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1. Introduction
In this note generalisations of certain integrals involving Legendre functions

including the Mehler-Dirichlet integral for Legendre functions of the first
kind are given, these new results expressing associated Legendre functions of
the first or second kinds as integrals involving corresponding functions of the
same degree but different order. These integrals appear to be analogous to
Sonine's integral in the theory of Bessel functions.

2. An Integral Expression for 2\,-(M+°) (a;), | x \ < 1
We.consider the integral

n
J l T7 — u lt\lt /v\o — 1 /I ^2\tu At /I 1 \

1 = I _Z ^ \"/\ — XI \*- — t ^ U>ls \ i..i-J

where Be/j,> — 1 , Becr>0, \x\ < 1 and T^-^t) is Ferrers' associated Legendre
function. The function T~li(t) is given as a hypergeometric function (1, p. 143)
as

1 it A \

; h-¥)

where (a)r = r(a+r)/r(a). On substituting this expansion in (1.1) and inter-
changing the order of integration and summation, this operation being justified,
we obtain

The integrals occurring in this expression are evaluated by a substitution
given by Bateman (1, p. 159). On writing

t = \-v(\-x),

we obtain

j * 1 —v)"-xdv

, a),

j*1 (t-x)a-1(l-t)r+i>dt = (l-x)>'+r+a I
J x Jo

https://doi.org/10.1017/S0013091500021647 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500021647


162 W. D. COLLINS

this being valid for Re/x> — 1, Reo>0(l, p. 9). Equation (1.3) now gives

i = F{a) ax)>+- z (~v ) r

h (1 X) f

Thus we have

) r
J x

-x)"-1 (l-t2)i»dt, (1.4)

provided Re/j,> —1, Rea>0. When /x = 0, (1.4) reduces to an integral given
by Bateman (1, p. 159).

We next note that

•V/TT-TKCOS 6) = ( | sin 6)-i cos (v+\)d ;

so, if in (1.4) we put JJL= —\, <r = A+£, and make the substitutions a:=cos#,
t = cos v, we obtain

2 \ i fain 0̂

I( 2
-
77

provided ReX> — \ and O<0<TT. This is the well-known Mehler-Dirichlet
integral (1, p. 159).

3. An Integral Expression for P~("+°) (a;), | 1 — a: | <2
We next consider the integral

2 = [* (2.1)

where -Re/x> — 1, Recr>0, | 1— x\<2, and P~"(t) is the associated Legendre
function of the first kind. As before, we express the Legendre function as a
hypergeometric function for 11 — t \ <2 in the form

r±0 (l+/x)rr! \ 2 2J (^

On substituting in (2.1) and interchanging the order of integration and sum-
mation, this being justified, we obtain

Following Bateman (1, p. 159) we evaluate the integrals in (2.3) by means of
the substitution
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to obtain

[X(z-t)°-1(t-l)r+i'dt = (x-l)°+r+>' f
J 1 Jo

provided Be [i> —1, Bea>0. Hence we have

= T{a)(xi-

and thus obtain

) r
provided ife /z> —1, ife er>0 and 11 —a; | <2. We note that, when [i = 0, (2.4)
reduces to an integral given by Bateman (l, p. 159).

Further, since

Pi (cosh < ) = ( - ) (sinh t) -* cosh (v+J)«,

we write fi= — J, <r=A+i, «=cosh a and < = cosh v in (2.4) to obtain

( 2 \ i Ca

- I (sinha)~A (cosh a — cosh w)A~* cosh (v+i)vdv.
W 7 Jo

where ReX> — \ and oc>0. This integral is given by Bateman (l, p. 156).
4. An Integral Expression for Q-^+a^(x), x>l

The integral
rx)"-Ht2-\)^dt, (3.1)= r

J X

where Rea>0, Re(v — ft — cr+l)>0 and X>1, Qr^H) being the associated
Legendre function of the second kind, can be evaluated by means of the
expansion (l, p. 122)

; v+f ; t-%
where t>\. On substituting in (3.1) and interchanging the order of integration
and summation, this being justified, we obtain

^x ^^^y^^'f'-^'^-'H-*)-^ (3-2)
Again, following Bateman (l, p. 160), we evaluate the integrals in this expression
by means of the substitution
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to obtain

|* i-2r-,+M-l(<_a;)a-l(^ = a.-v + /i-2r+t,-l f #,-1 ^ _)_„

J x Jo
(3.3)

provided Rea>0, i?e(v-/ i-cr+l)>0 (1, p. 9).
On applying Legendre's duplication formula (1, p. 5) to the gamma functions

occurring in (3.3), we obtain

r(v-fl-a+2r+l)

so, by using (3.3) and this result, we find that

; v+f ; a;"2)

= e-»"ar(ff)(a;2- l)U»+°)Q-^+<>) (x).

We finally have

r(a)Q^"+")(z) = e~i"° (a;2_i)-j(^+a) f Qr»(t)(t-z)°-i(t2-l)ii'dt, ...(3.4)
J X

provided Eea>0, Re(v — /i — o-\-l)>0 and x>\. When /i = 0, this integral
reduces to one given by Bateman (l, p. 160).

Further, since

we write (i= — £, a=X-\-\, x=cosha, < = cosh«, in (3.4) to obtain

r{\+\)Q-K (cosh a) = 11 \ e-»A (sinh a)~A f (cosh w-cosh a)A~^ e-<'

provided iZeA> - J , i?e(v-A+l)>0 and a>0 (1, p. 155).

5. An Integral Representation for i*ff+">(a:), x>l

Since (l, p. 140)

we use (3.4) to obtain

- C O

= e-*"(a«-l)-*^+") («I^+1)(0-«r
»/ a;

provided i?ea>0, i ?e ( f - /x -a+l )>0 and i2e(v+/i+a)<0.
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On using (4.1) with CT = 0, we now obtain

B{a, v - / i - a+ l )5 (a , -v-fJ.-a)Pi"+»>(*)

=r(o)(x*-i)-n»+°> rp»(tw-xy-1(P-i)*''dt, (4.2)
J X

provided Rea>0, Re(v+l)>Re(ix+a), Re(v+fj,+o)<0 and x>\.
If we now write /x — 0, v= — f+iA in (4.2), we obtain

I""
= (a;2-l)-t<'7Tsech77A P-i+i*(t)(t-x)"-1dt,

J x

provided 0 < Re a < -J.
Finally, writing a = — /x= | , v= — \-\-iX in (4.2) and noting that

A

we obtain

2coth.7rA f°° sin

an integral given by Fock (2).
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