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1. Introduction

In this note generalisations of certain integrals involving Legendre functions
including the Mehler-Dirichlet integral for Legendre functions of the first
kind are given, these new results expressing associated Legendre functions of
the first or second kinds as integrals involving corresponding functions of the
same degree but different order. These integrals appear to be analogous to
Sonine’s integral in the theory of Bessel functions.

2. An Integral Expression for 7,~«+9 (z),|z| < 1
We consider the integral

I = fl Tre@)(t—ap-1(1—)dt, e, (1.1)

where Rep> —1, Reo>0, |2| <1 and T#(¢) is Ferrers’ associated Legendre
function. The function 7'-#(¢) is given as a hypergeometric function (1, p. 143)
as

Vi) 1 (I—_t)w«’(—v, v41; 14p; 3—30)

> T P\ Tt
_ 1 (1-t\# g (=940
_W(Ht) R h e R (1.2)

where (a),=I(a-+47)/(@). On substituting this expansion in (1.1} and inter-
changing the order of integration and summation, this operation being justified,
we obtain

1 B (—V),(V—i—l),. 1 a\o— LY
L= rig 2 e f A (1.3)

The integrals occurring in this expression are evaluated by a substitution
given by Bateman (1, p. 159). On writing

t=1—v(l—2),
we obtain
1
fl (t—x)"“l(l——t)'+“dt=(1—x)"+'+°J' ot te (1 —v)"—1dw
z 0

=(1—z)s+7+° B (r4pu+1, o),
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this being valid for Reu> —1, Res>0(1, p. 9). Equation (1.3) now gives
I'(0) (=v),(v+1)
=t (1 —g)te LR LA WL Nt s grp WD |
= Tt Y et

__ T o iem _ .
= Tidpto) L F(=v vt ptotl; 3—1a)

= [(o)(1 —2?)¥e +0) T +o) (1),
Thus we have

(o) T+ (z) = (1 —z2) —Hu+to) f s @)=zt (1= 2L, ... (1.4)

z

provided Rep> —1, Reos>0. When p=0, (1.4) reduces to an integral given
by Bateman (1, p. 159).

We next note that
/7T (cos 8)=(} sin 0)~* cos (v--3)0 ;

so, if in (1.4) we put p= —}, o=2A+3}, and make the substitutions z=cos 8,
t=cos v, we obtain

T3 (cos 8)= (7—27 )& (;E(I:\?;; Z(cos v—cos 8)*~t cos (v+1)v dv,

provided ReA> —% and O<f<aw. This is the well-known Mehler-Dirichlet
integral (1, p. 159).

3. An Integral Expression for P;:+9(2),|1—2| <2
We next consider the integral

I,— j Pt ()@ )N (B ), e, @.1)
1
where Rep> —1, Reo>0, |1—z|<2, and P;#(t) is the associated Legendre

function of the first kind. As before, we express the Legendre function as a
hypergeometric function for|1—¢) <2 in the form

NS S A e 8\

P4t = Fire +,L)(r—+1) F=v, v+1; 1hp; 3=30)
_ 1 ft=l\W g (c (=D (LY
_I’(1+p)(t+1) £ et (2 2). ............ 2.2)

On substituting in (2.1) and interchanging the order of integration and sum-
mation, this being justified, we obtain

1 & (—v)v4+1)(-1) o—1(f_1ytu
12_1‘(14—#)7{0 (14-p)r! 27 f(x s e -

Following Bateman (1, p. 159) we evaluate the integrals in (2.3) by means of
the substitution

=p(x—1)+1
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to obtain

[(emtrmremtysmaimorysrs [Corsna—op-iao

1 0
=(x—1)+"+#B(r+u+1, a),

provided Re u> ~1, Rea>0. Hence we have

(o) (x—1)+s

I'(p+o+1)

=I'(0)(22— 1)+ P;-(u+0) (z),

I= F(—v,v41; pto+l; 3—h2)

and thus obtain
D(o)Pr 6+ (z) = (a?— 1)~ Huto) r Pro(t)@—tp-2 (= 1)indi, ...(2.4)
1

provided Re u> —1, Reo>0 and |1—z|<2. We note that, when u=0, (2.4)
reduces to an integral given by Bateman (1, p. 159).
Further, since

P} (cosh t)= (s)}(sinh t)—tcosh (v4-4)¢,

we write p= —%, 0=A-+4}, x=cosh « and ¢=cosh v in (2.4) to obtain
3 a
I'(A4-3)P;? (cosh o) = (?T ) (sinh oc)—"f (cosh o — cosh v)*~1 cosh (v+3)v dv,
0

where Re A> — % and «>0. This integral is given by Bateman (1, p. 156).
4. An Integral Expression for @+ (z), z>1
The integral

I,= f * @t (=) (B 1)ty oo, (3.1)

where Reo>0, Re(v—p—o-+1)>0 and z>1, @7#(t) being the associated
Legendre function of the second kind, can be evaluated by means of the

expansion (1, p. 122)
(V+§)Q u (t)_e uin @~ +1) 77} F(V I"+l)t_v+" 1 (t2 1) i
xF(v—3p+1, dv—dp+id; v+i; £7),
where {>1. On substituting in (3.1) and interchanging the order of integration
and summation, this being justified, we obtain

in @—(v+1) 2} M

fa=e™ I'v+3)
(bt D)oo —du e (2 ies g gyoe
x'Z'o 131 Lt —r—viu-1(g—g)-1d. ......(3.2)

Again, following Bateman (1, p. 160), we evaluate the integrals in this expression
by means of the substitution
t=vxtzx
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to obtain
© ©

f t—2r—-v+u—-1(t_x)a—ldt=x—v+#—2r+o—1 J‘ 1)0—1(1+U)—v+ﬂ—1—-2rd0
z 0

=g —rtu-2rto-1B(g, y—p—o+1+42n),............ (3.3)

provided Re 0>0, Re(v—pu—o-+1)>0 (1, p. 9).
On applying Legendre’s duplication formula (1, p. 5) to the gamma functions
occurring in (3.3), we obtain

I'v—p—o+42r+1)
=2 u=o+ 2 g =il (y—fu—Jo+r+PTEv—tu—otr+1);
80, by using (3.3) and this result, we find that
Io)(v—p—o-+1)
rv+3)
xF(lv—ip—to+l, v~tp—Jo+i; v+i; o79)
=e~im0 [(o)(2 — 1)Hu+0) Qs +0) (z;),
We finally have

Iy=e—uim2—v—1g% g—rteto-1

I(0)Qy W+ (x) = e~ ( Q(u+o)J. Q) (t—x)e-1(2—=1)udt, ...(3.4)

provided Reo>0, Re(v—p—o+1)>0 and z>1. When u=0, this integral
reduces to one given by Bateman (1, p. 160).
Further, since

@Q? (cosh oc)—z( ) (sinh ) -t e— ¢ +Bea,
we write p= —4, o =A--3}, 2=cosh a, {=cosh v, in (3.4) to obtain

3 @
I'(A4+-3)@,* (cosh &) = ( g ) e~ (sinh a)"‘f (cosh v—cosh a)*—te—C+vdy,

a

provided ReA> — 1%, Re(v—A—+-1)>0 and >0 (1, p. 155).

5. An Integral Representation for P{°+# (z), z>1
Since (1, p. 140)
e+ cos(vr)(v+1—p—o)(—p—o—v)PiH+9) (z)
TEE @) =@ (@) (4.1)
we use (3.4) to obtain

I'(o)e—inte+9) cos(vm) (v — p— 0'—{—1)11( p—o—v)PE+o) (x)
—emim @ 1)=k0s (@71 (- Qrn (=)=t (- 1ieds

provided Re 0>0, Re(v—pu—o+1)>0 and Re(v+p0)<0.
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On using (4.1) with ¢=0, we now obtain
B(g, v—p—o+1)B(o, —v—p—0)PH+ ()
— I(o)(g2— 1)~ Ku+o) f Po ()(t—az) -1 (1) d,........ 4.2)

T

provided Re >0, Re(v+-1)> Re(u-+0), Re(v+p+0)<0 and x> 1.
If we now write =0, v= —}-4A in (4.2), we obtain

T }3—o+NTE—c—iNP7, , ()
=(22—1)~Yo 7 sech mA f P_y o) (t—x)—1dt,

provided 0<Re o <4.
Finally, writing 6= —pu=4, v=—4-4¢A in (4.2) and noting that

_ 2\} (sinh ¢)—¥sin X
Pl atoop= (2) b0t X

we obtain

P losh o 2COtRTA sin A¢ dt
—4+ir (cosh o) = p . (2(cosh t—cosh a))¥’

an integral given by Fock (2).
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