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Abstract

The limit behaviour in probability of realised quadratic variation is discussed under
a relatively simple ambit process setting. The relation of this to the underlying
volatility/intermittency field is in focus, especially as concerns the question of no
volatility/intermittency memory.
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1. Introduction

Dynamic stochastic phenomena frequently involve a significant element of randomness
beyond the most basic types of stochastic innovation. Additional variations of this kind, for
instance in the form of latent stochastic variance changing over time, are often referred to as
volatility or intermittency, and they are of key importance, particularly in finance and turbulence.

In many cases the volatility is expressed in stochastic modelling by a multiplicative term
specified as a positive process o. Thus, for example, we consider stochastic processes symbol-
ically written as

Y, Z/ g(t — s)ogdWs, (1)
A,

where A, is a 7-dependent interval of R, g is a deterministic function, and W is a Brownian
motion that is independent of the process o. The question of what can be learned about o from
observations of the process is then often of central interest, and the main tool to study that is
(realised) multipower variations, in particular (realised) quadratic variation; see [2], [3], [4],
[51, [6], [7], [10], and the references therein.

There are two main types of (1). In the case when g is constant and A; = [0, t] we are in the
framework of Brownian semimartingales, while if g is nontrivial and A; is of the form [t — ¢, ¢]
for some ¢ € (0, oo] we have a Brownian semistationary process, as defined in [3]. Note that
in the latter case if the process o is stationary then Y is in fact a strictly stationary process
on R. These two types are substantially different. In particular, Brownian semistationary
processes are generally not semimartingales, and this, in particular, implies major differences
between the theory of multipower variations for the two types; see [6]. To exemplify, in
the Brownian semimartingale case the realised quadratic variation over [0, ¢] will converge in
probability to o[%ﬁ], where, fora < b, 0(2:1)] = f: aszds. On the other hand, for Brownian
semistationary processes, where a normalisation of the realised quadratic variation is generally
required, it may, for instance, happen that the convergence is to )»0'[20—;] + (1 — )L)o[zfl’ —1] for
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some constant A € (0, 1) (cf. [3] and [6]). When the limit is in fact a[%ﬁ], we speak of a volatility
memoryless process.

Brownian semistationary processes constitute the subfamily of Brownian-based ambit pro-
cesses for which the spatial component is trivial. The general form (except for a drift term that
will not concern us here) is based on an ambit field Y, i.e. a stochastic field in space—time

Y(x,1) = /A ( )g(x,é, 1 —s)og(§)W(déds),

where A;(x) is some subset of X x (—oo, t] for some spatial region X, g is deterministic, o
is a positive stochastic field, and W is two-dimensional white noise. Then an ambit process X
is a process of the form X = Y (t), where 7 denotes a smooth curve in X x R.

The purpose of the present paper is to explore the question of volatility memorylessness
for a simple tempo-spatial setting and to draw some conclusions with respect to further related
research questions.

In Section 2 we present our main conclusions, while the proofs are given in Section 4. In
Section 3 we summarise and provide a brief outlook.

2. Results

We restrict the discussion to the case in which X = R and to ambit fields of the form
Y(xo0) = / §(x — £.1 — $)0,(§)W(dE ds), @)
Ay (x)

where A;(x) = A+ (x, t) for some A € By(R?), the bounded Borel sets in R?, g is aLebesgue
locally square integrable function on RZ, and (o5(&)) (€,5)cR? is areal-valued continuous random

field independent of W with (§,s) +— E[GSZ(S)] locally bounded. Here we are primarily
interested in the case where A = {(&,s) € R? | =M <5 <0, ci1(s) <& < c(s)} for some
M € Ry, and smooth functions c¢;: [-M,0] — R_ and ¢;: [-M, 0] — R such that ¢ is
increasing and c; is decreasing. Note that A is a closed set and that if ¢1(0) = ¢2(0) then (0, 0)
is the unique top point, i.e. the only point in A for which s = 0.

To specify the meaning of (2), let A> denote the Lebesgue measure on R? and, for f € L*(A2),
let Wy = fRz f (&, s)W(d&ds), the integral being a Wiener integral. The field (Wf)feLz(xz)
is then isonormal, that is, a centred Gaussian process with covariance function (f, h) +—
fRZ fhdiz. As (f, w) = Wy (w) can be assumed measurable, we can, for every B € By (R?),
consider the variable Wr,, where Tp: Q — L*(A); o +— o0.()(w)g 15. Consequently,
(Wrp) pe g, ®2) is a well-defined square integrable centred process whose distribution given
o = V¥ equals the distribution of ([, gy dW)p, 8,(R2)> in other words, (Wr,) is a centred
Gaussian process with covariance function (B1, B) +—> f BNB, gzlﬂz dA,. This last observation
both justifies and motivates the writing used in (2).

For a given smooth curve 1 = (71, 12): R — R2, consider the process Xy = Y (t(0)),
6 > 0. The realised quadratic variation of X and its normalised version are, for § > 0 and
t > 0, given by

[z/8]
- )
[Xslr = E (Xis — X@—1s)> and [X3], = m[xalr,
k=1

where c¢(8) is a positive constant depending only on 8, whose specific form will be given
below. We are interested in the asymptotic behaviour of [Xs], for 6 — 0. So far we can only
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satisfactorily handle the case of T being a straight line or, more generally, a piecewise straight
line. Therefore, for ease of notation we will from now on assume that 8 +— 7(0) is a straight
line and, thus, At(§) = § A1, where, in obvious notation,

At(8) = (AT1(8), A12(8)) = (11t +8) — 11(¥), 2(t + &) — 12(t)) fort, 6 > 0.

We now introduce a probability measure w5 which is determined by the kernel function g.
The behaviour of 7r5 as § — 0 is of key importance for the probabilistic limit properties of [ X].

Set
Ys(u, v)
(8(ATI(8) + u, ATr(8) +v) — g(u, v)? for (u,v) € (—A) N (—A — AT(8)),
= gz(u, V) for (u, v) € (—A) \ (—A — A1(5)),
S2(ATI(8) + u, ATr(8) + v) for (u,v) € (—A — AT(8)) \ (—A).

Observe that
Ys(w,v) =0 if (u,v) ¢ (—A)U(—A — At(S))

and that, under smoothness conditions, ¥s(u, v) for (u,v) € (—A) N (—A — At(5)) will
typically be of order §2. Now define

s(dudv) = 25 dudv) fors = 0, 3)

c(8)

where ¢(§) = fR2 ¥s(u, v)Aa(du dv). Here it is tacitly assumed that ¢(§) > 0, as will be
the case under the assumptions of the theorem stated below. Then, by construction, s is a
probability measure and, clearly, all weak limit points of w5 for § — 0 will be probability
measures concentrated on —A. Simple calculations together with the continuity assumption on
o then imply that in the case where the limit 75 5 70 exists as § — 0,

t
E[[Xs]; | o] — /RZ/O oé(s)_v(n (s) — u)dsmo(dudv) asd — 0.

We are particularly interested in conditions on A and g ensuring that the limit 77y exists and
is concentrated on 0(—A) = —0A. In this case we further have lims_. ¢ var(m, | 0) =0, as
established by Lemma 2 in Section 4.

Under these conditions, we will thus have the key result that, as § — 0,

t
Xs], > /I:Rz /0 02 ()40 (T1(5) + u) s (du dv). (4)

Here 7 denotes the image measure of 7o under the transformation (u, v) — (—u, —v). Observe
that 77 is concentrated on 0 A.

We can now state the main result of this paper. For proofs and further details, see Section 4.
Recall that, for any bounded closed convex subset C RZ, containing 0 as an interior point,
the function

T(x)=inf{t > 0 | x € tC}, x € R?, (5)

is called the gauge function of C. See [8, Chapter 5] for details and properties of T'.
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Theorem 1. Let T be a straight line, and let A be a bounded, closed, convex set with nonempty
interior A° and piecewise C* boundary. Then there exists a probability measure w concen-
trated on the boundary d A of A such that (4) holds provided the following condition is satisfied

1 1
for some —5 < a < 5.

(1) g = @hy, where @ is Lipschitz continuous and not identically 0 on the part of —3A
nonparallel to t, and

ho(—x) = (1 —-Tx—x0)%, xe€A,
0, x¢A,

where T is the gauge function of A — xo for some xy € A°.

Remark. The properties of T ensure the existence of positive constants C; and C» depending
only on A and xg such that

Cid(x,0A) <1 —T(x —x9) < Cad(x,0A), xX €A,

where d(x, dA) is the Euclidean distance between x and dA. The lower condition —% <«
therefore comes from the requirement that g should be locally integrable, whereas the upper
bound reflects the fact that in order for 7 to be concentrated on d A, the function g cannot tend
too fast to 0 as its argument tends to the boundary. In the proof we need 82 /c(8) — 0for s | 0,
implying that 2« + 1 < 2.

Remark. It follows from the proof given in Section 4 (see Lemma 3 for the case in which
a = 0) that if the boundary of A is piecewise smooth then the limit measure 7 exists if
i({x € 3A | (—x)?|T-n(x)| > 0}) > Oand is determined by dw = co(—-)?|t-n| 154 dAs1,
where c is a normalising constant, 7 is the unit vector giving the direction of the straight line
along which we move, 7 is the normalised outward normal to d A, with 7 - n being the Euclidean
inner product, and A denotes the one-dimensional Hausdorff measure in R2.

Remark. If A has a unique top point at 0 and if g = d(-, 0)* for some o with —% <a <0,
then we can verify, similarly to the proof of Theorem 1, that the limit measure & exists and
equals the delta measure at the top point, in which case the process X is volatility memoryless
(in the sense of [3]).

Example. Suppose that the ambit set A is specified by c1(s) = —c2(s) = s, with—M <5 <0,
and let g be given by g(&,s) = |s|* foran «a € (—%, 0]. Then, with (8) = (0, 6), from the
definition of s (u, v), it is easily seen that the limit measure 7 exists and is proportional to the
Lebesgue measure on the boundary of the triangle A in the case in which @ = 0, whileif ¢ < 0
then 7 equals the delta measure at the top point of A.

3. Conclusion and outlook

We have discussed the probabilistic limit behaviour of (normalised) realised quadratic
variation for a class of ambit processes, where the underlying volatility/intermittency field
o is continuous and where the mother ambit set A is a bounded, closed, and convex. In this
setting a considerable variety of limits are possible, depending on the nature of the damping
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FIGURE 1: Ambit regions.

function g. All the limits are integrals of the squared volatility/intermittency field over the set
A and with respect to a probability measure 7 on A. Under specified weak conditions, the
integrals are concentrated on the boundary of A. Volatility memorylessness can be ensured if
A has a single top point.

There is a range of further questions of theoretical and applied interest in this context.
(1) What happens if A is not bounded, stretching to minus infinity in time, or if A is not convex?
(Figure 1 shows one type of ambit set that is of interest in turbulence studies and whose shape
is motivated by Taylor’s frozen field hypothesis (cf. [1]).) (ii)) What is the situation in the case
when the curve t is not linear? (The linearity assumption is crucial in deriving (6) below.)
(iii)) What happens if o is not continuous? (iv) What is the probabilistic limit behaviour of
multipower variations generally? (v) What type of central limit theorems can be established
for the multipower variations? (Undoubtedly, as was the case for Brownian semimartingales
(see [6]), Malliavin calculus will be a key tool.) (vi) How may such central limit theorems be
used to draw inference not only on ¢ but also on g (cf. [6])?

4. Proofs

Maintaining the notation of Section 2, we write g4 for g - 1_4. Inserting this gives

/8] 2
[Xs]: = Z(A{z[gfx(f(k(?) —(§,5) —ga(t((k — 1)§) — (§,5))]os(5) W (d§ dS)) ,
k=1

implying, by means of the independence between o and W, that, for all 6, 7 > 0,

[2/8]
E[[X5]: | o] = Z /Rz[gA(f(k(S) — (&,5)) — ga(r((k — 1)) — (&, )0l (§)r2(dé ds).
k=1

Writing At (k$) for t(ké) — v ((k — 1)8) and using the linear substitution

(u, v) = (r1((k = D) — &, ©a((k — 1)) — 5),
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we find that E[[X;]; | o] may be written as

[1/3]
> fR LgA(AT(KS) + (t, 1) = g4, V)P0, 1)) (71 ((k = D) — w)A2(du dv).
k=1

Thus, if At(k§) = At(5), independent of k, in particular if 6 +— 7(0) is a straight line, we
have

[1/3]
E[[Xs]: | o] = A; Ys(u, v) Z Ué((k,1)5),v(fl((k — 1)8) — u)ra(du dv), (6)
k=1

where, for § > 0,

Ys(u, v)
= (8A(ATI(8) + u, ATy(8) + v) — ga(u, v))*
(g(ATI(8) + u, ATy(8) + v) — g(u, v))?  for (u,v) € (—A) N (—A — AT(3)),
= gz(u, V) for (u, v) € (—A) \ (—A — A1(5)),
gz(A‘L'] 8) +u, Arr(8) +v) for (u,v) € (—A — At(6)) \ (—A).

Observe that Ys(u, v) = 01if (4, v) ¢ (—A) U (—A — At(8)). Formula (6) suggests that it is
natural to let ¢(§) = fRz Ys(u, v)Az(du dv), since then, assuming that c¢(6) > O,

[1/5]
E[mt | o] = /R2 ) Z Ué((k_l)a)_v(fl((k — 1)8) — w)ms(du dv),
k=1

where 5 denotes the probability measure defined by (3).

Assume from now on that 0 +— 7(0) is a straight line and, thus, At(8) = §A71. As already
observed, for all ¢ > 0, there exists a §, > 0 such that 75(R>\ A;) = 0forall 0 < § < &,
where, using the notation d((§, s), B) := inf(, y)ep [(§,5) — (u, v)| for any B C R2, the set
Agis given by A, = {(&,5) € R? | d((&,s), —A) < &}. Thus, all weak limit points of s for
8 — 0 will be probability measures concentrated on —A. Using the continuity assumption on
o, we see that in the case where the limit 7 S 70 exists as § — 0,

t
E[[Xs5]; | 0] — /sz/(; Ué(s)_v(rl (s) —u)dsmp(dudv) asd — 0.

We are interested in conditions on A and g ensuring that the limit 7o exists and is concentrated
ond(—A) = —9dA, implying of course that 7 is concentrated on d A. Before discussing specific
conditions for this to happen we establish the following lemma.

Lemma 1. Under the assumption that m( exists and is concentrated on —d A, we have

gi_r)rbvar(mz | o) =0. @)

Proof. For given §, t > 0, var([Xs]; | o) equals 82/c(8)? times

[t/3]
Z var((Xgs — X@—1s)” | 0) +2 Z cov((Xrs — X—1)8)> (X15 — Xq-1)3)* | 0).
k=1 1<k<I<[1/5]
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Applying the fact that, for any centred jointly Gaussian vector (U, V), we have cov(U?, V?) =
2cov(U, V)? and var(U?) = 2 var(U)?, we may write var([Xs], | o) = Is + Il5, where

o [2/8]

Is = —— E[(Xks — X k-
= o) kE_l [(Xks = Xx-1)8)" | 0]
and
2 [1/8]

s = ——= Y E[(Xis — X—1)8)(X1s — X (- 2,
8 c(5)2 kX:; [(Xks k—1)8) (X1s i-1s) | ol
Simple manipulations show that, for all § > 0,

26 _
I < — E[(Xis — Xk—1)s)> E[[X
5 < ©® 15%):(/51 [(Xks k-1s)" | o]E[[X5]; | o]
and, forall 1 <k < [t/4],

E[(Xgs — X(k71)8)2 | o]

= /R2 (8a(x(k8) — (1, v)) — ga(t((k — 1)8) — (u, v)))*0 () A2 (du dv)

= max %z(u)/z(gA(Af(«S) + (u, v) — galu, v))*12(du dv)
R

T (wv)EAALs

= max ovz(u)c(S).
(u,V)EA|AT)s

Thus, this shows that limg_,¢ Is = 0. So it remains to be seen that lims_.o /I = 0. For all
1 <k <1 <[t/8], we have

E[(Xks — Xk-1)8)(X15 — Xq-1)5) | 0]
= fRz(gA(f(kS) — (u,v)) — ga(r((k = 1)8) — (u, v)))
x (ga(z(18) — (u,v)) — ga(z(( = 1)) — (u, v))o, ()22 (du dv)
= fRz(gA(AT(S)ﬂL(u, v)) — ga(u, v))

X (ga(( —k+DAT(S) + (u,v)) — ga((l = k)AT(S) + (u, v)))
X Ay (U, V)02 (1) =y (T1 (K = 1) — u) Ao (du dv).

Using the continuity of the o-process and Cauchy—Schwarz’s inequality, this implies the
existence of a constant K such that

E[(Xks — Xe—18) (X1s — Xq—135) | 01
<K /{R _(@A(AT(®) + (. v) — galu, v))?A2(du dv)
x /IRz(gA(a —k+ DATE) + (u,v) — ga((l — ) AT() + (u, v)))?
X 14505 (u, v)A2(dudv)
= Kc(8) /R L(A(AT(O) + (u, v)) = galu, v))?

X 1A pps (1, 0) = (I = k) AT(8)) A2 (du dv).

https://doi.org/10.1239/jap/1318940470 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1318940470

270 O. E. BARNDORFF-NIELSEN AND S. E. GRAVERSEN
Thus, lims_,og Il = 0 if limg_, ¢ 11 s = 0, where 11 s denotes the expression

Z 0(8)/ (8A(AT(8) + (u, v)) — g4, v))* 14,5, ((u, V) — (I — k) AT(8)) Ao (du dv).

1<k<I<[t/5]
Given ¢ > 0, there exists a §, > 0 such that, for 0 < § < §,,

ms< ) o) f (8A(AT(8) + (u, V) — ga(u, v))?

1<k<I<[t/5]
x 14, ((u,v) — (I —k)AT(8))A2(du dv)

> 32/ 14, ((u, v) — (I — k)SAT)5(du dv)

1<k<I<[t/5]

yoos f (fet + fo2) (@, v) = (L = K)BAT)T; (du dv),

1<k<I<[1/8]

IA

where f; 1, fe2 € Cb(R2)+ are chosen such that lA; < fe1+ fe2,and
supp(fe.1) € {(u.v) € —A | d((u,v), —0A) > je}
and

supp(fe.2) C {(u,v) € R* | d((u, v), —9A) < 2¢}.

By weak convergence,

t ot
limsup Il < / / f (fea1+ fe2)((u,v) — (r —s)At)dr dsmo(du dv)
8§40 R2Jo Js

and so, since 7 is concentrated on —0 A, we find that

topt
limsuplls < / / / fe2((u,v) — (r —s)At)dr dsmo(du dv)
R2Jo Js

810

topt
< sup / Sfeo((w,v) — (r —s)At)drds

(u,v)e—0A

< sup A, |0<s<r <t (u,v)—(r—s)At € supp(fe2)}).
(u,v)e—0A

But, for all (u,v) € —0A andall0 <s <7,
AM{Ar10=<s=<r =t (u,v)—F—s)At € supp(fe2)}) < cr&

for some constant ¢; depending only on 7 and A. Thus, lim supy II5 < cyte, and since & was
arbitrary, this means that Il — 0 for 6 — 0. That is, (7) holds.

Finally, we turn to the proof of Theorem 1. We will focus first on the case in which o = 0.
Here the result will be a consequence of the two lemmas stated below.
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In the following let T be a given vector in R2, and let C be a bounded, closed, convex subset
of R? containing 0 as an interior point and having piecewise C* boundary. In particular,
221 (0C) < 00, where Ay is the one-dimensional Hausdorff measure in R2. The gauge function
(5) of C is a convex subadditive function satisfying (i) T(Ax) = AT(x), A > 0, x € RZ;
(i1) there exist ri,ry € (0, 00) such that ri|x| < T(x) < rp|x| for all x € RZ; (i) C =
(x e R?|T(x) <1} and 8C = {x € R?>| T(x) = 1}; (iv) there exist ¢1, c2 € (0, 00)
such that c1d(x, dC)|x| < (1 — T(x)) < cpd(x,dC) forall x € R2. Thus, 7: R?2 > Risa
nonnegative almost everywhere smoothly regular 1-homogeneous continuous function and so,
using Equation (8.25) of [9], we have

/ (pdkg:/oot{f MAg](dx)}dtzf ! {/Oot<p(tx)dt}kzl(dx) ®8)
RR2 0 ac 1T (x)] ac 1T )] [Jo

for every nonnegative Borel function ¢ : R> — R. The use of Tonelli’s theorem is legitimate
since A»1(dC) < oo. The properties of T ensure that T’ (x) exists and is nonzero for A, -almost
all x € 9C; in fact, under the above assumptions, for all but finitely many points of dC. In the
sequel we shall, for x € 9C, use the notation

T'(x) ..., . .
— — 1f T"(x) exists and is nonzero,
nx) = |77 (x)]
0 otherwise.

Set, for 8§ > 0, vs = 8~ f5 dAa, where f3(x) = (Ic(x 4+ 87) — 1c(x))?, x € R2, and observe
that the vgs are all finite nonzero measures and, for § < 1, are all concentrated on a fixed
compact set.

Lemma 2. We have
vs — |t -n|1yc dray asd | O.

Proof. By the above observation, it is enough to prove that

lim hdv(s:/ RGOt - 1) A2 (dx)
310 JR2 aC

for all Lipschitz continuous / € C, (R2)+. Given such an &, we have, according to (8),

1 1 1 [
/I‘QZhdU(S = 5/1;2 hfsdiy = /(;C m{g‘/(; th(tx)fg(tx)dt})»zl(dx).

Using here the Lipschitz continuity of & and the fact that f5 vanishes identically on {1 — ¢ <
T < 1+ ¢} for sufficiently small §, we see that it suffices to prove that

li / h) {l/]Jrsf(t)dl}k (dx) / h(x)| ()| A21(dx) 9)
1m - sUX 21dXx) = X)|T -n(x 21(dx
810 Jac IT" () [ 8 J1—¢ ac
for all ¢ € (0, 1). Fix x € dC with n(x) # 0, and consider the function ¢ +— fs(¢x), that
is, the indicator function for the set {t > 0 | tx € (C — §t)AC}. We may and will assume
that T(6t) < 1, as this is true for sufficiently small §. Since rx € C if and only if < 1, we
have (1,c0) N{r > 0| fs(tx) = 1} = (1,00) N{t = 0| T(tx + 8t) < 1} and, similarly,
O, HNn{t =0 fs@x) =1} = O, 1)N{r > 0| T(tx + 6t) > 1}. Furthermore, since
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t — T(tx + ét) is convex, {tr > 0| T(tx + 6t) < 1} is an interval including 0. Thus,
(1,00)N{t = 0| f5(tx) = 1} = (1, bs(x)] for some bs(x) > Land (0, )N {r > 0 | fs(rx) =
1} = (as(x), 1) for some 0 < as(x) < 1. Suppose that 7 - T'(x) > 0. Since

T(x+8t)=Tx)+8t-T'(x) + 00> =1+87-T'(x)+ 0(8?),

we have T(x +671) > 1l and so T(tx + §t) > 1 for small § and ¢ sufficiently close to 1. Thus,
bs(x) = 1. Furthermore, since

T(tx +8t) = T(tx) + 87 - T (tx) + 0(8?)
=1tT(x) + 187 - T'(x) + 0(8?)
=t(1487-T'(x)) + 0(5%),

we have

_ 1 2y 1 _ LT 2
as(x) = —1+51~T’(x) +0(l°)=1-=36|t-T'(x)| + 0o(5%).

Similarly, if 7 - 7/(x) < 0, we see that as(x) = 1 and bs(x) = 1 + 8|7 - T'(x)| + 0(8?), and if
T-T'(x) = 0, we obtain as(x) = 1 — 0(8?) and bs(x) = 1 + 0(8%). Inserting this into (9) we
obtain, by the above,

. _ h(x) , _
tim thdvs—/acmn-T<x>|>»21<dx>—/Bch(x>|r~n<x>|m<dx>.

Now let ¢ : R> — R be a given Lipschitz continuous function. Set, for § > 0,
9s(0) = (91o)(x +80) — (w1o)()? x e R%
Simple arithmetic shows that

05 (x) = (97 f5)(x) + (9(x) — p(x + 87)) 1¢(x + 87)
x (((x) + ¢(x +871)) Ic(x +67)) — 2(p 1¢) (X))

for all x € R%. The Lipschitz property of ¢ and Lemma 2 therefore imply, using simple
inequalities, that

1 1
lim = di, = lim = 2 fsdrg = 2 : Ao (dx).
5%8 - @5 dAr 5113 5 /szﬂ SfsdAz /acw ()| - n(x)[Az1(dx)

From this we may deduce the following result which establishes Theorem 1 in the case in which
a=0.

Lemma 3. Let ¢: R?> — R be Lipschitz continuous such that

c= / 9> ()7 - n(x)[A21 (dx) > 0.
aC
Then, maintaining the above notation,
s = ¢ '@t n|lye drar as$ |0,

where, for each 8§ > 0, ws is the absolutely continuous Borel probability measure on R* with
density proportional to ;.
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Next, consider an o € (0, %). Following the above we set, for § > 0,
vy =8t fyday  for f3(x) = ((dy 10)(x + 8T) — (da 10)(x))*, x € R?,

where dy (x) = (1 — T'(x))*. Again, the vss are all nonzero measures concentrated on a fixed
compact set for § < 1. As above, we shall prove that lims vs exists in the weak sense, the
limit being a finite nonzero measure concentrated on dC. That is, we shall prove that any weak
limit point is concentrated on dC and that, for all Lipschitz continuous & € C.(R?), the limit
asd | 0of

§~ ot / hfsdiy = / B /oo th(tx) fs(tx) dt $ Aa1(dx) (10)
R2 ac IT" ()| | 822+ Jy
exists and is positive for some 4. The equality in (10) follows from (8).
Since T is Lipschitz continuous, we have, using the mean value theorem,

o

T(x)) A (1= T(x))—« lx1 — xal, x1,x2 € C°.

o x1) = da(x2)] = =

Thus, for every K € C° compact, there exists a constant cg such that fs(x) < cK82, x ek,
8 > 0, implying, since 2« 4+ 1 < 2, that

lim vs(K) = lim §~ o+ / f5(x)A2(dx) = 0.
840 840 K

Furthermore, using the definition of vs, it is trivial to see that lims o vs(K) =0, K C R?2 \C
compact, implying all together that any weak limit point of the vss for § | 0 is concentrated
on dC. It remains to prove the existence of the limit in (10). Thus, fix an h € CC(R2)+
which is also Lipschitz continuous. Owing to what has just been proved, the lim sup;  and the
liminfs o of the left-hand side of (10) equals, for every ¢ € (0, 1), the corresponding values of

5*(2‘”‘)/ hfsdhs =/ /;{%/HSth(tx)fg(lx)dt}kzl(dx).
(l—e<T<l+e) ac IT' )| 822t Ji_,

Hence, using the Lipschitz continuity of 7, it suffices to prove that

I hoo [ L o
i e e ., oo

exists for all 0 < & < 1. That is, we have to investigate

I+

lim oy . fs(tx)dt,  xedC. (11)

As above, we split the analysis into three parts according to whether, for given x € 0C, we have
7-T'(x) >0,7-T'(x) <0,0ort-T'(x) =0. Consider first x € 3C witha, :=1-T'(x) > 0.
Using the Taylor expansions of 7" and the computations used in the proof of Lemma 2, we see,
disregarding terms of size 0(8%), which is legitimate since 2« 4+ 1 < 2, that the limit in (11)
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corresponds to the lims o of

1 1—-8ay 1
W(/ fa(IX)dt+/ fa(tx)dt)
l—e 1—8ay
1 l—SaX 5 1 )
= T (11—t — t8a,|” — |1 — 1% dr+/ |1—t|"‘dt>
52a+1 (‘/1‘_8 X | sa,

1 e 5 Say 5
= — (Jt = (1 = )da,|* — |t|%)"dt +/ t “dt)
§2etl (/&zx ! 0

2041

200+1 £/8as o N2 ax
=t | (Il =10 = 1 tdac )P dr + S

But this clearly increases to
o
a2t </ (11 = |t = 119 dr + Qo + 1)1> < o0.
1

Similarly, if © - T'(x) < O then, setting a, = |t - T'(x)|, the limit in (11) corresponds to the
thO of

1 1 1+8ay
W(fl f(ex) di + [1 fs(tX)dt>

1 1 5 1+8ay ,
—_ o o o
= 5T (/1_5(|1—t—t8ax| — |1 —1z]%) dt+/; [1 —1t — tday| dt)

1 3 day
= W(,/ (t = (1 = H)ay|* — |¢|*)* dt +/ It + (r + Dday|** dt>
0 0

&/day 1
= g2 t! (/0 (It 4 t8a, — 1|1 — |t|*)% ds +/O |t + t8ayx + 1> dt),

which converges to

00 1
a§“+‘</0 (|t|°‘—|t—1|°‘)2dt+/0 |t+1|2°‘dt>

] 00 5 22a+1_1
= a2 1 =1 —11%%dr+ =—
a2 (/0 (Il — 1t — 1192 dr + 2a+1)
< 0

Finally, in the remaining case, 7 - T'(x) = 0, the computations in Lemma 2 immediately show
that the limit in (11) equals 0. Thus, for all x € dC for which T’ (x) exists,

) 1 14+¢
13%1 W/ fo@x)de = |t - T')P* a1 Lrr =0y +@2 Liz.17()<0)
1—¢

for suitable positive constants a; and a; independent of &. As the above computations show,

the setting is sufficiently regular for Lebesgue’s dominated convergence theorem to apply, and,
hence, we may deduce that lims o of the left-hand side of (10) exists and equals

/ Rt - T' () |7 - n ()@ Lz.17y=0) +@2 L.y <opr21(dx)  forall i € Ce(R?) 4.
aC
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As the limit is positive and finite for # = 1, we have, as remarked above, proved that lims, vs
exists in the weak sense, the limit being a finite nonzero measure concentrated on dC. In fact,
we know the form of the limit. From here on, to obtain an appropriate version of Lemma 3, we
may proceed exactly as above, the corresponding constant ¢ being given by

/ 9T - T' ()|t - n(x) (a1 Lz 17(x)=0) +a2 Lz 7700y <0))A21 (dx),
aC

which is nonzero if

c=f @*(x)|T - n(x)[A21(dx) > 0.
aC

The proof of Theorem 1 for —% < a < 0 proceeds along the same line of ideas and is
therefore omitted.
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