
INVERSION OP ASYMPTOTIC GRAVITY-MODE FREQUENCIES AND ITS APPLICATION TO 
THE SUN 

A. N. E l l i s 
Department of Applied Mathematics 
and T h e o r e t i c a l Physics , 
S i l ver S t r e e t , Cambridge CB3 9EW, UK 

ABSTRACT. Solar g r a v i t y modes can be used t o probe the s t r a t i f i c a t i o n 
below the convection zone. An asymptotic formula for h igh-order 
gravity-mode frequencies has been obtained in terms o f a s t r a t i f i c a t i o n 
parameter β. The domain of v a l i d i t y o f t h i s formula i s inves t igated by 
l e a s t - s q u a r e s regress ion of frequencies obtained from a t h e o r e t i c a l 
model. Random noise i s introduced t o s imulate r e a l observat ions . An 
es t imate i s made of the c r i t i c a l no i se - l eve l above Which β cannot be 
in ferred . 

The frequencies ο of a d i a b a t i c g r a v i t y modes of high order η and low 
degree £ in the Cowling approximation (1 ) s a t i s f y the following asymp-
t o t i c r e l a t i o n ( 2 , 3 , 4 ) : 
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The quant i t i e s α, ν, Ρ , and depend on the equilibrium s t r u c -
t u r e . 2πα i s the fami l iar asymptotic period spacing. P. and P 2 a r e 
weighted i n t e g r a l s o f the buoyancy frequency in the r a d i a t i v e i n t e r i o r . 
Η . and ν depend on condit ions a t the base o f the convection zone. In 
p a r t i c u l a r , ν i s r e l a t e d t o the exponent, ,β, o f the depth below the 
convection zone with which the po ly tropic index pul l s away from i t s a d i -
a b a t i c value ( s e e Figure 1 ) , thus: ν - l/(#+2). I f the s t r a t i f i c a t i o n 
in the convection zone i s a d i a b a t i c throughout then 

where and « 2 a r e very weakly dependent on o , Such a model i s con-
s idered h e r e . The case of a r e a l s o l a r model with a non-adiabat ic 
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F i g u r e l . P o l y t r o p i c i n d i c e s o f t h r e e s o l a r m o d e l s . The d i f f e r e n c e 
b e t w e e n t h e p o l y t r o p i c i n d e x and i t s a d i a b a t i c v a l u e ( 1 . 5 ) i s p r o p o r -
t i o n a l t o t h e d e p t h be low t h e c o n v e c t i o n zone r a i s e d t o some power / ? . 
E a c h c u r v e i n t h e i n s e t i s l a b e l l e d b y i t s v a l u e o f β. I t i s t h u s s e e n 
t h a t β i s a m e a s u r e o f t h e s m o o t h n e s s o f t h e s t r a t i f i c a t i o n a t t h e c o n -
v e c t i v e i n t e r f a c e . Only t h e / ? = 1 model i s d i s c u s s e d i n t h e t e x t . 

r e g i o n a t t h e t o p o f t h e c o n v e c t i o n zone h a s b e e n i n v e s t i g a t e d b y P r o -
v o s t and B e r t h o m i e u ( 4 ) . They f i n d α 9 depends s i g n i f i c a n t l y on f r e -
q u e n c y . I t i s t o b e hoped t h a t thffe^ d e p e n d e n c e c a n b e a c c u r a t e l y 
m o d e l l e d . 

The a s y m p t o t i c domain o f ο must b e d e t e r m i n e d b y n u m e r i c a l means . 
T h i s i n v o l v e s p e r t u r b i n g a s o l a r model t o o b t a i n n u m e r i c a l f r e q u e n c i e s . 
The p a r a m e t e r s a t o H 2 a r e c a l c u l a t e d from t h e mode l , and t h e f r e q u e n -
c i e s compared w i t h t h o s e o b t a i n e d b y s u b s t i t u t i n g t h e s e p a r a m e t e r s i n t o 
e q u a t i o n ( l ) . The mode l s u s e d a r e shown i n F i g u r e 1 . T h e i r s t r u c t u r e 
i s v e r y s i m p l e b e c a u s e i t i s e s s e n t i a l l y t h e s m a l l r e g i o n j u s t be low t h e 
c o n v e c t i o n zone t h a t i s o f i n t e r e s t . P r e s e n t e d h e r e i s t h e a n a l y s i s o f 
t h e β = 1 c a s e . 

F i g u r e 2 shows t h e e r r o r b e t w e e n t h e n u m e r i c a l f r e q u e n c i e s and t h e 
a s y m p t o t i c f r e q u e n c i e s c a l c u l a t e d from t h e m o d e l . The a s y m p t o t i c p a r a m -
e t e r s a r e shown i n t h e l a s t row o f T a b l e I . E v i d e n t l y t h e f r e q u e n c i e s 
a g r e e w i t h t h e a s y m p t o t i c f o r m u l a t o an a b s o l u t e t o l e r a n c e o f 0 . 0 1 f o r 
n+Vk* * 10· The a p p a r e n t l y good a g r e e m e n t i n t h e r a n g e 5 < n+Vzi < 8 
i s a c c i d e n t a l , and a r i s e s b e c a u s e t h e e r r o r p a s s e s t h r o u g h a z e r o . 

A n o n - l i n e a r l e a s t - s q u a r e s r e g r e s s i o n was p e r f o r m e d on t h e n u m e r i c a l 
f r e q u e n c i e s o v e r v a r i o u s r a n g e s i n o r d e r t o e s t i m a t e t h e a s y m p t o t i c 
p a r a m e t e r s . A summary i s g i v e n i n T a b l e I . A s t u d y o f t h i s t a b l e w i l l 
show t h a t t h e p a r a m e t e r s a r e b e s t e s t i m a t e d when n+yil > 1 0 . Over t h i s 
r a n g e t h e s p r e a d i n t h e e s t i m a t e o f α i s a t i n y 0 . 0 1 % , and o f v , and 
TL i t i s o n l y a few p e r c e n t . I t s h o u l d b e u n d e r s t o o d t h a t , owing t o 
t h e a b s e n c e o f h i g h e r o r d e r c o r r e c t i o n t e r m s , t h e s e e s t i m a t e s w i l l n o t 
c o i n c i d e e x a c t l y w i t h t h e t r u e v a l u e s . 

The f r e q u e n c i e s measured on t h e sun a r e s u b j e c t t o o b s e r v a t i o n a l 
e r r o r s . I h a v e a t t e m p t e d t o model t h i s e r r o r i n o r d e r t o i n v e s t i g a t e 
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η + 1/2 

Figure 2 . Deviation o f frequencies from asymptotic behaviour. The de -
gree o f the mode i s shown in the key a t the top right-hand c o r n e r . The 
f igure i s in t h r e e p a r t s . I t shows the dev iat ion o f the numerical f r e -
quencies from formula ( 1 ) employing: ( a ) only the f i r s t t h r e e terms in -
s ide the c u r l y b r a c k e t s ; ( b ) the f i r s t f ive terms; ( c ) the f u l l e x p r e s -
s ion . 

the e f f e c t o f noise on the e s t imates of the asymptotic parameters . The 
numerical frequencies were mult ipl ied by a Gaussian d i s t r i b u t i o n o f mean 
1 and standard deviat ion ranging o p t i m i s t i c a l l y from 10 6 t o 10 2 . A 
regress ion was then performed for each value o f the standard deviat ion 
on those frequencies with 20 < η+1/21 < 3 0 . This range was chosen 
because the agreement between est imated and expected asymptotic parame-
t e r s was e s p e c i a l l y c l o s e . The r e s u l t s a r e shown in Table I I . I t i s 
seen t h a t , although the es t imate o f a i s f a i r l y i n s e n s i t i v e t o the 
amount of noise present , t h e h igher-order parameters a r e f a i t h f u l l y 
est imated only below a noise l e v e l o f about 10 4 . I f we take the 160 
minute o s c i l l a t i o n as an example o f α g r a v i t y mode, t h i s must be 
observed over a t l e a s t 3 y e a r s in order t o y i e ld i t s frequency t o such 
an accuracy t o provide information on the s t r a t i f i c a t i o n j u s t below the 
convection zone. 
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r a n g e s i z e a ν 

20 - 4 1 8 6 1 . 3 4 8 5 1 0 . 3 2 8 6 
1 5 - 3 5 82 1 . 3 4 8 7 4 0 . 3 2 8 1 
1 0 - 3 0 82 1 . 3 4 8 7 1 0 . 3 5 4 7 

5 - 2 5 82 1 . 3 4 9 4 4 0 . 3 9 4 0 
1 - 2 0 7 4 1 . 3 5 0 7 4 0 . 4 3 2 3 

3 0 - 41 4 6 1 . 3 4 8 6 0 0 . 3 3 6 1 
2 5 - 35 42 1 . 3 4 8 5 8 0 . 3 3 8 2 
2 0 - 3 0 42 1 . 3 4 8 5 4 0 . 3 3 3 6 
1 5 - 2 5 42 1 . 3 4 8 4 8 0 . 3 3 2 8 
1 0 - 2 0 4 2 1 . 3 4 8 3 9 0 . 3 3 7 2 

5 - 1 5 42 1 . 3 5 1 0 3 0 . 4 3 1 3 
1 - 3 0 3 4 1 . 3 5 2 8 0 0 . 4 5 6 4 
MODEL - 1 . 3 4 8 5 6 0 . 3 3 3 3 

P 2 ~ 1 ~ 2 NNS d e v . 

0 . 5 1 0 4 . 3 0 . 0 6 0 3 . 2 0 1 . 5 ( - 4 ) 
0 . 5 0 6 4 . 1 0 . 0 6 2 3 . 2 8 1 . 6 ( - 4 ) 
0 . 4 8 9 2 . 7 0 . 0 7 6 4 . 5 9 1 . 7 ( - 4 ) 
0 . 4 7 0 1 . 7 0 . 1 0 5 6 . 2 7 6 . 2 ( - 4 ) 
0 . 4 1 7 1 . 4 0 . 1 6 1 7 . 4 2 4 . 4 ( - 3 ) 
0 . 4 8 1 4 . 8 0 . 0 6 8 3 . 3 0 1 . 3 ( - 4 ) 
0 . 5 0 4 3 . 9 0 . 0 6 5 3 . 6 5 1 . 5 ( - 4 ) 
0 . 4 9 7 4 . 1 0 . 0 6 6 3 . 4 3 1 . 4 ( - 4 ) 
0 . 4 9 8 3 . 7 0 . 0 6 7 3 . 5 4 1 . 3 ( - 4 ) 
0 . 4 9 1 3 . 2 0 . 0 7 4 3 . 9 2 1 . 2 ( - 4 ) 
0 . 4 6 1 1 . 1 0 . 1 2 1 7 . 4 6 5 . 0 ( - 4 ) 
0 . 3 9 8 1 . 3 0 . 1 9 9 7 . 4 9 5 . 7 ( - 3 ) 
0 . 5 0 4 3 . 8 0 . 0 5 4 3 . 3 5 

T a b l e I . E s t i m a t e s o f t h e a s y m p t o t i c p a r a m e t e r s by r e g r e s s i o n on t h e 
n u m e r i c a l f r e q u e n c i e s o v e r d i f f e r e n t r a n g e s o f n+yil . The e x p e c t e d 
v a l u e s , a s c a l c u l a t e d d i r e c t l y from t h e m o d e l , a r e shown i n t h e l a s t 
row, a c c u r a t e t o t h e number o f d e c i m a l p l a c e s g i v e n . The s e c o n d column 
g i v e s t h e number o f d a t a p o i n t s i n t h e r e g r e s s i o n . The f i n a l column 
shows t h e m i n i m i s e d r o o t - m e a n - s q u a r e r e s i d u e . 

NOISE a V 
' Ί 

pz ~ 1 ~ 2 ERROR 

- 6 . 0 1 . 3 4 8 5 1 0 , 3 3 0 3 0 . 4 9 5 4 . 3 0 . 0 6 5 3 . 2 8 - 3 . 8 
- 5 . 5 1 . 3 4 8 5 6 0 . 3 3 0 6 0 . 4 9 4 4 . 6 0 . 0 6 4 3 . 1 6 3 . 8 
- 5 . 0 1 . 3 4 8 5 2 0 . 3 2 9 5 0 , , 4 0 9 4 . 4 0 . 0 6 6 3 . 2 0 - 3 . 5 
- 4 . 5 1 . 3 4 8 7 3 0 . 3 3 3 0 0 , . 5 4 6 5 . 0 0 . 0 4 7 3 . 0 3 - 3 . 0 
- 4 . 0 1 . 3 4 9 1 0 0 . 3 3 5 7 0 , , 7 0 2 5 . 1 0 . 0 0 1 2 . 8 0 - 2 . 5 
- 3 . 5 1 . 3 4 2 7 7 0 . 2 4 1 6 0 . . 6 6 4 - 1 2 . 4 1 . 3 9 2 4 0 . 9 8 - 1 . 9 
- 3 . 0 1 . 3 5 7 8 5 0 . 6 9 4 5 - 2 . , 1 8 8 8 . 9 4 . 9 6 0 2 6 . 7 5 - 1 . 4 
- 2 . 5 1 . 3 5 6 9 8 0 . 6 6 1 6 - 2 . 0 1 7 - 1 6 . 4 5 . 3 1 2 5 0 . 8 2 - 1 . 0 
- 2 . 0 1 . 3 4 6 3 0 0 . 3 8 5 8 - 0 , , 1 0 0 - 2 9 . 0 4 . 1 C 5 9 2 . 7 1 - 0 . 4 
MODEL 1 . 3 4 8 5 6 0 . 3 3 3 3 0 , . 5 0 4 3 . 8 0 . 0 5 4 3 . 3 5 -

T a b l e I I . E s t i m a t e s o f t h e a s y m p t o t i c p a r a m e t e r s by r e g r e s s i o n on 
t h e n u m e r i c a l f r e q u e n c i e s w i t h random n o i s e . The f r e q u e n c i e s w e r e 
m u l t i p l i e d b y a G a u s s i a n d i s t r i b u t i o n w i t h mean 1 and s t a n d a r d d e v i a -
t i o n e q u a l t o 10 , which i s g i v e n i n t h e f i r s t co lumn. The 
r e g r e s s i o n was p e r f o r m e d o v e r t h e r a n q e 2 0 < η + 1/2 4 < 3 0 on 3 9 d a t a 
p o i n t s . The l a s t row o f T a b l e I i s r e p e a t e d h e r e . The min imised 

^ . _ , e r r o r . . 
r o o t - m e a n - s q u a r e r e s i d u e i s 1 0 , a s g i v e n i n t h e l a s t co lumn. 
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