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Several Hardy Type Inequalities with
Weights Related to Generalized
Greiner Operator

Pengcheng Niu, Yafei Ou, and Junqiang Han

Abstract. In this paper, we establish several weighted Lp(1 < p < ∞) Hardy type inequalities related

to the generalized Greiner operator by improving the method of Kombe. Then the best constants in

inequalities are discussed by introducing new polar coordinates.

1 Introduction

The generalized Greiner operator is of the form

(1.1) ∆L =

n
∑

j=1

(X2
j + Y 2

j ),

where

X j =
∂

∂x j

+ 2ky j |z|
2k−2 ∂

∂t
, Y j =

∂

∂y j

− 2kx j |z|
2k−2 ∂

∂t
,

z = x + i y ∈ C
n, t ∈ R, j = 1, . . . , n, k ≥ 1. When k is a positive integer, ∆L was

proposed by Greiner [12] in his study of pseudo-convex domains in the space C
n.

In particular, if k = 1, then ∆L is just the sub-Laplacian on the Heisenberg group.

These operators also appear as mathematical models of electromagnetic fields and

quantum mechanics.

Let us describe some useful notions and properties about the generalized Greiner

operator. The gradient associated with ∆L is as follows

∇L = (X1, . . . , Xn,Y1, . . . ,Yn),

and the family of dilations is δr(z, t) = (rz, r2kt), r > 0. The relevant homogeneous

dimension is Q = 2n + 2k.
Let ξ = (x1, . . . , xn, y1, . . . , yn, t) = (x, y, t) = (z, t) ∈ R

2n+1 with n ≥ 1. We

define the norm |ξ| = (|z|4k + t2)
1
4k . Throughout this paper we shall use the notation

N = |ξ|.
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The open ball of radius R centered at 0 will be denoted by

BR = BR(0) =
{

ξ ∈ R
2n+1

∣

∣ |ξ| < R
}

.

The p-degenerate subelliptic operator is △L,pu = ∇L(|∇Lu|p−2∇Lu). If p = 2,
it coincides with △L in (1.1). Zhang and Niu [20] inferred that the fundamental

solution of the △L,p is given by

(1.2) up :=

{

N
p−Q
p−1 if p 6= Q,

− log N if p = Q.

In the same paper, they proved Hardy type inequalities

∫

R2n+1

|∇Lφ|
p ≥

( Q − p

p

) p
∫

R2n+1

( |z|

N

) p(2k−1)( |φ|

N

) p

,

where 1 < p < Q, φ ∈ C∞
0 (R

2n+1 \ {0}). Their proof is realized by extending the

classical Picone identity to the vector fields. Later, D’Ambrosio [6] considered such

class of inequalities in the domain with an interesting extension of the divergence

theorem. We notice that when p = 2 and k is integer, (1.2) is a particular version of

formulas for fundamental solutions by Beals, Gaveau and Greiner in [3] and [4], and

the method obtaining (1.2) in [20] is different from that in [3, 4].

We have known that Hardy type inequalities play important roles in partial differ-

ential equations with singular potentials (see [1,8–11,19]). It impels us continuously

to study the inequalities with singular weights.

Kombe [15,16] used the fundamental solutions of the sub-Laplacian on the Carnot

group, and p-sub-Laplacian ∆G,p on the polarizable Carnot group respectively, and

the inequalities given in [2,17] to establish Hardy inequalities for the case 1 < p < Q,

where Q is the homogeneous dimension related to the associated groups. Kombe’s

work puts forward a new way to research Hardy type inequalities.

In this paper we try to give some Hardy type inequalities with weights related

to the operator, thereby improving Kombe’s method. The common Hardy type in-

equalities are investigated for the case 1 < p < Q (see [14–16,18,20]). However, our

results include the case p ≥ Q.

The plan of this paper is as follows. In Section 2 we introduce the polar coordinates

corresponding to the generalized Greiner operator. The polar coordinates on the

Heisenberg group were checked by Greiner [13], also see D’Ambrosio [5], and the

ones for the generalized Baouendi–Grushin operator by D’Ambrosio and Lucente

[7].

In Section 3 we prove the weighted Hardy type inequalities for p = 2. In Section 4

several Hardy type inequalities for p 6= Q are examined. We point out that the con-

stants in inequalities are sharp by using the polar coordinates from Section 2. Finally,

we provide a Hardy type inequality for p = Q by choosing appropriate auxiliary

functions associated with the fundamental solution in this case.
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2 The Polar Coordinates

Let Ω ⊂ R
2n+1 be an open set and let

r =

√

∑n
j=1 x2

j +
∑n

j=1 y2
j .

A function u : Ω ⊂ R
2n+1 → R such that u(ξ) = u(r, t) (i.e., u depends only on r

and t) is said to be cylindrical; and in particular if u(ξ) = u(|ξ|), that is, u depends

only on |ξ|, then u is said to be radial.

Let Ω = BR2
\BR1

with 0 ≤ R1 < R2 ≤ +∞, and let u ∈ C(Ω) be cylindrical. For

the sake of computing
∫

Ω
udξ, we consider the transformation

ξ = (x, y, t) = φ(N, θ, θ1, . . . , θ2n−1)

defined by

x1 = N(sin θ)
1
2k cos θ1,

y1 = N(sin θ)
1
2k sin θ1 cos θ2,

x2 = N(sin θ)
1
2k sin θ1 sin θ2 cos θ3,

y2 = N(sin θ)
1
2k sin θ1 sin θ2 sin θ3 cos θ4,

...

xn = N(sin θ)
1
2k sin θ1 sin θ2 · · · sin θ2n−2 cos θ2n−1,

yn = N(sin θ)
1
2k sin θ1 sin θ2 · · · sin θ2n−2 sin θ2n−1,

t = N2k cos θ,

where R1 < N < R2, θ ∈ (0, π), θi ∈ (0, π) , i = 1, 2, . . . , 2n − 2, and θ2n−1 ∈
(0, 2π).

Let J(φ) be the Jacobian of φ. A direct computation shows that

| J(φ)| = NQ−1(sin θ)
n
k
−1 sin2n−2 θ1 · · · sin2 θ2n−3 sin θ2n−2.

Therefore

∫

Ω

u(r, t)dξ = ωn

∫ π

0

dθ

∫ R2

R1

NQ−1(sin θ)
n
k
−1u(N(sin θ)

1
2k , N2kcosθ)) dN,

where

ωn =

∫ π

0

dθ1

∫ π

0

dθ2 · · ·

∫ π

0

dθ2n−2

∫ 2π

0

dθ2n−1 sin2n−2 θ1 · · · sin2 θ2n−3 sin θ2n−2
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is the 2n-Lebesgue measure of the unitary Euclidean sphere in R
2n. In particular, if u

has the form u(ξ) = ψpv(|ξ|), ψp = |z|p(2k−1)/|ξ|p(2k−1), then

∫

Ω

ψpv(|ξ|) dξ = ωn

∫ π

0

dθ

∫ R2

R1

NQ−1(sin θ)
n
k
−1 [N(sin θ)

1
2k ]4k−2

N4k−2
v(N) dN

= sn

∫ R2

R1

NQ−1v(N) dN,

where we have set sn = ωn

∫ π

0
(sin θ)

Q−2
2k dθ.

3 The Weighted Hardy Inequality for p = 2

Theorem 3.1 Let α ∈ R and ϕ ∈ C∞
0 (R

2n+1\{0, 0}). Then we have

∫

R2n+1

Nα|∇Lϕ|
2 dzdt ≥

( α + 2k + 2n − 2

2

) 2
∫

R2n+1

Nα |z|
4k−2

N4k
ϕ2 dzdt,

where N = (|z|4k + t2)
1
4k . Moreover,

(

α+2k+2n−2
2

) 2
is the best constant.

Proof Let ϕ = Nβψ, where ψ ∈ C∞
0 (R

2n+1\{0, 0}) and β ∈ R\{0, 0} which will be

determined later. So

Nα|∇Lϕ|
2
= β2Nα+2β−2ψ2|∇LN|2 + 2βNα+2β−1ψ∇LN∇Lψ + Nα+2β |∇Lψ|

2,

and integrating over R
2n+1, we obtain

∫

R2n+1

Nα|∇Lϕ|
2 dzdt =

∫

R2n+1

β2Nα+2β−2ψ2|∇LN|2 dzdt

+

∫

R2n+1

2βNα+2β−1ψ∇LN∇Lψ dzdt

+

∫

R2n+1

Nα+2β |∇Lψ|
2 dzdt.

(3.1)

By computation we have

|∇LN|2 =

n
∑

j=1

[(X jN)2 + (Y jN)2] = N2−4k|z|4k−4

n
∑

j=1

(x2
j + y2

j ) =
|z|4k−2

N4k−2
.

Applying integration by parts to the second term on the right-hand side of (3.1)

yields

∫

R2n+1

2βNα+2β−1ψ∇LN∇Lψ dzdt = −
β

α + 2β

∫

R2n+1

∇L[∇L(Nα+2β)]ψ2 dzdt

= −
β

α + 2β

∫

R2n+1

△L(Nα+2β)ψ2 dzdt.
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Then

(3.2)

∫

R2n+1

Nα|∇Lϕ|
2dzdt =

∫

R2n+1

β2Nα+2β−2ψ2|∇LN|2 dzdt

−
β

α + 2β

∫

R2n+1

△L(Nα+2β)ψ2 dzdt +

∫

R2n+1

Nα+2β |∇Lψ|
2 dzdt.

Note that

(3.3) △LNα+2β
= (α + 2β)(α + 2β + 2n + 2k − 2)Nα+2β−4k|z|4k−2.

Inserting (3.3) into (3.2), we have

∫

R2n+1

Nα|∇Lϕ|
2 dzdt

= [β2 − β(α + 2β + 2n + 2k − 2)]

∫

R2n+1

Nα+2β−4k|z|4k−2ψ2 dzdt

+

∫

R2n+1

Nα+2β |∇Lψ|
2 dzdt

≥ [−β2 − β(α + 2n + 2k − 2)]

∫

R2n+1

Nα+2β−4k|z|4k−2ψ2 dzdt.

Since −β2 − β(α + 2n + 2k − 2) attains the maximum at β =
2−α−2n−2k

2
, we have

∫

R2n+1

Nα|∇Lϕ|
2 dzdt ≥

( 2 − α − 2n − 2k

2

) 2
∫

R2n+1

Nα−4k|z|4k−2ϕ2 dzdt

=

( α + 2n + 2k − 2

2

) 2
∫

R2n+1

Nα |z|
4k−2

N4k
ϕ2 dzdt.

The result is obtained.

4 The Weighted Hardy Inequality for p 6= Q

Theorem 4.1 Let ϕ ∈ C∞
0 (R

2n+1 \ {0}), Q ≥ 3, p 6= Q, and α > p−Q
p

. Then the

following inequality holds:

(4.1)

∫

R2n+1

[Nα|∇Lϕ|]
p dx ≥

∣

∣

∣

∣

Q − p + αp

p

∣

∣

∣

∣

p ∫

R2n+1

N(α−1)p|∇LN|p|ϕ|p dx.

Futhermore, the constant
∣

∣

Q−p+αp
p

∣

∣

p
is sharp.
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Proof Let ϕ = Nrψ, where ψ ∈ C∞
0 (R

2n+1 \ {0}) and r ∈ R \ {0} which will be

chosen later. So

(4.2) Nα|∇L(Nrψ)| = |rNα+r−1ψ∇LN + Nα+r∇Lψ|.

We now use the following inequality: for any a, b ∈ R
n and 1 < p < 2,

(4.3) |a + b|p − |a|p ≥ c(p)
|b|2

(|a| + |b|)2−p
+ p|a|p−2a · b,

where c(p) > 0 (see [2, 17]). From (4.3) we get
∫

R2n+1

|rNα+r−1ψ∇LN + Nα+r∇Lψ|
p dx

≥

∫

R2n+1

|rNα+r−1ψ∇LN|p dx

+ c(p)

∫

R2n+1

|Nα+r∇Lψ|
2

(|rNα+r−1ψ∇LN| + |Nα+r∇Lψ|)2−p
dx

+ p

∫

R2n+1

|rNα+r−1ψ∇LN|p−2(rNα+r−1ψ∇LN)(Nα+r∇Lψ) dx

≥ |r|p

∫

R2n+1

Nαp+rp−p|ψ|p|∇LN|pdx

+ |r|p−2r

∫

R2n+1

Nαp+rp−p+1|∇LN|p−2∇LN · ∇L(|ψ|p) dx.

(4.4)

Applying integration by parts to the second term in the right-hand side of (4.4) leads

to

∫

R2n+1

Nαp+rp−p+1|∇LN|p−2∇LN · ∇L(|ψ|p) dx

= −

∫

R2n+1

|ψ|p∇L(Nαp+rp−p+1|∇LN|p−2∇LN) dx

and so from (4.2) and (4.4),

(4.5)

∫

R2n+1

[Nα|∇Lϕ|]
p dx ≥ |r|p

∫

R2n+1

Nαp+rp−p|ψ|p|∇LN|p dx

− |r|p−2r

∫

R2n+1

|ψ|p∇L(Nαp+rp−p+1|∇LN|p−2∇LN) dx.

For treating the second term in the right-hand side of (4.5), we choose r =
p−Q−αp

p

and have

(4.6)

∫

R2n+1

|ψ|p∇L(Nαp+rp−p+1|∇LN|p−2∇LN) dx

=

∫

R2n+1

|ψ|p∇L(N1−Q|∇LN|p−2∇LN) dx.
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Since up = N
p−Q
p−1 is the fundamental solution of the operator −△L,p for p 6= Q,

△L,pup = ∇L

[
∣

∣

∣
∇LN

p−Q
p−1

∣

∣

∣

p−2

∇L(N
p−Q
p−1 )

]

= ∇L

[∣

∣

∣

p − Q

p − 1
N

p−Q
p−1

−1∇LN
∣

∣

∣

p−2

(
p − Q

p − 1
N

p−Q
p−1

−1∇LN)
]

=

∣

∣

∣

p − Q

p − 1

∣

∣

∣

p−2( p − Q

p − 1

)

∇L((N)
1−Q
p−1 )p−2|∇LN|p−2N

1−Q
p−1 ∇LN)

=

∣

∣

∣

p − Q

p − 1

∣

∣

∣

p−2( p − Q

p − 1

)

∇L(N1−Q|∇LN|p−2∇LN),

and using (4.6) yields

∫

R2n+1

|ψ|p∇L(Nαp+rp−p+1|∇LN|p−2∇LN) dx

=

( p − 1

p − Q

)
∣

∣

∣

p − 1

p − Q

∣

∣

∣

p−2
∫

R2n+1

|ψ|p(△L,pup)dx

=

( p − 1

p − Q

)
∣

∣

∣

p − 1

p − Q

∣

∣

∣

p−2

(−|ϕ(0)|pNQ−p+αp(0))

= 0.

Therefore

∫

R2n+1

[Nα|∇Lϕ|]
p dx ≥ |r|p

∫

R2n+1

Nαp+rp−p|ψ|p|∇LN|p dx

=

∣

∣

∣

Q − p + αp

p

∣

∣

∣

p
∫

R2n+1

Nαp+rp−p |ϕ|
p

Nrp
|∇LN|p dx

=

∣

∣

∣

Q − p + αp

p

∣

∣

∣

p
∫

R2n+1

N(α−1)p|ϕ|p|∇LN|p dx.

The inequality (4.1) for 1 < p < 2 is obtained.

In the case p > 2, we use the inequality

(4.7) |a + b|p − |a|p ≥ c(p)|b|p + p|a|p−2a · b,

where c(p) > 0 and a, b ∈ R
n (see [2, 17]), and prove (4.1) with a similar discussion.

If p = 2, then it is just the result in Theorem 3.1.

To illustrate that the constant
∣

∣

Q−p+αp
p

∣

∣

p
is sharp, we consider the following fam-

ily of functions

ϕε(x) =

{

1 if N(x) ∈ [0, 1],

N−(
Q−p+αp

p
+ε) if N(x) > 1.

https://doi.org/10.4153/CMB-2010-029-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2010-029-9


160 P. Niu, Y. Ou, and J. Han

Note that evidently

ϕ ′
ε(x) =

{

0 if N(x) ∈ [0, 1],

−(
Q−p+αp

p
+ ε)N−

Q+αp
p

−ε∇LN if N(x) > 1.

A direct calculation shows that
∫

R2n+1

N(α−1)p|∇LN|p|ϕε|
p dx =

∫

N(x)≤1

N(α−1)p|∇LN|p dx

+

∫

N(x)>1

N−Q−εp|∇LN|p dx,

∫

R2n+1

[Nα|∇L(ϕε)|]p dx =

∫

N(x)>1

∣

∣

∣

Q − p + αp

p
+ ε

∣

∣

∣

p

N−Q−εp|∇LN|p dx.

By the polar coordinates in Section 2, we have

∫

N(x)≤1

N(α−1)p|∇LN|p dx = sn

∫ 1

0

ρ(α−1)p · ρQ−1dρ =
1

(α − 1)p + Q
sn,

∫

N(x)>1

N−Q−εp|∇LN|p dx = sn

∫ ∞

1

ρ−Q−εp · ρQ−1dρ =
1

εp
sn.

Letting ε → 0, it follows that

∫

R2n+1 N(α−1)p|∇LN|p|ϕ|pdx
∫

R2n+1 [Nα|∇Lϕ|]pdx

=

∣

∣

∣

p

Q − p + αp + εp

∣

∣

∣

p(
∫

N(x)≤1
N(α−1)p|∇LN|pdx

∫

N(x)>1
N−Q−εp|∇LN|pdx

+ 1
)

=

∣

∣

∣

p

Q − p + αp + εp

∣

∣

∣

p( εp

(α − 1)p
+ 1

)

−→
∣

∣

∣

p

Q − p + αp

∣

∣

∣

p

,

and then the constant
∣

∣

∣

Q−p+αp
p

∣

∣

∣

p

is sharp.

5 The Hardy Inequality for p = Q

In this section, we investigate the case p = Q for the generalized Greiner operator.

Theorem 5.1 Let ϕ ∈ C∞
0 (R

2n+1 \ {0}), p = Q, Q ≥ 3. Then the following

inequality is valid.

(5.1)

∫

R2n+1

|∇Lϕ|
p dx ≥

(

p − 1

p

)p ∫

R2n+1

| log N|−p |∇LN|p

N p
|ϕ|p dx.
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Proof Let ϕ = | log N|rψ where ψ ∈ C∞
0 (R

2n+1 \ {0}) and r ∈ R \ {0}, which will

be further specified in the following. Noting

|∇Lϕ| = |∇L[|logN|rψ]| = |r| log N|r−1N−1ψ∇LN + | log N|r∇Lψ|,

and using the inequality (4.7), we get

∫

R2n+1

|r| log N|r−1N−1ψ∇LN + | log N|r∇Lψ|
p dx

≥ |r|p

∫

R2n+1

N−p| log N|(r−1)p|ψ|p|∇LN|p dx

+ |r|p−2r

∫

R2n+1

N1−p| log N|(r−1)(p−1)+r|∇LN|p−2∇LN∇L(|ψ|p) dx.

(5.2)

Now the integration by parts gives

∫

R2n+1

N1−p| log N|(r−1)(p−1)+r|∇LN|p−2∇LN∇L(|ψ|p) dx

= −

∫

R2n+1

|ψ|p∇L(N1−p| log N|(r−1)(p−1)+r|∇LN|p−2∇LN) dx.

Recalling that up = − log N is the fundamental solution of −△L,p for p = Q such

that

∆L,pup = ∇L[|∇L(− log N)|p−2∇L(− log N)]

= ∇L[|N−1∇LN|p−2(−N−1∇LN)]

= −∇L(N1−p|∇LN|p−2∇LN),

and choosing r =
p−1

p
, we obtain

∫

R2n+1

|ψ|p∇L(N1−p| log N|(r−1)(p−1)+r|∇LN|p−2∇LN) dx

=

∫

R2n+1

|ψ|p∇L(N1−p|∇LN|p−2∇LN) dx

=

∫

R2n+1

(∆L,pup)|ψ|p dx

= 0.

Now the inequality (5.1) is proved from (5.2).
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