, sin 0)] B
+§ Ri(9)2+(R;(9))2][ A +eBy(6, ) gie(o)da
ehy(0) —¢R}(0) + " f] (6)R;(a) sin(6 — a) + eRi ()R, (a) cos (6 — ) Dda
+§;R,-(0)2+(R;(9))2][ As + By (6, ) gie(e)d

_ ]mgl #@9))2][ V' H(zi(0),zj(a)) - (Ri(0)(-sin0,cos 0) + ef; (6)(cos §,sin 0))

x gje(a)da

- #{éfggg))ﬂ[ V' H(zi(0),zi(a)) - (Ri(8)(~sin 6, cos 0) + ef; (8)(cos 0, sin ) hy(a)da,
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and

(3.21)

0, Fiz(ex, f, g)ha
egic(0) {)f (x; x]) R (6)(—sin 6,cos 8)+&f; (0)(cos 6, smG) hz((X)dO(

= Ri(0)*+(R[(9))? Ayj+eBi;(0,a)

+f —eR3(0)+&” f,(9)Rj(02i:1+n£(l;9i;(a9)’:§Ri(G)Rj(a)cos(&—a)hz(a)d(x

—2nf V*H(zi(0),zj(a)) - [Ri(8)(-sin 6, cos 0) + &f; (8)(cos 6, sin 9)]h2(0¢)d0¢}
=0(e). [

4 Linearization and isomorphism

In this section, we study the linearization of the functionals defined in Section 2.
Denote F; := (Fi 1, Fiz) and F = (F1, ..., Fn).

By (3.8) and (3.10), one can check that (0,x,0,0) is a solution to F = 0 if and only
if x is a critical point of W,,,. Now, we take x, to be a critical point of W,,, and hence
(0,%0,0,0) is a solution to F = 0. We study the linearization of F at (0, xo, 0, 0).

According to (3.14)-(3.21) at the end of the proof of Proposition 3.2, when ¢ = 0
and f,g=0,foralli =1,..., m, the Gateaux derivatives are

afifr",-,l(O,x, 0, O)f = %fl(e)’
afj?i,l(O,x,0,0)f: 0, ]74 i
0¢,9:,1(0,%,0,0)g = f %r(l(ega)“)d“

9,7:1(0,%,0,0)g =0, j#i,

(41) .
07.71.2(0,%.0,0)f = w1 £(0) - w}f {Lrksyda,
aijF,')z(O,X,0,0)f =0, ]% i,

g, F1,2(0,%,0,0)g = -5 (),
9, F12(0,%,0,0)g =0 j # .
Taking (hy, hy) € X**1 x X*, where
(4.2)
hi(0) = > (ajcos(j0) + b;sin(j0)) and hy(0) = > (cjcos(j6) + d;sin(j0)),
=1 =1

we will prove that the linearization of 3; at (0, Xo, 0, 0) has the following Fourier series
form:

9£,Fi1(0,%0,0,0)hy + 9g,F,1(0,%0,0,0) hr;
D(fixgi)sti(o’x()’oyo)(h], h2) Z:( &

afigji’z(O,X0,0,0)hl + ag’.ff,‘,z(o,X0,0,0)hz
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(&j sin(j) + b; cos(j@))

(43) -y A
‘Z ¢jcos(j0) +d;sin(jO)

j=1

where

A

dj aj b; b;

A] = M] ! and A] = N] ’

&j j d; dj
with M; and N; two 2 x 2 matrices given in Lemma 4.2.

To compute M; and N, we need the following identities.

Lemma 4.1 Forall j>1and j € N*, there hold

» L P
(4.5) ][ Sini]:icr);i(n@(;; «) da = —% cos(j0),
o JEL R CRE
(4.7) ][ Wdoc - %sin(j@).

Proof Identities (4.4) and (4.6) were proved in Lemma A.8 [24]. Indeed, (4.4) can
be deduced from the identity

4sin® (G_T"‘)

where H(-) is the Hilbert transform on torus and hence H(cos(j6)) = sin(j6).
Identity (4.6) can be obtained by computing the fractional Laplacians

cos(jf) —cos(ja) , 1 1 Ay lcos )
][ P (9;20‘) da = E(_A) cos(j0) = 5 (j9).

Finally, we point out that the identities (4.5) and (4.7) can be derived by calculating
derivatives of (4.4) and (4.6), respectively. [

Now, we can prove (4.3) and find the explicit formula for M; and N;.

Lemma 4.2 'The derivative of F; at (0,%o, 0, 0) is given by (4.3) with

_ Rij 1 Kij —
2 2 2
(4.8) Mj_((Zj)n? _n) Nj_((zf)ﬁ? _ﬁ)
2 2 2 2

forany j>1.
Moreover, Dy, ¢)Fi(0,%0,0,0) is an isomorphism from Xk to YF and

D(5,6)F(0,%0,0,0) is an isomorphism from Xk to Yk,

=
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Proof Using (4.1), (4.2), and Lemma 4.1, we obtain by direct calculations

95,9 :1(0,%0,0,0)h = Z(_’;"Jaj sin(j0) + %b,- cos(je)),

j=1
94,5 :1(0,x0,0,0)hy = % S(¢; sin(j6) - d; cos(j6)),
j=1

Bf,.ff,-,z(O,xo, 0, O)hl
= K? Y21 (ajcos(jO) + bjsin(jO)) - K3 PO (%aj cos(jO) + %bj sin(j@))
=X (Maj cos(jO) + @bj sin(j@)) ,

2
and
Ki o . o
04, Fi,2(0,%9,0,0)h = - > (cjcos(jB) +d;sin(j6)).
=1

Then, one can easily check that the derivative of F; at (0, x, 0, 0) is given by (4.3) with

_Fij 1 ki _1
2 2 2 2
j= N , Nj = -
(2-j)ki ki @-ri ki
2 2 2 2

Now we are going to prove that Dy, ..yFi(0,Xo, 0, 0) is an isomorphism from X k

to Y/. Recall the definition of X¥ and Y} given at the end of Section 2. From the
. —ki2 1)2 Kkif2  -1)2

above calculations, one has M; = ( W22 —/i,'/Z) and N; = (n?/2 —ni/2)’ then
it is obvious that D, ..)F:(0,Xo,0,0) maps X} to Y. Hence, only the invertibility
needs to be considered. L

For j>2, det(M;) = —det(N;) = w > 0 which implies that M; and N; are
invertible, and their inverse are given by

-1 -1
o | sG-D 0 wEG-D .
(4.9) Mt =", S vize
Jj-1 #i (j-1)
and
1 _ -1
o | sG-D 0 wsEGED .
(4.10) N =1 S vz
j-1 #i (j-1)

Thus, for any (u,v) € Y} with

u=Yy pjsin(jf) + q;jcos(j0) and

=

v =—k;picos(0) + kiq sin(0) + > rjcos(jO) + s;sin(jh),

j=2
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we can write Dy, ..yF:(0,%0,0,0) ™" (u,v) as

D(fi»gi)‘rfi(oaXO: 0, 0)_1(14, V)

—Pcos(0) + 2 sin(6) pj
- p1cos(0) — gy sin(0) rj

J

Tj L] Sj Sj

From (4.9) and (4.10), we have the asymptotic behavior: p; = O(j ™ (|p;| + |rj])), 7j =
O(lpjl +1ril)»3; = 0(i " (Iq;] +|s;])) and §; = O(|q;| + |s;|) as j - +o0, which implies
that D/, ,,)F:(0,%,0,0) " (u,v) does belong to X¥.

Noticing that by (4.1), we have 8fjffi,1(0,xo,0,0)h1, 9¢,7:,1(0,%0,0,0)hz,
95,9,2(0,%0,0,0)hy, and 9g,F; (0,%0,0,0)h, = 0, j # i. Therefore, we find

+iM;‘(

j=2

) cos(jO) + Nj_1 (q]) sin(j0).

Sj

Denote

D(5,6)F(0,%0,0,0) = diag (D f;,,)F1(0,%0,0,0), ..., D, g0y Fm (0, %0,0,0)) ,

and hence D y,4)F(0,Xo, 0,0) is an isomorphism from X* to Y*.
The proof of is thus completed. [ ]

5 Existence of vortex sheets

In this section, inspired by the classical Crandall-Rabinowitz theorem on bifurcation
theory, we use the implicit function theorem to obtain a branch of solutions for
arbitrarily fixed small .

From the previous sections, we know that (0, x¢,0, 0) is a solution to F = 0 if and
only if xo is a critical point of W,,. Moreover, D, ¢)F(0, %, 0,0) is an isomorphism
from X* to Y¥. It can be seen from Lemma 4.2 that the kernel of D(f,g)&"(O, X0,0,0)
in (X5 % X%)" is

ﬁ{(a cos(0) + bsin(0), k;(acos(0) + bsin(0))) | (a,b) e R*}.

We take arbitrary nontrivial ( f, g,) € X¢ and define the following new functional:

(5.1) Fen,x, f,8) =F(e.x, f+1f,, g+ T8,)-

To apply the implicit function theorem, we need to make sure that F maps a suitable
subset of X* into Y*. This aim will be achieved by choosing x properly. Indeed, letting
Vii={(f,g) e X¥| Y fillen + llgille) <1} < X* be the unit ball, we have the
following key proposition.

Proposition 5.1 The condition that F maps (—&g, &9) x (=11, 71) x By, (Xo) x V; into
Yk is equivalent to a system of 2m equations of the form

(5.2) VW (x) = O, (e),
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where 11 is any fixed small positive number and O, (&) means a vector that is of the
order € up to a constant depending on T;.

Proof For arbitrary i =1,...,m, we take (f, g) € Vi with

£:(6) = Y-(aj cos(j6) + by sin(j6)),
j=1

gi(0) = —k;a; cos(0) — k;bysin(0) + i(cj cos(j0) +d;sin(jO)).

=2
By the definition of Y, in order to make F (e, 7, %, f, g) = F(e,X, f + 1f,, g + 7g,) €
Yk, we need to ensure that the following equations hold true:

(5.3)
- m][ Fia(ex, f+1fy g+ 18,)sin(6)d0o :][ Fia(e,x, f+1fy g+ 18,) cos(8)do,

/-c,-][ Firle,x, f+1fy g+ 18,) cos(8)do :][ Fiz(ex, f+1f, g+ 18,)sin(6)d0,
where i =1,...,m. By (3.7), (3.9), and calculations in Lemmas 4.1 and 4.2, we obtain

(5.4)
fFialex f+1fy,g+18y)sin(0)d0 = —kja; — X 4; 210y, G (x4, X;)
+271K;0x, H(xi,x;) + ef Rysin(0)d0,
(5.5)
fTin(ex, f+1fy 8 +18y)cos(0)d0 = kiby + ¥4 21k 0, , G (xi, X))
—27K;0x,, H(xi, x;) + ef Ry cos(0)d0,
(5.6)
fFia(ex, f+1fyg+718,)sin(0)do = kib; — ¥ jpi 27k 0y, , G (X4, X ;)
+27K} 0y, H(xi, x;) + ef Ry sin(0)d0,
and

(5.7)
fFiz2(ex, f+7f, 8 +718,)cos(0)d0 = kia; - Y j4i 2K iKjOx,, G (%1, x;)
+27K70x, H(x;, x;) + ef R, cos(60)d0.

Then, by the above equations (5.4)-(5.7), we conclude that (5.3) is equivalent to the
following equations:

(5.8)

3 Kikj0x,, G(xi X)) — K70x,, H(xi, x;) = 4i (J[ R, cos(0)do + ni][ Ry sin(@)d@)
it 4
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and
(5.9)
3 KikjOx,,G(x1, %) — K70x,, H(xs, x,-):4i (][ R, sin(0)do — KZ,’][ Ry cos(@)d@).
j#i i

Since (5.8) and (5.9) hold for all i = 1,..., m, we arrive at (5.2) and complete the
proof of Proposition 5.1. [ ]

Now, we are ready to prove Theorem 1.1.

Proof of Theorem1.1  Since we have the nondegeneracy condition deg (VW,,,xo) #
0, equation (5.2) is solvable near x, whenever ¢ is small. We solve (5.2) and write the
solution x , in the form x, , = x¢ + sﬂ_Qx(e, 7, f, g). Then, we know that R, defined
on (—¢g, &) x (-1, 71) x V; is at least of C' due to the regularity of F.

Now, set

§*(e, 7, f.8) = F(e, 1, %0 + Ry (&, 7, F, 8), > £)-

Then, we conclude from Proposition 5.1 that F maps (—&g,&9) x (=71, 71) x V; into

Y. Moreover, ¥ is C' continuous with respect to f and g. Next, we need to verify
that D¢,y F*(0,0,0,0) is an isomorphism from X* to Y*. In fact, by the chain rule,
we get

D(s.5yF =D(s.5F + DxT - Dis,g) (xo +eRx( 7. f,8))
which implies
D(s.0F (0,0,0,0) = D5,5F(0,%),0,0).

Therefore, D(f,g)g'~>F (0,0,0,0) is an isomorphism from X* to Y*¥ by Lemma 4.2.

Now, applying implicit function theorem to T at the point (0,0, 0,0), we obtain
that there exist ¢y > 0 and 0 < 7y < 77 such that the solutions set

{(e,r,f,g) € (—€g,€0) x (-To,To) x Vi : ?*(e, 7,f,8) = 0}

is not empty and can be parameterized by a two-dimensional surface (¢, 7)€
(=0, €0) x (=70, 70) = (&, 7, f, > & ;). SO we obtain a family of nontrivial vortex
sheet solutions and finish the proof of (i) in Theorem L.1.

Since (ii) of Theorem L1 is obvious, to end our proof, we only need to show the
convexity of the interior of I; for i =1,...,m. This can be done by computing the
sign of the curvature. Recall that z;(6) = x. ; + €R;(0)(cos 0,sin 0) with R;(6) =
1+ e(fe,r,i(0) + Tfo,:). Given 6 € [0, 27), the signed curvature of T; at z;(6) is

_RU(0)? 4 2RI(6)* - Ri(O)RV(6) _ 1+ 0(e)
(Ri(9)2+R;(9)2)% 1+0(e) >

er(0)

for ¢ and 7 small, which implies the convexity and thus completes the proof of
Theorem 1.1. u
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We point out that for fixed ¢, if 7, # 7, with 0 < 73, T, < 79, then obviously one has
We,r, # We,r,. Thus, we have obtained a large family of stationary solutions with vortex
sheet for every € > 0 small.
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